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GEORGE A. ANASTASSIOU (Memphis, TN)

SELFADJOINT OPERATOR CHEBYSHEV-GRUSS TYPE
INEQUALITIES

Abstract. We present very general selfadjoint operator Chebyshev—Griiss
type inequalities. We give applications.

1. Motivation. Here we mention the following inspiring and motivating
results.

THEOREM 1 (Chebyshev, 1882, [2]). Let f,g : [a,b] — R be absolutely
continuous functions. If f',g" € Loo([a,b]), then

bia(glf(x)g(a;) dzx — (bian(:c)dx> <biai§bg(m)dg:)’
< 130 = a)*[[flsollglloo-

THEOREM 2 (Griiss, 1935, [7]). Let f,g : [a,b] — R be integrable func-
tions such that m < f(z) < M and p < g(z) < o for all x € [a,b], where
m, M, p,0 € R. Then

‘ b

‘ b

biaif(x)g(a:)daz— <bia§f(x)d:z> (bialsjg(x)dxﬂ

A recent result follows:

THEOREM 3 (Anastassiou, 2011, [I, pp. 312-313]). Let n € N and let
f.9:la,b] = R have f*=D g1 gbsolutely continuous on [a,b]. Denote
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F?ffl(x) :Z il T
k=1
(with Fof(az) =0),
nln_ (k—1) T — (k—1) r—a)k
R ()= Y0 M SO ST )
k=1
(with F§(z) =0) and
b n b b
g =V I@)g(a)do — 7 (| f() do) (§g(a) de)

(1) If f™, 9™ € Loo([a,b]), then

b—a)"H " n

1< C D 1ol e + g

(2) If ™, g™ € L,([a,b)), where p,q > 1 with 1/p+1/q =1, then

l/q(b_a)n71+2/q
(n—1)!

’A(f,g

1A¢ra) <27YP(qn+2)7Y9(B(g(n — 1) +1,¢ + 1))

X< (1Al llg™ 11y + gl L £ ™11 -
When p=q = 2,
b—a)”
Aol < Lo ;
(n — 1)12y/n(n + 1)(4n2 — 1)
(3) With respect to || - |1,

1Acs o] < u
T = 9(n 4 1)!

17112119 11z + llgli2ll £ 2]

S g™ Noo + gl llF ) loo)-

2. Background. Let A be a selfadjoint linear operator on a complex
Hilbert space (H, (-,-)). The Gelfand map establishes a *-isometric isomor-
phism @ between the set C'(Sp(A)) of all continuous functions defined on
the spectrum Sp(A) of A and the C*-algebra C*(A) generated by A and the
identity operator 1y on H as follows (see e.g. [0l p. 3]):

For any f,g € C(Sp(A)) and any «, 8 € C we have

(i) @(af + Bg) = a®(f) + BP(9); B
(il) @(fg) = P(f)P(g) (operation composition on the right) and @(f) =
(@(f))";
(iii) [[2(HN = If]l == supsespay [f(B)];
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(iv) @(fo) = 1y and @(f1) = A, where fo(t) = 1 and fi1(t) = ¢, for all
t € Sp(A).

With this notation we define
f(A):=d(f) forall f € C(Sp(A4)),

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function
on Sp(A) then f(t) > 0 for any ¢ € Sp(A) implies that f(A) > 0, i.e. f(A) is
a positive operator on H. Moreover, if f and g are real valued functions on
Sp(A) then the following important property holds (with B(H) the Banach
algebra of all bounded linear operators on H):

(P) f(t) > g(t) for any t € Sp(A) implies that f(A) > g(A) in the operator
order of B(H).

We also use the following (see [4, pp. 7-8]):

Let U be a selfadjoint operator on (H, (-,-)) with Sp(U) C [m, M] for
some real numbers m < M and let {E)} be its spectral family. Then for
any continuous function f : [m,M] — C, we have the following spectral
representation in terms of the Riemann—Stieltjes integral:

M
(fO)z,y)= | FO)d(Exz,y)

m—0
for any x,y € H. The function g, ,(\) := (E\x,y) is of bounded variation
on [m, M], and

Joy(m—0)=0 and gzy(M) = (z,y)
for any z,y € H. Furthermore, g,(\) := (E\x,z) is increasing and right

continuous on [m, M].
In this article we will be using a lot the formula

M
(fU)z,2)= | fQN)d(Erz,z), VzeH,
m—0
or briefly
M
(1) fO) =\ f(NdEx.
m—0

Above, m = min{A : A € Sp(U)} = minSp(U), M = max{\: A € Sp(U)} =

max Sp(U). The projections {E)}rcr satisfy

(a) E)\ < E)\/ for A < )\/;

(b) E,—0=0g (zero operator), Ep; =1y (identity operator) and Ey o= F)
for all A € R.
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Furthermore

Ey:=p\(U), VIeR,

is a projection which reduces U, with

(s) 1 for —oco < s < A,
s) =
A 0 for A< s < 0.

The spectral family { '\ } xcr determines the selfadjoint operator U uniquely
and vice versa.

For more on the topic see [§] and [3].

Here are some more basics (we follow [4, pp. 1-5]):

A bounded linear operator A defined on H is selfadjoint, i.e., A = A*,
iff (Az,z) € R for all x € H; and if A is selfadjoint, then

[All = sup  [(Az,z)|.
z€H: ||z]|=1

Let A, B be selfadjoint operators on H. Then A < B iff (Ax,z) < (Bz,x)
for all x € H.

In particular, A is called positive if A > 0.

Denote

P = {4,0(5) ::Zaksk:nzO, akGC,OSkSn}.
k=0
If A € B(H) is selfadjoint, and ¢ € P has real coefficients, then p(A) is
selfadjoint, and

lp(A)]| = max{|p(A)] : A € Sp(A)}-

If ¢ is any function defined on R, we define

lella = sup{lp(A)] : A € Sp(A)}.
If A is selfadjoint and ¢ is continuous and such that ¢(A) is selfadjoint, then

lle(A)|l = |l¢lla- And if ¢ is a continuous real valued function so is |¢|; then
w(A) and |p|(A) = |p(A)| are selfadjoint operators (by [4, p. 4, Theorem 7]).
Hence
eI = Il lel la = sup{[e(A)] : A € Sp(A)}
= llella = lle(A)].

For a selfadjoint operator A € B(H) which is positive, there exists a
unique positive selfadjoint operator B := /A € B(H) such that B? = A.
We call B the square root of A.

Let A € B(H). Then A* A is selfadjoint and positive. Define the “operator
absolute value” |A] := v/A*A. If A= A*, then |A| = VA2,
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For a continuous real valued function ¢ we observe the following:
M

|p(A)| (the functional absolute value) = S lp(N)| dEy

m—0

M
= S V(p(A)2dEy = v/ (¢(A))? = |p(A)| (operator absolute value),

m—0
where A is a selfadjoint operator.
Finally, if A, B € B(H), then
[AB|| < [IA[ ]| BI],
the Banach algebra property.

3. Main results. Next we present very general Chebyshev—Griiss type
operator inequalities based on Fink’s [5] identity. Then we specialize them
forn =1.

THEOREM 4. Let n € N and f,g € C"([a,b]) with [m,M] C (a,b),
m < M. Let A be a selfadjoint linear operator on the Hilbert space H with
Sp(A) C [m, M]. Let x € H with ||z|| = 1. Then

(2)  ((A(f,9)(A)z,z)
=912, a) = 0}ty 0) - g S
k=1

g V) [(f(A)z, 2) (A = miy)*z,z) — (F(A)(A - mlp)'e, )]

M) [(f(A)(A ~ M1g) e, x) — (f(A)z,2)((A — M1p)*z, z)]

m) [(g(A)z, ) (A — mlpg)*z, ) — (g(A)(A —mln)*e, z)]
)

(
+ FEDM) [g(A)(A = M) e, 2) = (g(A)z, 2)((A = M1g)*e,2)] }'

1
< o= 19 D man LF A+ 17 o))

(I = A+ (1A = mdg)" ]

Proof. Let n € N, a,b € R and suppose f,g : [a,b] — R have f(®), ¢

continuous on [a, b]. Then by Fink [5] we have

b

n
A) = t)dt
CNNN (€Y b_a§f< )
B Z n—k @A —a) — ;@) D)
k! b—a

n—1

1 —n—Fk

k=1
b

O

_|_
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where

t—a, a<t<\<b,
E*(t,\) :== VA € [a,b].
t—b, a<A<t<b,

When n = 1 the sum 7—1 in (3) is zero.
Similarly, we get

n * Lok =D () — alk — a*=D(b) (A — bk
9N = Vo(t)ydt =) Mk.g (@)X L_j (b)(\ — b)
a k=1
1 n n—1g7.* n
+(n—1)!(b—a)§L(A_t) U (6, N g™ (8) dt, YA € [a, b].
Therefore
n M
@ =g V@t
n—1 n—k f(k—l) (m)()\ _ m)k f(k—l) (M)()\ _ M)k
- Z KL M—-m
k=1
P S PRI
(n— 1M —m) ) )
where
{t—m,1n<t<A<AL
k(t,\) =
t—M, m<A<t<M,
and
n M
(6) 9N =5 Ja)dt

Sk g* D m)A —m)F - g* AN - M)t

_Z k! M—m

k=1
M
T TGy ) O 0" R N () dt, A € [m, M].

By applying the spectral representation theorem to and , i.e. inte-
grating against E) over [m, M] (see (1])), we obtain
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M
f(A) = (qum | f(t)dt>1H
n—1 n—k f(kfl)(m)<A_ mlH)k _ f(kil)(M)(A _ MlH)k
_; K Y
1 Mo M
T DM —m) S <SO‘_t)n_lk(t,)\)f(")(t)dt) By,
m—0 m
and
M
g(A) = <M71m | g(t)dt)lH

- n—1 n—k ‘ g(k—l)(m)(A _ mlH)k _g(k—l)(M)(A . MlH)k
k! M—m

We notice that

to be used next.
Hence

k! W —m
k=1
1 M M
n—1 n
o =W mSO (Ti(A — "R (E ) S (1) dt) dE,
and
M
f(A)g(A) = (M ) g(t)dt ) f(A)
=k g* D (m)f(A)(A - mlg)* — gD (M) F(A)(A - M1y)*
R M—-—m
k=1
1 M M .
n—1 n
" (n— 1M — m)f(A) mSO (i(A — )"k, A) g™ (1) dt) dE).
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As z € H with ||z]| = 1, we immediately get S%_O d(E)z,z) = 1. Then
M

(A, w) = = | £(5)
Sk O (A = mi)he, ) — fED (A - M), o)
Z i

3

M —m
1 M M
A o 7 § (T 9" k(s ) 0 (s5) ds ) d(Bra, ),
m—0 m
and
. M
(o). 2) = " | g(s)ds
B s A ‘ g(k_{)n(m)«A —mlg)rz,z) — g*D(M){(A - M1g)kz, x)
k! M —m
k=1
1 M M
D =) | (S )Lk (s, \)g™ (s) ds) d(Er, 7).
m—0 m
Consequently,
6)  (f(A)z,z)(9(A)z, z)
. M
— (37 V76 a5 g1z
XA n—k (S0 m) (g(A)a, a) (A = min) e, @)
P k! M—-m
D) (g(A)z, ) (A - MlH)kw,fC))
M —m
M M
+ e ﬁgl(;?()z? m) S ( S()\ $)" T k(s, M) £ (s) ds) d(E\z, x)
m—0 m
and
M
M) (o) (F(Awa) = ([ gls)ds) (F(A)z. )
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Hence
n M n—1 n—k
®  GA)a) = (5 1 A6l - 30"
m k=1
FED () (g(A)(A — mLgg)¥a,z) — FED(M) (g(A)(A — M1g)ha, 2)
1 o M —m
+ I < <g(A) mS_O (A(A — )" Lk(s, \) F)(s) ds) dEA)a:, x>
and
n M ik
O @) = (57 Valods )y - "
m k=1
gD () (A)(A — mg)a, 2) — ®D (M) (F(A)(A — Mig)ha,a)
M —m

1 M
MO m)<<f(A) &
By f@ we obtain

By @— we also get

ok
B=-3, !
k=1
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el k=1 (m){(g(A)z, 2) (A — mlg)kz, x
+2:k!'c‘ (m)g(4)z, 5){(4 - mip)'s,)

FEDM) (g(A)a, 2) (A — M1p)ta, ﬂf))

k=1

M —m

(A((A —5)" (s, A) £ (5) ds> dEA)m, x>

( — (f(A)(A = mlpg)’z, )]

“VOD[(f(AA - M1g) e, z) ~ < (A)z,z) (A~ M1p)*e, )]
( —{9(A)(A —mlp) e, )]

+ D) [(g(A) (A - MlH)kx»@ (g(A)z, 2){(A = M1y) e, z)]}

b (T (107 k(s 0g5) ) a1 ) )

M M
—(g(Ma,a) | (§O =" k(s N (s) ds ) d{Ere,a) |
m—0 m
We find
A)g(A A A L §enok
FA)g(A)r,3) = (e )W) = s 525

Ag* Vm)[(f(A)w, 2) (A = mig)*z,z) - (f(A
+ g VOO [(F(A)A = M1g) e z) = (f(A)z,x

+ fEDm) [(9(A)z, 2) (A = mlg)*a,z) — (g(A

~—

(A—mlg)rz , )]
((A—Mlg)kz , )]
(A—mly)rz, )]

~—
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M M
) § (0= ke Vg0 ) v 5
v
+<(9(A) | (S(A )" k(s A)f(")(s)ds) dE,\>x x>
m—0 m

M
( S )"k (s, M) g™ (s )ds) dEA>x x>‘

M
( J O =57 k(5,09 (s) ds) (B, x>‘

M M
(o § (T =9k 070 s) ds) dBy )
" Mm M
gzl | (T 9" k(s N (s) ds ) (B, 2)| |
m—0 m

(here | {2 (A—s)" k(s \)gt"(s) ds| < LT bt (01— 21+ (A1)

— n(n+1)
< 1 AMM)\ (s, \) g™ (s)ds |dE
_2(n_1),(M_m){Hf( >m5_0(7§1< — k(5. g () ds )
AN 01yt ) (4 )}

M M
+ o) § (T =) ts ) £ (5) ds) dE |

m—0 m

+ [lg(A)]| I lloj_[rln M) { — A"y ) 4 (A - mlH)”+1x,x>}}
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1 M M
= 2n DI —m) {”f I| § (T (s, )9 (5) ds) a5 |
m—0 m
+ "9:()7’101[7171),1\/1] {<(M1H — A)"+1:U, x) + ((A— mlH)"+1:U, x)}}

M M
o] § (T okl 105 ds) d |

m—0

[FAR .y

n(n i 1)’ {(M1g — A)"Pa,z) + (A —mlg)"Ha, x>}} }:: (©).

Notice here that

H | (Af()\ — )" (s, A) g™ (s) ds) dEAH

m—0 m y ;

= sup S ( S A=) k(s,\)g™(s) ds) d(E,w:,x)’
m—0 m

19|50, m, a1 . .
== sup [((M1g — A" e, z) + (A —mlg)" e,
S s (1= AP, a) 4 (4 = mtg) )

n(n + 1) { ||§‘H1p1<(M1H — A"+ sup (A - mlp)" e, a) )

llzfl=1

19 lloo,m, 11

el

We have proved that

A" (1A = mig)" ]

M M
| 5§09 k(s N9 (5) ds) dBy |

m—0
”g( ”oo[mM]
< 7 oo, im, M
- n(n+1) [”(

A similar estimate holds for (™).
Hence by , we obtain

= A"+ (A = m1) ]

R I
(L — A7 4 (A - mL)

+ (M1 — A"+ [[(A = m1g)" |}
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T
n(n+1)
MLy — A (A m1H>"“u}}

= = (1 lootman £

ML =AY+ (A = m1) ]
1 o gl g NI L = A+ (A = 1) 1]}
1
= = 19 leotonat LA+ 17 o (1]
I = AV + (A = m )

We have proved that

1
1R < Goryicar = 019 oot FCAN + 15l ()]

ML = A+ (1A = mdg)" ],

lg(A)I{INMLer — A+ [1(A = mlg)"

which yields the claim. =
COROLLARY 5 (case n = 1 of Theorem). For everyx € H with ||z|| = 1,
[(f(A)g(A)z, z) — <f§A)x7af> (9(A)z, z)]
<o —m) 19 lloo fom, 2y 1f CAV 1Ll L (A)I]
1M1 = A2 + (A = m1m)?].

THEOREM 6. Under the assumptions of Theorem [, let p,q > 1 with
1/p+1/q=1. Then

(12)

(A(f;9))(A)z,z) <

1 (F(p + 1) (p(n —1) + 1))1“”
(n—1){(M —m) I'(pn + 2)

g g fmany | Y+ 1F g monay 9 (A]
ML = AP 4 (A= mig) ]

where I is the gamma function.

Proof. We observe that

M
} =) "k(s, A)g™ (s) ds’

A M
<[ J =91 = mg™ (s) ds| + | O = 871 (s = M)g(s) ds
m A
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A M
< JO =9 (s = m)lg™ () ds + § (M = 5)(s = A" g™ (s)] ds
m A
0 n-1 2 gs) o™
< (S =91 =m)rds) " lg™ g mar
v n—1yp p (n)
+ (1 =5)(s =01 ds) " llg™ g man
A
(n) 0 (p(n—1)+1)-1 w1 gg) ' ”
= 19" g mpy [ ( § A= ) (s —m)®0= ds )

m

i -1 “1)4+1)—1 1/p
n ( [ (a1 — 5)®+D=1 (5 — y)elr=D+D ds) }
A

i (n I(p+ 1) (p(n — 1) +1)\'77
= |lg¢ )Hq,[m,m < Ton +2) )
(M = X)PYP L (A= m)™VP] YA € [m, M.

Hence
M M
’ { ( [ — ) ks, 0)g™ (s) ds) d(Exz, x>)
m—0 m
Lp+D)Ipn-1)+D\"
< (Herts 19 oo
[N = AP 4 (A = mdg) P ]
Similarly,

| S (S Y k(s, )7 (5) ds ) d{Exe, )|

m—0 m

I(p+1)(pn—1)+1)\"?
S( T(pn+2) )
(M1 — AP (A = g )"

1F g o,

We also have
M M
H { ( J O =) k(s 1) g™ (s) ds) dEAH

m—0
I(p+1D)I(pn—1)+1)\"?
S( T(pn+2) )
(Mg — AP (A = g )"

A similar estimate can be derived for f(™).

19 g, m, a1
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Acting as in the proof of Theorem [4] we find that

1 (F(p—i— 1) (p(n — 1) + 1))1“’
(n—1)(M —m) I'(pn + 2)
19" gy L C N+ 1™ g, .2y 19 ()]
(M 1E = A FYPY (A = mt) TP

proving the claim. m

|R| <

COROLLARY 7 (to Theorem [6 n = 1). We have
(13)  [{f(A)g(A)z,z) — (f(A)z,x){9(A)z, z)]
< G =7 1 labman IF O+ 15 gl (AN
I — AR (A = )P

THEOREM 8. Under the assumptions of Theorem [4,
(14)  {(A(f.9)(A)z,z)
(M —m)™ 1
(n—1)!

Proof. We observe that

< (19 ™ 11, vy L CAV 1 1 o, a1 L]

M M
5O = 9" (s, Ng ™ () ds| < [ 1A= s, M) g™ (5)] ds

M
< (M —m)" | 19" (s)|ds = (M = m)"[lg™ |1, m,21)-
Hence
M M

T (T s, g™ (s) ds) d(Bxa, )| < (M = m)" 9" 1 o an:

m—0 m
and similarly
M M

T (=9 s, ) (s) ds ) dlBr, )| < (M =) £ g

m—0 m

the last two estimates are valid since S%—o d(Exz,z) =1forz € H, ||z|| = 1.
Similarly, we obtain

M M
|5 (=" k(5,09 (s) ds ) dEA|| < (M = m)" gy v,

m—0 m

and a similar estimate for f(").
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Acting as in the proof of Theorem ] we find that

M — n—1
= 1™ D manl A + 17 s (]

proving the claim. m
COROLLARY 9 (to Theorem [§] n = 1).

(15)  [(f(A)g(A)z,z) — (f(A)z, x){g(A)z, z)|
< N9l g 1 (N + [1]

|R| <

fm, 1|9 (A)][-
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