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ON COUNTING DISTRIBUTIONS RELATED TO

THE DELAPORTE DISTRIBUTION

Abstract. We introduce the α-modified negative binomial distribution
and the α-modified Delaporte distribution. The Delaporte distribution is
a member of the class of α-modified Delaporte distributions. The proba-
bility distributions studied can be applied e.g. in actuarial sciences. The
main result of the paper shows that the α-modified negative binomial dis-
tribution fits the number of automobile insurance claims better than the
negative binomial distribution, while the α-modified Delaporte distribution
describes the number of car accidents better than the classical Delaporte
distribution. Characteristics of the distributions considered (moments, co-
efficient of variation, skewness and kurtosis) are computed. Moreover, we
study some compounds of the α-modified negative binomial and α-modified
Delaporte distributions. We also study the compound α-modified Delaporte
distribution with Borel summands and gamma summands. Characteristics
(moments, coefficient of variation, skewness and kurtosis) of these distribu-
tions are computed. Moreover, the compound α-modified negative binomial
distribution with gamma summands is investigated.

1. Introduction. Berg and Jaworski [BJ] introduced the α-modified
binomial and α-modified Poisson distributions with applications in random
mapping theory. Some generalisations of those distributions were studied in
Chakraborty [C]. We introduce the α-modified geometric, α-modified nega-
tive binomial and α-modified Delaporte distribution proposing some of their
applications. In Section 4 we give formulae for moments of the Borel dis-
tribution and we complete the investigations of the compound Delaporte
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distribution with Borel summands discussed by Finner et al. [FKS]. Sec-
tion 5 is devoted to the compound α-modified Delaporte distribution with
Borel and gamma summands. Section 6 concerns the compound α-modified
negative binomial distribution where the i.i.d. summands have a gamma
distribution.

First we recall the definitions of the counting distributions used in this
paper. The geometric distribution G(q) is given by

(1.1) P [X = x] = qx(1− q), x ∈ N0 = N ∪ {0}; 0 < q < 1,

the negative binomial distribution NB(t, q) by

(1.2) P [X = x] =

(
x+ t− 1

x

)
qx(1− q)t, x ∈ N0; 0 < q < 1, t > 0,

the Poisson distribution P(λ) by

(1.3) P [X = x] =
λx

x!
e−λ, x ∈ N0; λ > 0,

and the Delaporte distribution Del(t, β, λ) by

(1.4)

P [X = x] =

x∑
i=0

Γ (t+ i)βiλx−i

Γ (t)i!(1 + β)t+i(x− i)!
e−λ, x ∈ N0; λ > 0, β > 0, t > 0

(see [V, p. 619]).

2. α-Modified negative binomial distribution. It is known that the
classical negative binomial distribution is generated in the following way.

Suppose that given Λ = λ a random variate Y is Poisson distributed
(1.3), and Λ is a two-parameter gamma distribution with the probability
density function (pdf)

(2.1) fΛ(λ) = [βtΓ (t)]−1λt−1 exp(−λ/β), λ > 0; β > 0, t > 0.

Then the mixed Poisson distribution with the gamma mixing is the negative
binomial distribution (1.2) (X ∼ NB(t, q), where q = β/(1 + β)) (see [DM,
KPW, p. 212]).

Using the above idea we introduce the α-modified negative binomial
distribution. To this end we use the α-modified Poisson distribution (X ∼
MP(ψ, λ)) introduced by Berg and Jaworski [BJ]:

(2.2) P [X = x] =
(λ+ αψ)x

x!
(1− ψ)e−λ, x = 0, 1, . . . ;

λ > 0 and ψ are parameters such that |ψ| < 1 and λ+ψ ≥ 0; α is Riordan’s
symbol, where αk ≡ αk = k! (see [R, p. 21]).
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Let the extended umbral numbers (α(t))l be defined as follows:

(2.3) (α(t))l =

{(
l+t−1
l

)
l! for t > 0, l ∈ N0,

0 for t = 0,

or

(2.4) (α(t))l =
Γ (t+ l)

Γ (t)
= t[l], t > 0, l ∈ N0,

where t[l] is the lth rising factorial power: t[l] = t(t+ 1)· . . . ·(t+ l − 1) (see
[W, p. 25]).

For t = j, j ∈ N0 in (2.3) see [BN, C, FKS, J] and [R, p. 23].

We have the following result.

Theorem 2.1. Let Y have the α-modified Poisson distribution (Y ∼
MP(ψ, λ)) as in (2.2). Suppose that Λ = λ is two-parameter gamma dis-
tributed with the probability density function (2.1). Then

(2.5) P [X=x] = E
[
P [Y = x |Λ = λ]

]
=

(ψα(1) + qα(t))x

x!
(1− ψ)(1− q)t,

x = 0, 1, . . . ;

t, ψ and q are parameters such that t > 0, |ψ| < 1, 0 < q < 1, ψ + q > 0,
and (α(t))l is as in (2.3).

Proof. We consider the mixed α-modified Poisson distribution with Λ
the gamma mixing distribution (2.1). To give the probability function of
that mixture we start with

P [X = x] = (1− ψ)[βtΓ (t)x!]−1
∞�

0

λt−1 exp[−λ(β + 1)/β](λ+ αψ)x dλ.

Now we have
x∑
k=0

(
x

k

)
λk(x− k)!ψx−k = (λ+ αψ)x.

Hence

P [X = x]

= (1− ψ)[βtΓ (t)x!]−1
x∑
k=0

(
x

k

)
(x− k)!ψx−k

∞�

0

λt+k−1 exp[−λ(1 + β)/β] dλ

= (1− ψ)[βtΓ (t)x!]−1
x∑
k=0

(
x

k

)
(x− k)!ψx−k

(
β

1 + β

)t+k
Γ (t+ k).
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In terms of the extended umbral numbers (α(t))l of (2.4) we get

P [X = x] =
1− ψ
x!

(1 + β)−t
x∑
k=0

(
x

k

)
(x− k)!ψx−k(α(t))k(β/(1 + β))k

=
(ψα(1) + β(1 + β)−1α(t))x

x!
(1− ψ)(1 + β)−t

=
(ψα(1) + qα(t))x

x!
(1− ψ)(1− q)t.

Remark 2.2. Formula (2.5) with ψ = 0 takes the form

P [X = x] =
(qα(t))x

x!
(1− q)t.

It is another form of the classical negative binomial distribution (1.2).

Definition 2.3. We say that X has the α-modified negative binomial
distribution (X ∼ MNB(ψ, t, q)) if its probability function is given by (2.5).

The probability function (2.5) with t = 1,

(2.6) P [X = x] =
(αψ + αq)x

x!
(1− ψ)(1− q), x = 0, 1, . . . ,

is called the α-modified geometric distribution (X ∼ MG(ψ, q)).

Formula (2.6) can be written as follows:

(2.7) P [X = x] = (1− ψ)(1− q)q
x+1 − ψx+1

q − ψ

= (1− ψ)(1− q)
(
qx +

x∑
ν=1

ψνqx−ν
)
, x = 0, 1, . . . ; ψ + q > 0,

which can be treated as two-parameter geometric distribution (we call it the
generalised geometric distribution).

Remark 2.4. Suppose that X has the geometric distribution (1.1), q :=
ψ, 0 < ψ < 1 and Y has the Poisson distribution (1.3). If X and Y are
independent, then

(2.8) P [Z = X + Y = z] =
(λ+ αψ)z

z!
(1− ψ)e−λ

(see [BJ]).
A generalisation of this result is as follows.
Suppose that X has the probability function (2.7) and Y , independent

of X, has the Poisson distribution (1.3). Then

P [Z = X + Y = z] = (1− ψ)(1− q)q(λ+ αq)z − ψ(λ+ αψ)z

z!(q − ψ)
e−λ

and limq→0 P [Z = z] is given by (2.8).
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We denote by

• αm(r) := αEX(X − 1)· . . . ·(X − r + 1) the rth factorial moment,
• αmr := αEX

r the rth uncorrected moment, for short, the rth moment,
• αµr := αE(X − EX)r the rth central moment,

• t[n] = t · (t+ 1) · . . . · (t+ n− 1) the nth rising factorial of t,
• r(k) =r · (r−1) · . . . · (r−k+1) the kth falling factorial of r (see [W, p. 3]).

Theorem 2.5. The probability generating function, the rth factorial mo-
ment, the rth moment and the rth central moment of the α-modified negative
binomial distribution (2.5) are as follows:

αGX(s) = (1− ψ)(1− q)tes(ψα(1)+qα(t)),(2.9)

αm(r) =

(
α(t)

q

1− q
+ α(1)

ψ

1− ψ

)r
(2.10)

=
r∑

m=0

r(m)t
[r−m]

(
q

1− q

)r−m( ψ

1− ψ

)m
,

αmr =

r∑
k=0

S(r, k)

(
α(t)

q

1− q
+ α(1)

ψ

1− ψ

)k
(2.11)

=

r∑
k=0

S(r, k)

k∑
m=0

k(m)t
[k−m]

(
q

1− q

)k−m( ψ

1− ψ

)m
,

and

αµr =

r∑
l=0

(
r

l

)
(−αm1)r−l

l∑
k=0

S(l, k)

(
α(t)

q

1− q
+ α(1)

ψ

1− ψ

)k(2.12)

=

r∑
l=0

(
r

l

)
(−αm1)r−l

l∑
k=0

S(l, k)

k∑
m=0

k(m)t
[k−m]

(
q

1− q

)k−m( ψ

1− ψ

)m
,

where αm1 =
(
α(t) q

1−q +α(1) ψ
1−ψ

)1
= t q

1−q + ψ
1−ψ and S(n, k) is the Stirling

number of the second kind.

Proof. Using the pgf of a non-negative integer-valued random variableX,

(2.13) GX(s) = EsX =

∞∑
n=0

sn · P [X = n], |s| < 1

(see [G, p. 186]), and taking into account (2.5) we obtain (2.9) which we can
write as follows:

αGX(s) = (1− ψ)(1− q)tes(ψα(1)+qα(t)) =
1− ψ
1− sψ

(
1− q
1− sq

)t
.
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The kth derivative of αGX(s) is given by

(2.14)

αG
(k)
X (s) = αGX(s)

k∑
i=0

k!((k − i)!)−1t[k−i](q/(1− sq))k−i(ψ/(1− sψ))i.

Letting s = 1 in (2.14) we get the kth factorial moment of the α-modified
negative binomial distribution.

Now applying the relations between the factorial moments and central
moments:

EXr =
r∑

k=0

S(r, k)EX(k),(2.15)

E(X − EX)r =

r∑
i=0

(
r

i

)
(−EX)r−iEXi(2.16)

= (−EX)r +
r∑
i=1

(
r

i

)
(−EX)r−iEXi

(cf. [JKK, pp. 52–53]), we are led to (2.11) and (2.12), respectively.

Corollary 2.6. If X ∼ MNB(ψ, t, q), then

αm1 = t
q

1− q
+

ψ

1− ψ
,

αm2 = t
q

1− q
+ t[2]

(
q

1− q

)2

+
ψ

1− ψ

(
1 + 2t

q

1− q
+

2ψ

1− ψ

)
,

αm3 = t
q

1− q
+ 3t[2]

(
q

1− q

)2

+ t[3]

(
q

1− q

)3

+
ψ

1− ψ

(
1 + 6

t

1− ψ
q

1− q
+

6ψ

(1− ψ)2
+ 3t[2]

(
q

1− q

)2)
,

αm4 = t
q

1− q
+ 7t[2]

(
q

1− q

)2

+ 6t[3]

(
q

1− q

)3

+ t[4]

(
q

1− q

)4

+
ψ

1− ψ

(
1 + 14t

q

1− q
+ 36

(
ψ

1− ψ

)2

+ 36t
q

1− q
ψ

1− ψ

+ 18t[2]

(
q

1− q

)2

+ 24

(
ψ

1− ψ

)3

+ 24t
q

1− q

(
ψ

1− ψ

)2

+ 12t[2]

(
q

1− q

)2 ψ

1− ψ
+ 4t[3]

(
q

1− q

)3

+ 14
ψ

1− ψ

)
,

αµ2 = t
q

(1− q)2
+

ψ

(1− ψ)2
,
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αµ3 = t
q

(1− q)3
(1 + q) +

ψ

(1− ψ)3
(1 + ψ),

αµ4 = 3t2
q2

(1− q)4
+ t

q

(1− q)4
(1 + q2 + 4q)

+
ψ

(1− ψ)4

[
1 + 7ψ + ψ2 + 6t

q

(1− q)2
(1− ψ)2

]
,

and the coefficient of variation, skewness and kurtosis are as follows:

V = (αµ2)1/2/αm1 =

(
tq(1− ψ)2 + ψ(1− q)2

)1/2
tq(1− ψ) + ψ(1− q)

,

γ = αµ3

/
(αµ2)3/2 =

tq(1 + q)(1− ψ)3 + ψ(1− q)3(1 + ψ)(
tq(1− ψ)2 + ψ(1− q)2

)3/2 ,

κ = αµ4

/
(αµ2)2 =

tq(1 + q(3t+ 4) + q2)(1− ψ)4 + ψ(1− q)4(1 + 7ψ + ψ2)

t2q2(1− ψ)4 + 2tqψ(1− q)2(1− ψ)2 + ψ2(1− q)4

+
6tqψ(1− q)2(1− ψ)2

t2q2(1− ψ)4 + 2tqψ(1− q)2(1− ψ)2 + ψ2(1− q)4
.

The assumption that ψ = 0 yields formulae for the characteristics of the
classical negative binomial distribution (see [JKK, p. 216], [PW, p. 91]).

Theorem 2.5 implies the following result.

Theorem 2.7. The probability generating function, the rth factorial mo-
ment, the rth moment and the rth central moment of the α-modified geo-
metric distribution (2.6) are as follows:

αGX(s) = (1− ψ)(1− q)es(αψ+αq) =
1− ψ
1− sψ

1− q
1− sq

,

αm(r) =

(
α

q

1− q
+ α

ψ

1− ψ

)r
= r!

[(
q

1− q

)r+1

−
(

ψ

1− ψ

)r+1]( q

1− q
− ψ

1− ψ

)−1

,

αmr =

r∑
k=0

S(r, k)

(
α

q

1− q
+ α

ψ

1− ψ

)k
=

r∑
k=0

S(r, k)k!

[(
q

1− q

)k+1

−
(

ψ

1− ψ

)k+1]( q

1− q
− ψ

1− ψ

)−1

,

αµr =
r∑
l=0

(
r

l

)
(−αm1)r−l

l∑
k=0

S(l, k)

(
α

q

1− q
+ α

ψ

1− ψ

)k
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=

r∑
l=0

(
r

l

)
(−αm1)r−l

l∑
k=0

S(l, k)k!

[(
q

1− q

)k+1

−
(

ψ

1− ψ

)k+1]

·
(

q

1− q
− ψ

1− ψ

)−1

,

where

αm1 =

(
α

q

1− q
+ α

ψ

1− ψ

)1

=
q

1− q
+

ψ

1− ψ
.

Corollary 2.8. If X ∼ MG(ψ, q), then

αm1 =
q

1− q
+

ψ

1− ψ
,

αm2 =
q

1− q
+ 2

(
q

1− q

)2

+
ψ

1− ψ

(
1 + 2

q

1− q
+

2ψ

1− ψ

)
,

αm3 =
q

1− q
+ 6

(
q

1− q

)2

+ 6

(
q

1− q

)3

+
ψ

1− ψ

(
1 +

6

1− ψ
q

1− q
+

6ψ

(1− ψ)2
+ 6

(
q

1− q

)2)
,

αm4 =
q

1− q
+ 14

(
q

1− q

)2

+ 36

(
q

1− q

)3

+ 24

(
q

1− q

)4

+
ψ

1− ψ

(
1 + 14

q

1− q
+ 36

(
ψ

1− ψ

)2

+ 36
q

1− q
ψ

1− ψ

+ 36

(
q

1− q

)2

+ 24

(
ψ

1− ψ

)3

+ 24
q

1− q

(
ψ

1− ψ

)2

+ 24

(
q

1− q

)2 ψ

1− ψ
+ 24

(
q

1− q

)3

+ 14
ψ

1− ψ

)
,

αµ2 =
q

(1− q)2
+

ψ

(1− ψ)2
,

αµ3 =
q(1 + q)

(1− q)3
+
ψ(1 + ψ)

(1− ψ)3
,

αµ4 =
q

(1− q)4
(1 + 7q + q2) +

ψ

(1− ψ)4

[
1 + 7ψ + ψ2 +

6q

(1− q)2
(1− ψ)2

]
,

V =

(
q(1− ψ)2 + ψ(1− q)2

)1/2
q(1− ψ) + ψ(1− q)

,

γ =
q(1 + q)(1− ψ)3 + ψ(1− q)3(1 + ψ)(

q(1− ψ)2 + ψ(1− q)2
)3/2 ,
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κ =
q(1 + 7q + q2)(1− ψ)4 + ψ(1− q)4(1 + 7ψ + ψ2)

q2(1− ψ)4 + 2qψ(1− q)2(1− ψ)2 + ψ2(1− q)4

+
6qψ(1− q)2(1− ψ)2

q2(1− ψ)4 + 2qψ(1− q)2(1− ψ)2 + ψ2(1− q)4
.

Now we discuss an application of the α-modified negative binomial dis-
tribution.

Example 1. We study the example given in Panjer and Willmot [PW,
p. 211] of automobile insurance claims. They gave results for a sample of 4000
policies and fitted the Poisson distribution (1.3) and the negative binomial
distributions (1.2) to the observed data. We extend this study to the α-
modified negative binomial distribution (2.5) (X ∼ MNB(ψ, t, β/(1 + β))).
Our results are presented in Table 1.

Table 1

Theoretical

Number of Actual Poisson α-modified negative binomial

claims ψ=−0.04 ψ=−0.013 ψ=0; NB ψ=0.00005 ψ=0.0008

0 3719 3668.5422 3867.9906 3767.5716 3719.2218 3719.0358 3716.2464

1 232 317.3289 84.3775 183.9113 229.9011 230.0755 232.6901

2 38 13.7245 38.1320 38.0387 39.9107 39.9202 40.0649

3 7 0.3957 7.2270 8.0305 8.4156 8.4172 8.4409

4 3 0.0086 1.7195 1.8520 1.9313 1.9316 1.9365

5 1 0.0001 0.4146 0.4468 0.4648 0.4649 0.4660

Total 4000 4000 3999.8612 3999.8510 3999.8453 3999.8452 3999.8449

λ̂ 0.0865

t̂ 0.216600 0.216600 0.216600 0.216600 0.216600

β̂ 0.399354 0.399354 0.399354 0.399354 0.399354

The bold numbers in Table 1 are better fitted to the observed data than the
numbers of the negative binomial distribution, i.e. for ψ = 0; NB means the
classical negative binomial distribution.

Table 2

Theoretical

Empirical Poisson α-modified negative binomial

data ψ=−0.04 ψ=−0.013 ψ=0; NB ψ=0.00005 ψ=0.0008

x̄=0.0865 m1 =0.0865 αm1 =0.0480 αm1 =0.0737 m1 =0.0865 αm1 =0.0866 m1 =0.0873

S2 =0.1225 µ2 =0.0865 αµ2 =0.0841 αµ2 =0.1084 µ2 =0.1210 αµ2 =0.1211 µ2 =0.1218

γ′=5.3180 γ=3.4001 αγ=7.5325 αγ=5.7565 γ=5.1700 αγ=5.1680 αγ=5.1379

κ′=41.0067 κ=14.5607 ακ=73.4929 ακ=46.8646 κ=38.9623 ακ=38.9360 ακ=38.5451
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In Table 2 we compare the basic characteristics of the empirical data:
first moment x̄, variance in a sample S2, the coefficient of skewness γ′ and
kurtosis κ′ and the theoretical values (αm1, αµ2, αγ, ακ).

3. α-Modified Delaporte distribution. The classical Delaporte dis-
tribution is a discrete probability distribution commonly applied in actuarial
science. It was used to fit the numbers of claims in an automobile insurance
portfolio (see [D1, D2, P], [SV, p. 123] and [V, p. 618]).

This distribution can be defined using the convolution of the negative
binomial distribution with the Poisson distribution (see [JKK, p. 242]). We
see that formula (1.4) can be written in terms of α(t) (see (2.3)) as follows:

(3.1) P [X = x] =
(λ+ (β/(1 + β))α(t))x

x!(1 + β)t
e−λ.

Chakraborty [C] pointed out that the convolution of a random vari-
able X with the negative binomial distribution (X ∼ NB(t, ψ)) and a ran-
dom variable Y with the Poisson distribution (Y ∼ P(λ)), where X and Y
are independent, is the α(t)-modified Poisson distribution (Z = X + Y ∼
MP(t, ψ, λ)) with the probability function

P [Z = x] =
(λ+ ψα(t))x

x!
(1− ψ)te−λ, x = 0, 1, . . . ;

t > 0, λ > 0 and ψ are parameters such that |ψ| < 1 and λ + ψ ≥ 0 and
(α(t))l is as in (2.3) (see [C]).

The α(j)-modified Poisson distribution is known as the Delaporte dis-
tribution (see [C, JKK]). Therefore

Del(t, β, λ) := MP(t, β/(1 + β), λ).

Moreover, it is known that the Delaporte distribution also arises as a
mixture of the Poisson distribution P(λ) with the shifted gamma distribution

(3.2) f(θ) = [βtΓ (t)]−1(θ − λ)t−1e−(θ−λ)/β, θ > λ; λ > 0, t > 0, β > 0

(see [D1, D2]).

Taking into account the above facts we introduce the α-modified Dela-
porte distribution.

Theorem 3.1. Let X ∼ MNB(ψ, t, β/(1 + β)) and Y ∼ P(λ). If X and
Y are independent random variables and Z = X + Y , then

(3.3) P [Z = z] = (1− ψ)
(λ+ ψα(1) + (β/(1 + β))α(t))z

z!(1 + β)t
e−λ, z ∈ N0;

λ, β>0, t>0, ψ are parameters such that |ψ| < 1, λ+ψ ≥ 0, ψ+β/(1 +β)
> 0, and (α(t))l is as in (2.3).
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Proof. For X and Y as in the statement, the convolution

P [Z = z] =
z∑
i=0

P [X = i]P [Y = z − i]

= (1− ψ)(1 + β)−te−λ
z∑
i=0

(ψα(1) + β(1 + β)−1α(t))iλz−i

i!(z − i)!

is given by (3.3).

Theorem 3.2. Let Y have the α-modified Poisson distribution (Y ∼
MP(ψ, θ)) as in (2.2). Suppose that Θ = θ is the shifted-gamma distributed
function (3.2). Then the probability function of X is given by

(3.4) P [X = x] = E[P [Y = x | Λ = λ]]

= (1− ψ)
x∑
k=0

ψx−k
k∑
i=0

Γ (t+ i)βiλk−i

Γ (t)i!(1 + β)t+i(k − i)!
e−λ,

x = 0, 1, 2, . . . ;

t, λ, β > 0, |ψ| < 1 are the parameters.

Proof. To give the probability function of that mixture we start with

P [X = x] =

∞�

λ

(θ + αψ)x

x!
(1− ψ)e−θ[βtΓ (t)]−1(θ − λ)t−1e−(θ−λ)/β dθ

= [βtΓ (t)]−1(1− ψ)e−λ
∞�

0

(λ+ v + αψ)x

x!
vt−1e−v(β+1)/β dv.

Hence we get

P [X = x]

=
(1− ψ)e−λ

βtΓ (t)x!

x∑
k=0

(
x

k

)
(x− k)!ψx−k

k∑
i=0

(
k

i

)
λk−i

∞�

0

vi+t−1e−v(β+1)/β dv

=
(1− ψ)e−λ

(1 + β)t

x∑
k=0

ψx−k

k!

k∑
i=0

(
k

i

)
λk−i

(
β

1 + β

)iΓ (i+ t)

Γ (t)

= (1− ψ)
x∑
k=0

ψx−k
k∑
i=0

Γ (t+ i)βiλk−i

Γ (t)i!(1 + β)t+i(k − i)!
e−λ.

We see that (3.4) can also be written in terms of α(t) as in (3.3) so we have

P [X = x] = (1− ψ)
(λ+ ψα(1) + (β/(1 + β))α(t))x

x!(1 + β)t
e−λ(3.5)

= (1− ψ)
x∑
k=0

ψx−k
k∑
i=0

Γ (t+ i)βiλk−i

Γ (t)i!(1 + β)t+i(k − i)!
e−λ.
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Definition 3.3. We call the probability function given by (3.5) the
α-modified Delaporte distribution (X ∼ MDel(ψ, t, β, λ)) or the generalised
Delaporte distribution.

Remark 3.4. We can see that MDel(ψ, t, β, λ) with ψ = 0 is the classical
Delaporte distribution in the form (3.1) or (1.4).

Now we give the formulae for pgf and moments of the α-modified Dela-
porte distribution.

Theorem 3.5. The probability generating function, the rth factorial mo-
ment, the rth moment and the rth central moment of the α-modified Dela-
porte distribution are as follows:

αGX(s) = (1 + β)−t(1− ψ)e−λes(ψα(1)+λ+β(1+β)−1α(t)),(3.6)

αm(r) = (λ+ α(1)
ψ

1− ψ
+ βα(t))r(3.7)

=

r∑
k=0

(
r

k

)
t[r−k]βr−k

k∑
m=0

k!

(m− k)!

(
ψ

1− ψ

)m
λk−m,

αmr =

r∑
n=0

S(r, n)(λ+ α(1)
ψ

1− ψ
+ βα(t))n(3.8)

=
r∑

n=0

S(r, n)
n∑
k=0

(
n

k

)
t[n−k]βn−k

k∑
m=0

k!

(m−k)!

(
ψ

1−ψ

)m
λk−m,

and

(3.9)

αµr =

r∑
l=0

(
r

l

)
(−1)r−l(αm1)r−l

l∑
n=0

S(l, n)

(
λ+ α(1)

ψ

1− ψ
+ βα(t)

)n

=

r∑
l=0

(
r

l

)
(−1)r−l(αm1)r−l

l∑
n=0

S(l, n)

n∑
k=0

(
n

k

)
t[n−k]βn−k

×
k∑

m=0

k!

(m− k)!

(
ψ

1− ψ

)m
λk−m,

where αm1 = αEX =
(
λ+ α(1) ψ

1−ψ + βα(t)
)1

= λ+ tβ + ψ
1−ψ .

Proof. Putting (3.3) in (2.13) yields (3.6), which can be written as follows:

αGX(s) = (1 + β(1− s))−t 1− ψ
1− sψ

e−λ(1−s).

The rth derivative of αGX(s) is
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αG
(r)
X (s)

= αGX(s)

r∑
k=0

(
r

k

)
t[r−k]

(
β

1 + β(1− s)

)r−k k∑
m=0

k!

(k −m)!
λk−m

(
ψ

1− sψ

)r
= αGX(s)

(
λ+ α(1)

ψ

1− sψ
+ α(t)

β

1 + β(1− s)

)r
.

Letting s = 1 in the above formula we obtain the rth factorial moment of the
α-modified Delaporte distribution. Using the relations between the moments
(2.15) and (2.16) we get the rth moment (3.8) and the rth central moment
(3.9) of the α-modified Delaporte distribution.

Corollary 3.6. If X ∼ MDel(ψ, t, β, λ), then

αm1 = λ+ tβ +
ψ

1− ψ
,

(3.10)

αm2 = λ+ λ2 + tβ + t[2]β2 + 2λtβ +
ψ

1− ψ

(
1 + 2λ+ 2tβ +

2ψ

1− ψ

)
,

αm3 = λ+ 3λ2 + λ3 + tβ + 3t[2]β2 + t[3]β3 + 6λtβ + 3λt[2]β2 + 3λ2tβ

+
ψ

1− ψ

(
1 + 3λ2 + 3t2β[2] + 6λtβ +

6ψ

(1− ψ)2
+

6tβ

1− ψ
+

6λ

1− ψ

)
,

αm4 = λ+ 7λ2 + 6λ3 + λ4 + tβ + 7t[2]β2 + 6t[3]β3 + t[4]β4

+ 14λtβ + 18λt[2]β2 + 4λt[3]β3 + 18λ2tβ + 6λ2t[2]β2 + 4λ3tβ

+
ψ

1− ψ

(
1 + 14λ+ 18λ2 + 4λ3 + 14tβ + 18t[2]β2 + 4t[3]β3

+ 12λ2tβ + 14
ψ

1− ψ
+ 36λ

ψ

1− ψ
+ 36

(
ψ

1− ψ

)2

+ 12λ2

(
ψ

1− ψ

)2

+

(
λ+

ψ

1− ψ

)(
36tβ + 12t[2]β2 + 24tβ

ψ

1− ψ
+ 24

(
ψ

1− ψ

)2))
,

αµ2 = λ+ tβ[2] +
ψ

(1− ψ)2
,

αµ3 = λ+ tβ(1 + 3β + 2β2) +
ψ

1− ψ

(
1 + 3

ψ

1− ψ
+ 2

(
ψ

1− ψ

)2)
,

αµ4 = λ+ 3λ2 + tβ
(
1 + 6λ+ 6λβ + 7β + 12β2 + 6β3 + 3tβ + 6tβ2 + 3tβ3

)
+

ψ

1− ψ
(1 + 6λ+ 6tβ[2]) +

(
ψ

1− ψ

)2

(10 + 6λ+ 6tβ[2])

+ 18

(
ψ

1− ψ

)3

+ 9

(
ψ

1− ψ

)4

,
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and

V =

(
λ+ tβ[2] + ψ(1− 2λ− 2tβ[2]) + ψ2(λ+ tβ[2])

)1/2
λ+ tβ + ψ(1− λ− tβ)

,

γ = αµ3

/(
αµ2

)3/2
, κ = αµ4

/(
αµ2

)2
.

Some of the formulae (3.10) with ψ = 0 take the forms given in [V,
p. 619].

Now we present an application of the α-modified Delaporte distribution.

Example 2. Delaporte [D2] applied the probability distribution (3.1) to
model the number of car accidents. We extend this study to the α-modified
Delaporte distribution (3.5) (X ∼ MDel(ψ, b, 1/a, s0)). Our results are pre-
sented in Table 3.

Table 3

Theoretical

Number of Number of α-modified Delaporte

accidents cars Poisson ψ=−0.0008 ψ=−0.0005 ψ=0; Del ψ=0.009 ψ=0.01

0 1316 1261.3484 1316.6160 1316.2214 1315.5636 1303.7235 1302.4079

1 323 408.6769 323.9054 324.2032 324.6990 333.5102 334.4760

2 81 66.2057 78.5516 78.6250 78.7477 81.0406 81.3050

3 18 7.1502 18.9381 18.9559 18.9858 19.5442 19.6089

4 4 0.5762 4.5523 4.5566 4.5638 4.6986 4.7143

5 2 0.0375 1.0923 1.0934 1.0951 1.1276 1.1314

≥ 6 0 0.0020 0.2627 0.2626 0.2625 0.2601 0.2599

Total 1744 1743.9969 1743.9185 1743.9181 1743.9175 1743.9049 1743.9035

λ̂ 0.324

a 3.1975 3.1975 3.1975 3.1975 3.1975

b 1.036 1.036 1.036 1.036 1.036

s0 0 0 0 0 0

Table 4

Theoretical

Empirical α-modified Delaporte

data Poisson ψ=−0.0008 ψ=−0.0005 ψ=0; Del ψ=0.009 ψ=0.01

x̄=0.3240 m1 =0.3240 αm1 =0.3232 αm1 =0.3235 m1 =0.3240 αm1 =0.3331 αm1 =0.3341

S2 =0.4243 µ2 =0.3240 αµ2 =0.4245 αµ2 =0.4248 µ2 =0.4253 αµ2 =0.4345 αµ2 =0.4355

γ′=2.4576 γ=1.7568 αγ=2.4895 αγ=2.4906 γ=2.4924 αγ=2.5260 αγ=2.5299

κ′=10.6092 κ=6.0864 ακ=11.1689 ακ=11.1590 κ=11.1426 ακ=10.8540 ακ=10.8226

The bold numbers in Table 3 approximate the number of car accidents
better than the classical Delaporte distribution, i.e. for ψ = 0; Del means
Delaporte distribution.
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In Table 4 we give the basic characteristics of the empirical data and the
theoretical values.

4. Compound Delaporte distribution with Borel summands. In
this section we will be concerned with compound distributions, i.e. distribu-
tions of random sums

(4.1) SN = X1 + · · ·+XN ,

where {Xi, i ≥ 1} is a sequence of i.i.d. random variables and N is a random
variable independent of {Xi, i ≥ 1}.

Finner et al. [FKS] studied the distribution of the random sum (4.1),
where N is an independent random variable with the Delaporte distribution
and {Xi, i ≥ 1} is a sequence of independent identically distributed random
variables with Borel summands with the probability function

(4.2) P [X = x] =
(λx)x−1

x!
e−λx, x = 1, 2, 3, . . . ; 0 < λ < 1.

They gave the following theorem.

Theorem 4.1 (cf. [FKS]). Let {Xi, i ≥ 1} be an i.i.d. sequence with the
Borel distribution (4.2) and let N

(
N ∼ Del

(
m, λ

1−λ , θ
))

be an independent
random variable with the Delaporte distribution (3.1). Then

(4.3) P [SN = n] =
(1− λ)m(θ + λn+ λα(m− 1))n

n!
e−(θ+λn), n ∈ N0;

θ ≥ 0, 0 < λ < 1, m ≥ 2 are parameters, and

ESN =
θ

1− λ
+

mλ

(1− λ)2
, σ2SN =

θ

(1− λ)3
+
m(λ+ λ2)

(1− λ)4
,

where αl(m− 1) =
(
l+m−2

l

)
l!.

We complete the above investigations by computing the rth moment
and the rth central moment of the distribution (4.3), and the coefficients
of variation, skewness and kurtosis. To do this we need formulae for the
moments of the Borel distribution (4.2).

We have the following result.

Theorem 4.2. The rth factorial moment m(r), the rth moment mr and
rth central moment µr of the Borel distribution (4.2) are as follows:

m(r) =
λr−1

(1− λ)2r−1

r−1∑
k=0

λkar(k),(4.4)

mr =
r∑

n=1

S(r, n)
λn−1

(1− λ)2n−1

n−1∑
k=0

λkan(k),(4.5)
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(4.6)

µr =

(
−1

1− λ

)r
+

r∑
n=1

(
r

n

)(
−1

1− λ

)r−n n∑
k=1

S(n, k)
λk−1

(1− λ)2k−1

k−1∑
i=0

λiak(i),

where

(4.7)

an(k) =


nn−1, k = 0,

−(n−1)an−1(k−1) + (3n−4−k)an−1(k)+(k + 1)an−1(k + 1)

1 ≤ k ≤ n− 1,

0, k ≥ n.

Proof. The probability generating function of the Borel distribution (4.2)
is given by

(4.8) G(u) = z, where z = ueλ(z−1), 0 < λ < 1

(see [CF, p. 158]). By (4.8) we obtain

(4.9)
dr

dzr
G(u) =

λr−1erλ(z−1)

(1− λz)2r−1

r−1∑
k=0

λkar(k)zk,

where u = z/eλ(z−1) and ar(k) is given in (4.7). Letting u = 1 in (4.9) we
get the rth factorial moment of the Borel distribution. Using the relations
between the moments (2.15) and (2.16) we get the rth moment (4.5) and
the rth central moment (4.6) of the Borel distribution.

Some an(k) are given in Table 5.

Table 5. The coefficients an(k)

n an(0) an(1) an(2) an(3) an(4) an(5)

1 1 0 0 0 0 0

2 2 −1 0 0 0 0

3 9 −8 2 0 0 0

4 64 −79 36 −6 0 0

5 625 −974 622 −192 24 0

6 7776 −14543 11758 −5126 1200 −120

Corollary 4.3. If X has the Borel distribution (4.2), then

m(1) =
1

1− λ
, m(2) =

λ(2− λ)

(1− λ)3
, m(3) =

λ2(9− 8λ+ 2λ2)

(1− λ)5
,

m(4) =
λ3(64− 79λ+ 36λ2 − 6λ3)

(1− λ)7
,
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(4.10)

m1 =
1

1− λ
, m2 =

1

(1− λ)3
, m3 =

1 + 2λ

(1− λ)5
, m4 =

1 + 8λ+ 6λ2

(1− λ)7
,

µ2 =
λ

(1− λ)3
, µ3 =

λ(1 + 2λ)

(1− λ)5
,

µ4 =
λ(1 + 11λ+ 3λ2)

(1− λ)7
=
λ(1 + 8λ+ 6λ2)

(1− λ)7
+ 3

λ2

(1− λ)6
,

and

V =

√
λ

1− λ
, γ =

1 + 2λ√
λ(1− λ)

, κ = 3 +
1 + 8λ+ 6λ2

λ(1− λ)

(cf. [CF, pp. 158–159]).

Remark 4.4. The recurrence relations for the moments mk and for the
central moments µk of the Borel distribution (4.2) are as follows:

mk+1 = λ(1− λ)−1dmk

dλ
+ (1− λ)−1mk, k = 0, 1, . . . ,

µk+1 = λ(1− λ)−1dµk
dλ

+ kλ(1− λ)−3µk−1, k = 1, 2, . . .

(see [CF, p. 159]).

To give the moments of the compound Delaporte distribution with Borel
summands we denote by

• GSN (s) the probability generating function (pgf) of SN ,

• ES(r)
N the rth factorial moment of SN ,

• ESrN the rth uncorrected moment, for short, the rth moment of SN ,
• E(SN − ESN )r the rth central moment of SN .

Now we derive formulae for the rth moments of the Delaporte distribu-
tion with Borel summands:

Theorem 4.5. The rth factorial moments, the rth moments and the rth
central moments of the compound Delaporte distribution (4.3) with Borel
summands are as follows:

(4.11) ES
(r)
N =

(
θ +

λm

1− λ

)
m(r) +

r∑
n=2

θn

n!

n−1∑
j=0

(
n

j

)
(−1)jG(r,n−j)(1)

+

r−1∑
k=1

(
r

k

) k∑
i=1

(
λ

1− λ

)im[i]

i!

i−1∑
j=0

(
i

j

)
(−1)jG(k,i−j)(1)

r−k∑
n=1

θn

n!

·
n−1∑
j=0

(
n

j

)
(−1)jG(r−k,n−j)(1) +

r∑
i=2

(
λ

1− λ

)im[i]

i!

i−1∑
j=0

(
i

j

)
(−1)jG(r,i−j)(1),
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ESrN =

r∑
k=1

S(r, k)ES
(k)
N ,(4.12)

E(SN − ESN )r = (−ESN )r +

r∑
k=1

(
r

k

)
ESkN (−ESN )r−k,(4.13)

where m(r) is the rth factorial moment (4.4) of the Borel distribution,

G(r,l)(s) :=
dr

dsr
Gl(s), G(r,l)(1) :=

dr

dsr
Gl(s)

∣∣∣∣
s=1

,

and G(s) is the pgf of the Borel distribution (4.8).

Proof. Let N have the Delaporte distribution
(
N ∼ Del

(
m, λ

1−λ , θ
))

(4.14) P [N = n] = (1− λ)m
(θ + λα(m))n

n!
e−θ

with the probability generating function

GN (s) =

(
1− λ
1− λs

)m
exp(θ(s− 1))

(see [FKS]), and let X have the Borel distribution (4.2) with pgf G(s).
Then taking into account that GSN (s) = GN (G(s)) we obtain the pgf of the
compound Delaporte distribution with Borel summands:

(4.15) GSN (s) =

(
1− λ

1− λG(s)

)m
exp(θ(G(s)− 1))

(see [FKS]). Therefore

dr

dsr
GSN (s) =

r∑
k=0

(
r

k

)
dk

dsk

(
1− λ

1− λG(s)

)m dr−k

dsr−k
exp(θ(G(s)− 1))

=

(
1− λ

1− λG(s)

)m dr

dsr
exp(θ(G(s)− 1))

+
dr

dsr

(
1− λ

1− λG(s)

)m
exp(θ(G(s)− 1))

+

r−1∑
k=1

(
r

k

)
dk

dsk

(
1− λ

1− λG(s)

)m dr−k

dsr−k
exp(θ(G(s)− 1)),

which gives

dr

dsr
GSN (s) = GSN (s)

{ r∑
n=1

θn

n!

n−1∑
j=0

(
n

j

)
(−1)jGj(s)G(r,n−j)(s)

+

r∑
i=1

(
λ

1− λs

)im[i]

i!

i−1∑
j=0

(
i

j

)
(−1)jGj(s)G(r,i−j)(s)
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+

r−1∑
k=1

(
r

k

) k∑
i=1

(
λ

1− λs

)im[i]

i!

i−1∑
j=0

(
i

j

)
(−1)jGj(s)G(k,i−j)(s)

·
r−k∑
n=1

θn

n!

n−1∑
j=0

(
n

j

)
(−1)jGj(s)G(r−k,n−j)(s)

}
.

The formula ES
(r)
N := dr

dsrGSN (s)
∣∣
s=1

leads to (4.11). Taking into account
the relations (2.15) and (2.16) between the moments we obtain (4.12) and
(4.13).

The following formulae are known:

ESN = EN · EX, E(SN − ESN ) = 0,

σ2SN = E(SN − ESN )2 = ENσ2X + σ2NE2X,

E(SN − ESN )3 = ENE(X − EX)3 + 3σ2NEXσ2X + E(N − EN)3E3X

(see [KPW, p. 298]), and

E(SN − ESN )4 = ENE(X − EX)4 + E(N − EN)4E4X

+ 6E2Xσ2X[E(N − EN)3 + ENσ2N ]

+ 4σ2NEXE(X − EX)3 + 3EN(N − 1)(σ2X)2

(see [SS1], [GT]).

Corollary 4.6. If N ∼ Del
(
m, λ

1−λ , θ
)

and the i.i.d. summands {Xi,
i ≥ 1} have the Borel distribution (4.2), then

ESN =
θ

1− λ
+

λm

(1− λ)2
, σ2SN =

θ

(1− λ)3
+
λm(1 + λ)

(1− λ)4
,

E(SN − ESN )3 =
θ(2λ+ 1)

(1− λ)5
+
λm(2λ2 + 5λ+ 1)

(1− λ)6
,

E(SN − ESN )4 =
θ(1 + 8λ+ 6λ2)

(1− λ)7
+

3θ2

(1− λ)6
+

6θλm(1 + λ)

(1− λ)7

+
λm[1 + λ(3m+ 15) + λ2(6m+ 26) + λ3(3m+ 6)]

(1− λ)8
,

V =

√
θ(1− λ) + λm(1 + λ)

θ(1− λ) + λm
,

γ =
θ(1 + λ− 2λ2) + λm(1 + 5λ+ 2λ2)

(θ(1− λ) + λm(1 + λ))3/2
,

κ =
θ(1 + 7λ− 2λ2 − 6λ3) + 3θ2(1− λ)2 + 6θλm(1− λ2)

(θ(1− λ) + λm(1 + λ))2

+
λm[1 + λ(3m+ 15) + λ2(6m+ 26) + λ3(3m+ 6)]

(θ(1− λ) + λm(1 + λ))2
.
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5. Compound α-modified Delaporte distributions. In this section
we consider the compound α-modified Delaporte distribution, i.e. we study
the distribution of the random sum (4.1), where N ∼ MDel

(
ψ, t, λ

1−λ , θ
)
,

(5.1) P [N = n] = (1− λ)t
(θ + ψα(1) + λα(t))n

n!
(1− ψ)e−θ, n ∈ N0,

and {Xi, i ≥ 1} is a sequence of i.i.d. random variables, where α(t) is defined
in (2.3).

We now extend the concept of the compound Delaporte distribution
with Borel summands introduced by Finner et al. [FKS] to the compound
α-modified Delaporte distribution with Borel summands. To do this we need
the following lemma, where we use some ideas of Berg and Nowicki’s [BN].

Lemma 5.1. The following equalities hold true:

(θ + ψα(1) + λα(t))m+1 = (θ + λα(t))m+1(5.2)

+ (m+ 1)ψ(θ + ψα(1) + λα(t))m,

(θ + λα(t))m+1 = λt(θ + λα(t+ 1))m + θ(θ + λα(t))m,(5.3)

λt(λn+ θ + λα(t+ 1))n−1 = (λn+ θ + λα(t− 1))n(5.4)

− θ(λn+ θ + λα(t))n−1

and

(5.5)
n−1∑
m=0

(
n− 1

m

)
m(λn)n−1−m(θ + ψα(1) + λα(t))m

= (n− 1)
[
(λn+ θ + ψα(1) + λα(t))n−1

− λn(λn+ θ + ψα(1) + λα(t))n−2
]
.

Proof. From the equality

(θ + ψα(1) + λα(t))m+1 =

m+1∑
k=0

(
m+ 1

k

)
(θ + λα(t))kψm+1−kαm+1−k,

after some evaluations and using the definition (2.3), we get (5.2).

Note that

(θ + λα(t))m+1 =

m+1∑
k=0

(
m+ 1

k

)
θkλm+1−kαm+1−k(t)

=
m∑
k=0

(
m

k

)
θkλm+1−kαm+1−k(t) +

m+1∑
k=1

(
m

k − 1

)
θkλm+1−kαm+1−k(t)
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= λt

m∑
k=0

(
m

k

)
θkλm−kαm−k(t+ 1) + θ

m∑
k=0

(
m

k

)
θkλm−kαm−k(t)

= λt(θ + λα(t+ 1))m + θ(θ + λα(t))m

as αm+1−k(t) = tαm−k(t+ 1), which ends the proof of (5.3).

Taking into account that

λt(θ + λα(t+ 1) + λn)n−1 = λnt

(
θ

λ
+ α(t+ 1) + n

)n−1

and using the formula

(5.6) m(k+α(m+ 1) +n)n−1 =(k+α(m− 1) +n)n− k(k+α(m) +n)n−1,

we get (5.4).

To prove (5.5) we use the following property of binomial coefficients:

(n− 1−m)

(
n− 1

m

)
= (n− 1)

(
n− 2

m

)
.

Then

n−1∑
m=0

(
n− 1

m

)
m(λn)n−1−m(θ + ψα(1) + λα(t))m

=
n−1∑
m=0

(
n− 1

m

)
[m− (n− 1) + (n− 1)](λn)n−1−m(θ + ψα(1) + λα(t))m

= −
n−1∑
m=0

(
n− 1

m

)
(n− 1−m)(λn)n−1−m(θ + ψα(1) + λα(t))m

+ (n− 1)(λn+ θ + ψα(1) + λα(t))n−1

= −
n−1∑
m=0

(
n− 2

m

)
(n− 1)(λn)n−1−m(θ + ψα(1) + λα(t))m

+ (n− 1)(λn+ θ + ψα(1) + λα(t))n−1

= −λn(n− 1)(λn+ θ + ψα(1) + λα(t))n−2

+ (n− 1)(λn+ θ + ψα(1) + λα(t))n−1,

which ends the proof of (5.5).

The following theorem is a generalisation of the main result of Finner et
al. [FKS].

Theorem 5.2. Let {Xi, i ≥ 1} be an i.i.d. sequence with the Borel
distribution (4.2) and let N be an independent random variable with the
α-modified Delaporte distribution (5.1)

(
N ∼ MDel

(
ψ, t, λ

1−λ , θ
))

. Then
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(5.7) P [SN = n]

=
(1− λ)t(θ + λn+ ψα(1) + λα(t− 1))n

n!
(1− ψ)e−(θ+λn), n ∈ N0;

0 < λ < 1, θ, t > 0, ψ are parameters such that |ψ| < 1, λ + ψ > 0,
θ + ψ ≥ 0, and (α(t))l is as in (2.3).

Proof. Let Sm = X1 + · · ·+Xm. Then Sm for each fixed m ∈ N has the
Borel–Tanner distribution with the probability function

(5.8) P [Sm = n] =
m(λn)n−m

n(n−m)!
e−λn, n ∈ N, n ≥ m

(see [FKS]). Hence using (5.1) and (5.8) we have

P [SN = n] =

∞∑
m=1

P
( m∑
k=1

Xk = n
∣∣∣ N = m

)
P (N = m)

=

n∑
m=1

(θ + ψα(1) + λα(t))m

m!
(1− λ)t(1− ψ)e−θ

m(λn)n−m

n(n−m)!
e−λn

=
(1− λ)t(1− ψ)e−(θ+λn)

n!

n−1∑
m=0

(
n− 1

m

)
(λn)n−1−m(θ + ψα(1) + λα(t))m+1.

Now from (5.2) and (5.3) we obtain

P [SN = n]

=
(1− λ)t(1− ψ)e−(θ+λn)

n!

n−1∑
m=0

(
n− 1

m

)
(λn)n−1−m{(θ + λα(t))m+1

+ (m+ 1)ψ(θ + ψα(1) + λα(t))m
}

=
(1− λ)t(1− ψ)e−(θ+λn)

n!

n−1∑
m=0

(
n− 1

m

)
(λn)n−1−m{λt(θ + λα(t+ 1))m

+ θ(θ + λα(t))m + (m+ 1)ψ(θ + ψα(1) + λα(t))m
}

=
(1− λ)t(1− ψ)e−(θ+λn)

n!

{
λt(λn+θ+λα(t+1))n−1+θ(λn+θ+λα(t))n−1

+

n−1∑
m=0

(
n− 1

m

)
(λn)n−1−m(m+ 1)ψ(θ + ψα(1) + λα(t))m

}
.

Hence using (5.4) we get

P [SN = n] =
(1− λ)t(1− ψ)e−(θ+λn)

n!

{
(λn+ θ + λα(t− 1))n

+
n−1∑
m=0

(
n− 1

m

)
(λn)n−1−m(m+ 1)ψ(θ + ψα(1) + λα(t))m

}
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=
(1− λ)t(1− ψ)e−(θ+λn)

n!

{
(λn+ θ + λα(t− 1))n

+ ψ(λn+ θ + ψα(1) + λα(t))n−1

+ ψ
n−1∑
m=0

(
n− 1

m

)
(λn)n−1−mm(θ + ψα(1) + λα(t))m

}
.

Therefore by (5.5) we have

P [SN = n] =
(1− λ)t(1− ψ)e−(θ+λn)

n!

{
(λn+ θ + λα(t− 1))n(5.9)

+ ψn
[
(λn+ θ + ψα(1) + λα(t))n−1

− (n− 1)λ(λn+ θ + ψα(1) + λα(t))n−2
]}
.

But

(λn+ θ + ψα(1) + λα(t))n−1 − (n− 1)λ(λn+ θ + ψα(1) + λα(t))n−2

=
n−1∑
k=0

(
n− 1

k

)
(λn+ θ + αψ)kλn−1−kαn−1−k(t)

−
n−2∑
k=0

(
n− 1

k

)
(n− 1− k)(λn+ θ + αψ)kλn−1−kαn−2−k(t)

=
n−2∑
k=0

(
n− 1

k

)
(λn+ θ + αψ)kλn−1−k[αn−1−k(t)− (n− 1− k)αn−2−k(t)

]
+ (λn+ θ + αψ)n−1.

Taking into account that

αn−1−k(t)− (n− 1− k)αn−2−k(t) = αn−1−k(t− 1),

we obtain

(5.10) (λn+ θ + ψα(1) + λα(t))n−1−(n−1)λ(λn+ θ + ψα(1) + λα(t))n−2

=
n−1∑
k=0

(
n− 1

k

)
(λn+ θ + αψ)kλn−1−kαn−1−k(t− 1)

= (λn+ θ + ψα(1) + λα(t− 1))n−1.

Inserting (5.10) in (5.9) we get

P [SN = n] =
(1− λ)t(1− ψ)e−(θ+λn)

n!

{
(λn+ θ + λα(t− 1))n

+ ψn(λn+ θ + ψα(1) + λα(t− 1))n−1
}
.
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Now we apply

(λn+ θ + ψα(1) + λα(t− 1))n =
n∑
k=0

(
n

k

)
(θ + λn+ λα(t− 1))kαn−kψn−k,

which, by definition (2.3), leads to

(λn+ θ + ψα(1) + λα(t− 1))n =
(
λn+ θ + λα(t− 1)

)n
+ ψn

(
λn+ θ + ψα(1) + λα(t− 1)

)n−1

and gives the result (5.7).

Remark 5.3. The main result of Finner et al. [FKS] (see (4.3)) follows
from (5.7) when ψ = 0 and t = m.

For α-modified distributions we denote by

• αGSN (s) the probability generating function (pgf) of SN ,
• αMSN (s) the moment generating function (mgf) of SN ,

• αES
(r)
N the rth factorial moment of SN ,

• αES
r
N the rth uncorrected moment, for short, the rth moment of SN ,

• αE(SN − ESN )r+1 the rth central moment of SN .

The characteristics of the compound α-modified Delaporte distribution
are given in the following theorem.

Theorem 5.4. The probability generating function, the rth factorial mo-
ments, the rth moments and the rth central moments of the compound α-
modified Delaporte distribution (5.7) with Borel summands are as follows:

αGSN (s) =

(
1− λ

1− λG(s)

)t 1− ψ
1− ψG(s)

exp(θ(G(s)− 1)),(5.11)

αES
(r)
N = ES

(r)
N +

r∑
i=1

(
ψ

1− ψ

)i i−1∑
j=0

(
i

j

)
(−1)jG(r,i−j)(1)(5.12)

+

r−1∑
k=1

(
r

k

)
ES

(k)
N

r−k∑
i=1

(
ψ

1− ψ

)i i−1∑
j=0

(
i

j

)
(−1)jG(r−k,i−j)(1),

αES
r
N =

r∑
k=1

S(r, k)αES
(k)
N ,(5.13)

αE(SN − ESN )r = (−αESN )r +

r∑
k=1

(
r

k

)
αES

k
N (−αESN )r−k,(5.14)

where ES
(r)
N is the rth factorial moment of the compound Delaporte distri-

bution with Borel summands as in (4.11) with N ∼ Del
(
t, λ

1−λ , θ
)
,
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G(r,l)(s) =
dr

dsr
Gl(s), G(r,l)(1) =

dr

dsr
Gl(s)

∣∣∣∣
s=1

,

and G(s) is the pgf of the Borel distribution (4.8).

Proof. Let N have the α-modified Delaporte distribution (5.1) with the
pgf

αGN (s) =

(
1− λ
1− λs

)t 1− ψ
1− ψs

exp(θ(s− 1))

and let X have the Borel distribution (4.2) with G(s) in (4.8). Then by the
formula αGSN (s) = αGN (G(s)) we have

αGSN (s) =

(
1− λ

1− λG(s)

)t 1− ψ
1− ψG(s)

exp(θ(G(s)− 1)),

which ends the proof of (5.11). To prove (5.12) we note that

αGSN (s) = GSN (s)
1− ψ

1− ψG(s)
,

where GSN (s) is as in (4.15) with parameter t instead of m, i.e., it is the pgf
of the compound Delaporte distribution with Borel summands. Then

dr

dsr
αGSN (s) =

r∑
k=0

(
r

k

)
dk

dsk
GSN (s)

dr−k

dsr−k

(
1− ψ

1− ψG(s)

)
= GSN (s)

dr

dsr

(
1− ψ

1− ψG(s)

)
+

(
1− ψ

1− ψG(s)

)
dr

dsr
GSN (s)

+

r−1∑
k=1

(
r

k

)
dk

dsk
GSN (s)

dr−k

dsr−k

(
1− ψ

1− ψG(s)

)
.

The formula αES
(r)
N = dr

dsr αGSN (s)
∣∣
s=1

ends the proof of (5.12). Taking into

account the relations (2.15) and (2.16) we obtain (5.13) and (5.14).

Corollary 5.5. If N ∼ MDel
(
ψ, t, λ

1−λ , θ
)

and the i.i.d. summands
{Xi, i ≥ 1} have the Borel distribution (4.2), then

αESN =
θ

1− λ
+

tλ

(1− λ)2
+

ψ

1− ψ
· 1

1− λ
,

ασ
2SN = αE(SN − ESN )2

=
θ

(1− λ)3
+
λt(1 + λ)

(1− λ)4
+

ψ

(1− ψ)2
· 1− λψ

(1− λ)3
,(5.15)

αE(SN − ESN )3 =
θ(2λ+ 1)

(1− λ)5
+
λt(2λ2 + 5λ+ 1)

(1− λ)6

+
ψ

1− ψ

{
2λ+ 1

(1− λ)5
+

3

(1− λ)4

ψ

1− ψ
+

2

(1− λ)3

(
ψ

1− ψ

)2}
,
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αE(SN − ESN )4 =
θ(1 + 8λ+ 6λ2)

(1− λ)7
+

3θ2

(1− λ)6
+

6θλt(1 + λ)

(1− λ)7

+
λt(1 + λ(3t+ 15) + λ2(6t+ 26) + λ3(3t+ 6))

(1− λ)8

+
ψ

1− ψ

{
1 + 8λ+ 6λ2

(1− λ)7
+

6λ[2]t

(1− λ)7
+

6θ

(1− λ)6

}
+

(
ψ

1− ψ

)2{ 10 + 8λ

(1− λ)6
+

6λ[2]t

(1− λ)6
+

6θ

(1− λ)5

}
+

(
ψ

1− ψ

)3

· 18

(1− λ)5
+

(
ψ

1− ψ

)4

· 9

(1− λ)4
,

V =
(
θ(1− λ) + λt+ ψ[(1− λ)(1− θ)− λt]

)−1

·
(
θ(1−λ)+λt(1+λ)+ψ[(1−λ)(1−2θ)−2λt]+ψ2(1−λ)(θ−λ(1+t))

)1/2
,

γ = αE(SN − ESN )3/(ασ
2SN )3/2,

κ = αE(SN − ESN )4/(ασ
2SN )2.

Remark 5.6. If ψ = 0 and t = m in (5.15), then we get the case studied
by Finner et al. [FKS].

Now we focus on the compound α-modified Delaporte distribution with
gamma summands with the probability density function

(5.16) f(x) =
θρ

Γ (ρ)
xρ−1e−θx, x > 0; θ > 0, ρ > 0.

We should mention that the compound Poisson distribution with gamma
summands was studied by Withers and Nadarajah [WN]. Some generalisa-
tion of their result was presented in [SS2] where the compound α(t)-modified
Poisson distribution with gamma summands was discussed.

We have the following result.

Theorem 5.7. The moment generating function, the rth moments and
the (r+ 1)th central moments of the compound α-modified Delaporte distri-
bution with gamma summands are as follows:

αMSN (s) = exp

{
−λ
[
1−

(
1− s

θ

)−ρ]}
(5.17)

·
[
1 + β

(
1−

(
1− s

θ

)−ρ)]−t 1− ψ
1− ψ(1− s/θ)−ρ

,

(5.18)

αES
r
N = θ−r

r∑
k=1

(
λ+ βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
1

i!(k − i)!
(ρ(k − i))[r],
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(5.19) αE(SN − ESN )r+1

= θ−r−1
r∑
l=1

(
r

l

)[
−ρ
(
λ+ βt+

ψ

1− ψ

)]r−l{ l∑
k=1

(
λ+ βα(t) + α

ψ

1− ψ

)k

·
k−1∑
i=0

(−1)i
ρ
(
k − i− λ− ψ

1−ψ − βt
)

+ l

i!(k − i)!
(ρ(k − i))[l]

+

(
λ+ βα(t) + α

ψ

1− ψ

)l+1 l∑
i=0

(−1)i
ρ(l + 1− i) + l

i!(l + 1− i)!
(ρ(l + 1− i))[l]

}
.

Proof. It is known that the moment generating function of SN satisfies

(5.20) MSN (s) = GN (MX(s)),

where MX(s) denotes the mgf of X. Inserting the pgf of the α-modified
Delaporte distribution,

αGN (s) = (1 + β(1− s))−t exp{−λ(1− s)} 1− ψ
1− ψs

,

and the mgf of the gamma distribution, MX(s) = (1− s/θ)−ρ, in (5.20), we
obtain (5.17).

The rth derivative of αMSN (s) in (5.17) is given by

(5.21)
dr

dsr
αMSN (s) = αMSN (s)θ−r

r∑
k=1

1

k!

(
1− s

θ

)−ρk−r k∑
i=0

(
k

i

)

· t[k−i]
(

β

1 + β[1− (1− s/θ)−ρ]

)k−i i∑
m=0

i!

(i−m)!
λi−m

·
(

ψ

1− ψ(1− s/θ)−ρ

)m k−1∑
l=0

(
k

l

)
(−1)l(ρ(k − l))[r].

Letting s = 0 in (5.21) we obtain (5.18). Using the relation

αE(SN − ESN )r =

r∑
l=0

(
r

l

)
(−αESN )r−lαES

l
N

we get

αE(SN − ESN )r+1 = (−αESN )r+1 +
r+1∑
l=1

(
r + 1

l

)
(−αESN )r+1−l

αES
l
N .

Therefore
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(5.22) αE(SN − ESN )r+1

= (−αESN )r+1 +

r∑
l=1

(
r

l

)
(−αESN )r+1−l

αES
l
N

+

r+1∑
l=1

(
r

l − 1

)
(−αESN )r+1−l

αES
l
N

=
r∑
l=1

(
r

l

)
(−αESN )r−l

[
−(αESN )αES

l
N + αES

l+1
N

]
.

Taking into account (5.22) and (5.18) we obtain

αE(SN − ESN )r

= θ−r−1
r∑
l=1

(
r

l

)[
−ρ
(
λ+ βt+

ψ

1− ψ

)]r−l{
−ρ
(
λ+ βt+

ψ

1− ψ

)

·
l∑

k=1

(
λ+ βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
1

i!(k − i)!
(ρ(k − i))[l]

+

l∑
k=1

(
λ+ βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
ρ(k − i) + l

i!(k − i)!
(ρ(k − i))[l]

+

(
λ+ βα(t) + α

ψ

1− ψ

)l+1 l∑
i=0

(−1)i
ρ(l + 1− i) + l

i!(l + 1− i)!
(ρ(l + 1− i))[l]

}
.

Hence we get

αE(SN − ESN )r+1

= θ−r−1
r∑
l=1

(
r

l

)[
−ρ
(
λ+ βt+

ψ

1− ψ

)]r−l{ l∑
k=1

(
λ+ βα(t) + α

ψ

1− ψ

)k

·
k−1∑
i=0

(−1)i
ρ(k − i) + l − ρ

(
λ+ βt+ ψ

1−ψ
)

i!(k − i)!
(ρ(k − i))[l]

+

(
λ+ βα(t) + α

ψ

1− ψ

)l+1 l∑
i=0

(−1)i
ρ(l + 1− i) + l

i!(l + 1− i)!
(ρ(l + 1− i))[l]

}
,

which ends the proof.

Remark 5.8. For ψ = 0 see [SS2], and for ψ = 0, β = 0 see [WN].

Corollary 5.9. If N ∼ MDel(ψ, t, β, λ) and the i.i.d. summands {Xi,
i ≥ 1} have the gamma distribution, then
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αESN =
ρ

θ

(
λ+ tβ +

ψ

1− ψ

)
,

αES
2
N =

ρ

θ2

(
λ(ρ+ 1) + λ2ρ+ tβ[ρ+ 1 + 2λρ] + t[2]β2ρ

+
ψ

1− ψ

[
ρ+ 1 + 2λρ+ 2

ψ

1− ψ
ρ+ 2βtρ

])
,

αES
3
N =

ρ

θ3

(
λ(ρ+ 1)[2] + 3λ2ρ[2] + λ3ρ2 + tβ

[
(ρ+ 1)[2] + 6λρ[2] + 3λ2ρ2

]
+ t[2]β2

[
3ρ[2] + 3λρ2

]
+ t[3]β3ρ2

+
ψ

1− ψ
[(ρ+ 1)[2] + 6λρ[2] + 3λ2ρ2 + 3β2t[2]ρ2 + 6βt(ρ[2] + λρ2)]

+ 6

(
ψ

1− ψ

)2[
ρ[2] + λρ2 + βtρ2 +

ψ

1− ψ
ρ2

])
,

αES
4
N =

ρ

θ4

(
λ(ρ+ 1)[3] + λ2

[
3ρ[2](ρ+ 1) + 4ρ[3]

]
+ 6λ3ρρ[2] + λ4ρ3

+ βt
(
(ρ+ 1)[3] + 2λ(3ρ[2](ρ+ 1) + 4ρ[3]) + 18λ2ρ[2]ρ+ 4λ3ρ3

)
+ β2t[2]

(
3ρ[2](ρ+ 1) + 4ρ[3] + 18λρ[2]ρ+ 6λ2ρ3

)
+ β3t[3](6ρ[2]ρ+ 4λρ[3]) + β4t[4]ρ3

+
ψ

1− ψ

[
(ρ+ 1)[3] + 2λ(3ρ[2](ρ+ 1) + 4ρ[3]) + 18λ2ρ[2]ρ+ 4λ3ρ3

+ βt

(
2(3ρ[2](ρ+ 1) + 4ρ[3]) + 36λρ[2]ρ+ 12λ2ρ3 + 24λ

ψ

1− ψ
ρ3

+ 24

(
ψ

1− ψ

)2

ρ3 + 36
ψ

1− ψ
ρ[2]ρ

)
+ β2t[2]

(
12λρ3 + 12

ψ

1− ψ
ρ3 + 18ρ[2]ρ

)
+ 4β3t[3]ρ3

]
+

(
ψ

1− ψ

)2

[2(3ρ[2](ρ+ 1) + 4ρ[3]) + 36λρ[2]ρ+ 12λ2ρ3]

+ 24λ

(
ψ

1− ψ

)3

ρ3 + 24

(
ψ

1− ψ

)4

ρ3 + 36

(
ψ

1− ψ

)2

ρ[2]ρ2

)
,

ασ
2SN =

ρ

θ2

(
λ(ρ+ 1) + tβ

(
ρ+ 1 + βρ

)
+

ψ

1− ψ

(
1 +

ρ

1− ψ

))
,

αE(SN − ESN )3 =
ρ

θ3

(
λ(ρ+ 1)[2] + tβ

(
(ρ+ 1)[2] + 3βρ[2] + 2β2ρ2

)
+

ψ

1− ψ

[
(ρ+ 1)[2] + 3

ψ

1− ψ
ρ[2] + 2

(
ψ

1− ψ

)2

ρ2

])
,
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αE(SN − ESN )4 =
ρ

θ4

(
λ(ρ+ 1)[3] + 3λ2ρ[2](ρ+ 1) + tβ

(
(ρ+ 1)[3]

+ 6λρ[2](ρ+ 1)
)

+ tβ2
(
6λρ[2]ρ+ 3tρ[2](ρ+ 1) + 7ρ[2]ρ+ 11ρ[2]

)
+ 6β3(t[2] + t)ρ[2]ρ+ 3β4(t[2] + t)ρ3

+
ψ

1− ψ
[
(ρ+ 1)[3] + 6λρ[2](ρ+ 1) + 6tβρ[2](ρ+ 1) + 6tβ2ρ[2]ρ

]
+

(
ψ

1− ψ

)2[
10ρ[2]ρ+ 14ρ[2] + 6λρ[2]ρ+ 6tβρ[2]ρ+ 6tβ2ρ3

]
+ 18

(
ψ

1− ψ

)3

ρ[2]ρ+ 9

(
ψ

1− ψ

)4

ρ3

)
,

V =
(
ρ[λ+ tβ + ψ(1− λ− tβ)]

)−1

·
(
ρ[λ(ρ+ 1) + tβ(ρ+ 1 + βρ) + ψ(1− 2tβ(ρ+ 1 + βρ) + ρ− 2λ(ρ+ 1))

+ψ2(λ(ρ+ 1) + tβ(ρ+ 1 + βρ)− 1)]
)1/2

,

γ = αE(SN − ESN )3
/(

ασ
2SN

)3/2
, κ = αE(SN − ESN )4

/
(ασ

2SN
)2
.

In the particular case of ρ = 1, we get formulae for the compound
α-modified Delaporte distribution with exponential summands: N ∼
MDel(ψ, t, β, λ) and f(x) = θe−θx.

Theorem 5.10. The moment generating function, the rth moments and
the (r+ 1)th central moments of the compound α-modified Delaporte distri-
bution with exponential summands are as follows:

αMSN (s)

= exp

{
−λ
[
1−

(
1− s

θ

)−1]}[
1 + β

(
1−

(
1− s

θ

)−1)]−t 1− ψ
1− ψ(1− s/θ)−1

,

αES
r
N = θ−r

r∑
k=1

(
λ+ βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
1

i!(k − i)!
(k − i)[r],

αE(SN − ESN )r+1 = θ−r−1
r∑
l=1

(
r

l

)[
−
(
λ+ βt+

ψ

1− ψ

)]r−l

·
{ l∑
k=1

(
λ+ βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
k − i− λ− ψ

1−ψ − βt+ l

i!(k − i)!
(k − i)[l]

+

(
λ+ βα(t) + α

ψ

1− ψ

)l+1 l∑
i=0

(−1)i
2l + 1− i
i!(l + 1− i)!

(l + 1− i)[l]

}
.

Corollary 5.11. If N ∼ MDel(ψ, t, β, λ) and the i.i.d. summands
{Xi, i ≥ 1} have the exponential distribution, then
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αESN = θ−1

(
λ+ tβ +

ψ

1− ψ

)
,

αES
2
N = θ−2

(
2λ+λ2 + 2tβ(λ+ 1) + t[2]β2 + 2

ψ

1− ψ

[
1 +λ+βt+

ψ

1− ψ

])
,

αES
3
N = θ−3

(
6λ+ 18λ2 + λ3 + tβ(6 + 6λ+ 3λ2) + t[2]β2(6 + 3λ) + β3t[3]

+
ψ

1− ψ
[6 + 12λ+ 3λ2 + 3t[2]β2 + 6βt(2 + λ)]

+ 6

(
ψ

1− ψ

)2(
2 + λ+ βt+

ψ

1− ψ

))
,

αES
4
N = θ−4

(
24λ+ 36λ2 + 12λ3 + λ4 + tβ(24 + 72λ+ 36λ2 + 4λ3)

+ t[2]β2(36 + 36λ+ 6λ2) + t[3]β3(4λ+ 12) + t[4]β4

+
ψ

1− ψ

[
24 + 72λ+ 36λ2 + 4λ3 + tβ

(
72 + 72λ+ 12λ2

+ 24λ
ψ

1− ψ
+ 24

(
ψ

1− ψ

)2

+ 72
ψ

1− ψ

)
+ t[2]β2

(
12λ+ 12

ψ

1− ψ
+ 36

)
+ 4β3t[3]

]
+

(
ψ

1− ψ

)2

(72 + 72λ+ 12λ2) +

(
ψ

1− ψ

)3

(24λ+ 72) + 24

(
ψ

1− ψ

)4)
,

ασ
2SN = θ−2

(
2λ+ tβ

(
2 + β

)
+

ψ

1− ψ

(
2 +

ψ

1− ψ

))
,

αE(SN − ESN )3 = θ−3

(
6λ+ tβ

(
6 + 6β + 2β2

)
+

ψ

1− ψ

(
6 + 6

ψ

1− ψ
+ 2

(
ψ

1− ψ

)2))
,

αE(SN − ESN )4 = θ−4

(
24λ+ 12λ2 + tβ(24 + 24λ)

+ tβ2(12λ+ 12t+ 36) + 12β3(t[2] + t) + 3β4(t[2] + t)

+
ψ

1− ψ
[24 + 24λ+ 24tβ + 12tβ2]

+

(
ψ

1− ψ

)2

[48 + 12λ+ 12tβ + 6tβ2] + 36

(
ψ

1− ψ

)3

+ 9

(
ψ

1− ψ

)4)
,

V =
(
λ+ tβ + ψ(1− λ− tβ)

)−1(
2λ+ tβ(2 + β)

+ 2ψ(1− 2λ− tβ(2 + β)) + ψ2(2λ+ tβ(2 + β)− 1)
)1/2

,
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γ = αE(SN − ESN )3
/(

ασ
2SN

)3/2
, κ = αE(SN − ESN )4

/
(ασ

2SN
)2
.

6. Compound α-modified negative binomial distribution with
gamma summands. Klugman et al. [KPW, p. 306] considered the com-
pound negative binomial distribution with exponential summands. We study
the compound α-modified negative binomial distribution with gamma sum-
mands, viz. N ∼ MNB(ψ, t, β

1+β ) and the i.i.d. summands {Xi, i ≥ 1} have

the gamma distribution (5.16).

Theorem 6.1. The moment generating function, the rth moments and
the (r+1)th central moments of the compound α-modified negative binomial
distribution with gamma summands are as follows:

αMSN (s) =

[
1 + β

(
1−

(
1− s

θ

)−ρ)]−t 1− ψ
1− ψ(1− s/θ)−ρ

,(6.1)

αES
r
N = θ−r

r∑
k=1

(
βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
1

i!(k − i)!
(ρ(k − i))[r],(6.2)

αE(SN − ESN )r+1 = θ−r−1
r∑
l=1

(
r

l

)[
−ρ
(
βt+

ψ

1− ψ

)]r−l
(6.3)

·
{ l∑
k=1

(
βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
ρ
(
k − i− ψ

1−ψ − βt
)

+ l

i!(k − i)!

·
(
ρ(k − i)

)[l]
+

(
βα(t) + α

ψ

1− ψ

)l+1 l∑
i=0

(−1)i
ρ(l + 1− i) + l

i!(l + 1− i)!

· (ρ(l + 1− i))[l]

}
.

Proof. Taking the pgf of the α-modified negative binomial distribution,

αGN (s) =
(
1 + β(1− s)

)−t 1− ψ
1− ψs

,

and the mgf of the gamma distribution, MX(s) = (1− s/θ)−ρ, in (5.20) we
obtain (6.1).

The rth derivative of αMSN (s) in (6.1) is given by

(6.4)
dr

dsr
αMSN (s) = αMSN (s)θ−r

r∑
k=1

1

k!

(
1− s

θ

)−ρk−r k∑
i=0

k(i)t
[k−i]

·
(

β

1 + β[1− (1− s/θ)−ρ]

)k−i( ψ

1− ψ(1− s/θ)−ρ

)i k−1∑
l=0

(
k

l

)
(−1)l

· (ρ(k − l))[r].
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Setting s = 0 in (6.4) we obtain (6.2). Using (5.22) and (6.2) we obtain

αE(SN − ESN )r = θ−r−1
r∑
l=1

(
r

l

)[
−ρ
(
βt+

ψ

1− ψ

)]r−l

·
{
−ρ
(
βt+

ψ

1−ψ

) l∑
k=1

(
βα(t) + α

ψ

1−ψ

)k k−1∑
i=0

(−1)i
1

i!(k − i)!
(ρ(k − i))[l]

+

l∑
k=1

(
βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
ρ(k − i) + l

i!(k − i)!
(ρ(k − i))[l]

+

(
βα(t) + α

ψ

1− ψ

)l+1 l∑
i=0

(−1)i
ρ(l + 1− i) + l

i!(l + 1− i)!
(ρ(l + 1− i))[l]

}
.

Thus

αE(SN − ESN )r+1 = θ−r−1
r∑
l=1

(
r

l

)[
−ρ
(
βt+ α

ψ

1− ψ

)]r−l

·
{ l∑
k=1

(
βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
ρ(k − i) + l − ρ

(
βt+ ψ

1−ψ
)

i!(k − i)!
(ρ(k − i))[l]

+

(
βα(t) + α

ψ

1− ψ

)l+1 l∑
i=0

(−1)i
ρ(l + 1− i) + l

i!(l + 1− i)!
(ρ(l + 1− i))[l]

}
,

which ends the proof.

Corollary 6.2. If N ∼ MNB
(
ψ, t, β

1+β

)
and the i.i.d. summands {Xi,

i ≥ 1} have the gamma distribution (5.16), then

αESN = θ−1ρ

(
βt+

ψ

1− ψ

)
,

αES
2
N = θ−2

{
βtρ[2] + β2t[2]ρ2 +

ψ

1− ψ

[
ρ[2] + 2βtρ2 + 2

ψ

1− ψ
ρ2

]}
,

αES
3
N = θ−3

{
βtρ[3] + 3β2t[2]ρ[2]ρ+ β3t[3]ρ3

+
ψ

1− ψ
[ρ[3] +6βtρ[2]ρ+3β2t[2]ρ3]+

(
ψ

1− ψ

)2[
6ρρ[2] +6βtρ3 +6

ψ

1− ψ
ρ3

]}
,

αES
4
N = θ−4

{
βtρ[4] + β2t[2]ρ[2]ρ(7ρ+ 11) + 6β3t[3]ρ[2]ρ2 + β4t[4]ρ4

+
ψ

1− ψ
[ρ[4] + 2βtρ[2]ρ(7ρ+ 11) + 18β2t[2]ρ[2]ρ2 + 4β3t[3]ρ4]
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+

(
ψ

1− ψ

)2

[2ρ[2]ρ(7ρ+ 11) + 36βtρ[2]ρ2 + 12β2t[2]ρ4]

+

(
ψ

1− ψ

)3[
36ρ[2]ρ2 + 24βtρ4 + 24

ψ

1− ψ
ρ4

]}
,

ασ
2SN = θ−2

{
βtρ[2] + β2tρ2 +

ψ

1− ψ

[
ρ[2] +

ψ

1− ψ
ρ2

]}
,

αE(SN − ESN )3 = θ−3

{
βtρ[3] + 3β2tρ[2]ρ+ 2β3tρ3

+
ψ

1− ψ

[
ρ[3] + 3

ψ

1− ψ
ρ[2]ρ+ 2

(
ψ

1− ψ

)2

ρ3

]}
,

αE(SN − ESN )4 = θ−4

(
tβρ[4] + tβ2

(
3tρ[2]ρ[2] + 7ρ[2]ρ2 + 11ρ[2]ρ

)
+ 6β3(t[2] + t)ρ[2]ρ+ 3β4(t[2] + t)ρ4

+
ψ

1− ψ
[ρ[4] + 6tβρ[2]ρ[2] + 6tβ2ρ[2]ρ2]

+

(
ψ

1− ψ

)2

[10ρ[2]ρ2 + 14ρ[2]ρ+ 6tβρ[2]ρ2 + 6tβ2ρ4]

+ 18

(
ψ

1− ψ

)3

ρ[2]ρ2 + 9

(
ψ

1− ψ

)4

ρ4

)
,

V =
(
βtρ+ ψρ(1− βt)

)−1(
βtρ[2] + β2tρ2 + ψ(ρ[2] − 2βtρ[2] − 2β2tρ2)

+ψ2(βtρ[2] + β2tρ2 − ρ)
)1/2

,

γ = αE(SN − ESN )3
/(

ασ
2SN

)3/2
,

κ = αE(SN − ESN )4
/

(ασ
2SN

)2
.

Assuming that ρ = 1 in Theorem 6.1, we have the following theorem.

Theorem 6.3. The moment generating function, the rth moments and
the (r+1)th central moments of the compound α-modified negative binomial
distribution with exponential summands are as follows

αMSN (s) =

[
1 + β

(
1−

(
1− s

θ

)−1)]−t 1− ψ
1− ψ(1− s/θ)−1

,

αES
r
N = θ−r

r∑
k=1

(
βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
1

i!(k − i)!
(k − i)[r],

αE(SN − ESN )r+1 = θ−r−1
r∑
l=1

(
r

l

)[
−
(
βt+

ψ

1− ψ

)]r−l
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·
{ l∑
k=1

(
βα(t) + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
k − i− ψ

1−ψ − βt+ l

i!(k − i)!
(k − i)[l]

+

(
βα(t) + α

ψ

1− ψ

)l+1 l∑
i=0

(−1)i
2l + 1− i
i!(l + 1− i)!

(l + 1− i)[l]

}
.

Remark 6.4. For ψ = 0 see [KPW, p. 306].

Corollary 6.5. If N ∼ MNB
(
ψ, t, β

1+β

)
and the i.i.d. summands {Xi,

i ≥ 1} have the exponential distribution, then

αESN = θ−1

(
βt+

ψ

1− ψ

)
,

αES
2
N = θ−2

{
2βt+ β2t[2] +

2ψ

1− ψ

[
1 + βt+

ψ

1− ψ

]}
,

αES
3
N = θ−3

{
6βt+ 6β2t[2] + β3t[3] +

ψ

1− ψ
[6 + 12βt+ 3β2t[2]]

+ 6

(
ψ

1− ψ

)2[
2 + βt+

ψ

1− ψ

]}
,

αES
4
N = θ−4

{
24βt+ 36β2t[2] + 12β3t[3] + β4t[4]

+
ψ

1− ψ
[24 + 72βt+ 36β2t[2] + 4β3t[3]]

+

(
ψ

1− ψ

)2

[72 + 72βt+ 12β2t[2]] +

(
ψ

1− ψ

)3[
72 + 24βt+ 24

ψ

1− ψ

]}
,

ασ
2SN = θ−2

{
2βt+ β2t+

ψ

1− ψ

[
2 +

ψ

1− ψ

]}
,

αE(SN − ESN )3 = θ−3

{
6βt+ 6β2t+ 2β3t

+
ψ

1− ψ

[
6 + 6

ψ

1− ψ
+ 2

(
ψ

1− ψ

)2]}
,

αE(SN − ESN )4 = θ−4

(
24tβ + tβ2

(
12t+ 36

)
+ 12β3(t[2] + t)

+ 3β4(t[2] + t) +
ψ

1− ψ
[24 + 24tβ + 12tβ2] +

(
ψ

1− ψ

)2

[48 + 12tβ + 6tβ2]

+ 36

(
ψ

1− ψ

)3

+ 9

(
ψ

1− ψ

)4)
,
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V =

(
2βt+ β2t− 2ψ(2βt+ β2t− 1) + ψ2(2βt+ β2t− 1)

)1/2
βt+ ψ(1− βt)

,

γ = αE(SN − ESN )3
/(

ασ
2SN

)3/2
, κ = αE(SN − ESN )4

/
(ασ

2SN
)2
.

Putting ρ = 1 and t = 1 in Theorem 6.1 we have

Theorem 6.6. The moment generating function, the rth moments and
the (r+ 1)th central moments of the compound α-modified geometric distri-
bution with exponential summands are given as follows:

αMSN (s) =

[
1 + β

(
1−

(
1− s

θ

)−1)]−1 1− ψ
1− ψ(1− s/θ)−1

,

αES
r
N = θ−r

r∑
k=1

(
αβ + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
1

i!(k − i)!
(k − i)[r],

αE(SN − ESN )r+1 = θ−r−1
r∑
l=1

(
r

l

)[
−
(
β +

ψ

1− ψ

)]r−l

·
{ l∑
k=1

(
αβ + α

ψ

1− ψ

)k k−1∑
i=0

(−1)i
k − i− ψ

1−ψ − β + l

i!(k − i)!
(k − i)[l]

+

(
αβ + α

ψ

1− ψ

)l+1 l∑
i=0

(−1)i
2l + 1− i
i!(l + 1− i)!

(l + 1− i)[l]

}
.

Remark 6.7. For ψ = 0 see [KPW, p. 305].

Corollary 6.8. If N ∼ MG
(
ψ, β

1+β

)
and the i.i.d. summands {Xi,

i ≥ 1} have the exponential distribution, then

αESN = θ−1

[
β +

ψ

1− ψ

]
,

αES
2
N = 2θ−2

[
β[2] +

ψ

1− ψ

(
1 + β +

ψ

1− ψ

)]
,

αES
3
N = 6θ−3

[
β[2](1 + β) +

ψ

1− ψ
(1 + β)2 +

(
ψ

1− ψ

)2(
2 + β +

ψ

1− ψ

)]
,

αES
4
N = 24θ−4

[
β[2](1 + β)2 +

ψ

1− ψ
(1 + β)3 +

(
ψ

1− ψ

)2

(3 + 3β + β2)

+

(
ψ

1− ψ

)3(
3 + β +

ψ

1− ψ

)]
,
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ασ
2SN = θ−2

[
β(2 + β) +

ψ

1− ψ

(
2 +

ψ

1− ψ

)]
,

αE(SN − ESN )3 = θ−3

[
β(6 + 6β + 2β2)

+
ψ

1− ψ

(
6 + 6

ψ

1− ψ
+ 2

(
ψ

1− ψ

)2)]
,

αE(SN − ESN )4 = θ−4

[
β(24 + 48β + 36β2 + 9β3)

+
ψ

1− ψ

(
24 + 48

ψ

1− ψ
+ 36

(
ψ

1− ψ

)2

+ 9

(
ψ

1− ψ

)3)
+

ψ

1− ψ

(
12β2 + 24β + 6β2 ψ

1− ψ
+ 12β

ψ

1− ψ

)]
,

V =
(β(2 + β)− 2ψ(β(2 + β)− 1) + ψ2(β(2 + β)− 1))1/2

β + ψ(1− β)
,

γ = αE(SN − ESN )3/(ασ
2SN )3/2, κ = αE(SN − ESN )4/(ασ

2SN )2.

Corollary 6.9. If N ∼ G
( β

1+β

)
and the i.i.d. summands {Xi, i ≥ 1}

have the exponential distribution, then

ESN = θ−1β, ES2
N = 2θ−2β[2], ES3

N = 6θ−3β[2](1 + β),

ES4
N = 24θ−4β[2](1 + β)2,

E(SN − ESN )2 = θ−2β(2 + β),

E(SN − ESN )3 = θ−3β(6 + 6β + 2β2),

E(SN − ESN )4 = θ−4β(24 + 48β + 36β2 + 9β3),

V =

(
β(2 + β)

)1/2
β

, γ =
6 + 6β + 2β2

β1/2(2 + β)3/2
, κ =

24 + 48β + 36β2 + 9β3

β(4 + 4β + β2)
.
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