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ON COUNTING DISTRIBUTIONS RELATED TO
THE DELAPORTE DISTRIBUTION

Abstract. We introduce the a-modified negative binomial distribution
and the a-modified Delaporte distribution. The Delaporte distribution is
a member of the class of a-modified Delaporte distributions. The proba-
bility distributions studied can be applied e.g. in actuarial sciences. The
main result of the paper shows that the a-modified negative binomial dis-
tribution fits the number of automobile insurance claims better than the
negative binomial distribution, while the a-modified Delaporte distribution
describes the number of car accidents better than the classical Delaporte
distribution. Characteristics of the distributions considered (moments, co-
efficient of variation, skewness and kurtosis) are computed. Moreover, we
study some compounds of the a-modified negative binomial and a-modified
Delaporte distributions. We also study the compound a-modified Delaporte
distribution with Borel summands and gamma summands. Characteristics
(moments, coefficient of variation, skewness and kurtosis) of these distribu-
tions are computed. Moreover, the compound a-modified negative binomial
distribution with gamma summands is investigated.

1. Introduction. Berg and Jaworski [BJ] introduced the a-modified
binomial and a-modified Poisson distributions with applications in random
mapping theory. Some generalisations of those distributions were studied in
Chakraborty [C]. We introduce the a-modified geometric, a-modified nega-
tive binomial and a-modified Delaporte distribution proposing some of their
applications. In Section 4 we give formulae for moments of the Borel dis-
tribution and we complete the investigations of the compound Delaporte
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distribution with Borel summands discussed by Finner et al. [FKS|. Sec-
tion 5 is devoted to the compound a-modified Delaporte distribution with
Borel and gamma summands. Section 6 concerns the compound a-modified
negative binomial distribution where the i.i.d. summands have a gamma
distribution.

First we recall the definitions of the counting distributions used in this
paper. The geometric distribution G(q) is given by

(1.1) PX=2]=q¢"(1—-¢q), xe€Ny=NU{0};0<qg<1,
the negative binomial distribution NB(t, ¢) by
t—1
(1.2) PX==zx]= <x+x >qﬂ”(1 —q)', 2eNp0<g<l, t>0,
the Poisson distribution P(\) by
)\CE

(1.3) PIX =u] = 96’7)‘, x € No; A >0,
and the Delaporte distribution Del(¢, 3, A) by
(1.4)
- Dt+i)gax—i
X=al Zf(t)i!(leﬁ)tﬂ(x—i)!e , TENp;A>0,8>0,¢>0

=0
(see [V}, p. 619]).

2. a-Modified negative binomial distribution. It is known that the
classical negative binomial distribution is generated in the following way.

Suppose that given A = A a random variate Y is Poisson distributed
, and A is a two-parameter gamma distribution with the probability
density function (pdf)

(2.1) faQQ) = BTN L exp(=A/8),  A>0; 8>0,¢>0.

Then the mixed Poisson distribution with the gamma mixing is the negative
binomial distribution (1.2]) (X ~ NB(t,q), where ¢ = 8/(1 + 3)) (see [DM,
KPW, p. 212]).

Using the above idea we introduce the a-modified negative binomial
distribution. To this end we use the a-modified Poisson distribution (X ~
MP(4, \)) introduced by Berg and Jaworski [BJ]:

)\ x
(2.2) P[X:x]:w(l—w)e”\, z=0,1,...;
x!
A > 0 and ¢ are parameters such that [¢)| < 1 and A+ > 0; « is Riordan’s
symbol, where o = ay, = k! (see [R] p. 21]).
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Let the extended umbral numbers (a(t))! be defined as follows:

+t—-1
[! fort>0,1l€Ng
2.3 fy =4 ’ ’
(23) (a(t) {0 0
or
(2.4) (a(t)! = Fgf(;l) —d t>0,1eN,

where t! is the Ith rising factorial power: t/! = ¢(t +1)-...-(t +1 — 1) (see
W, p. 25]).

For t =j, j € Ny in see [BN,, [C| [FKS| [J] and [R], p. 23].

We have the following result.

THEOREM 2.1. Let Y have the a-modified Poisson distribution (Y ~
MP (1, N)) as in (2.2]). Suppose that A = X\ is two-parameter gamma dis-
tributed with the probability density function (2.1). Then

(va(1) 4+ qa(t))”

(25) PlX=a]= B[P =a|4= ] = HE2 00—y - g,

rx=0,1,...;

t, ¥ and q are parameters such thatt > 0, [¢| <1,0< ¢ <1, ¥ +q >0,

and (a(t))! is as in (2.3).

Proof. We consider the mixed a-modified Poisson distribution with A
the gamma mixing distribution (2.1]). To give the probability function of
that mixture we start with

o0

PIX =a] = (1= 9)[8'T(8)2!] " | X7 exp[=A(8 + 1) /B](A + a))” dA.
0

Now we have

x (x> Ao(z — k)™ = (A + a))°.

k=0 k
Hence
P[X = x]
= (1= DT 3 ()0 - Bt A L expl-AL +8)/8]a)

+

S
0
= (1L=)[BTH) ) (2) (z — k)lp= =k (&)t%m + k).
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In terms of the extended umbral numbers ( Lof . we get

Qj() B (a(0)F (B (1 + B)*
:<wu>+5<+ﬁ> a(t)”

z!

— (¢a(1) ;qa(t))x (1 . ¢)(1 . Q)t- -

REMARK 2.2. Formula (2.5) with ¢ = 0 takes the form

PIX =] =

L= +p~"

P[X =z] = M(l —q)".

x!
It is another form of the classical negative binomial distribution (1.2]).
DEFINITION 2.3. We say that X has the a-modified negative binomial
distribution (X ~ MNB(#,t,q)) if its probability function is given by ({2.5)).
The probability function (2.5) with ¢t = 1,

(2.6) P[X:x}:W(l—w)(l—q), x=0,1,...,

is called the a-modified geometric distribution (X ~ MG(v,q)).
Formula (2.6 can be written as follows:

RNV il i
@7 PX=d=0-90-9— —

:(1—1/1)(1—q)(q’”+21/1”qx71’), z=0,1,...; ¢ +¢>0,
v=1

which can be treated as two-parameter geometric distribution (we call it the
generalised geometric distribution).

REMARK 2.4. Suppose that X has the geometric distribution (1.1f), ¢ :=
¥, 0 < 1 < 1 and Y has the Poisson distribution (1.3). If X and Y are
independent, then

)\ z
(2.8) PlZ=X+Y == QoS
(see [B]).
A generalisation of this result is as follows.
Suppose that X has the probability function (2.7)) and Y, independent
of X, has the Poisson distribution (1.3]). Then

q(A 4+ aq)® — (A + Oﬂb)ze_A
2l(qg — 1)

(1—)e?

z!

PZ=X+Y =2]=(1-4)(1-q)

and lim,_,o P[Z = z] is given by (2.8)).
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We denote by

aM(y = o EX(X —1)-...-(X — 7+ 1) the rth factorial moment,

oMy = o E X" the rth uncorrected moment, for short, the rth moment,
altr = o E(X — EX)" the rth central moment,

th =¢.(t+1)-...-(t+n —1) the nth rising factorial of ¢,

Ty =7-(r—1)-...-(r —k+1) the kth falling factorial of r (see [W, p. 3]).

THEOREM 2.5. The probability generating function, the rth factorial mo-
ment, the rth moment and the rth central moment of the a-modified negative

binomial distribution (2.5)) are as follows:
(2.9)  oGx(s) = (1 —)(1 — g)tes@aDraal®)

(210 am<r>=<a(t)q+a(1) L4 )

1—gq 11—
N pm (0 T\
_mz::or(m)t (1—(1> <1—¢> ’
N q v\
(211) oMy = ;)S(T7 k) <Ol(t)1_q + a(l)il — Qp>
r k : } q k—m d} m
_ k—m
_kZOS(r,k)m:Ok( ¢ <1_q> <1_¢> ,
and
(2.12)
T r l q 1/} k
aur—z<l>( am1)"! S(l,k)(a(t)1+ (1)1>
=0 k=0 - -
~ (T Iy : pem (4 N Y\
= —am1)"” L)Y Kyt (2 L I
() sun Mo () (75

0
where omy = (a(t)l—zq +a I)L)1
number of the second kind.

I
~~
=
Iz
S}
+
=
| ‘€
<
e
3
S8
N
—~
S
Ny
~—
<.
v
~
=
9y
n
=y
3
oy
3
<

Proof. Using the pgf of a non-negative integer-valued random variable X,
oo
(2.13) Gx(s) = BEs* :Zs”-P[X:n], |s| <1
n=0

(see [Gl p. 186]), and taking into account ([2.5) we obtain (2.9)) which we can

write as follows:

_ . t
2Gx(s) = (1 — ¥)(1 — q)tesaDFaa(®) - 11_;,2 <11_ Sqq> ‘
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The kth derivative of ,Gx(s) is given by
(2.14)

oGy (5) = oGix (s §:m )/ (1= s W/ (1= )

Letting s = 1 in 2.14 we get the kth factorial moment of the a-modified
negative binomial distribution.

Now applying the relations between the factorial moments and central
moments:

(2.15) EX" = is(r, BEX®),
k=0

(216)  E(X-EX) =Y <:> (~EX)"EX'
=0

—EX)" +Z(> —EX)'EX?

(cf. [JKK], pp. 52-53]), we are led to (2.11]) and (2.12]), respectively. m
COROLLARY 2.6. If X ~ MNB(4,t,q), then
v

ti L
all] = 1—q+1—1/1

2
_ e 4 (0 2¢
am tl +t (1_q> +1_¢<1+2t1_ +1_¢>

2 3
1 219 B4
a3 tl_q+3t (1_q> +1t <1_q)
Y q 2] q 2
+——(1+6 +3t2< >
1—#1( 1—1/11—61 (1 ¥)?

— (2] (3] 4]
oMy = tl +7t (1 >+6t (1 >+t ( >

P ¥\’ 0
+1—1b<1+14t1—q+36< ¢> +36tﬂm

1—
el 9 g (v N
+ 18t (1_q) +24( w) + 4t1_q<1_w)
e e\ ¥ m(_a W
() T () ety

B q (0
=ttt g
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B q Y
aﬂ3—t(1_q)3<1+Q)+(1_¢)3(1+¢),
) q2 q 2
afts = 3t (1—q)4+t(1—q)4(1+q +4q)
(0 2 q 2
+7(1_¢)4 1+TY+ Y +6t(1_q)2(1—¢) ,

and the coefficient of variation, skewness and kurtosis are as follows:

(tg1 —¢)* + ¢(1 - q)?)
tgl =) +9(1—q)
g2 _ ta(l+@)(1—9)° + 91— )’ (1 +v)
(ta(l — )2 + (1 - q)2)*/*
tg(1+q(B3t +4) +¢*)(1 - )" + ¥(1 = ) (1 + T + ¢?)
2q2(1 =) + 2tqy(1 — ¢)2(1 — )2 + P2(1 - g)*
N 6tqv(1 - (1 - )’ |
22 (1 — )t + 2tqe(1 — q)*(1 — ¥)* + ¥*(1 — ¢)*
The assumption that ¥ = 0 yields formulae for the characteristics of the
classical negative binomial distribution (see [JKK| p. 216], [PW p. 91]).
Theorem implies the following result.

1/2
V= (aﬂ2)1/2/am1 =

v = apiz/(aki2)

k= aM4/(aM2)2 =

THEOREM 2.7. The probability generating function, the rth factorial mo-
ment, the rth moment and the rth central moment of the a-modified geo-

metric distribution (2.6)) are as follows:

OtGX(S) = (1 — 1/})(1 — q)es(a¢+aq) _ ﬂ 1—gq

1—s1—sq’
_ q v\
aM(yy = (al—q+a1—w>

S R

r w k
amr:ZS(r,k)(alﬁq—}—al_d})

k=0

~Sson](r5) - (125) ) (- )

l

ablr = Zr: <;>(_am1)” D SWF) (al . ¢ 1 i/}ib)k

=0 k=0
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where
1
B q (0 _q (0
“ml_(o‘l—q*“l—z/)) BETAET
COROLLARY 2.8. If X ~MG(¢,q), then
= 1 (0
alltl 1_ _w)
q 29
m= (-> (et )

o‘mg_l—q ( >+6< > )
+1—¢<1+ 6w13q+(1ﬁw¢) +6<1€q> )

2 3 4
q q q
=4 414 36( L) +24
o 1— i (1—(1) i (1—61) i <1—Q>

2
+¢(L+M+%< ¢w> 362 v

1—1 1— 1— —ql—1
2 3
q P q P
*36<1—q) +24<1—w> 1—q( w)
g \> ¥
+ 24 1—q> 1—¢+24<1—q> +14)
o q (0
R s R L
_q(l+q) (1 +7v)
Mg T AP
_ 4 Y 6q
afls = (1_q)4<1+7q+q2>+(1_¢)4[1+w+w2+(1_q)2(1—w>2 :

(g1 — )2 + (1 — g)?) "

g1 —=v)+9(1—-q)
_ a1+ —¥)° +9(1 - g1 +y)
(a1 =92+ o1 —q2)?
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q(1+ 7 +¢*) (1 — )" + (1 - ¢)* (1 + Ty + ¢?)
T PO 2001 — 21— )2 + (1 — g)*
Ggy(1 — q)*(1 — ¢)?
(1 =)t +2q(1 = q)2(1 = )2 + 2(1 — )t
Now we discuss an application of the a-modified negative binomial dis-
tribution.

+

EXAMPLE 1. We study the example given in Panjer and Willmot [PW,
p. 211] of automobile insurance claims. They gave results for a sample of 4000
policies and fitted the Poisson distribution and the negative binomial
distributions to the observed data. We extend this study to the a-
modified negative binomial distribution (X ~ MNB(¢,t,8/(1+ B))).
Our results are presented in Table 1.

Table 1
Theoretical
Number of Actual Poisson a-modified negative binomial
claims Y=—0.04 p=—0.013 1»=0; NB 1 =0.00005 1=0.0008
0 3719 3668.5422 3867.9906 3767.5716 3719.2218 3719.0358 3716.2464
1 232 317.3289 84.3775  183.9113 229.9011 230.0755 232.6901
2 38 13.7245 38.1320 38.0387  39.9107 39.9202 40.0649
3 7 0.3957 7.2270 8.0305 8.4156 8.4172 8.4409
4 3 0.0086 1.7195 1.8520 1.9313 1.9316 1.9365
5 1 0.0001 0.4146 0.4468 0.4648 0.4649 0.4660
Total 4000 4000  3999.8612 3999.8510 3999.8453 3999.8452 3999.8449
A 0.0865
i 0.216600 0.216600 0.216600 0.216600  0.216600
B 0.399354 0.399354 0.399354 0.399354  0.399354

The bold numbers in Table 1 are better fitted to the observed data than the
numbers of the negative binomial distribution, i.e. for ¢» = 0; NB means the
classical negative binomial distribution.

Table 2
Theoretical
Empirical ~ Poisson a-modified negative binomial
data p=-0.04 »=-0.013 =0; NB =0.00005 1)=0.0008

£=0.0865 m1=0.0865 om1 =0.0480 4m1 =0.0737 m1 =0.0865 om; =0.0866 m; =0.0873
52=0.1225 i3 =0.0865 api2=0.0841 op2=0.1084 p=0.1210 ap2=0.1211 pp=0.1218
7' =5.3180 7=3.4001 oy=7.5325 oy=5.7565 ~7=5.1700 oy=>5.1680 ,v=5.1379
K =41.0067 £=14.5607 ok=73.4929 ,k=46.8646 ~=38.9623 »x=238.9360 or=238.5451
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In Table 2 we compare the basic characteristics of the empirical data:
first moment Z, variance in a sample S?, the coefficient of skewness 7/ and
kurtosis ' and the theoretical values (4m1, a2, a7, af)-

3. a-Modified Delaporte distribution. The classical Delaporte dis-
tribution is a discrete probability distribution commonly applied in actuarial
science. It was used to fit the numbers of claims in an automobile insurance
portfolio (see [D1}, D2} [P], [SV], p. 123] and [Vl p. 618]).

This distribution can be defined using the convolution of the negative
binomial distribution with the Poisson distribution (see [JKKI p. 242]). We
see that formula can be written in terms of a(t) (see (2.3))) as follows:

A+ (B/(L+P))a(®)” _»
z!(1+ ) '

Chakraborty [C] pointed out that the convolution of a random vari-
able X with the negative binomial distribution (X ~ NB(¢t,1)) and a ran-
dom variable Y with the Poisson distribution (Y ~ P(\)), where X and Y
are independent, is the a(t)-modified Poisson distribution (Z = X +Y ~
MP(t, v, \)) with the probability function

(A + Ya(t))”

P[Z::U]:i'(l—d))te_’\, x=0,1,...;
x!

(3.1) PIX =] =

> 0, A > 0 and 9 are parameters such that |¢)| < 1 and A+ > 0 and

t
(a(t))! is as in ([2-3) (see [C]).

The a(j)-modified Poisson distribution is known as the Delaporte dis-
tribution (see [C| [JKK]). Therefore

Moreover, it is known that the Delaporte distribution also arises as a
mixture of the Poisson distribution P(\) with the shifted gamma distribution
(3.2) f(O) =[BT O =N ONE L 95X A>0,6>0,8>0

(see [D1],1D2]).
Taking into account the above facts we introduce the a-modified Dela-
porte distribution.

THEOREM 3.1. Let X ~ MNB(¢,t,8/(1+f)) and Y ~P(A). If X and
Y are independent random variables and Z = X +Y, then

(A +9a(l) + (B/( + £))alt))” _,

2I(1 4 B)t ’
A, >0, t>0, ¥ are parameters such that || <1, X\+¢ >0, v+ 5/(1+3)
>0, and (a(t))! is as in [2.3).

(3.3) P[Z==z]=(1-1)

z € Ny;
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Proof. For X and Y as in the statement, the convolution

=> PIX =i|P[Y =z —1i
1=0

—)\Z (Ya(l) + B(1+ B) ta(t)) N

il(z —0)!

={1-¥)1+8)"
is given by . "

THEOREM 3.2. Let Y have the a-modified Poisson distribution (Y ~
MP(1),0)) as in (2.2). Suppose that @ = 0 is the shifted-gamma distributed
function (3.2)). Then the probability function of X is given by

(34) P[X =z] = E[P[Y :a;]/l—)\]]
. t—|—Z z)\kz -
R I S A

z=0,1,2,...;

t,\,f>0, |¢| <1 are the parameters.
Proof. To give the probability function of that mixture we start with

p[X:x}:SM

A

(1= )e P [BT(#)] 1 (0 — A) e O-N/8 gg

z!

[e.e]

— (BTN (1) | Atota)® oy —usa1)s g,
0

z!

Hence we get

P[X = z]
_ A=yt~ (2 e ki | yiti—1 —o(841)/8
_W§<k> k)b ;()/\ §v+t (B8 gy,
- e E R il B \'T(i+1)
- ik 2 .Z<>A <1+6> I

=0

t—{— l ﬁz)\k i B

z—k A

=Q1- Zd’ Z A1+ B) ik ,i)!e - .

We see that (| can also be written in terms of a(t) as in (3.3)) so we have

(\+ va(l) + (B/(1+ B)a®)”
1 + 5

o t+lﬁ1)\k 7 B
( Z¢ kZ Z' +ﬁt+l( _Z')!e )\'

(3.5) PX =z]=(1-1)
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DEFINITION 3.3. We call the probability function given by (3.5) the
a-modified Delaporte distribution (X ~ MDel(¢),t,3,\)) or the generalised
Delaporte distribution.

REMARK 3.4. We can see that MDel(¢, t, 3, A) with 1) = 0 is the classical
Delaporte distribution in the form (3.1]) or (1.4).

Now we give the formulae for pgf and moments of the a-modified Dela-
porte distribution.

THEOREM 3.5. The probability generating function, the rth factorial mo-
ment, the rth moment and the rth central moment of the a-modified Dela-
porte distribution are as follows:

(3.6) oGx(s)=(1+ ,B)*t(l . w)efABS(wa(l)Jr)nLﬁ(lJrﬁ)—1a(t))’
Y

(37)  amgy = O+ o)y + o)
r k m
= r [T_k} r—k k‘ w k—m
g(lﬂ)t ’ T;)(m—k)!<1—¢> AT
(3.8) WMy = Z S(r,n)(A+ a(l)lq’_z)w + Baf(t))"
n=0

?gg) ~ (T ! . )
ablr = lz; <l>( 1) (gm)™™ gs(l,n) ()\ + a(l)ﬂ n Ba(t))
B ;0 <§>( D e lni:os(lan)ki:o (Z>t[n—k][3’”—k
‘ m
X > (mk! o (1 ibw> Arm.

where omy = EX = (/\ + a(l)% + Ba(t))l = A+t + %
Proof. Putting (3.3) in - yields ([3.6) , which can be written as follows:

aGx(s) = (1+ (1 - 5))—1511__;2)6—)\(1_5)'

The rth derivative of ,Gx(s) is
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aGg?)(S) ke k
. - ! '
:aaxw>§%<k>wnm<1+wﬁi—w»> ggxkflmr“m<1jcw>
= 2Gx(5) </\ + (1) : _ww + a(t)Hﬁ(ﬁl_S))r.

Letting s = 1 in the above formula we obtain the rth factorial moment of the
a-modified Delaporte distribution. Using the relations between the moments
@ and we get the rth moment and the rth central moment
@D of the a-modified Delaporte distribution. =

COROLLARY 3.6. If X ~ MDel(),t,5,)\), then

(3.10)

_ Y
aml—)\—FtB"Fm,
m2:A+)\2+t/B+t[Q]B2+2/\tﬁ+¢<1+2)\+2t,6’+2¢>
e 1_¢ 1_1/] )

ams = A+ 322 + 2%+ 8 + 3tP2182 + P83 1 68 + 3xtlZ 8% + 3%t
(U < 2 | 2,202 6v 6t 6A )
+ ——(1+3N+3¢ + 6AL8 + + + ,
1~y S N G T
ama = A+ TA2 + 603 + X+ 8 + 7t 5% 4 6611 5% 4 ¢4 g2
+ 14X¢8 + 18X 8% + APl 83 + 180218 + 62221 32 + aX3t3
Y

+ R (1 + 14X + 1822 + 473 + 1448 + 181232 + 4413133

2 W W v\’ of 1\
'+12Atﬁ-F141__¢<+36A1__¢—%36<1__¢> + 12X (1—~¢)

¥ 2] 2 v Y
+<)\+1_w><36t6+12t 3 +24t51_¢+24<1_¢> >>
Y

_ 2
a;u2—)\+t6 +(1_w)27
Y Y

alls = A+t8(1+38+28 )+1—¢<1+31_¢+2<1_¢> )’

abis = A+ 3N +18(1 46X+ 68+ 78 + 12587 + 68° + 3t3 + 6t 5> + 3t3°)

2
+¢u+ﬁA+6wm)+(ww>(m+ﬁA+&M%

1—1 1—

v \° v \*
+¢8<1—w> +9<1—¢>’
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and
v (A + 82 4+ (1 — 2X — 2682)) 4+ y2(A 4 82)) /2
N A+tB+ (1l —X—tp) ’
Y= aNS/(aNZ)?)/Q, k= a,u4/(a,u2)2-

Some of the formulae (3.10) with ¢y = 0 take the forms given in [V
p. 619)].

Now we present an application of the c-modified Delaporte distribution.

EXAMPLE 2. Delaporte [D2] applied the probability distribution (3.1)) to
model the number of car accidents. We extend this study to the a-modified

Delaporte distribution (3.5 (X ~ MDel(¢,b,1/a, sp)). Our results are pre-
sented in Table 3.

Table 3

Theoretical

Number of Number of a-modified Delaporte

accidents cars Poisson 1=-0.0008 »=—0.0005 ¢»=0;Del ¥=0.009 =0.01
0 1316  1261.3484 1316.6160 1316.2214 1315.5636 1303.7235 1302.4079
1 323 408.6769 323.9054 324.2032 324.6990 333.5102 334.4760
2 81 66.2057 78.5516 78.6250 78.7477 81.0406 81.3050
3 18 7.1502 18.9381 18.9559  18.9858 19.5442  19.6089
4 4 0.5762 4.5523 4.5566 4.5638 4.6986 4.7143
5 2 0.0375 1.0923 1.0934 1.0951 1.1276 1.1314
>6 0 0.0020 0.2627 0.2626 0.2625 0.2601 0.2599
Total 1744 1743.9969 1743.9185  1743.9181 1743.9175 1743.9049 1743.9035
A 0.324
a 3.1975 3.1975 3.1975 3.1975 3.1975
b 1.036 1.036 1.036 1.036 1.036
S0 0 0 0 0 0
Table 4
Theoretical
Empirical

a-modified Delaporte
data Poisson $»=-0.0008 ¢ =-0.0005 1 =0; Del 1 =0.009 1 =0.01
£=0.3240 m1=0.3240 om1=0.3232 om1=0.3235 m;=0.3240 om;=0.3331 om1=0.3341
S2=0.4243 p2=0.3240 p2=0.4245 opu2=0.4248 p5=0.4253 ,p2=0.4345 o p2=0.4355
v'=2.4576 y=1.7568 o7=2.4895 ov7=2.4906 ~y=2.4924 ,v=2.5260 ov=2.5299
k'=10.6092 £k=6.0864 ok=11.1689 (k=11.1590 k=11.1426 k=10.8540 o~k=10.8226

The bold numbers in Table 3 approximate the number of car accidents

better than the classical Delaporte distribution, i.e. for ¥ = 0; Del means
Delaporte distribution.
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In Table 4 we give the basic characteristics of the empirical data and the
theoretical values.

4. Compound Delaporte distribution with Borel summands. In
this section we will be concerned with compound distributions, i.e. distribu-
tions of random sums

(4.1) Sy =X1+-+ Xy,
where {X;, ¢ > 1} is a sequence of i.i.d. random variables and N is a random
variable independent of {X;, i > 1}.

Finner et al. [FKS| studied the distribution of the random sum (4.1J),
where N is an independent random variable with the Delaporte distribution
and {X;, i > 1} is a sequence of independent identically distributed random
variables with Borel summands with the probability function
(}\x)x—l 6—/\96

(42)  PlX=a]="2

. 2=1,23,...;0< A< 1.
They gave the following theorem.

THEOREM 4.1 (cf. [FKS]). Let {X;, i > 1} be an i.i.d. sequence with the
Borel distribution (4.2)) and let N (N ~ Del(m 25 9)) be an independent
random variable with the Delaporte distribution (3.1). Then

(1 — )\)m(e + )\’I’Z + )\a(m — 1))”67(0+)\n)

(4.3) P[Sy=n]= - n € No;
0>0,0<A<1,m>2 are parameters, and
0 mA 0 m(\ 4+ \?)
ESyn = 20y =
SNETTR T Ao TN T A T oyt

where ol (m — 1) = (H”Zd)l!.

We complete the above investigations by computing the rth moment
and the rth central moment of the distribution , and the coefficients
of variation, skewness and kurtosis. To do this we need formulae for the
moments of the Borel distribution .

We have the following result.

THEOREM 4.2. The rth factorial moment m,, the rth moment m, and
rth central moment p, of the Borel distribution (4.2]) are as follows:

r—1
(4.4) m(r) = (1_)\)\)27"_1 Z )\kaT(k)

n—1 n—1
(4.5) my = ZS T, M) )\)271 - Z)\kan(k:),
k=0
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(4.6)

_1 T r r _1 r—m n )\k—l k—1
w=(125) > () (=) 2 (00 2y SNt
where
(4.7)

n 1 k=0,
an(l) = —(n—1)ap—1(k—1) + Bn—4—k)ap—1(k)+ (k+ Dap—1(k + 1)
A 1<k<n-1,
0, k> n.

Proof. The probability generating function of the Borel distribution (4.2)
is given by

4.8 G(u) =2z, where z=ue**"D 0<A<1
(
(see |CE, p. 158]). By (4.8) we obtain

dr A1 erMz—1) I— 1
4. — ) e, (k)2F
(4.9) erG(u) (1 —Az)2r—1 Z “ ’

where u = z/e**~1) and a, (k) is given in ([@.7). Letting v = 1 in (£.9) we
get the rth factorial moment of the Borel distribution. Using the relations

between the moments ([2.15) and (2.16) we get the rth moment (4.5) and
the rth central moment (4.6) of the Borel distribution. =

Some ay, (k) are given in Table 5.

Table 5. The coefficients an, (k)

n  an(0)  an(l) an(2)  an(3)  an(4) an(5)
1 1 0 0 0 0 0
2 2 -1 0 0 0 0
3 9 -8 2 0 0 0
4 64 -79 36 —6 0 0
5 625 —-974 622 —192 24 0
6 7776 —14543 11758 —5126 1200 —120

COROLLARY 4.3. If X has the Borel distribution (4.2)), then
1 A2 —=)) A2(9 — 8X +2)2%)
ma) = 1— )\’ M) = (1— )\)3’ ma) = (1— )\)5 ’
~ A3(64 — 79X 4 36A7 — 6)3)
M) = (1= N7 )
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(4.10)
. 1 i 1 i 142X\ . :1+8)\—|—6)\2
1 — )\7 2 (1 — )\)37 3 (1 — )\)57 4 (1 — )\)7 )
A A1+ 2))
M2 = (1_)\)37 U3 = (1_/\)5 5
A1+ 1IA+3X22) A1+ 8\ +6)%) 22
pa = = +3 ;
(1=N)7 (1=N7 (1—=A)°
and )
A 142\ 148X\ + 6\
V=yizy 7 A1=N) nEA AL =)

(cf. [CE], pp. 158-159]).

REMARK 4.4. The recurrence relations for the moments my, and for the
central moments py, of the Borel distribution (4.2) are as follows:

dA

d
et = A1 = N EE AL =N P, k=12,
(see [CEL p. 159]).

To give the moments of the compound Delaporte distribution with Borel
summands we denote by

Mmpg1 = A1 —A)" + (1 = \)"tmy, k=0,1,...,

Ggy (s) the probability generating function (pgf) of Sy,

ES](\;) the rth factorial moment of Sy,
e ESY the rth uncorrected moment, for short, the rth moment of Sy,
E(Sy — ESN)" the rth central moment of Sy .

Now we derive formulae for the rth moments of the Delaporte distribu-
tion with Borel summands:

THEOREM 4.5. The rth factorial moments, the rth moments and the rth
central moments of the compound Delaporte distribution (4.3) with Borel
summands are as follows:

(4.11)  ESY = <9+> Znnzl<) /G (1)
EORHEIFE s

n=1

B (oo 32) T E (oo

1= 7=0

<
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(4.12) ESy =3 S(rk)ESY,
k=1
(4.13) E(Sy — ESN)" = (—=ESN)" + Z < )ESN (—ESN)"F,

where my,y is the rth factorial moment . of the Borel distribution,
%Gl(s), Gr(1) = jy
and G(s) is the pgf of the Borel distribution .
Proof. Let N have the Delaporte distribution (N ~ Del (m, ﬁ, 9))
0+ dam)"
n!

)
s=1

Gl (s) = Gl(s)

(4.14) PIN=n]=(1-\"

with the probability generating function

Ga(s) = (1) explols 1)

(see [FKS]), and let X have the Borel distribution (4.2)) with pgf G(s).
Then taking into account that G, (s) = Gn(G(s)) we obtain the pgf of the
compound Delaporte distribution with Borel summands:

(4.15) Gsu) = (123g0) OG0 - 1)

(see [FKS]). Therefore
dr "\ dF 1—X \"d*
EOEDY ()i (5 ) e expl6(G(5) — 1)

(12500 g oG - 1)

+ i (1 a ) ePeee - )

(i) et -,

which gives

jTTGsN =Gsy(s {Z ni<n) 1 G7 (5)G ) (s)

J
() il _ - () creset i)
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RS2 T E (oo

k=1 i=1 =0 \

r—k on n—1 .

. — Z ( > 1DIGI( )G(r—kvn—y)(s)}‘
n= 7=0

The formula ES(T) = ds: Gsy (3)‘5:1 leads to (4.11)). Taking into account
the relations (2. 15|) and (2.16]) between the moments we obtain (4.12) and

D). «

The following formulae are known:
ESy =EN-EX, FE(Sy—ESy)=0,
0?Sy = E(Sy — ESy)? = ENo*X + 0’ NE?X,
E(Sy — ESy)* = ENE(X — EX)® +30°NEXo*X + E(N — EN)*E*X
(see [KPW,, p. 298]), and
E(Sy — ESy)!=ENE(X — EX)' + E(N — EN)*E*X
+6E*X0?X[E(N — EN)? + ENo*N]
+40*NEXE(X — EX)? + 3EN(N — 1)(0?X)?

—_

(see [SS1], [GT]).

COROLLARY 4.6. If N ~ Del( m, 1 )\,9) and the i.i.d. summands {X;,
i > 1} have the Borel distribution (4.2 , then

0 Am 0 Am(1+ N)
ESy = 29N =
SNETIA T Ao TN T gt T a ot
02N +1)  Am(2A? +5X+1)
E(Sy — ESN)* =
(Sy = ES) (1—A)5 (1—x6
O(1 + 8\ + 6A?) 302 60 m (1 + \)
E(Sy — ESy)* =
(Sy = ESn) TS LA (R VA CR Y
)\m[l + A(3m + 15) + A2(6m + 26) + A\3(3m + 6)]
(1=A)® ’

v VO =X+ Am(1+ N)
(1 —X)+ Am ’
C (14 X —202) + Am(1 + 5 + 2)?)
B (01— X) +Im(1+N)3/2 7
O(1 4+ TA — 202 — 6)3) + 360%(1 — \)2 + 60Am(1 — \?)
(O(1 = A) + dm (1 + \))2
Am[L + A(3m + 15) + A2(6m + 26) + A\3(3m + 6)]
(01 = X))+ Am(1+ N))? '
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5. Compound a-modified Delaporte distributions. In this section
we consider the compound a-modified Delaporte distribution, i.e. we study
the distribution of the random sum (4.1]), where N ~ MDel(w, t, %, 9),

0+ Ya(l) + Aa(t))"

n!

(5.1) P[N=n]=(1-\) (1-v)e?,  neN,

and {X;, i > 1} is a sequence of i.i.d. random variables, where «(t) is defined
in .

We now extend the concept of the compound Delaporte distribution
with Borel summands introduced by Finner et al. [FKS|] to the compound
a-modified Delaporte distribution with Borel summands. To do this we need
the following lemma, where we use some ideas of Berg and Nowicki’s [BNJ.

LEMMA 5.1. The following equalities hold true:
(5.2)  (O+va(l) + A a(t)™ T = (0 4+ Aa(t)™ T
+ (m 4 D)0 + pa(l) + A(t)™,
(5.3) (0 + Xa(t)™ = Xt(0 + Xa(t +1))™ + 0(0 + Xa(t)™,
(5.4) MAn4+0+dat+1)"=On+60+a(t—1)"
—0(\n + 60+ da(t)" !

n—1
55 3 ("m0 0+ valt) + Aal0)”

= (n—1)[(An + 0 + Ya(l) + Aa(t))"
— M(An + 0+ pa(l) + Aa(t) 2.

Proof. From the equality

m+1
(0 4 pa(l) + Aa(t))" T = kZ_O (ml—: 1)(0+ Aa(t))Fmtihgm ik

after some evaluations and using the definition (2.3)), we get (5.2]).
Note that

m+1 plany m=+1\ p mt1—k mtl—k
O+ Aa(t)™ =) A ) o (t)
k=0

m+1

_ Z (C’Z) ghymF1—kgmtl=k) 4 Z (k; Tib 1) gF AmHL—k gmt1=k 1)
k=1
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=Xty (C’Z) OFXNT R R (4 1) 40 <7:) GEAT R QMR (1)

k=0 k=0
= MO+ Aalt +1)™ +0(0 + Aa(t))™

as a1k (t) = ta™F(t + 1), which ends the proof of ([5.3).
Taking into account that

n—1

MO+ At + 1) + )"t = )\"t(i +alt+1)+ n>

and using the formula

(5.6) mk+a(m+1)+n)"=(k+a(lm—1)+n)"—k(k+a(m)+n)" ",
we get ([5.4]).

To prove ((5.5)) we use the following property of binomial coefficients:

<n—1—m)<"n_11> _(n_1)<"n_12>.

n—1
<n ' 1) m(An)" "0 + (1) + Aa(t)”

m=0

Then

n—1
_ (n . 1) [m— (n = 1)+ (n = D](n)" "0 +pa(1) + Aa(t)”

n—1
==X (") mon e ()

+ (n—1)(An+ 0+ pa(l) + Aa(t)"

n—1
= =3 ("2 0w+ van) + da(0)”

m=0 m
+ (n—1)(An+ 0+ pa(l) + Aa(t)"
= —An(n—1)(An+ 0 + pa(l) + Aa(t))" 2
+ (n —1)(An + 0 + pa(l) + Aa(t)" !,
which ends the proof of . "

The following theorem is a generalisation of the main result of Finner et
al. [FKS].

THEOREM 5.2. Let {X;, ¢ > 1} be an i.i.d. sequence with the Borel
distribution (4.2) and let N be an independent random variable with the
a-modified Delaporte distribution (5.1]) (N ~ MDel(w,t, ﬁ,ﬁ)). Then
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(5.7)  P[Sn =n]

_ (1 _ )\)t(@ + \n + ;/l)'a(l) + )\Oé(t — 1))”(1 _ w)ef(QJr)\n), n € Np;

0 < A<1,0,t >0, are parameters such that || < 1, A+ > 0,
0+ >0, and (a(t)) is as in (2.3).

Proof. Let S, = X1+ ---+ X,,. Then S, for each fixed m € N has the
Borel-Tanner distribution with the probability function

m()\n)n—m —An
n(n - m)!

(see [FKS]). Hence using and we have

P[Sy =n] = iP(ZXk:n’N:m)P(N:m)

m=1

(5.8) P[S,, =n]= , neNn>m

. _9m<)\n)nfm —n

0+ wa + Aa(t))™ ‘
mzl R A e A T
W] —(64xn) n—1 _
_ (1 )\) (1 n'l/))e Z <nm 1) ()\n)”_l_m(0~|—wa(l) + )\a(t))m—&-l‘
’ m=0
Now from and we obtain
P[Sy =n]
=N (A= g)e U

10 (” - 1) )1 (6 + Aa(t))™

n! m

3
Il

+ (m+ 1)y + va(l) + )\oz(t))m}
1— N1 = )e=OFn) T3 /1

n! m

) )" 1IN0 + Aa(t + 1))™

m=0

+ 0(0 + Xa(t)™ + (m + 1)1(0 + va(l) + Aa(t))™}
(1- N1 —
N n!

n—1
+ D (nn—l 1> (An)" 7" (m + )b (0 + va(l) + Aa(t))m}'
m=0

Hence using ((5.4) we get

Pl — ] L= -

+ ni <" - 1) (An)" 1" (m 4+ 1)9(0 + pa(l) + Aa(t))m}

m
m=0

¢)67(9+)\n) L L
{)\t()\n+0+)\a(t+1))”_ +O(An+0+Xa(t))"

(6+An)
e {()\n+9+)\a(t—1))"
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(1= V(1 = )e=CH {

o (An+ 6+ Xa(t—1))"

+(An+ 0+ pa(l) + Aat)™ !
n—1

s (n;b 1> (An)" 1m0 + pa(l) + Aa(t))m}-
m=0

Therefore by (5.5) we have

(1- A ;!¢)6(9+)\n) {(n+ 0+ Aa(t — 1)

+yn[(An + 0+ Ya(l) + Aa(t))
— (n = DA + 6 + pa(l) + Aa(t) 2] }.

(5.9)  P[Sy=n] =

But
(An 40 + (1) + Aa(t)" = (n — AR + 0 + (1) + da(t))" 2

n—1
=y (n ; 1) (An + 0 + agp)FAr—1-kqn=1=k(3)
k=0
n—2
— <” N 1) (n—1—k)(An+ 0+ agp)"Am 1 Fan=27F ()
k=0
-2

- (n k 1) (An +0 + ag) X[ (E) = (0= 1= k)" 2 ()]
=0

ol

+ (A4 0+ ayp)" L
Taking into account that
IR —(n—1— k)" 2R @) = o R (- 1),

we obtain

(5.10)  (An 40+ Ya(l) + Xa(t)" ' —(n—1)AXM + 0 4+ (1) + Aa(t))" >
n—1
— n—1 n o k nflfkanflfk _
_;0:( . )()\ 40+ )P (t—1)

= (M + 0+ Ya(l) + Aa(t — 1))" L.

Inserting ([5.10)) in (5.9) we get

a-»a ;!¢)6—<9+An> [(An+ 6+ a(t - 1))"

+n(An + 0 + pa(l) + Aa(t — 1))" 11

P[SN:n]:
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Now we apply

n

(An+ 0+ Ya(l) + Aa(t —1))" = Z (Z) (0 + An + Aaf(t — ]_))kan—kd)n—k’

k=0

which, by definition (2.3]), leads to
(An+ 0+ Ya(l) + da(t — 1)) = (An+ 0 + da(t — 1))"
+n(An+ 60 + pa(l) + da(t — 1))" "

and gives the result (5.7)). =

REMARK 5.3. The main result of Finner et al. [FKS] (see (4.3))) follows
from (5.7) when ¢ =0 and t = m

For a-modified distributions we denote by

oGsy (s) the probability generating function (pgf) of S,

oMs, (s) the moment generating function (mgf) of Sy,

aES](\;) the rth factorial moment of Sy,

oS’y the rth uncorrected moment, for short, the rth moment of Sy,
E(Sy — ESyn)"™*! the rth central moment of Sy.

The characteristics of the compound a-modified Delaporte distribution
are given in the following theorem.

THEOREM 5.4. The probability generating function, the rth factorial mo-

ments, the rth moments and the rth central moments of the compound a-
modified Delaporte distribution (5.7) with Borel summands are as follows:

510 oG = (12300 1o sars SPOGE ~ D)

(5.12) ESV =ESY + ;(&)Zg (;) (—1)yGri=)(1)
S E (e

J=

(513)  oESy =Y S(rk)aESY,
k=1

(5.14)  LE(Sy — ESN)" = (—oESN)" +Z< > ESK (—aESN)",

where ESJ(\?) is the rth factorial moment of the compound Delaporte distri-
bution with Borel summands as in with N ~ Del( ) T2 )\, 0),
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d" d"
Gl G(T l) 7Gl
dsr ( ) ( ) dS ( ) 8:17
and G(s) is the pgf of the Borel distribution .
Proof. Let N have the a-modified Delaporte distribution (5.1) with the

pef

Gr(s) =

aGN(s) = <11_;\8> 11_58 exp(f(s — 1))

and let X have the Borel distribution (4.2) with G(s) in (4.8)). Then by the
formula ,Gg, (s) = «GN(G(s)) we have

1-X \' 1-v
oG = 0(G(s) — 1)),
= (12500 T sars PG - 1)
which ends the proof of (5.11]). To prove (5.12)) we note that
1-9
aGsy(s) = GSN(S)ma

where Gg, () is as in (4.15]) with parameter ¢ instead of m, i.e., it is the pgf
of the compound Delaporte distribution with Borel summands. Then

= 3 () ron (i)

k=0

N -y \
=G5 (am) + (Tvem ) ar v
dr—F 11—
S (D iwen oz (i)
The formula ES(T) ds, aGSN |5:1 ends the proof of . Taking into

account the relatlons and (2.16) we obtain (5.13) and (5.14). =

COROLMM“’55.[fAfm»NHkK¢gLT§@9)andtheiid.smnmamh
{X;, i > 1} have the Borel distribution ([1.2), then
0 tA " 1
“BN:1—A+Q—AV+1—¢'1—X
a0?Sn = o B(Sy — ESy)?

6 A1+ A) i 1— X\
R A TR VR CR LR C R VR
2N+ 1)  A(2X2 +51+1)

(L=A)p (1=A)S

+1fw{£{&;*leM41%¢+K13AV<1%¢Y}’

(5.15) =

E(Sy — ESy)® =
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0(1 + 8\ + 6)?) 30? N 6OXE(1 + N)
(1—N)7 (1 —\)5 (1—-N)7
At(l + A(3t + 15) + A2(6t + 26) + A3(3t + 6))
(1—A)®
Y [14+8A+6X2  6A2t 660
1—w{ a—n7 a7 (1—A>6}

*(11—%) {<10+8>A <Amt> T 60»5}

+<1¢w> <1 ) 9A>4’

E(Sy — ESy)* =

+

V= (0(1—X)+ N+l - )(1—9)— o
(O(L=N)+FAE(LH+A) +[(1— ) (1—26) — 2)\t]+1,b (1=N)(O-A(1+) ",
v=aoE(Sny — ESN) /(aO'QSN)g/Qv

R = o (SN — ESN) /(aJ2SN)2.

REMARK 5.6. If » = 0 and t = m in (5.15)), then we get the case studied
by Finner et al. [FKS].

Now we focus on the compound a-modified Delaporte distribution with

gamma summands with the probability density function
13

(5.16) flz) = Fe(p) P le™  2>0,0>0,p>0.
We should mention that the compound Poisson distribution with gamma
summands was studied by Withers and Nadarajah [WN]. Some generalisa-
tion of their result was presented in [SS2] where the compound «a(t)-modified
Poisson distribution with gamma summands was discussed.

We have the following result.

THEOREM 5.7. The moment generating function, the rth moments and
the (r 4+ 1)th central moments of the compound a-modified Delaporte distri-
bution with gamma summands are as follows:

S e
-wo—<1—z>‘P>r1_w@:iw)p

kk—1
) e etE =
=0

(5.18)

r

oESY =60~ ’"Z<>\+ﬁa(

k=1

~.
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(5.19)  LE(Sy — ESy)" !

[ (S (e

k=1

1 pk—i—A— L —Bt) +1
e ) VL e
0

~

+1 i
4 <>\+,8a(t)+a11’_bw> ;(—1)iW(p(l+l—i))[l]}.

Proof. It is known that the moment generating function of Sy satisfies
(5.20) Mgy (s) = GN(Mx(s)),

where My (s) denotes the mgf of X. Inserting the pgf of the a-modified
Delaporte distribution,

1—
G (s) = (14 B(1 = 8)) " exp{=A1L = s)} ;-
and the mgf of the gamma distribution, Mx(s) = (1 —s/0)"?, in (5.20), we
obtain (5.17)).

The rth derivative of Mg, (s) in (5.17) is given by

(5.21) %QMSN@ = oMy (5)07" ; % (1 - e)k Eki (k>

i=0

. 4lk—1] B k=i i .
t (14—5[1—(1—3/9)—;)]) T;)(i_m)!)\

. w m k—1 k Y ) .
(1—w(1—s/a>p> > <l>< D! (p(k — 1),

Letting s = 0 in (5.21]) we obtain (5.18]). Using the relation

oE(Sy — ESy) =Y C) (—aBESN) W ESY
=0

we get

H r+1
r+1 __ r—+1
B(y — B = (o) + Y (7]

) (—aESyN) T ESY,.
=1

Therefore
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(5.22)  LE(Sy — ESy)™!

= (—aESN)T+1 + Z (;) (_aESN)T+17laES§V
=1

r+1
T 1

— Z( ) oBSN) T (0 ESN)o ESY + o ESK1.

Taking into account (5.22)) and ([5.18]) we obtain

E(Sy — ESN)"

= 9"“; <§) {—p<k+5t+ ll_pwﬂ_l{ ()\+Bt+ 11—%)

l

k k—1
S (3 sa0 + o) T otk - )

k=1 =0
! K k=1 .
+ Z(A +Ba(t) +ag Q’_Z)w) Z(—l)im(p(k —i)l
k=1 1=0

" >l+1 l(_l)ip(l—l-l—i)—i-l
—y Al+1—1d)

+<)\+Ba(t)+oz1 (p (l+1—z))[l]}

i=0
Hence we get

E(Sy — ESy)™t

- e”é <z> [_P<A+ﬁt+ &)]H{i@”a“) I I—pw>k

=1
k-1 ip(]g—i)%—l—ﬂ()\*’ﬁ“'%) MK
. -1 il(k —1)! (el =)

—0

+1 1 i
+ <A+5a(t)+a1fw> Z(—n“M( (l+1—z))”}
=0

which ends the proof. =

=

REMARK 5.8. For ¢ = 0 see [SS2], and for ¢ =0, 8 = 0 see [WN].

COROLLARY 5.9. If N ~ MDel(¢,t, 3, A) and the i.i.d. summands {X,
i > 1} have the gamma distribution, then
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P (U
WESy ==L t :
SN 0 <)\ +t8+ T ¢>
WES% = 9% ()\(p + 1)+ A2p+t8[p+1+ 220 + 5%
Y Y
g [p+1+2)\p+21_¢p+25tp]>,
wESY = 9% <)\(p 1B 3022 1 X302 18] (p + 1)+ 622 4 30297
+ P52 [3p3 1 3xp%] + 81532
+ 1%[(/) + D) 1 6xp + 302p% + 382 p? + 68t (p1? + Ap?)]
v V[ 2 0o, Y o
+6<1—1/1> P 4+ Ap® + Bip +71—¢p ,
oESk = 9% ()\(p + DB N2[3p2 (0 + 1) + 4pB1] 4+ 6X3ppl2 4+ 213

+ B8t ((p+ DB 4 2X0(3p (0 + 1) + 4Py + 1822 pF p + 4N3p?)
+ B2 (302 (p + 1) + 4pB 1180 p + 622)%)
+ B3B8 (62 p + axpll) + gl p3

P [( + 1)B 1 203p2 (p 4+ 1) + 4p) + 18222 p 4 4233

-9
+ Bt <2(3p[2] (p+1) + 4pB) + 3620 p + 12X2p% + 24A1w¢p3

A
1—¢

2

2
+ 4838 p3] + (11_/’1/)) 2032 (p + 1) + 4pB) + 36712 p 4+ 1222

v\, v\ g Y\ o
(i) () o () o47)

aa2sN=p(A(pH)HB(ﬁHﬁp)* 11_%(” 11@))’

PP+ 18p[2]p)

oE(Sy — ESy)* =2 <A<p D+ t6((p + )P+ 3891 +252p%)

_l’_
2
+ 1@_% [(p + 1)+ S#pm +2 (¢> p2] >
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E(Sy — ESy)* = 9% ()\(,0 + 1B 43X o+ 1) +t8((p + 1)1

+ 600 (p 4 1) + 187 (63 p + 3t (p + 1) + Tpllp 4 11p)

+ 6B3(t[2} + t)pp]p + 364('5[2] + t),OS

* 11—/}1/; [0+ 1B+ 6x02 (p+ 1) + 682 (p + 1) + 652 pP ]
1/} 2

* < T4 ) [10p)p + 149 + 6Xp12)p + 618 p + 6132

3 4
18(55) eo(55) 0,
V= (oA + 8+ 41— A-18)]) "
(PN +1) +t8(p+ 1+ Bp) + (1 = 2tB(p+ 1+ Bp) + p = 2X(p + 1))
2 (A(p+ 1) +t8(p+ 1+ Bp) — 1)) %,
¥ = oB(Sy — ESN)?/ (a02Sn)*%, K = oE(Sy — ESN)*/(a0?SN).

In the particular case of p = 1, we get formulae for the compound
a-modified Delaporte distribution with exponential summands: N ~
MDel(¢),t, 3, A) and f(z) = fe=07.

THEOREM 5.10. The moment generating function, the rth moments and
the (r 4+ 1)th central moments of the compound a-modified Delaporte distri-
bution with exponential summands are as follows:

OlMSN (5)

cen{afi- (1) TY[res(- (-5) )] st

r k k—1
aES}"V:H_’"Z</\+6a(t)+ %) Z( 1)iM(k—i)[rl,

k=1

sy () (o 55)]

l Rkl k—z—)\—%—ﬁﬂrl

' {Z(A_‘_/Ba(t)"i_ali/}w) Z(_l)i il(k 1__1')! (k_i)m

k=1 =0

+1 1
+(A+ﬁa(t)+a11_b¢> Z(—l)im(l—i—l—z)m}

=0
COROLLARY 5.11. If N ~ MDel(¢,t,3,\) and the i.i.d. summands
{Xi, i > 1} have the exponential distribution, then
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JESy = 9—1<)\+t5+ &)

WES% = 07220+ X2 4 268(A+ 1) + 1252 12 Y [1+A+ﬂt+¢]>,

( 1—1 1—1p
oES3 =073 (6)\ +18A2 + A%+ 18(6 4 61 + 3X2) + 21326 + 3)) + 3¢

+ 1fw[b‘ + 12X + 302 + 3t2182 + 65t(2 4+ \)]

v\’ W
+6<1_¢> (2+)\+Bt+1—¢>>’

wESYy =071 (24)\ + 3602 4+ 1203 + A 4+ 13(24 4 72X + 3672 4+ 4)3)

+ 12 82(36 4 361 + 6A2) + 183 (4 + 12) + g
Y

+w[24+72>\+36)\2+4)\3+t5<72+72)\+12)\2
Y VA% W
+24)\1_¢+24<1_w) +721_¢
Y

+ 1232 (12)\ + 12W + 36) + 4,8%[31]

v\ VIR v\
- <1—¢> (72 + 72\ + 1207) + (1_w> (24X +72) + 24(1_1/) )

PR A

oE(Sy — ESy)? =67° (6)\ +t3(6+ 68 +25%)

P 0 v\’
+1—w(6+6r—w+2(1—w>>)’

oE(Sy —ESy) =671 (24)\ + 1207 + t3(24 + 24))

+ 42121 + 12t + 36) + 128°(t + 1) + 364t + 1)

+ 11_%[24 + 24\ + 248 + 12t57)

v\ ) v \° v \*
+ (1_1#) [48 + 12X\ + 12t3 + 6t ]+36<1_¢> +9<1_w) >

V=(A+t8+¢(1—A—18) (A +18(2+ B)
+20(1 = 24 — tB(2 + B)) + V22X + tB(2 + B) — 1))/,
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Y= QE(SN — ESN)S/(QUQSN)3/2, R = aE(SN — ESN)4/(QJQSN)2.

6. Compound a-modified negative binomial distribution with
gamma summands. Klugman et al. [KPW| p. 306] considered the com-
pound negative binomial distribution with exponential summands. We study
the compound a-modified negatlve binomial distribution with gamma sum-
mands, viz. N ~ MNB(¢, t, 1+5) and the i.i.d. summands {X;, i > 1} have

the gamma distribution

THEOREM 6.1. The moment generating function, the rth moments and
the (r+ 1)th central moments of the compound a-modified negative binomial
distribution with gamma summands are as follows:

R

1

02 :Q_TE:(/BQ(” > Z etk = 0
SRS o
- {;(&ut) +ag iblb)k i_l(—l)ip(k — Z;(ﬁz; Bt) +1

>l+1 ! (_1)¢P(l+ L)1

(k=) + <50‘(t) ta Al+1—1i)

1—

(ot 1- )}

Proof. Taking the pgf of the a-modified negative binomial distribution,
—t1—1
WGn(s) = (1+B(1—13)" :
N = (14 60— 5) T
and the mgf of the gamma distribution, Mx(s) = (1 —s/0)77, in (5.20) we

obtain (6.1]).
The rth derivative of Mg, (s) in (6.1)) is given by

d?” —r " ]. S *pk*T k 72
(64)  —— aMsy(s) = aMsy(s)0 > o <1 - 0) S kgt
k=1 1=0

(- 8/9>P1)IH(1 i s/@ﬂyg ()
(plk— )P
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Setting s = 0 in (6.4]) we obtain (6.2)). Using (5.22)) and (6.2]) we obtain
r r w r—l
E(Sy — ESy)" =6"""1 —pl| Bt + ——
)

=1

v\ ¢V ! .
{ Bt+w>z<ﬁa()+al¢> >V et = )"
v

l k k-1 i
#3200 +apty ) S0 etk )

k=1 =

I+1 i
+<Ba(t)+a Ld ) Z(—l)iw(p(z+1—i))m}.
0

—v) - AT
Thus .

E(Sy — ESy) 1 =71 l; (;) [—p(ﬁt +as ﬂ

+ (ﬂa<t>+a1f¢)m§<—1>iW< 1=},

which ends the proof. =

COROLLARY 6.2. If N ~ MNB (111 t, 1JrB) and the i.i.d. summands {X;,
i > 1} have the gamma distribution (5.16)), then

WESN =0~ p<,6t+ w)

1—9
E52 :9— 5tp2]+52 2] 2+$ P[2]+26tp2+2Lﬂ2
[ N 1_1/} 1_w 9
B8} = 9—3{&&?’1 + 387121 pllp 4 g3 P
CENNE 2 200 31 (Y \[6,,2 3.6 Y 3
+1_w[p +68tp p+ 367t p°] + 0 6pp'! +605tp +61_wp ,
oESK = 94{ Btpll + 82212 p(7p 4+ 11) + 68311 p21 p2 4 gl 1

+ 17’_Z’w[p[41 +28tpPp(7p + 11) + 18821 pll p? + 4831131 p4)
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2
+ (11_/’0 1202 p(7p 4+ 11) + 368tp2 p? + 1282112 p4]
Y 2] 2 4 Yy
+ (1_w> [36p + 248tp +2471_¢p ,
20  _ g2 [2] | A24.2 Yo Y,
a0 Sy =10 {Btp + B%tp +1_¢[p +1_¢p}},

E(Sy — ESy)® = 93{ Btpl + 38%tplp + 283t p°

N NG Y AR
+1_w[,03+31_¢ Ap+2 = SRS

E(Sy —ESy)* =6 (tﬁpw + t5? (3tp[2]p[2} + ’7;)[2],02 + 11p[2]p)

+663(t2 + £)pl?p + 384t + 1) p

+ &W] + 6t pl?! + 6152 p?]

+ (11_/)1/;) [10p% 0 + 149 p + 682 p? + 6152

+ 18<11—ﬁ¢>3 2152 + 9(1 7’_&1/})4;)4)7
= (Bto+ vp(1 = 81) " (BtpP) + Btp” +w(p? — 28tpP — 28%10%)
+92(Bto? + Bp* — p))'",
7= oE(Sx — ESn)*/ (a0?Sn)*,
k=oE(Sy — ESn)"/( aJ2SN) .
Assuming that p = 1 in Theorem we have the following theorem.

THEOREM 6.3. The moment generating function, the rth moments and
the (r+1)th central moments of the compound a-modified negative binomial
distribution with exponential summands are as follows

QMSN@:[Hﬁ(l-(l-;yl)]‘:_ z;f;/e)l

r -1
ESy =607 Z<Ba(t) +a ) Z T T (k- Dl

7

T 1z<l>w I
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B \FE k—i— 1 — Bt +1

-{i(5a<t>+a1_¢) > k)

k=1 i=0
» O\ S 2041 —i 1

REMARK 6.4. For ¢ = 0 see [KPW| p. 306].

COROLLARY 6.5. If N ~ MNB(4,t, 23) and the i.i.d. summands {X;,

' TiB
i > 1} have the exponential distribution, then
- Y
oBESN =071 Bt
- 2y (G
ES2 —p-2)9 2402, _“Y |y vy
oESN =10 {Bt—l—,@t +1—1/1 +6t+1—1/1 )

aESJSV = 9_3{66?5 + 6B2t[2] 4 B3t[3] + lipw[ﬁ + 128t + 3,32t[2]]

v\ W
+6<1—w>[2+ﬁ“+1—w}}

ESY = 9_4{24575 + 363212 + 1283453 4 g4l

+ L[M + 726t + 365212 + 483¢5)]

L=

v\’ 2,[2] v\’ ¥
+ <1¢> [72 + 728t 4 125%t1] + (11/}) [72 + 248t + 24111}} }
b

00?8y = 9‘2{2ﬁt+52t+ v [2+ : l_bw} }

oE(Sy — ESy)® = 9‘3{6& + 687 +26%

b ¥ ¥\’
+1—¢F+ﬁl—w+2<1—w>}}

oE(Sy —ESy) =071 (24755 + 4% (12t + 36) + 1283 (12 + 1)

2
+ 384t + 1) + 11%[24 + 24t8 + 12tB%) + <1w¢> [48 4 12t/ + 6t3%]

want5) +o(i55))
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(2Bt + B2 — (2Bt + B2 — 1) + (28t + B2 — 1))/°
Bt + (1 — pt) ’

Y= QE(SN — ESN)S/(QUQSN)3/2, R = aE(SN — ESN)4/(QJQSN)2.

V=

Putting p =1 and ¢ = 1 in Theorem [6.1] we have
THEOREM 6.6. The moment generating function, the rth moments and

the (r 4+ 1)th central moments of the compound a-modified geometric distri-
bution with exponential summands are given as follows:

QMSN@:[Hﬁ(l-(l-;yl)y:_ o

ESY =0 Z<aﬁ+a )kk 1 )'(k_l-)m,

=0
JE(Sx — ESN)™L = -7 12(;){ (5+1‘_Dw>]ﬂ
k

l kol JC—i—L_ +1
.{Z<aﬁ+all—pw> : (=1 i!(;—_wi)!ﬁ (k — )l

k=1 =0
b\ S 2A+1—i N
+<a5~|—a1_w> ;(—1) m(1+1—2) }

REMARK 6.7. For 1) = 0 see [KPW,, p. 305].

COROLLARY 6.8. If N ~ MG(@A,%) and the i.i.d. summands {X;,
i > 1} have the exponential distribution, then

aE&vze—{ﬁ+]’”}

—
2 2] Y v
o =22 g (1 )
X 2l ¥ ¥\ 0
oESY = [5 (1+ﬁ)+—¢(1+5) <1¢> <2+5+1w>}

oS =246 [,6 2l +p)% + 1‘%(1 + B)% + <1
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2 —2 Y Y
a =0 2 — — ||
T TN )
E(Sy — ESN)? =07%|B(6 + 68 + 257)

0 0 ¥\
(e (i) )

E(Sy — ESy)t =671 _5(24 + 483 + 365% + 96°)

+11_p¢<24+4811_/)w+36< ) (1_ ))
v (1252 + 248+ 64% w 5+ 1287 )]
1-9 -
v (BE+B) = 2082+ 8) — 1) + ¥*(B(2 +6) — 1)
B+p(l—p) ’
v = oB(Sy — ESN)3/(a0?SN)??, k= oE(Sy — ESN)Y/(a0?SN)?.

COROLLARY 6.9. If N ~ G(1+,8)
have the exponential distribution, then

ESy =07'8, ES%, =202 ES3 =608 (1+ ),
ESL =2467182(1 + )2,
E(Sy — ESN)? =607%B(2+ B),
E(Sy — ESN)® =0733(6 + 683 + 25%),
E(Sy — ESy)* = 07*3(24 4 4853 + 365° + 93%),

o (Be+a)” L 6H684280 244485 43657 4 95

) 51797 . oN\2/90 H; -
B BY2(2+ B)3/2 B(A+4p+5?)
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and the i.i.d. summands {X;, i > 1}
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