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NUMBER THEORY

Local-global principles for recurrence sequences
by
A. SCHINZEL and M. SKALBA

Summary. A proof is given that if a non-degenerate recurrence sequence of the second
order over the rationals with separable companion equation contains multiples of infinitely
many terms of the Lucas sequence governed by the same recurrence, then it contains zero
for an index of a suitable sign.

Our goal is to prove some new local-global principles for non-degenerate
binary linear sequences with distinct eigenvalues. The main result is

THEOREM 1. Let P =a/e, Q = b/c* with a,b € Z, ¢,d €N, (a,b,c) = 1,
suppose that

dxg,dx1 € Z, Ty = Prp_1 — Quy_2,
up =0, up =1, Up = Pup_1 — Quy_2,

and assume that P? # 4Q. If the sequence u, is not degenerate and if the
congruence

(1) Zn =0 (mod ¢ tuy)

is soluble in n for infinitely many positive integers k, then the equation x, = 0
is soluble in integers n.

Proof. Let us put

- @ M=l K =1 — AM:
"~ (a%,b)’ ~ (a,b)’ B ’
a+va? —4b VL + VK
oy = T7 a1 = ¢, a = fa
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a—va?—4b VL - VK
o= Bi=Be, A=
c 2
The numbers
a — /Bn B
are called Lehmer numbers. We have
ak o ﬁk
1 1

(2) &y = (a2,0)*=)/20%71 P () B).

k pu—

ar — B
The laws of appearance and repetition of primes p among Lehmer numbers
[2, pp. 421-424] imply

(3) Vp(Pk(avﬁ)) Saplogk—i_bpv

where a, and b, are independent of k.
If n =kq+r with q,r € Z, |r| < k/2, we have

o = B* (mod Py(a, B)),
hence
o¥ = g (mod Py(e, 8)), 4= B (mod Py(a, B)).
On the other hand,
Tn = Yoy +wphy, where ¢¥,w € C are independent of n,
hence by and ,
4) A%, =0 (mod Py(e, B)), (a2,0)[*/? 1z, =0 (mod Py(a, B)).
Let ¢, € {0,1}, &, = r (mod 2), and

P,
(Pe(o B), (a2, b)TFa72T)

We have m € Z and by (), z, =0 (mod m).

If r > 0, then
de" (a2, b)) 2y, e 7,
ro.2 1\(er—1)/2,. — m
dc”(a*,b) z, =0 <m0d o (a2,b)(7"_57“)/2)>
and

dc" (a2, )2z, = O(|a|").

On the other hand, by and Baker’s estimate (see [I, Theorem 2.4|), for
k large enough we have

m > |af=00ek) 5 O(|alm).
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If r < 0, then
7] alr] 7| ol 2 73|
doy By T, € 7, doy By zr =0 [ mod 7((1 ,b)"'m
c|"”‘ c|7"| (7n7 c|”’|)

(here we use the condition (a,b,c) = 1) and

7| ol
M% = O(|aa|™).

c‘r|
On the other hand, by and Baker’s estimate, for k£ large enough,

(@ b)"m
(m, clrl)
In both cases z,, = 0.
THEOREM 2. Let PeZ, Q==+1,de N, ceQ,

dxo,dx1,dc € Z, x, = Prp_1 — Qup_2,

> (a2’b)\r|‘a|k—(’)(logk) > O(‘a1||r|)

up = 07 Uy = 17 Up = Pun—l - Qun—Q-
If P? # 4Q and if the congruence
(5) Zp = ¢ (mod ug)

is soluble in n for infinitely many positive integers k, then the equation x, = ¢
is soluble in integers n.

Proof. We retain the notation of the proof of Theorem [I] with the differ-
ence that now n = 2kq+r, |r| < k. For every positive integer n, dx,, and dc
are integers, therefore the congruence implies that (dz,, — dc)/u; € Z.
Since by , up = az:gk, where |a] > |3| and the sequence uy is non-
degenerate, we have either x,, = ¢ or

Yo'+ wph ok — caF S 1
1 —(B/a)* T dyPr-4Q
For a properly chosen sequence k1 < ka < --- at least one of the sequences

(|pari=ki|); or (JwB"a~*i|); is bounded from below by some positive num-
ber. Since 8 = Qa~! and |a| > 1 it follows that either (k; —r;); or (kj+71;);
is bounded. In the first case k; — r; = s for infinitely many j. The discrete
sequence

_ wa—s _|_wQ7‘ja—7‘j—k‘j _ Ca—k;]' B ¢O[—8 _|_wQ7’ja8—2k]' _ ca—k‘j
Yi = 1— QFia—2ks = 1— QFia—2%;

s

converges to ®a~® and therefore

Ya~* +wQ a2 — caFi

_ —s f P>
1— Qkfa_%f 7/104 orj =Jo
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This means
QM ™ +wQa® =cali for § > jo,
which contradicts |a| > 1 (by Theorem (1| the case ¢ = 0 is settled). In the
second case, k; +1; = s for infinitely many j and the argument is analogous.
If (z,,) is a sequence considered in Theorem (1] then the following local-

global principle follows immediately from the results of the first named au-
thor 3], [4].

If for almost all prime numbers p (in the sense of Dirichlet density) the
congruence
xn =0 (mod p)

is soluble in n € N then there exists n € Z satisfying x, = 0. If @ = £1 and
c € Q, the same applies to the congruence x, = c¢ (mod p) and the equation
Ty = C.

The sequence (py) of primes is thus a universal testing sequence in oppo-
sition to our sequence (uy) of Lucas numbers which is selected to satisfy the
same recurrence as the sequence (z,,) under consideration. Besides, we can
choose P non-integral. On the other hand, the advantage of our principle is
that it requires only an infinite number of k’s (without any requirements on
density).
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