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Abstract. These notes introduce Lie sphere geometry of surfaces in Euclidean 3-space. A similar
article with a different point of view is: G. R. Jensen, Dupin hypersurfaces in Lie sphere geometry,
in: Geometry and Analysis on Manifolds, Progr. Math. 308, Birkhduser/Springer, Cham, 2015,
383-394. More details are in the book: G. R. Jensen, E. Musso, L. Nicolodi, Surfaces in Clas-
sical Geometries, Universitext, Springer, Cham, 2016, Chapter 15. An exposition of Lie sphere
geometry in all dimensions is in: Th. E. Cecil, Lie Sphere Geometry, Universitext, Springer, New
York, 2008.

1. Transformations of surfaces in R3. Euclidean geometry studies properties of im-
mersions x : M — R? (curve or surface) invariant under the Euclidean group

E(3) = R?® x O(3),
which acts transitively on R? by (y, A)x = y + Ax. The map
m:E(3) =R, w(y,A)=(y,A)0=y

is the projection of a principal O(3)-bundle. A moving frame is a local section.
Throughout this note, €, €1, €3, €3, €4, €5 is the standard orthonormal basis of signa-
ture + + + + —— of R*2. Then R3 is the span of €1, €2, €3, while R* is the span of
€0, ..., €3, and R*! is the span of €, . .., €4.
Conformal geometry extends the Euclidean group, as well as the isometry groups
of spherical and hyperbolic geometries, to all conformal transformations of R3. Their
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description uses stereographic projection, the conformal diffeomorphism

3 1 5
S:8%\ {-€¢} — R3?, S(zoszei) =110 zlszei,

where S? is the unit sphere in R*. Any (even local) conformal transformation f: R3 —
R? is given by
f=8oFoS™,

where F is an element in the group Conf(S?) of all conformal diffeomorphisms of S3.
This group is isomorphic to SO(R*1) by

SOR*) 5T« F=f;'oTo fi € Conf(S?),
where we have used the diffeomorphism
fi:S* > M= {[m] € PR™): (m,m) =0}, fy(x) = [x+ei].

The group SO(R*1) acts transitively on M =2 S3. Let 8y = %(64—1—60) € R*! and choose
[80] to be the origin of M. Extend 8y to the Mdbius frame of R*1

0o, 01 = €1, 02 = €3, 03 = €3, 04 = €4 — €.

In this frame the inner product of R*! is given by

3
(u,v) = —uv* —u*® + Z uiv' = tugv,
1
where
0o 0 -1
g = 0 13 0
-1 0 0

The Mébius group
Mbob = {T € GL(5,R) : 'T'gT = g}
is SO(R™*!) represented in this Mobius frame. If M&by is the isotropy subgroup at [d¢],
then
m:M6b - M, 7(T)=T[d]

is the projection of a principal M6bg-bundle. A Médbius frame field is a local section of
this bundle.

Note that fi o STHR3) = M\ {[d4]}, so [84] corresponds to the point at infinity
of R3. We calculate

1 1 2
Fro87M ) = 51— IxP)eo +x+ 5(1+ |x|2)e4] - {50 Fx 4 |X2|54].

In addition to conformal transformations of surfaces, we want to consider the following.
If an immersion x : M? — R3 has unit normal e : M — S?, and if » € R is constant,
then a parallel transformation of x is

X =x+res: M — R3.
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It fails to be an immersion at any point of M where 1/r is a principal curvature. For a
circular torus it could be just a curve. For a sphere it could be just a point. A parallel
transformation is not a diffeomorphism of R3. It depends on points (x,e3) € R? x S2.

2. Space of oriented spheres and planes in R?. For r € R and p € R3, let
S.(p)={xcR*:|p—x|*=r?}
denote the sphere oriented by the unit normal

_pb—X
II(X) - r I

if » # 0 (inward normal if r > 0, outward if r < 0). If » = 0 it denotes the point sphere

{p}, which has no orientation.

For h € R and n € S2, the oriented plane with unit normal n and height h is
M,(n) = {x€R*:x-n=h}.

The Lie quadric is
Q= {[d] € P(R"?): (q,q) = 0}.
Note that Mobius space M C Q as

es ={[d] € Q: (q,€5) = 0}.
The set of all oriented spheres and planes of R? is in one-to-one correspondence with

@\ {[04]} by

1 1
Sr(p) < 5(1 —p*+r¥e +p+ 5(1 +|p|? —r?)eq + res |,

and
I, (n) < [—hep + n + hey + €5).

The set of all point spheres corresponds to M \ {[d4]}.
This correspondence is more transparent between the set of oriented spheres of S3
and Q. An oriented sphere in S* with center m € S® and radius r € [0,27) is

{x€8%®:x -m=cosr},

with unit normal
m — cosrx
n=——.
sinr
Interpret this as the point sphere m if » = 0 and —m if » = 7. The set of oriented spheres

in 8% is 82 x S'. Its correspondence with Q is
(m, (cosr,sinr)) <> [m + cosr €4 + sinr €s).

Combine this with stereographic projection to get the correspondence between ) and
the oriented spheres and planes of R3. The formulas are more complicated in this case
because stereographic projection takes oriented spheres to oriented spheres or planes, but
it does not take the center to the center in general.

A pencil of oriented spheres in R? is the set of all oriented spheres and planes through
a given point p € R3 with given normal n € S2. It is determined by a point of the unit



214 G. R. JENSEN

tangent bundle T1R3 = R3 x S%. A point (p,n) € R? x S? determines the pencil
{Sr(p+mm):r € R}U{Ilpn(n)}.

Any pencil contains a unique point sphere and oriented plane and these determine (p, n).
A pencil corresponds to a line in ). The above pencil corresponds to the line in Q
parametrized by r € R U {0},

1 1
5(1 —|p+m|* +7%)ey +p+rn+ 5(1 + |p + | — 7)€y + res

= [So(p) + rllp.n(n)].

Two points [¢],[] € @ span a line in Q if and only if (g,§) = 0. Let A denote the set of
all lines in @. This is a smooth manifold of dimension five. The point projection map is

7 A — R3*U {0},

which sends a line A to the unique point sphere in it, which is A N M followed by stereo-
graphic projection. If [§4] is on the line A, then w(\) = oo.

The set of pencils in R?, which is R3 x S2, is a dense open subset A’ of A. It is the
complement of the set of lines through [d4] in Q.

There is a natural contact structure on R?® x 8% given by the 1-form o (x ny = dx - n.
It is an elementary exercise to prove that a A da A da is never zero on R3 x S2. We shall
extend this contact structure to a contact structure on A. A surface immersion A\ : M — A
is Legendre if A*ao =0 on M.

An immersion x : M? — R3 with unit normal e3 has a natural Legendre lift,

A M = N, A= [So(x), ke, (€3)].

Under the identification A’ & R3 x S2, we have A\ = (x,e3), so \*a = dx - e3 = 0, so the
lift is a Legendre map. The Legendre lift of a curve in R? is the Legendre lift of its unit
normal bundle.

3. The Lie sphere group. A Lie sphere transformation is a diffeomorphism of @ that
sends lines to lines.

A linear transformation in O(R*?) is a Lie sphere transformation. In his 1872 thesis
[Lie72], S. Lie proved this is all of them.

The conformal transformations O(R*1!) form a natural subgroup of O(R*?) as the
subgroup fixing 5.

Here is an important example of a Lie sphere transformation which is not a conformal
transformation. Fix t € R and let T : Q — @ be defined by

TS.(p) = Sr1t(p), TTx(n) =1I;_¢(n).

Given (x,n) € R? x S?, T sends the pencil through x with normal n to the pencil through
X — tn with normal n. In fact,

TS, (x+rn) = S,41(x+rn) = Ss(x — tn + sn),

ifs=r + t7 and
THyxn(n) = Hx—tn).n(n).
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Therefore, T is a Lie sphere transformation, for all t € R. How does it act on a surface
immersed in R3?

If x : M — R? is a surface immersion with unit normal es, then its Legendre lift
At M — Ais given by A = [Sp(x), Ix.c, (€3)] and

T o )\ = [St (X), H(X—t63)'63 (eg)]

is the pencil through x — tez with normal e3, which is the Legendre lift of X = x — teg,
the parallel transformation of x by —t.

O(R™*?) acts transitively on A. As an origin of A we chose [Ag, A1], where

1 1
Ao = 5(64 +€), A= 5(65 +€1).

These are orthogonal null vectors, so they span a line in (). Complete this pair to the
basis of R*2

Ao, A1, Ao =€3, A3 = €3, Ay = €5 — €1, A5 = €4 — €.

This is a Lie frame, meaning the matrix of inner products

0 0 -L
((Aas X)) =g=1| 0 I 0 [,
-L 0 0

0 1
here L = .
where (1 0)

The Lie sphere group
G =1{T € GL(6,R) : 'T4T = §}
is O(R™*?) represented in this basis. Its Lie algebra is
8= {X € gl(6,R) : 'Xg+ X = 0}.
If T € G then its columns Ty, ..., T5 form a Lie frame of R*2. The map
7m:G—= A, w(T)=T[N\o, 1] =[To, T4],

is the projection of a principal Gp-bundle, where the isotropy subgroup of G at [Ag, A1]
is
c 'z b
Go = {k(c,B, zb =0 B BzteL| e G}
0 0 Lic 'L

where ¢, Z,b € R?>*2, detc # 0, B € O(2), and bLic + cLb = 'ZZ. A Lie frame field is
a local section of this bundle. Lie sphere geometry is the study of properties of Legendre
immersions A : M? — A = G/Gy invariant under the action of G.
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The Maurer—Cartan form of G is the left-invariant g-valued 1-form w = 71T = (w)
on G, where a,b,c =0,...,5. Then ‘wg§ + gw = 0 implies that

0 0 0 0 0

Wy Wi Wy W3 wg; O
11 1,1 0

Wy Wy wy W3 0 —wy
2,2 3 1,0

w= (W) = wp wi 0 —wy Wz W2 (1)
TG W Wl 0 wh oWy o

0 Wi 2 3 W3
4 2 3 1 0

wy O wi W)  —wp —wj

0 —wi wi Wi -—-w@ —-wd

whose 15 distinct entries form a basis of left-invariant one-forms on G. Now dT' = Tw
means

5
dT, =Y Tyw?,
0

where T, = Zg TP\, is column a of T in the Lie frame, for a,b = 0,...,5. We can
calculate the forms w;' from the inner products

5
(dTq, To) =Y (Ty, To)w?.

For example,
a:w§:—<dT0,T1>, ﬂ:w2:—<dT4,T5>.

The structure equations of G are

dw

S
Il
|
oMm
S
oo
>
S
S‘O

which come from taking d of w = T~'dT. Applying this to wj and using the relations
expressed in , we get

dws = —wg A (WS +wh) FwiAwd +wd Aud.

Let go denote the Lie algebra of the isotropy subgroup Gy. Then gg is the kernel of the
derivative dm of the projection map at 1 € G. A basis of forms spanning g/go is
Wi, Wi, Wi, Wi wp.

A contact structure is defined on A as follows. If T': U C A — G is a local section of
7 : G — A, then T*w{ is a contact form on U. If T : U — G is another section, then
T =Tk(c, B, Z,b), where k : U — Gg, and one calculates

T*wg = (det )T*wg.
From the expression for dwj above,
T*(wg A dwg A duwg) # 0
at every point of U. On R3 x 82 C A let

|x

3
) 1 2
To(X,n) =X+ E AP VIR §$1>\4 + TAE”
1
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and
(1-n')

2
Then [Ty, T1] : R® x S — A is a smooth immersion which can be extended to a local
frame field 7 : R® x S — G and

<dT07 T1> =n-dx

shows T*wd extends the contact structure of R® x S? to all of A.

T, (X,l’l) = (nl + I)Al + 77/2}\2 + n3/\3 + A1+ (X . 1’1)}\5.

4. Lie sphere geometry. Study Legendre immersions A : M? — A = G/Gy. At a
point of M, X is a line in Q). The spheres in this line are called tangent spheres of X at the
point. A Lie frame field along X is a smooth map T': U C M — G such that [Ty, T1] = A
at each point of U.
Any other Lie frame on U is given by T = Tk(c, B, Z,b), where k : U — G is smooth.
In particular,
(To, T1) = (To, T1)c,

where ¢ : U — GL(2,R). For real functions s,¢ : U — R, a tangent sphere S = sT¢+tT;
of \is a curvature sphere if dS has rank < 1 modulo {Ty, T} }. We motivate this definition
with a brief review.

4.1. Review of Euclidean geometry. Let x : M? — R? be an immersion. Let (x,¢) :
U C M — E(3) be a frame field along it, so e = (ej, ez, e3) is an orthonormal basis of R?

and
3 3
_ i _ J
dx = E 0'e;, de; = E wle;,
1 1

where the £(3)-valued 1-form ((6°), (w)) is the pull-back by (x, €) of the Maurer—Cartan
form of E(3). The frame is first order if 6> = 0 on U, in which case 01,602 is a coframe
field in U and

0=df® = —wi N0 — w3 NO?

implies that wf’ = Z? hijGj for smooth functions h;; = hj; : U — R. The frame field is
second order if
Wi =ab', wi=ch?,

for smooth functions a,c : U — R, called the principal curvatures of x. The lines of
curvature of a are the integral curves of #2 = 0, while the lines of curvature of ¢ are
the integral curves of ' = 0. A principal curvature satisfies the Dupin condition if it is
constant along its own lines of curvature. For example, a satisfies the Dupin condition if
and only if da is a multiple of #2. If both principal curvatures satisfy the Dupin condition,
then x is called Dupin.

Here is a characterization of the principal curvatures when they are not zero. For a
tangent sphere S,.(x + res) along x, where r : U — R is smooth,

d(x +re3) = (1 —ra)f'e; + (1 — rc)0%ey + dr e3

has rank < 1modes at a point if and only if r is the reciprocal of one of the principal
curvatures at the point.
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The Dupin condition for a # 0 is that da is a multiple of §2, which is equivalent to
1 d
d(x+ - e3> = (1 — C>02e2 — —Zeg has rank < 1.
a a a

4.2. Back to Lie sphere geometry. Define a curvature sphere for A : M — A to be a
tangent sphere T of A for which dTymod A has rank < 1. We assume distinct curvature
spheres [Ty] and [T4], in which case they are smooth maps M — Q. Then A = [T, Ty]
on M. For a point in M, there exists an open subset U C M on which we can extend
To, T : U = R*? to a Lie frame field T : U — G. Then each of
dTO = w(Q]TQ + ngg, dT1 = W%TQ + w:ng mod {TQ, Tl}

has rank < 1 implies

WiAWE =0=wiAuw}
on U. Taking d of wj = 0 and using the structure equations, we also find

WIAWE W AW =0.
Because of these relations, B : U — O(2) can be chosen so that if T = Tk(I, B,0,0),
then the only change in T is

(TQa T3) = (T27 Ts)B7

and @2 = 0 = &} on U. In this case ©? A @3 # 0 at each point of U.
A frame field T': U — G along X is first order if

(1) [To] and [T4] are curvature spheres,
(2) w2 =0=w? and w? Awj # 0 at each point of U.

If T:U — G is first order, then any other is given by T = Tk, where k : U — G is
any smooth map into the subgroup G; C Gy defined by

r 0 e 0
=G0 m=(09):

where r, s : U — R are smooth functions with rs never 0 and €, € {£1}.
Differentiating w? = 0 = w$ and using the structure equations, we get

1 2 3 0 2 3
wy = Aswi + Aswy, wi = Bawi + Bswyg,

where the coefficients are smooth functions on U, and

2 2 3 3
w3 = —Azwi + Bawy = —ws.

For a change of first order frame T = Tk, where k : U — G1, we compute
@0f = eswi, @5 = orwy,
and the coefficients in the new frame are given by

(SAg—Z?} B2ZEB2—Z20 B3_6jB3
) r ) - 7'2 *

Ay = %A% Ay =
s
There are three basic orbit types for this action on A5 and Bs.

A) As and Bj are never zero on U (generic case).
B) A, identically zero, B3 never zero on U; or vice-versa (canal immersions).
C) A; and Bj both identically zero on U (Dupin immersions).
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Consider the condition A, identically zero on U. Then w} = Azwd on U, so
dTo = (A3T; + T3)ws mod Ty,

on U, which means [To] is constant on the wj = 0 curves. This is the Dupin condition
for the curvature sphere [Ty).

4.3. Dupin case. A second order frame field along \ is a first order frame field T : U - G

such that

1_ 0 _ 2 _0—,3
wyp =0, w; =0, w3=0=uw,

on U. Differentiating these forms and using the structure equations we get
wg = Dwf, wé = —Dwg7

for some smooth function D : U — R. Any other second order frame field on U is given
by T =Tk, where k : U — G5 and G is the subgroup of G for which

z o) iy T )

where Z3, Z1, b} : U — R are arbitrary smooth functions. We calculate that

-1
D= —(D — sbY).
rs( sby)

We define a third order frame to be a second order frame for which w) = 0 = w} on U.
Differentiating these forms and using the structure equations we get in addition that
w) = 0 on U. Differentiating this leads to no further conditions on the Maurer—Cartan
forms of G. The frame reduction is complete. If T : U — G is a third order frame field
along \, then any other is given by T' = Tk, where k : U — G3, where G is the subgroup
of Go for which b = 0. This is a four-dimensional subgroup, since now r, s, Z9, Z3 are
arbitrary (with rs # 0).
In summary, T : U — G is third order if [Ty], [T1] are the curvature spheres and

(1) w2 =0=w?, and w? Awi # 0,
(2) wp =w) =wi =0,
(3) W =wi=wl=0.

The left-invariant 6-dimensional distribution D on G given by these 8 equations together
with wd = 0 is completely integrable. It defines a 6-dimensional Lie subalgebra b C g,
with connected Lie subgroup H C G. Integral submanifolds of D are the right cosets AH,
for A € G, of H.

If A\ : M? — A is a connected Dupin immersion with 7' : M — G a third order Lie
frame field along it, then 7' : M — G is an integral surface for D and T(M)GY is an
integral submanifold of D, where G is the connected component of the identity of Gs.
Therefore, T(M)GY C AH, for some element A € G, which means

A(M) = n(T(M)G3) C AH[Xo, \1] = An(H),

thus showing that A\(M) is Lie sphere congruent to an open submanifold of 7(H).
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4.4. Examples. The circular cylinder with unit normal ez = cosz €] + sin x €3,
Xy R? - R3, Xeyi(z,y) = (cosz,sinz, y),

has constant principal curvatures —1 and 0, so it is Dupin. Its curvature spheres are

92— 2 2
S-1(yes) = [So] = | 7€ +yes + es — e
and, since X1 -e3 =1,
IT;(e3) = [S1] = [—€0 + cosxz €1 +sinz e + €4 + €5].

The Legendre lift of X1 is then Agy1 = [So, S1]. Express Sy and S; in the Lie frame
of R%2. Take their exterior derivative and impose the first order frame condition to
determine So and Sj3. Take their exterior derivative and impose the third order frame
condition to determine the last two columns of a third order Lie frame field S : R2 — G,

1 0 0 0 0 0
-1 1+4cosz —sinz 0 H% 0
0 sin z cosx O —S”% 0
S(a,y) = y 0 o 1 o ol
1 1— 3 in ; 1 S
S SR SR
ys 1 oy L1 o1

along Acy1 : R? — A. It takes values in the right coset S(0,0)H, so
Aey1(R?) = 7m(S(R?)) € 7(S(0,0)H).
The circular torus
Xior : R? = R3, Xior(2,y) = ((2 + cosz) cosy, (2 + cos x) siny, sin z)
is obtained by rotating the circle of radius 1 and center (2,0,0) in the €;€3-plane about
the e3-axis. Its principal curvatures are 1, whose lines of curvature are the y = constant

24sinx?
that Xy, is Dupin. Its oriented curvature spheres are

curves, and whose lines of curvature are the x = constant curves, which shows

S1(2cosy,2siny,0) = Ty = [—€p + 2cosy €1 + 2siny €3 + 2€4 + €3],
and
Szteosa (0,0, —2tanx) = Ty
=[(24 3cosz)eyg — 2sinz €3 — 2(1 + cos )€y + (2 + cos z)e€s).

The Legendre lift of Xio, is then Ator = [To, T1]. Express Ty and T in the Lie frame,
take their exterior derivative and impose the first order frame condition to determine
Ty and Tj3. Take their exterior derivative and impose the second and third order frame
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conditions to complete these vector fields to a third order Lie frame field, T : R? — G,

1 oS T —sinz 0 —cosx 1

2 8
1+2cosy 2+4cosz —SBE  _gipny Z=tsz 1-2cosy
: —siny
T— 2siny 0 0 cosy .0 —
0 —2sinx  —cosx 0 SR 0 ’
1—2cosy 2+cosx —sinz siny 2—cos 14+2cosy
2 2 4 2 16 16
3 —4—5coszx 5sinz 0 —445cosx 3
2 2 4 16 16

along Aior. It takes values in the right coset T'(0,0)H, so
Mor(R?) = 7(T(R?)) = n(T(0,0)H),
where the final equality holds because T(R?) is compact. Setting V = S(0,0)7(0,0)"! =
3/16 3/16 0 0 —1/8 1/8

-1/16 -1/16 0 0 3/8 -3/8
0 0 0 -1 0 0
0 0 1 0 0 0 ’
-75/32 21/32 0 0 25/16 7/16
-25/32 7/32 0 0 75/16 21/16
we have
Vior(R?) = 7(VT(0,0)H) = 7(S(0,0)H) D Aey1(R?).
In fact, - o .
1+(:203y 0
7_1_200“’ 1+coszx
Vor(2,y) = [VTo, V4] = 0 2sinz
’ ’ 2siny |’ 0
—1—cosy
15—1% cosy 2(1-—;) fo(ZiZ)
LL 4 1L 2 4

Now [Zg ¢'A;] is a point sphere if and only if 3¢' + ¢* = 0. The point projection of the
point sphere is then q% Zi’ q'€;. The point sphere at (x,y) is then [sV T+ tVT;], where

s=5—3cosx, t=1+cosy,

and the point projection is thus

AV har() =

50 T(VAtor (R X (=7, 7)) = Aey1(R?). Thus, the circular cylinder is Lie sphere congruent
to the circular torus.

—3+5cosz  4sinz 4siny
5—3cosx '5—3cosx’ 1+cosy )’
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