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Abstract. We propose a new nonparametric estimator of the conditional
hazard function. To this end we define nonparametric estimators of the condi-
tional cumulative distribution and the density functions of a scalar response
variable Y given a functional random variable X. The conditional cumulative
distribution, density and hazard functions for independent functional data
are estimated nonparametrically. Our estimates are based on a recursive ap-
proach. We establish under appropriate conditions the almost sure and the
quadratic average convergence rates of the resulting hazard rate estimator.
Furthermore, a simulation study and an application to a real dataset illus-
trate our methodology.

1. Introduction. The estimation of the conditional hazard function (or
hazard rate) is of great importance in statistics. The first fields of application
of the hazard function were medicine and biology where the failure rate or
interest rate risk have been studied. Currently, it is used in many fields such
as medicine, geophysics, reliability, etc. for risk analysis, or the study of
survival phenomena.

Historically, the recursive estimation with rate was introduced in [WW69].
Later, |[BL94] proposed a simple recursive estimation method for linear
regression models with AR(p) disturbances. A recent application of recursive
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methods has been given in [AT16], where regression estimation was studied
by local polynomial fitting for multivariate data streams.

The objective of our work is to propose a nonparametric family of recur-
sive kernel estimators of the conditional hazard function by adapting to the
functional case the result given in [R92].

Most of the existing works in the conditional case treat only the case
where the explanatory variable is a real or a vector. The literature in the case
where the data is of a functional nature (a curve) is very limited. The first
result in this context was given by [FRV0S]|, establishing the almost complete
convergence of the conditional hazard function estimator in the independent
case. For more information on functional data analysis, see [C14, [GV16,
ABCV17]| for recent advances and [GKWWIS]| for some selected statistical
methods of data analysis for multivariate functional data.

By definition, the conditional hazard function depends on both the con-
ditional density and the conditional survival functions. The first uniform
results on the estimation of the distribution function conditioned on a func-
tional variable were established in the thesis [T'11]. From the recent literature,
we can cite [LMI14] establishing the quadratic mean convergence and the
asymptotic normality of the estimator of the conditional hazard function,
considering a strictly stationary random field (process) Z; = (Xi, Yi);a,
when the univariate response variable Y; is conditioned on the functional ex-
planatory variable X;. The asymptotic normality of the kernel estimator of
the conditional distribution function was studied in [B14], where a new non-
parametric estimator of the conditional cumulative distribution of a scalar
response variable Y given a functional random variable X was introduced.
This estimate was based on a recursive approach. Under certain conditions,
the asymptotic normality of the model was proved.

Nonparametric kernel estimates (conditional density and conditional cu-
mulative functions) are used in many fields. For instance, in finance (see
[S04, [CO8]) they are used in the estimation of the CVAR (Conditional Value-
at-Risk) and the CES (Conditional Expected Shortfall). The VAR [EKM10]
is currently one of the most popular risk measures employed in finance; it
measures the financial risk associated with losses and is determined for a
given probability level «, while the Expected Shortfall (ES) [A02] is the
average of the 100(1 — a)% bad losses.

The aim of this paper is to consider a recursive estimation of the condi-
tional hazard function, exhibiting a clear advantage as regards computation
time compared to the classical (nonrecursive) estimator. To this end the
estimations of the conditional cumulative distribution and conditional den-
sity functions of the scalar response given functional random variables are
established using the recursive estimation method. So, we are interested in
nonparametric estimation based on conditional recursive kernels as well as its
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applications to prediction. The main objective is to improve the performance
of nonparametric conditional kernel predictors, reducing their computation
time by using recursive kernels. The recursive property is obviously useful
in sequential surveys and for large samples, because addition of a new ob-
servation means that nonrecursive estimators need to be recalculated. In
addition, we need to store complete data to calculate them. Consequently,
the simulation time is reduced compared to the classical estimation.

Moreover, note that a direct application of nonparametric estimation is
the estimation of conditional laws. Both functional conditional distributions
and density functions are used in econometrics [F11]. These conditional mod-
els are used for prediction of time series through conditional quantiles and
mode.

The outline of this paper is as follows: In Section 2 we define the model
and the estimates; the recursive estimators of the conditional cumulative
distribution, conditional density and conditional hazard functions. In Sec-
tion 3 we make some hypotheses useful for our study. The almost sure and
the quadratic mean convergence rates of the proposed estimators are given
in Section 4. Section 5 analyzes the performance of our estimator using a
simulation study and a real dataset. In Section 6 the proofs of the main
results of Section 4 are given. Finally, in Section 7 we give some concluding
remarks.

2. Model and notations. Let (Xi,Y1),...,(X,,Y,) be a sample of
independent pairs identically distributed as (X,Y’) which is a random pair
valued in F x R, where (F, d(; )) is a semi-metric space.

Let
L)

1— Fll(y)’
be the conditional hazard function, where f1(y) and F[*l(y) are respectively

the conditional density and the distribution functions [BRS15].
Define

Al () Vy e R, when FP(y) <1,

Plwl]
Alel(y) = an (y) ’
1 EF(y)
as the conditional hazard function estimator, where ﬂf’l] (y) and E[f’” (y) are

respectively the conditional density and distribution functions estimators.
The conditional distribution function estimator is defined by

2im1 [F(ilu)]lK(Hx;f(iH)H(yﬁiyi)
S [F(ilzi)]lK(Hx;lf(i“)

where K is a kernel, H a distribution function, h, a sequence of positive

Eil(y) =
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reals, [ a parameter belonging to [0, 1], d(z,X;) = ||z — X;|| and F(h;) =
P(||lx — X;|| < h;). Our family of estimators is a recursive modification of the
estimate just defined and can be computed recursively by

(S (F(ha) e ()
+ (I (P (ha)) O H (S22 KD (|l — X )

ﬁr[filll] (y) = 1] 1 )
(0 (P @) + (S (F () K (e = Xl
where
n HOED) el
x,l Zi:l [F(hy)]! K( hi )
Pl (y) = :
" > i [F ()]
n llz— Xl
f[l]( ) _ Zi:l [F(;lli)]zK( T )

Y F ()

1 .
Ki[l}(.) = l — zK<h)'

[F(hi)]t Y25 [F(Ry)] i

Next, the conditional density estimator is defined by
n r—X; -Y;
2i=1 hi[F%hi)}lK(H ) B ()

n z—X;
i1 [F(}u)]lK(” hi ”)

This estimator can also be computed recursively as

(2 (F(ha) e (y)

Flel(y) =

ol _ o) SIS ) OB (22 K (= X )
" O (PR @) + (SN ER) DK (e = X))
where

n 1 llz— Xl ~Y;
¢[x7l](y> _ Dim1 hi[F(hi)}lK( Ry )Hl(yhi )
" D [F(ha)]
Finally, the conditional hazard function estimator is
n z—X, =Y
Z’i:l hl[Fthl)]lK(” h; ”)H/(yhi )
n z—X; —-Yi\1~
2lim1 [F(;lu)]lK(” hi ”) [1 o H(yT)]
This estimator is determined recursively as
n _ x,l
(S (F (k) o) |
() TP (B (h) 1 H (S22 K (e = X )
n x,l
[0 (B (k) 1[]@%
+ [ (F () K,

(e = X ) [L - H (4222)]

Rle(y) =

lx,l
h£1+]1 (y) =

)
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where

2im1 [F(}lli)]lK(”$7L;'XiH) [1- H(yﬁiy)]

Sl () =
on () = n =
2 i [F ()
The following notations from [FMVQT7] will be needed:

1
My =K(1) - | (sK(s))'ro(s) ds,
0
1
My = K(1) = | K'(s)7o(s) ds,
0
1
My = K*(1) — S (K?(s))'70(s)ds, where 7y(s) = }lzlg%) FF((};;) < 0
0

3. Assumptions. In order to establish the recursive estimation of the
conditional hazard function we assume that the following hypotheses hold:

(H1) K is a bounded kernel with compact support [0, 1] such that there exist
constants ¢; and ¢ with 0 < ¢ < K(t) < ¢ < 00.

(H2) (i) The sequence {h;, i > 1} of bandwidths satisfies 0 < h; | 0 as

1 — 00.

(ii) If hy, — O then F(hy,) — F(0) = 0 as n — oo, and Vs € [0, 1],

_ F(hs)

Th(s) - F(h)

(H3) If limy,—yo0 nF'(hy)

, 1N b [F(R) !

— 70(s) < 00 as h — 0.

= oo then, as n — oo:

L~ [F(h)]"
< = — .
(ii) Vr <2, By, "2 [F(hn)] — By < o0
Lo~ 1[F(h) ]
(iii) P:= - E T [F((hn))] — W[1_gy < 0.

i=1
(H4) There exists p > 0 such that

. nF(hy)(Inn)~1=%n : 2/ _
nh—{go (lnlnn)z(o“rl) =00 and nh_)ngo(lnn) F(hn) =0

for some a > 0.
(H5) (i) H is a C? function with compact support.
(ii) db1, b9 > 2, Vy1,y2 € R, V(a;l,xg) S Ng,

[Pl (yy) — Fl2l(yy)] < (d(z1,22)" + y1 — y2|™).
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(iii) Vy1,vy2 € R, ¥(z1,22) € N2,

£ ) = £ y2)] < (dlr, 7)™ + g = 2]™),

with d(z1, xg) ||a:1 - xQH and N2 a fixed neighborhood of .

,a
(H6) (1) Cny = —Zhb Zl 5 — 0 asn — oo for any b >

max(b; — 2; bg - 2) and any a < 2.
(ii) The function ¢ is differentiable at 0, where

o) = { |1 (132) - P | o - X =)

:E{L}iH() FI(y — bty dt — Flal(y) H||x—X||_t}

(iii) The function ¢ is differentiable at 0, where

o) = B{ [ o (1) - i) m—xm:ﬁ
= B{[{ H' (0¥ — ity dt — £ ()] | o = Xill = ¢}.
R

(H7) Jv < o0, Y(t,y) € N; x R, flel (y) <w
(H8) 3B < o0, V(t,y) € No x R, Fll(y) <1- 3.

REMARK 3.1. By using (H1) and (H2) we can prove that My, M; and
My are finite. By using (H5)(i-iii), we have

o306 = Var | (152 ) | ] =oln®*) + FEI) 1 - Py
—o 02X) = PPl (1 - FFIG)

12— 00
and
(3.1) hi6%(X) = h; Var [th’ <y ;Y> X]
—— 02(X) = f(y) | H?() dt.
1— 00
R

4. Main results. As the conditional hazard function depends on the
conditional density and the conditional distribution functions, its asymptotic
properties depend naturally on those of the two functions. First, let us start
with the asymptotic properties of the conditional distribution function. The
almost sure convergence is presented in the following theorem.
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THEOREM 4.1. Suppose that (H1)-(H4), (H5)(i-ii) and (H6)(i-ii) are
satisfied. If lim, oo nh2 =0, then

n 1/2
)| TR - P

_ [2Ma 1 oy F™ () (1 — F171 (y)))/2
My

REMARK 4.2. Bandwidths and small ball probabilities are typically cho-

sen such that the condition lim, s nh% = 0 is satisfied; for more details
see [ACT14].

lim sup
n—oo

a.s.

The next Theorem concerns the quadratic mean convergence of the con-
ditional distribution function.

THEOREM 4.3. Assume that (H1)-(H3), (H5)(i-ii) and (H6)(i-iii) are
satisfied. If there is a constant ¢ > 0 such that nF(h,)h2 — ¢ as n — oo,
then

lim nF(h,)E[FE (y) — FI7(y))?

n—oo
~ Bu-an My [21] Mg
= — Pl ()1 = Fl(y)) + ¢/ (0)]? —3.
oy MP g Mt

The quadratic mean convergence of the conditional distribution func-
tion depends on the asymptotic bias and variance of the estimator, thus we
introduce the following lemmas.

LEMMA 4.4. Suppose that (H1)-(H3), (H5)(i-ii) and (H6)(i-ii) are sat-
isfied. If there is a constant ¢ > 0 such that nF(h,)h? — ¢ as n — oo,
then

~ My 1
B[Rl () — FIol(y)] = hg(0) —0_ 2200 4 5(1)1 4+ 0 [] ‘
B )~ ) = b (0) TR0+ 0(0)) 40| s
The asymptotic bias of our estimator (E[F,[lx’l] (y)—Fl ()] ~ 0 [m])

is equivalent to that of the classical one for independent [BRS15| and depen-
dent [DO08] cases.

LEMMA 4.5. Suppose that (H1)-(H3), (H5)(i-ii) and (H6)(i-ii) are sat-
isfied. If there is a constant ¢ > 0 such that nF(h,)h% — ¢ as n — oo,
then

. B2y M
lim nF(h,,) Var[FZ!] o?
Jim () Var B )] = 721 o

(X).

In practice, if we take ¢ = 0 in Theorem [£.3|we get the following corollary.
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COROLLARY 4.6. Suppose that (H1)-(H3), (H5)(i-ii) and (H6)(iii) are
satisfied. If nF(hp)h2 — 0 as n — oo, then

lim nF (hn) B[ (y) = FE ()] =
n—o0 " B[l_l] M12
The asymptotic variance of our conditional cumulative estimate is equiv-

alent to that of the nonrecursive estimate for independent data [BRS15],
and smaller than in the case where the data are dependent [D0S]|, given as
19) (Inn)?
(nF(hn) ) ’
Next, we establish the asymptotic convergence of the conditional density.
The almost sure convergence is given in the following theorem.

THEOREM 4.7. Suppose that (H1)-(H3), (H5)(i-iii) and (H6)(i-iii) are
satisfied. If lim, oo nh% =0, then

"F(h’] ) — )
_ [2M2w[1le]f[m] (v) SR H/Q(t) dt]1/2
Bn—nM

The quadratic mean convergence of the conditional density is given in
the next theorem.

THEOREM 4.8. Suppose that (H1)-(H3), (H5)(i-iii) and (H6)(i-iii) are

satisfied. If there is a constant ¢ > 0 such that nF(h,)h2 — ¢ as n — oo,
then

lim sup [

00 Inlnn

a.s.

hm nF( n)E []ﬂxl]() M y))?

Br—2n My 2 rrong2 am Mg
= — ) VB2 (t)dt + c[¢/(0)] :
By Mt uxe iy Mt

The proofs of the theorem depend on the following lemmas.

LEMMA 4.9. Suppose that (H1)-(H3), (H5)(i-iii) and (H6)(i-iii) are sat-
isfied. If there is a constant ¢ > 0 such that nF(h,)h: — ¢ as n — oo,
then

ap My 1
Br—y M g T ewiEo [”F(hn)] .

The asymptotic bias of the conditional density estimate is equivalent
to that of the nonrecursive estimate for dependent data [D08], and is dif-
ferent from the case where the data are independent [BRSI5|, given as

O(

B[ (y) — f7(y)] = ha¢' (0)

nhH}(hK))
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LEMMA 4.10. Suppose that (H1)-(H3), (H5)(iii) and (H6)(i-ii) are sat-
isfied. If there is a constant ¢ > 0 such that nF(h,)h% — ¢ as n — oo, then
B2 Mo
lim nF(hn) Varl fi ()] = ——= 502(X).
n—00 5[1 1 M12
In practice, when we put ¢ = 0 in Theorem [4.8| the following result holds.
COROLLARY 4.11. Suppose that (H1)-(H3), (H5)(i-iii) and (H6)(i-iii)
are satisfied. If nF(hy,)h2 — 0 as n — oo, then

Tim nF (h) E[fI(y) — 7 ()] = %é 2 %ﬁf el () § (1) dt.
- M

R

Here, the asymptotic variance of our conditional density estimator is
different from the nonrecursive one, (O(m)), for both independent
[BRS15] and dependent [DO§]| cases.

We can now present the asymptotic properties of our conditional hazard
function. Let us begin with the almost sure convergence given in the following
theorem.

THEOREM 4.12. Suppose that hypotheses (H1)—(H3) and (H5)-(HS8) are
satisfied. If lim, oo nh2 =0, then

. nkF(hy) 1/2 ] [z] B 2M,
imsup | ) 1) = Clo )
where
w02 (X) + hlel(y) Bri—ayo2(X)

1 - Fl(y)
Next, the quadratic mean convergence is stated in the following theorem.
THEOREM 4.13. Suppose that (H1)—(H3) and (H5)—(H8) are satisfied. If
there exists ¢ > 0 such that nF(h,)h2 — ¢ as n — 0o, then

lim nF (hy) E B (y) — b (y)]”

Bl ()2 { Buay My oz MS}
=— 2 M X 0
[1 — F[z] (y)]2 /8 1-21 " /B[l ; M12 6( ) + C[SO ( )] /8[21_” M12
2hl7 (y) [ o o O M Buay My ]
e VA 0)o' (0 — ——=\/02(X)o2(X
1 /3[1 2 Ma o 112 a[Ql] Mg]
+ T 0 mal

In practice, by takmg ¢ = 0 in Theorem we have the following
corollary.
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COROLLARY 4.14. Suppose that (H1)-(H3) and (H5)—(H8) are satisfied.
If nF(hy,)h% — 0 as n — oo, then

lim nF(h,) B[R (y) — ()]

n—oo
1 Bii—an M "
T 1 - FlEl(y))2 [%1 2”] ﬁ?[eg(X) + hl(y)o (X)]2.

REMARK 4.15. As noticed in [ACT14], the choices of bandwidths and
small ball probabilities involve that Bj_a/ B[Ql_l] < 1. Consequently, the
recursive estimators are more efficient than classical estimators in this case
in the sense that their asymptotic variance is small for given M; and Mo.
The bias and variance of our conditional hazard function estimator are both
equivalent to O (ﬁ) and different from that of the nonrecursive estimator
whose bias and variance are both equivalent to O (m) for independent

IBRS15| and dependent [DO§| data.

5. Simulation study and a real data application. The performance
of our estimator is now checked using a simulation study. Further, in order to
show the efficiency of our approach in concrete cases, we present a practical
use of our model to study a time series.

5.1. Estimating some parameters in practice. In practice, when we
want to build the confidence interval or compute the mean square error of
the conditional hazard function, we need to estimate the constants on which
the mean square error (see Corollary of our estimator depends: ((1_gy,
BA_y» My and Ms.

In Corollary Fll(y), =), Bri—2y and ﬁ[zl,l] must be replaced by
their respective estimators, and K and H must be chosen.
The constants M; and My are estimated [ACT14] respectively by

n

77 _ L 1 2 — Xl = 15~ 1 (e X
M, = — K My =— K .

i=1 i=1

However, the distribution function F' must be chosen.

5.2. As simulation study. To observe the behavior of our recursive
estimator in practice, this section gives a simulation study. We compare our
recursive estimator and the initial one from [BRST5| defined as

. £lx]
(5.1) () = %
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where
Sy K(hild(x, X;)) 7
Fiel(y) = i K (i dla, X)) H' (i (y — Y2))

har 3oy K (hid(, X))
We simulate our data in the following way: The functional variable X is
supposed to be generated by the equation

(5.2) X(t) = A2 — cos(mtW)) + (1 — A) cos(ntW), ¢t € [0,1],

where W ~» N(0,1) and A is a random variable Bernoulli distributed with
parameter p = 1/2. The curves Xi,..., X, for n = 122 are plotted in Fig-
ure [11

Fig. 1. The curves {X;(t)}/23, t € [0, 1]

As the curves are smooth, the Lo distance between the second derivatives
of the curves can be utilized as a semi-metric. We simulate the values of Y
by the relation ¥ = R(x) + € = S(l) 2'(s)?ds + e The error ¢ is simulated
as a Gaussian random variable with mean 0 and standard deviation 0.1.
Note that with this model definition, the conditional distribution of Y; given
X; = z is the Gaussian distribution N'(R(z), 0.01), thus we may explicitly
get the conditional hazard function AXI(-).

In this investigation, the proposed estimator depends on the choice of
various parameters, namely, the semi-norm || - || of the function space F,
the sequence (h,) of bandwidths, the kernel K, the parameter [ and the
distribution function F' when [ # 0. And as the choice of K is not important,
we employed the quadratic kernel defined by K(u) = (1 — uz)]I[OJ] (u) for
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all v € R, which behaves properly in practice and is easy to implement,
and we put H' = K. We estimated the distribution function F by using the
empirical distribution function, which is uniformly convergent. For the choice
of the parameter [, we computed the mean square errors of our recursive
estimators for some values [ in {0,1/2,1}. The parameter [ has shown a
negligible influence on the mean square error (MSE) of our estimator, for
500 simulations we obtained approximately the same value (MSE = 0.0050).
Thus, we take [ = 0.

e Choice of the bandwidth. In this simulation, the semi-metric (semi-
norm) was based on the second derivatives of the curves; the shape of the
curves (Figure 1) permits us to utilize

1/2

1
o —a'll = (=) -2/ O@)?dt)
0

where (%) is the ith derivative of the curve z(-); here we take i = 2. Moreover,
as indicated in [ACT14], the choice of the semi-norm depends on the treated
data. Then, as pointed out in |[LMI4], there is no automatic data-driven
method for selecting bandwidths when estimating a conditional hazard func-
tion in the functional case. Consequently, for our investigation we consider
the bandwidth selector associated to the conditional density estimation pre-
sented as

OV fyx () = S Wi (X0) | FE () Wa(y) dy
=1

n

S T (VWA (X)) Wa (Vi)

i=1

2
n

where W7 and W are some suitable trimming functions and

X Y.
S hj[F%hle(Hz - ]”)Hl(yh.J)

J
1 llz—X;l ’
Z#i [F(hj)]lK( h; : )

and we use it for the conditional hazard function. As mentioned in |[LMI4],
the optimal bandwidth is locally selected among the k nearest neighbors (for
more discussion see [BFRV0T]). For the conditional distribution function we
can use the following cross-validation rule:

FEAT () =

1 — N I
CV Fy/x(h) = - ZS [Ty;<y — B (y>]2W(y) dy,
i=1

where W is a suitable trimming function and
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1 llz—X;]| y=Y;
D [F(h]-)]lK( . )H ( hjj)
1 llz—X]]
> war K )
To facilitate calculations, as E(Y | X = x) = {yf®(y)dy, and a natural

estimator of the regression function is Syﬂlx’l] (y) dy, we propose to use the
criterion

" 2
(53) V() = -3 (% - §ull ) dy)”

i=1
For our recursive estimator, we use a sequence of bandwidths hi =
C’maxZ Lo | Xi—2||i7% = hi(C,v) with C € {1,1.5,2,4} and v € {75, 5,1,
g 1} We choose C' and v that minimize CV(C,v), we found C' = 2 and
v 10 For the nonrecursive method we used a global bandwidth selection
(hx = hy = h) with a cross-validation procedure on the k-nearest neighbors.

FXU™ (y) =

NEN

o Comparative tools. To examine the performance of hy, ](y), we ran-
domly split the data into two subsets, a training sample (X;, Y;);er (100
locations) and a test sample (Xj, Y;)ics (22 locations), then we utilize an

empirical version of the global mean squared error (MSE) and mean absolute
error (MAE),

1 , X 2
MSE = @ > (I = hE))%
ieJ
MAE = th — Ry,
zEJ

as accuracy measures.

Table 1. MAE and MSE computed via 500 simulations for different values of n with the
optimal values of bandwidth provided by Ccv and vev.

n=122 n=178 n =478
(1) 0.0812 0.0625 0.0462
0.0085 0.0043 0.0023
(2)  0.0805 0.0623 0.0459
0.0084 0.0042 0.0023

As is seen in Table 1 (where (1) represents MAE and MSE of our recur-
sive estimator and (2) represents those of the nonrecursive one) for different
values of n, the classical estimator is better than the recursive one. Its MSE
and MAE are smaller, but there is not a great difference between the behav-
ior of the two methods. In fact, the difference in terms of MSE (as appearing
in the table) is very small. Moreover, in order to check the behavior of the
prediction errors when the sample size increases, we used n = 122, n = 178
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and n = 478. Then, as expected, the errors decreased when the sample size
increased.

o Computation times. Here we emphasize a significant advantage of the
recursive estimator over the nonrecursive one, when new values of the ex-
planatory variable are sequentially added to the database. As pointed out in
[ACT14], when a new observation (X,,+1, Y,+1) appears, the computation of
the recursive estimator /f\h[f g (y) requires another iteration of the algorithm
via its value computed with the sequence (X;,Y;)" ;, while the initial esti-
mator must be recalculated via the complete sample (X;, Yl)?if

Next, we illustrate the computation time difference between the two esti-
mators in such situations. From an initial sample (X;, Y;)I" ; of size n = 122,
we consider N additional observations for different values of N. We compare
the cumulative computation times to get the recursive and the classical es-
timators when these new observations are added. The characteristics of the
computer we used to perform these computations are CPU: Intel Celeron
N2830 2.60 GHz, HD: 250 G, Memory: 3.23 G. The curves Xi,..., X, as
well as the new observations X, 41, ..., X,+n are computed via (5.2)) with
n = 122 and N € {1,28,78,178,478}. The semi-norm, the bandwidth se-
quence and the parameter [ are selected as previously. The computation times
are listed in Table 2. Here, our estimator shows a significant preference as
regards computation time compared to the nonrecursive estimator.

Table 2. Cumulative computation times in seconds for the recursive and nonrecursive
estimators when adding IV new observations for different values of V.

N 1 28 78 178 478
Comp. time for hi}  0.840 1.050 1.260  1.260  2.490

Comp. time for hi’}|  1.640 3.680 18.150 75.600 375.520

5.3. Real data application. In this subection we examine the efficiency
of our procedure in a real dataset study. The functional data are particulary
suitable for analyzing time series. We illustrate this via the El Nino time
series @ that furnishes the monthly sea surface temperature from January
1982 to December 2016 (420 months). From this time series, we extracted 34
annual curves X1, ..., X34 from 1982 to 2016, discretized into p = 12 points.
These curves are presented in Figure

The variable of interest at month j of year i is the sea temperature X; 1
for month j. Namely, for j = 1,...,12 and i = 1,...,34, we have Yim =

Xi+1(j). We predicted the values of Y}E], .. ,Yg[f] (that is, the values of the

(*) Available at http://www.cpc.ncep.noaa.gov/data/indices/,
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curve X35) via conditional mode, using the routine npfda@ The estimators
(recursive and nonrecursive) were computed by selecting the semi-norm, the
bandwidth sequence and the parameter [ as previously.

Fig. 2.

0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07

temperature

months

El Nino annual temperature curves from 1982 to 2016

20 22 24 26 26

Fig. 3. Curves of the two conditional hazard functions. The solid line represents our

recursive conditional

hazard function, the dashed line denotes the nonrecursive one.

The probabilities that the time series take some predicted values 17})[11], e

,173[412] are given by the conditional densities ﬂLXM] (}//;[i]), e ﬂlX?"l] (}7:52]).
The instantaneous risks are Ay *" (173[;}), LB 3}(%[[12}). We analyzed the

(?) Available at http: //www.math.univ-toulouse.fr/staph/npfda/.
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mean square prediction error through 2016 and obtained MSPE = 0.00025
for the recursive estimator, and MSPE = 0.00011 for the nonrecursive one.
The classical nonparametric (nonrecursive) estimator once more showed its
advantage as regards prediction, while our estimator behaved well and had an
advantage regarding computation time. The computation time (in seconds)
required for our estimator to predict twelve values (the last year) was 0.020s,
while for the nonrecursive estimator the time was 0.250s. We plot the two
hazard functions in Figure

It is difficult to decide which curve is smoother, even if the nonrecursive
estimator (dashed curve) seems to be slightly smoother compared to the
recursive one. We conclude that even if the nonrecursive estimator showed
a small advantage over our estimator with regard to the mean prediction
error, there is not a big difference between their behavior, and our recursive
estimator has an advantage as regards computation time.

6. Proofs
Proof of Theorem . Note that ﬁ,[{r’”(y) can be written as

[z,]]
Azl _ ¥n (y)
[z,1]

where ¢, (y) and fy] () are defined above. Let

[z, \ _ ] ]
Sedl oy gl oy Pn () = FEy) o (x)
By — Fel(y) 7
The main idea is to show that f#] (z) converges almost surely to fU(x) and
that (,DLI’Z] (y) — Fll (y)f,(ll)(x) converges almost surely to 0.

1. Firstly, we prove that cpif’l] (y) — Fl] (y)fr(ll) () converges almost surely

to 0.
We can write

el (y) — FE () £l (@)
= {plll(y) — FU () i (y) — B[l (y) — F (y) £ ()]}

+{ Bl (y) — F¥(y) £ ()]}
=1 + I.
Studying 1. Let

= e (1 X0 [ (500) o

n

Zi=W;—EW,), S,=)»_Z.
i=1
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Note that
Sn

= S e

Putting V,, = >_I; EZ2, we get

=A - A
We h
O Y C R (G ERE)
Now
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(=) -]

= {o(h* ") + o (X)}E [KQ (WH

o [{F[Xi](y) — Fi(y) YK (HQC;LXHH '

Let

(6.1) E [K2 (szxw — F(hy) [K2(1) - i(KQ(s))'Thi(s) ds]
v 0

Next, by using (H3)(ii), (H6)(i), (6.1) and Toeplitz’ Lemma we find that
S [F ()] Ho(h ™) + o2 (X) B[ ()]
n[F (hy)]t =2

n—o0

B ﬁ[l—ZZ]FM (y)(1— Fl (y)) M.

(6.2)

Using (Hb)(ii) we get

0<E [{F[Xi](y) — Fel(y) ) K (HxthZ'ﬂ

<E [Hx - X[ K (”x ;AXZ'” )} .

But

- X;
E[’$—Xi’2blK2<|m - N

<o s oo xer (22 X0)]
X;€B(z,h;) h;

< h2b1E|:K2<H$ - Xz”)]
= 7 hl 9

where B(z, h;) = {2/ € F | |lx — /|| < h;}. Then, via (6.1),
n — r—X;
S F(ha)) 0 B[Rl
n[F (hy)]' =2

Now, using (6.2)) and (6.3]), we obtain

A n—o00
T T A PP - P

n—oo

(6.3) 0< 0.
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Similarly to (6.3), when (H6)(i) is satisfied we get
Ay 0
AF ()2 e
Therefore, V;, ~ n[F(hn)]l_Qlﬁ[l_gl}Fm(y)(l — FlH(y))My as n — oco. By
assuming that n[F(h,)] — oo we obtain also In F'(h,)/Inn — 0. By (H4),
we deduce that

. nF (hy)(Inn)=2/n
oo Infn(F (b)) H{In Wl (F () 21070

Now, let b, = (61Inn)/# with § > 0. There exists ng > 1 such that for
all ¢ > no,

= Q.

iF(hy)(Ind)~2/®
In[i(F(hi))=2]{In In[i(F(h;))]}2(e+1)
2| K12 max{|F*(y)|2, (6 In)2/*
S KNS E\T(h(%lyl (51ni) }ZZE,

as the event

2 i[F ()]~
Zi > Inli( F(h:N1=20{1n Inli( F(h: )1 2(a+1)
n[i(F(hi))' > {InInfi(F(hi))]}
is impossible for i > ng.
From V,, ~ n[F(hn)]l_%ﬁ[l_Ql]F[’C] (y)(1 — F#)()) My, we deduce that

n

(Inln V;)® 9
——E(z1 v;

) < oc.
[Vi{lnln[Vi]}Q(a+1)}

{ln

Let S be a random function defined on [0, co[, where
S(t)=25, forte [V, Vit

By the law of the iterated logarithm, there exists a Brownian motion £ such

that
S(t) — &(t)
(2tInlnt)1/2

But since Brownian motion satisfies the law of the iterated logarithm, we
have

— St — [ S) —&() £(t)
T ]
00 (2tInlnt)l/2 100 [(%lnlnt)l/2 * (2tInlnt)/2
We have Sn/(2annann)1/2 — 1 a.s. By using the fact that S, =
I [F(h))Y Y and Vip1/Vi, — 1, we obtain
i Lzt [F(ha)]' ™1 n(F ()~ {In In[n(F(h,))'—2]}1/2
n—oo (2V,Inln V,,)V/2 n(F(hy)) =2 {InIn[n(F(hy))=2]}1/2

= o[(Inlnt)~?], vVt € [Vy, Vial.

=1 a.s.

=1 a.s.
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But Y1 [F(hy)]' ™ = Bn,(lfl)n[F(hn)]l_l. We have

{InIn[n(F (k)" 1}/2B,, 1)
2V, Inln V;,)1/2
— ﬁ[1—l}{25[1—2l]FM (y)(1 — F& () M} /2.

n—o0

This yields

lim
n—oo

nF(hy) vz
e SIS
where o, = {Qﬁ[kQZ]FM (y)(1 - Flel (y))M2}1/2/5[14]-
As InIn[n(F(h,))' 72 = (Inlnn)[1 + o(1)], we conclude that
— (nF(hy)"? {281_an FI¥ (y) (1 — FI¥l(y)) My} /2
lim { } Il = ﬁ[l_” .

n—oo | Inlnn

Studying Is. We have to prove that
— (nF(h, 1/2
fim {” ( )} I,=0.

n—oo| Inlnn

We have
I = ol (y) — FF(y) f(2))]

- S Z oA () - ) (M)}

1 . 1
> iy [F (i)t Z; [F(hi)]!

1=

=

x {hiap’(O)F(hi) [Ku) — [ (sK(5))'mh, (s) ds} + o(hi)}.

The last equality was obtained as follows. Via (H6)(iii), we get evidently

5 (52)

[l — Xill

:E[go(nm—xz-lI)K( n |

)] = S o(hit) K (t) dPIz==ill /b ()
0
Using the Taylor expansion for ¢ around 0, we obtain

(6.4) E{ [H(T) _ F[x](y)]K<H»’U;fiH)}

1
= hig' (0)  tK () dPI*=i1/m: (1) + o[n,].
0



Nonparametric estimates for functional data 73

Now, using (H1) and Fubini’s Theorem, we get

ek (&) apPle==d/ms (1) = F(hg) | K(1) = [ (5K (5)) ', (5) ds|.
0 0

Then, via hypothesis (H3), as n — oo, we have
ey A
Iy >~ hypp'(0)——Mp[1 + o(1)].
By
Thus
Fh) Y Fh)) Y2 o
{n ()} ]2:{n ()} hap'(0) 5= Mo[1 + o(1)] = o(1)

Inlnn Inlnn Bl

when lim,, nh% = 0. Thus we conclude

nF(hy) }1/212 o

Inlnn

1mmﬁm{

Thus

n 1/2
e el = P £10)

Inlnn
_}&mkmFwa1—FW@»MﬂV2
B '

2. To finish the proof, we have to show the almost sure convergence of

f}ﬁ (z) towards fl(x).

In the same way, putting

W= e (T Xh{< SR

Zi =W —EW)), S.=) Z,

%
i=1

we can prove that

) = Bl =0/ 2™ as

As EJ M( )] = Mi[1 + o(1)], it now follows that fg} () converges almost
surely towards M, because Var[fg] ()] — 0 and one can write fT[L” (x) =

) - B @) + Bl (@)
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Proof of Lemma[].7. We use the decomposition

- Eli ()] E{[f (@) [ @)l y)}
B W= oy (BT
L Bl @) - B @ B @)y
(B[ @)y

Let us start by studying
BN i, - T i B CRE) - PO ()
[ [l]( )] Z?:l [F(hi)]lE[K(”x;;Xi“)]
Using and the fact that

(20 (g

1

= F(hg)[K(1) = § (K (5)'m, (s) ds.

0

we obtain by (H1),

]
2
S BF RO PO Q) - K ()T (s) s 3 _ Dy
S [F (R K (1) = §o(K (5))' 70, () ds] Dy
Finally, (H2), (H3) and Toeplitz’ Lemma |[MS86| yield
RO — P OM o)), et = B M1+ o(1)
And
Elei ()] ay My

— Fll(y) = hy'(0)

B (2)] By 3, o)

Now, we study the variance terms. We have

) . noy |z — X
El #](x)]_Z?zl[F(hi)]l’;[F(hiWE[K( hs ﬂ

n ; 1-1
X i IR (1) = §o(K (5)) i ()]
B By 1

= M1+ o(1)]

and
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n

Bl ()] = Z?l[Fl(hi)]” > [F(zi)]zE[HCJ ZY>K<H$ ;L'XiH )]

=1 1
1
YR >11 =
n B[S, H'(6)FX(y — hyt) dt — FX](y) + FX ()] e (Ll y
= GO
i} 2”1 PN { ey + e (1220 )
= SLFRT lZ h) MY () + O(h2)]

= Py )M1[1 + 0(1)]

Next, concerning variances and covariance, we have

B2 [K<H$ ;‘Xi”)] = O[{F(h:)}?).

)

By (6.1]) we have

where v; = O[F(h;)]. Thus

1 2 1 7?
Varlfi}(@)] = [Z? 1[F<h )]1_1} 2 {[Fw)v} MoF(he) L+

z:l

_ -2
T F 21122 M>[1 + il
3

_ B2y 1 M ]
Bi_y nE(hn) 21 +o(L)]

Then
Var[pl#(y)]

- [2?:1[;@»]1—1]2 : [[F(lhw]v M”x ZZ-X”’) H(y ;Yﬂ

where

(2]
() ()
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o [K<”x ;iXA!)H(y ;ZYl)] — OUF(h)}?]
and

E[K(Hx ;Lixiu>H<y ;Y)r
(252 ) s{on(53)

with
—Y;
E2 H y 1
()

where 02,(X) is defined in Remark by (H6)(ii) we have

Var [Pl (y)]
1 2 n 1 2
N [Z” 1[F<hi>]1_l} 2 [[F(h)]l] MaF (ho) [P )P + o2 (X014
i= i=1
= Jcappige 4 o2
By :
with v; = O(hz)
Finally,

Cov[fil(z), ol (y)]

X} — O(h2) + [FX(y)P,

(O gy Meld + 0(D)

B 1 n n H(y;iYi)K(”Z;f(i“)K(Hx;fj“>
(L [F (R {E {; Z [F(hi)'[F'(hy)]! }
il

~he
C (CLFR)I? Z_: [F(hi)
=111,

where

) ) 1
II=0 [n(Bn,l—l) 2Bn,2(1l)} =0 <nF(hn)>'
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E[H(y le>K2<\x hiX ‘)} F(hy) M[FX (y) + ]

with v; = o(hi) we have

n n F ; 1 21
_ “ LF(h:)] M)+

=1 n[F( n
Thus
B— 1
ol F0(2) ol )] = PI=20 pix) o
Cov[fy (2), ¢i"" (y)] B[QH]F (y)Man(hn)[H (1)]
Finally,
Sie, B2y Ma 1
(6.5) Var[F[™l(y)] = B, o2(X) F(hn)[Ho(l)]
And since
() — B[ £ [0 ()1 — 1
B{[#0e) - BN ) = 0| s |
B{A) ~ F@PFEI W) = 0| s |
we get

~ M,
6.6) E[FI*)(y) — FIP(y)] = kg (0 oy Mo
(6.6)  E[F;"(y) )] = hat'(0) By M

Proof of Lemma[{.5 Tt is sufficient to use the following decomposition
of variance that can be found in [C76]:

Varlpr )], Blen ()] Corl 2(@), gn ()
(Bl (@)])2 {BLf (@)

el LB WL
+ 3 Var[f, ! ()] (B[ ()]} + [nF(hn)]’

and the same steps used in the proof of Lemma 4.5 =

—[1+o0(1 )HO[anhn)]' .

Var[F (y)] =

Proof of Theorem[{.3. The result is a direct consequence of Lemmas [1.4]
and [4.5] =

Proof of Theorem[{.7]. Let

o (y) — fll(y) £ ()

i) = fHy) = o)

Y
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where

Pl (y) = () £ ()
= {elrNy) = ) i) — Bl (y) — 4 y) £}
+{Eli ! (y) = () 1 @)}
— 41

The proofs for I{ and I} are similar to those for I; and I, and we find

- {nF(hn) }1/2 o 2o Maf(y) §o HP@)dt}2

1m

n—oo | Inlnn L= By )
/ ey A
I3 =~ hy¢'(0) ——Mo[1 + o(1)].
Bli—y
Then
nF(hn) 1/2 , nF(hn) 1/2 ) ay -
{ Inlnn } IQ - Inlnn hn¢ (O) /B[lfl} MO[l + 0(1)] = 0(1)

when lim,, nh% = 0. We conclude that

1/2
T {”F(hn)} =0

n—oo | Inlnn

and

(zr

1/2
e L ol ) - 910111 0)
{2@1 21]M2f[ (y )S H/2(t)dt}1/2
B

Proof of Lemma [{.9 Following the same reasoning for the conditional
cumulative distribution function, we have

E[f{{(@)] = Mi[L+o(1)]; Eleil(y)] = f¥(y)Mi[L + o(1),

Br—a 1
Var[ Il (z)] = “1=21 My[1 + o(1)],
oA = ) s M ol
1
Vel ) = 2 0+ 200 gy M +o(D)
(62(X) is defined in Remark m Moreover
Covl (@), el (y)] = 2 iy nr,— L1y (1))

5[1 1 nF(hn)



Nonparametric estimates for functional data 79

Replacing the parameters by their respective values, one finds

ar[ 7] Br—ay Mz o 1 o
67 Varlfe) = St TR0 s+ o)
Then, given
gy — B0 () ol ()1 — 1
B @) - B0} =0 ]
and .
B @) - FRFE0) = 0| s |
we have
Aol () — ol ()] = op Moy, 1 .
(68) Bl - H0)] = o' Oz o0+ 01+0| i)

Proof of Lemma|4.10. It is sufficient to look at (6.7)). m
Proof of Theorem [{-8 This is a direct consequence of Lemmas [£.9] and

410 =
Proof of Theorem[{.19 Consider the decomposition
. nF(h,)]"? o] [a]

hrrisolip [ nlon ] [hn (y) —h (y)]

. nF(hy)]Y? 1 - .
= lim sup on) PN (ﬁl g (y) — f[ ](?J))
n—+00 Inlnn 1-— F7£,x7 }(y)
, F(h)]Y* 1 -
[=] () 1 e \im Flell ) — Flal).

#H @ sy [ TO0 e (B ) Pl

Via l) and ( , we get the almost sure convergence of Fj, 2l l]( ) to Fl#l(y).
Then the convergence of the denominator 1 — Jolis l]( ) to 1 — FlEl(y)

is obtained almost surely. The proof is completed by using Theorems
and .

Proof of Theorem . Using the decomposition of mf /] (y) deduced from
[BC99|, we have

B[R (y) — nl7 (y)]?

L)
_%E[FM) Flel(y))?
(@] ~
i Ehp[x(]?ﬁ/)]QE{[F# ) = FR W) ) - @)
1

E[flP(y) - ¥ ()
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* ML]WE{ (0 )? = ()2 ) = P ()2}
2
T e

x B{[R20(y) — k@) [FI (y) — O ()] [E0 (y) — FIl(y)]}
=M+ Ao+ A3+ Ay + As.

Thus, the quadratic mean convergence of Rl (y) into hl*!(y) depends on
the convergence of Ay, As, A3, A4 and As.

Studying A;. As

[] (4))12 ~
Ay = T BRI () = P )

using the quadratic mean convergence of ] (y) to FI*l(y) we obtain

(2 (y)]? {5[1 2 Mo

a2
lim nF(hp)A; = (X) + el (0))2 =5 Mg}

n=ro0 1= Fll(y) AR, MP° By Mt
Studying As. We have
) :ME{[ =0 (y) — FE )7 (y) — )]

and
B{[E (y) — FE )70 () — FE )}
= [Ef&(y) — fE[EEE (y) — FEl(y)] + Cov[fll(y), B2 (y).

By using (6.6 and (6.8)), suppose there exists ¢ > 0 such that nF(h,)h2 — ¢
as n — 0o, then

: x x [z l Mg
i, () )~ BFE ) )] = 00 (0) - 28

n—00 [1 I M2

We can prove that nF'(hy,) Cov[f,[f’l] (v), ol (y)] — 0.
Effectively, by the Schwarz inequality,

Cov[ﬂ{”’l]( Bl (y \/ Var(Fi7 (y)) Var (5 ().
Using and , we find

Cov[fi(y), Fl"(y)]
_ Br—ay My

2
iy ME

02(X)o2(X) [1+0(1)] asn— oo.

nF(hy)
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We then get
lim nF(hy,)As

n—oo
2k (y) [ / O‘[Ql] Mg Bu-z My
=27 et (0)¢ -0

[1-1]
Studying As. Recall

FECR)a200) |

1
Ao — B — fl=l )12,
By using the result of Theorem [4-§ we find
. 1 5[1 21 M;y 5 / 2 a[Ql} M02
lim nF(hy)As = [ 02 (X) + c[¢'(0)]
n—00 3 [1 — Fla (y)]2 [21_1] M2 ﬂ[l 1] M1
Studying Ag. We have
1 ~ ~
M=— 5 [z,]] 2 [x] 2 F[$,l] - F[a:] 2 )
1= T ) - ) )EE ) - P )

Since (E[m ”( )2 — (hl"1(y))? can be bounded by a constant, the convergence
of A4 can be deduced easily using the quadratic mean convergence of F};’ Al l]( )

to FI¥(y). For this, we use the almost sure convergence of s ]( ) to hll(y).
Hence
lim nF(hy)A4 = 0.

n—oo
Studying As. Using the same procedure as for A4, we get
lim nF(hn)/lg, =0.m
n—oo
7. Conclusion and future scope. In this work, our main interest was
nonparametric estimation methods based on conditional recursive kernels for
independent functional data along with their applications in prediction. We
focused on recursive estimation of the conditional hazard function; to this
end, new nonparametric models and estimates were determined, that is, re-
cursive estimators of the conditional cumulative distribution and the density
functions. Then, taking the recursive estimation approach, we established
the almost sure and the quadratic mean convergence rates of the proposed
estimators. In addition, we analyzed the performance of our estimator us-
ing a simulation study; our prime purpose was to improve the performance
of nonparametric conditional kernel predictors, reducing their computation
time using recursive kernels. Here, our proposed estimator showed a sig-
nificant advantage as regards computation time compared to the classical
nonparametric (nonrecursive) functional estimator given in [BRS15|. Fur-
ther, in order to explore the effectiveness of our technique in real cases, we
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presented the convenient use of our model to study a time series, specifically,
the El Nino time series. Here, the nonrecursive estimator showed a slight ad-
vantage over our estimator with regard to the mean prediction error, but
there is not a big difference between their behaviors, while our recursive es-
timator has better computation time. For further work, it will be interesting
to extend the present study by examining the model under strong mixing
conditions.

Acknowledgements. The authors are grateful to the anonymous refer-
ees and the editor for insightful comments and suggestions, which improved
the content and the presentation of this paper.
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