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SOME STABILITY PROBLEM FOR THE NAVIER-STOKES
EQUATIONS IN THE PERIODIC CASE

Abstract. The Navier—Stokes motions in a box with periodic bound-
ary conditions are considered. First the existence of global regular two-
dimensional solutions is proved. Since the external force does not decay in
time, the solution has the same property. The necessary estimates and ex-
istence are proved step by step in time. Dissipation in the Navier—Stokes
equations makes this approach possible. Assuming that the initial veloc-
ity and the external force are sufficiently close to the initial velocity and
the external force of the two-dimensional problems we prove existence of
global three-dimensional regular solutions which remain close to the two-
dimensional solutions for all time.

1. Introduction. The aim of this paper is to prove stability of two-
dimensional periodic solutions in the set of three-dimensional periodic solu-
tions to the Navier—Stokes equation. We consider the three-dimensional fluid
motions in the box 2 = [0, L]3, L > 0, described by

ve+v-Vo—vAv+Vp=f in 2 xRy,
(1.1) dive =0 in 2 xRy,

V|t=0 = v(0) in (2,
where v = (vy(x,t),va(x,t),v3(x,t)) € R3 is the velocity of the fluid, z =
(z1,x9,23) with x; € (0, L), 1 = 1,2, 3, is a given Cartesian system of coordi-
nates, p = p(w,t) € Ris the pressure and f = (f1(z,t), fa(x,t), f3(z,t)) € R3
is the external force field. Finally, v > 0 is the constant viscosity coefficient
and the dot denotes the scalar product in R3.
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Two-dimensional solutions to (|1.1)) are such that v = vy = (vs1 (21, 22, t),
vsa(r1,9,1),0) € R* p = ps(x1,20,t) € R, [ = f5 = (faalar,22,1),
fso(x1,72,1),0) € R?; they satisfy the problem

Vst + Vs - Vs — vAvs + Vps = fs in 2 X Ry,

(1.2) divus =0 in 2 x Ry,
Vslt=0 = v5(0) in £2.

We introduce the quantities

(1.3) U=V—Vs, =P DPs

which are solutions to the problem
U +u-Vu—vAu+Vg=—vs-Vu—u-Vos+g¢g in 2 xRy,
(1.4)  divu=0 in 2 x Ry,
ult=0 = u(0) in (2,
with ¢ = f — fs. To show stability of solutions to (1.2) we need to prove
smallness of the quantities (1.3]) in some norms for all ¢ € R,. For this pur-
pose we apply the energy method. For this we need the Poincaré inequality.
Since it does not hold for solutions to problems (1.2]) or (|1.4), we introduce
the quantities

Vs = Vs — Svsdl'a Ps = Ps — §psdx, fs:fs_gfsdxa

2 2
(1.5)
a:u—Sudx, q:q—§qu, gzg—§gd:ﬂ,
N n n
where ]
Swda:: mgwdx and || = L3
Q 2

Applying the mean operator to (1.2); and (1.4); and using the periodic
boundary conditions we obtain

(1.6) % Svs dx = éfs dx,
(1.7) %Sudm’: &gdaz.

In view of (1.6), (1.7), and since any space derivative of the mean vanishes,
we see that for the quantities (1.5) problems (1.2) and (1.4) take the forms

Vst + vs - VUg — VATs + Vs = fs  in 2 x Ry,
(1.8) divos =0 in 2 xRy,
Us|t=0 = 5(0) in {2,
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and
U+ u-Vu—vAu+Vi=—vs-Vu—u-Vis+g in 2 xRy,
(1.9) diva=0 in 2 xRy,
=0 = u(0) in (2.

Now, we formulate the main results of this paper (for notation see Sec-
tion 2). From Lemmas 3.1-3.3 we have

THEOREM 1 (two-dimensional solutions). Assume that for all k € Ny
and all o > 3, fs € La(kT, (k + 1)T; Ly(82)) and v5(0) € B (Q) Then

there exists a solution (s, ps) to problem (1.8) such that vs € W 52 192 % (KT,
(k+1)T)) and Vps € La(kT, (k + 1)T; Ly(£2)) for all k € No, and we have
the estimates

(110) ol goniomy < A + 1l rizacay + lesO)lss, o)
and

(1.11) HUS”W221(Q><(I<;T(19+1)T)) (A+ 22+ foll Loy (1T, (k1) T5L0 (2)))
for all k € Ny, where

Csl 2 2
A=A := (1 A 0
si= (14 Togmt A+ IO,
) (k+1)T
A= I Z S [FAGIA2
slpeNg kT

and cs1 is the constant from the Poincaré inequality (2.3).
Lemma 4.2 implies

THEOREM 2 (stability). Let ¢1 be the constant from the Poincaré inequal-
ity (2.4), ca = ca(c1) the constant from the embedding cy4||t) 2 < ||uzz| Ly
(see (4. 15) and (4.16)), and c5 the constant from the interpolation ||tz L, <
C5HumHL2 Huﬂ]lﬂ (after (4.15)). Let the assumptions of Theorem 1 hold.
Suppose v € (0,7], veg — (c5/v3)72 > /2 and ¢ < vey. Assume that
g € C(Ry; L) and w(0) € H'. Assume that

@)z <,

(1.12) &5,
G(t) = 2l

O e

2
Fote,t) duat + §u()dz| +1g)3,] < .7,
(9} 2
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Let T > 0 be given and k € Ng. Assume that

(k+1)T (k+1)T
Cs _ 2 Cx 9
v S H'stHLg, dt < ZTy S G (t) dt < avy,
kT kT
aexp(ciT) exp <C4*T> <1.
Then
(1.14) |a(®)|3: <~ for t € Ry.

Finally, by the regularity theory for the Navier—Stokes equations we have

THEOREM 3. Let the assumptions of Theorems 1 and 2 hold. Then there
exists a solution (v,p) to problem (1.1) such that v = vs +u € W;’l(() X
(kT, (k+1)T)) and Vp = V(ps+q) € La(kT, (k+1)T; Lo(£2)) for all k € Ny,
where vg, ps, u are determined by Theorems 1 and 2, respectively.

The first results connected with the stability of global regular solutions to
the nonstationary Navier—Stokes equations were proved by Beirdo da Veiga
and Secchi [4], followed by Ponce, Racke, Sideris and Titi [17]. Paper [4] is
concerned with the stability in L, norm of a strong three-dimensional solu-
tion of the Navier—Stokes system with zero external force in the whole space.
In [I7], assuming that the external force is zero and a three-dimensional ini-
tial function is close to a two-dimensional one in H*(R?), the authors showed
the existence of a global strong solution in R which remains close to a two-
dimensional strong solution for all time. In [I6] Mucha obtained a similar
result under weaker assumptions about the smallness of the initial velocity
perturbation.

In the class of weak Leray—Hopf solutions the first stability result was
obtained by Gallagher [8]. She proved the stability of two-dimensional so-
lutions of the Navier—Stokes equations with periodic boundary conditions
under three-dimensional perturbations both in Ly and H'/2 norms.

The stability of nontrivial periodic regular solutions to the Navier—Stokes
equations was studied by Iftimie [10] and by Mucha [14]. The paper [14] is de-
voted to the case when the external force is a potential in L; o (T? X [0, 00))
and the initial data belongs to Wrz_z/r(T?’) N Lo(T3), where r > 2 and T is
a torus. Under the assumption that there exists a global solution with data
of regularity mentioned above and that small perturbations of data have the
same regularity as above, the author proves that perturbations of the veloc-
ity and the gradient of the pressure remain small in W, (T3 x (k, k+1)) and
L, (T3x(k,k+1)), k € Ny, respectively. Paper [10] contains results concerning
stability of two-dimensional regular solutions to the Navier—Stokes system in
a three-dimensional torus but here the initial data in the three-dimensional
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problem belongs to an anisotropic space of functions having different regu-
larity in the first two directions than in the third direction, and the external
force vanishes. Moreover, Mucha [15] studies the stability of regular solutions
to the nonstationary Navier-Stokes system in R? assuming that they tend
in W2 (r > 2) to constant flows.

The papers of Auscher, Dubois and Tchamitchian [2] and of Gallagher,
Iftimie and Planchon [9] concern the stability of global regular solutions to
the Navier-Stokes equations in the whole R? with zero external force. These
authors assume that appropriate norms of the solutions considered decay as
t — 0.

It is worth mentioning the paper of Zhou [22], who proved the asymp-
totic stability of weak solutions u € L2(0,00, BMO) to the Navier-Stokes
equations in R™, n > 3, with force vanishing as ¢t — oo.

An interesting result was obtained by Karch and Pilarczyk [11], who
concentrate on the stability of Landau solutions to the Navier—Stokes system
in R3. Assuming that the external force is a singular distribution they prove
the asymptotic stability of the solution under any Lo-perturbation.

Paper [7] of Chemin and Gallagher is devoted to the stability of some
unique global solution with large data in a very weak sense.

Finally, the stability of Leray-Hopf weak solutions has recently been ex-
amined by Bardos et al. [3], where equations with vanishing external force are
considered. That paper concerns the following three cases: two-dimensional
flows in infinite cylinders under three-dimensional perturbations which are
periodic in the vertical direction; helical flows in circular cylinders under
general three-dimensional perturbations; and axisymmetric flows under gen-
eral three-dimensional perturbations. The theorem concerning the first case
extends a result obtained by Gallagher [§] for purely periodic boundary con-
ditions.

Most of the papers discussed above concern the case with zero external
force [2, 3, 4, [9], 10} 16}, [17], or with force which decays as t — oo [22]. Excep-
tions are [I1], 14} (1I5], where very special external forces, which are singular
distributions in [II] or potentials in [14, [15], are considered. However, the
case of potential forces is easily reduced to the case of zero external forces.

The aim of our paper is to prove a stability result for a large class of
external forces fs which do not produce solutions decaying as ¢t — oo.

It is essential that our stability results are obtained together with the exis-
tence of a global strong three-dimensional solution close to a two-dimensional
one.

The paper is divided into two main parts. In the first we prove existence
of global strong two-dimensional solutions not vanishing as ¢ — oo because
the external force does not vanish either. To prove existence of such solutions
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we use the step by step method. For this purpose we have to show that the
data in the time interval [kT, (k + 1)T], k € No, do not increase with k. We
do not need any restrictions on the time step T'.

In the second part we prove existence of three-dimensional solutions that
remain close to two-dimensional solutions. For this we need the initial veloc-
ity and the external force to be sufficiently close in apropriate norms to the
initial velocity and the external force of the two-dimensional problems.

The proofs of this paper are based on the energy method, which strongly
simplifies thanks to the periodic boundary conditions. The proofs of global
existence which follow from the step by step technique are possible thanks
to the natural decay property of the Navier—Stokes equations. This is mainly
used in the first part of the paper (Section 3). To prove stability (Section 4)
we use smallness of v(0) —v5(0), f— fs and a contradiction argument applied
to the nonlinear ordinary differential inequality (4.20).

We restrict ourselves to proving estimates only, because existence follows
easily by the Faedo—Galerkin method.

The paper is a substantial generalization of [2I] because proofs are sim-
pler, fewer restrictions are imposed on data and there is no relation between
T, v and fs which in [2I] implies some smallness for two-dimensional solu-
tions.

The paper is organized as follows. In Section 2 we introduce notation and
give some auxiliary results. Section 3 is devoted to the existence of a two-
dimensional solution. It also contains some useful estimates of the solution.
In Section 4 we prove the existence of a global strong solution to problem
(1.1) close to the two-dimensional solution for all time.

2. Notation and auxiliary results. We denote by L,(£2), p € [1, o],
the Lebesgue space of integrable functions and by H*({2), s € Ny = NU{0},
the Sobolev space of functions with finite norm

1/2
lullzs =l = > (§ 1DguPde) ™
jal<s 2
where Dy = 031032003, |af = a1 + a2 + a3, a; € Ng, i = 1,2, 3.
LEMMA 2.1. Assume that § fS t)dx and §, g(t) dx are locally integrable
on Ry, and §,vs(0) dz and §,u(0)dx are finite. Then for allt € Ry,

t

(2.1) &vs(t) dx = S g fs(t) dz dt’ + & s(0) dz,
2 2 2

Ot &+ O

(2.2) fut)de =\§g(t)dzdt + § u(0)da.
kP4 2

N
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Proof. Applying the mean operator to (1.2) and (1.4), integrating by
parts and using the periodic boundary conditions, we get (2.1) and (2.2)
after integration with respect to time. m

LEMMA 2.2. The Poincaré inequality holds:
(2.3) cst Tl < VTS|,
(2.4) allall < [Valli,,
where cs1, ¢1 are positive constants.

Let us introduce the anisotropic Lebesgue and Sobolev spaces with mixed
norms, Ly, p, (2 x (0,T)) and Wiy, (2 x (0,T)), p1,p2 € (1,00), with the
following norms:

lullz,,0.7:L,, () = lullL,, ,,2x01)
T
/ 1/
= (S (S |u|P? dx>p2 " dt) pQ,
00
lullwza oxomy) = I1D2ullL,, . 2x©.1) + 10:llL,, . @x01)

+ llullz,, ., @2x©1)-

We introduce the Besov space B, ,(£2) (see [I, Ch. 7, Sect. 7.32|) by

By o (82) = (Lp(92), W () s g,
where s < m € N and J is the J-method of interpolation (see [1, Ch. 7]). In
[5, Ch. 4, Sect. 18] the Besov spaces are introduced more explicitly.
Let us consider the Stokes system
w—vAw+Vg=f in2x(0,T),
(2.5) divw =0 in 2 x (0,7),
wli=o = w(0) in 2. =

LEMMA 2.3. Let p1,p2 € (1,00), f € Lp,(0,T; Ly, (£2)) and w(0) €
B,%;gz/pz(()). Then there exists a solution (w,q) to problem (2.5) such that
w e Wg{}pz(ﬂ x(0,7)), Vq € Lp, (0, T Ly, (£2)) and

(2.6) [|w ”ng{m (2x(0,T)) + | vq”Lp2 (0,T5Lp, (2))
< 1ty 01380, () + 10O - )

Proof. We use the idea of regularizer from [I8, Sect. 3|, where all esti-
mates are made in Holder spaces. Performing the estimates in Sobolev spaces
with mixed norm (see [12] [13, 19, 20]) we get the assertion. =
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From [6] we have
LEMMA 2.4.

(i) Let p,po € (1,00), s€ R4, s >2/po, and u € W;,’;OQ(Q x (0,T)). Then
uw(z,to) = u(x, t)|=t, for to € [0,T] belongs to Bf,;,ﬁ/”“(fz) and

lalstoll gy 20m0 ) < elltllyzre oxo,myy

where the constant ¢ does not depend on u.

(il) Forp,po € (1,0), s € Ry, s > 2/pg, and a given u € Bf,;,g/po(ﬂ), there
exists u € sz,}fom((} x (0,T)) such that uli=¢, = U for ty € [0,T] and

s,s < U s5—
lellwerz o,y = Nl g-2imo )

where the constant ¢ does not depend on u.

3. Two-dimensional solutions. First we have

LEMMA 3.1. Let T > 0 be given. Assume that

(k+1)T
A? = su fo(t)]|2. dt < oo,
P e § IO,
2 A 2
As = 1= e—veaT + 1os(0)[|7, < oo,
where cg1 is introduced in (2.3). Then
(3.1) los(KT)|7,, < A3
and
t
(3-2) o517, +vea | 1os(t)]F dt' < AT+ A3 =: A3
kT

for allt € (KT, (k+ 1)T].

Proof. Multiplying (1.8); by ¥s, integrating over {2, using the periodic
boundary conditions, the Poincaré inequality (2.3) and applying the Young
inequality to the r.h.s. yields

d, 2 ~ 2 L 72
(33) Gl + vealonln < IR,
Continuing, we obtain
d — |12 _vcsit 1 112 t
— s < Ves1 .
Gl eent) < 1l e
Integrating with respect to time from k7T to t € (kT (k + 1)T] implies
t
1 - e (t— _
s, < o § NI, de o+ e o Do, T
kT
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Setting t = (k + 1)T we get
(k+1)T
sk + DT)IZ, < —— VA7, dt + e Do (kT)17,.
sl kT
By iteration we have
- A3 ve,
1o DZ, < T vemr + 7 o OlZ, < 43

Hence (3.1) is proved. Integrating (3.3) with respect to time from kT to
t € (kT,(k+ 1)T] and employing (3.1), we obtain (3.2). =

Next we obtain an estimate for the second derivatives.

LEMMA 3.2. Let the assumptions of Lemma 3.1 hold. Let v5(0) € H*(£2).
Then

_ CslA2 _
(3.4) 1052 (KT)|7, < ﬁ + 1052 (0) (12, =: A
and
t
(3.5) B0 ()17, + vest | 10|72 d’ < AT + AT =: A3
kT

for all t € (KT, (k+ 1)T).

Proof. Multiplying (1.8); by —Aus, integrating over {2 and using the fact
that v is divergence free yields

(3.6) — Sz‘;st - A d:r—l—yS |A175|2 = Svs -V - Avgdx — S fs - Avg dz.

9] 2 9} 9]
Integrating by parts shows that the first term on the 1.h.s. equals
1d 9

To examine the first term on the r.h.s. of (3.6) we use the formula
—(rotv
Aty = < ( B S)’“> where 10t U5 = Vo0, — Vsl o
(rot Ug) 4,
Then

S vg - Vg - AVg dx = S(vs - Vg 10t Ug 5, — Vs - VUs1 1Ot Ug ) d =: 1.
2 2
Integration by parts yields

I=-— S(US : VT)sQ,zl — Vg - v®517x2) rot v dx

2
— S(@S,xl - Visg — Uszy - V1) 10t Tg dx =2 [ + I,
2
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where
L :=— S vs - Vrot vsrot vgdx = 0
N
and
I :=— S (ﬁsl,xlﬁstl + 552,&:1652,332 - 7781,1:27751,:1:1 - 1752,:1)21781,]:2) rot vs dx
0
=— S div v |rot 75| dz = 0.
0

In view of the above considerations and the Holder and Young inequalities
applied to the last term on the r.h.s. of (3.6), we obtain from (3.6) the relation

d, _ _ 1, -
(3.7) ZTsellZ, + V1437, < IfllZ,-
Applying the Poincaré inequality (see (2.3)) yields

d

_ _ 1, -
%HUSIH%Q + VCﬂH”SIH%Q < ;Hfs”%z
Hence

d — 2 _vegit 1z 2 _vegit
2 sallz,e™7%) < I follz, e

dt
Integrating with respect to time from k7 to (k 4+ 1)7T" implies
| (0T
950 ((k +1)T)[2, < > VlIFl7, dt+ e T o (KT)17,.-
kT
Then iteration yields
- 2 cs147 —ves1 T 2 2
05 (KT 7, < T gveaT T€ 10s2(0) |7, < Aj-

Hence (3.4) is proved. Integrating (3.7) with respect to time from kT to
t € (KT, (k+ 1)T] and using Lemma 2.3 yields (3.5). m

To show stability of the two-dimensional solutions we need higher reg-
ularity of these solutions than the one proved in Lemma 3.2: we need vy €
C(Ry; WE(£2)) for all o > 3. Moreover, we want to show that

(3.8) los(@®)llwee) < ¢
where ¢ is a constant independent of time.

Finally, we do not want to apply the energy type method for higher
derivatives (see [21]), because it puts stronger restrictions on the external
force. Instead, we are going to apply the increasing regularity technique. This
is possible because in view of Lemma 3.2 the term v5- Vg is in Lo (R4 ; Ly (£2))

for all 0 € (1,00). As will be seen in Section 4, we will only need to show
that v, € C(Ry; WE(£2)) for all o > 3 (see (4.17)).
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LEMMA 3.3. Let the assumptions of Lemmas 3.1 and 3.2 hold. Assume
that for all k € No and 0 > 3, v5(0) € Bl ,(2) and fs € La(KT, (k + 1)T;
Ly (£2)). Then vy € C(Ry; WE(02)) for all o > 3 and (3.8) holds.

_ Proof. Since vs - Vs € Lo(kT, (k + 1)T; Ls(£2)) for all o € (1,00), and
fs € La(KT, (k + 1)T; Ly (£2)) and 0,(0) € B 5(£2), the theory from [12, 13|
18] 19, 20] and Lemma 3.2 imply the existence of solutions to (1.8) such that
vs € W25 (2 x Ry) and

(39 lwziianory < A2+ 1 filoria@) + 1005,

However, we do not know how the constant ¢ depends on time. Therefore,
we cannot yet claim that (3.8) holds. We have to prove (3.8) step by step in
time. Let us consider the interval (KT, (k + 1)T). Let ¢ = ((t) be a smooth
cut-off function such that ((t) = 0 for ¢ € [kT,kT + 6/2] and ((t) = 1 for
t > kT + 6, for some § € (T//2,T). Introducing the new functions
6s:@s<7 ﬁs:psga fs:fsCa éZC,t

we see that (0s, ps) is a solution to the problem

st — VAT, + Vs = U5 — vs - Vg + fs in 2 x (KT, (k+ 1)T),
(3.10) dive, =0 in 2 x (kT, (k +1)T),

'Ds|t:k:T =0.

In view of Lemma 3.2 and [12] [I3] [I8 19, 20] we have the existence of
solutions to (3.10) such that

s € W2y (KT +06,(k+ 1)T392),  Vis € Loa(kT + 6, (k + 1)T; 22)
and
- 1 -
(3'11) HUS||W§:21(kT+57(k+1)T;Q) < C<5A5 + A% + HfsHLg(kT—i—é/Q,(k—i—l)T;Q))7

where ¢ may depend on T but it does not depend on k. Hence by imbedding
for 0 > 3 estimate (3.11) implies (3.8).

To get (3.8) we only need an estimate for the interval (KT, kT +0), k € N,
because for k = 0 we have (3.9). From (3.11) with k replaced by £ — 1 we
obtain

- 1 9 ~
HvsHWf;;((kfl)TJré,kT;Q) < C<5A5 + A5+ ”fs||Lz((k—1)T+6/2,kT;9)>v
so by the trace theorem (see Lemma 2.3) we derive

(3.12) [[0s(KT) ”B},’Q(Q) < c||vs HWUQV‘Zl((kfl)T+6,kT;.Q) :

Hence, repeating the considerations leading to (3.9) for the time interval



166 W. M. Zajaczkowski
(KT, kT + 6) we find that 3, € W5 (2 x (KT, kT + 6)) and

(3.13) ||17s\|wj;21(9x(kT,kT+5))
< (A3 + | fsll L, a(ox kT prse)) + 105 (KT 1, (2))-

Hence (3.8) holds for all t € Ry and Lemma 3.3 is proved. m

4. Stability. In this section we examine problem (1.4). First we derive
a global estimate for the Ly norm of u. We show how the restriction from as-
sumption (2) of Lemma 4.1 appears (it is much more restrictive than in [21]).
Fortunately, we do not need Lemma 4.1 to prove stability.

LEMMA 4.1. Let the assumptions of Lemmas 3.1 and 3.2 hold.
(1) Set

(b T vey |t 2 2c
1 3
B? := sup S <2C S &g(t') dr dt’ + § u(0) dm‘ + —Hg( )H%G/5> dt,
keNo g 300 0
where ¢1 comes from the Poincaré inequality (2.4) and cs from the imbed-
ding (4.3).
(2) Assume 4
Y e A2 <0.
2 1/01
(3) Set
403
B2 exp(mAg)B%.
Then
a1 B a2, = B
(4.1) L = T exp(verT)2) Ly =78

la(t)lZ, < B3 + B =: B,
fort e [kT,(k+1)T] and any k € Ny.
Proof. Multiplying (1.9); by @ and integrating over {2 gives

1d

(4.2) 5@

HUHLQ—FuclHuxHL2<‘ u- Vs - udx’—i—‘ g- uda:’
SHE‘V’DS-ECZJJ‘—F’ udx-SV@s~ﬂdx)+‘ g-udx ‘
Q 2 Q
Employing the estimates
o €1 - _
- Vo, ade| < Djal, + 5ol @l
0 2 261
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o 1 _ _ € 2
‘guda:- S Vvs'ud:c’ = — ||V, llal7, + —Zuudaz‘ ,
£9 2
%)
o 3 -
Vg-ada| < T, + 5Nl
w

for all £1,e9,e3 > 0, together with (2.4) and the imbedding
(4.3) lallZ, < esllalzn,

and assuming that (¢;/2)cs < vey/4, i = 1,3, we obtain from (4.2) the
inequality

1d veq
@) gl + Sl < el + ol e,
vcy Cc3 | _ 2
+ o fude| + gl
where we have set €3 := 5. Employing (2.2) in (4.4) yields

d 203
@5)  —lalz, +velali < e, = ([vsallZs + lvsalZ)NallZ,

2

t
ve 2c
S gt dadt’ + §u(0) da| + 3||g||L65
2e315 5 Q /

Considering (4.5) for t € (KT, (k+ 1)T') we have

t
d 2 263 _ 2 — 2
(4.6) pn {Hu( Iz, exp <1/clt e kST(HUsz(t’)”LB + Hvsz(t’)HLQ) dt’
2
203

< (;2’ §)§29(t/) de dt’ + iu(()) dr| + 7” (t )‘%6/5)

t
263 _ _
cexp(vent = 22§ (0 (O, + o)) )

kT
Integrating (4.6) with respect to time from k7" to ¢t € (KT, (k + 1)T] implies

t

_ 2c3
@7) a3, < exp [ [ (s ()12, + Hvsx(t’)H%Q)dt’]-
kT

/

t t 202

(2 gartea s i+ e, )
kT 309 $2

t

+ua<kT>H%2exp[ vt 42 ) ot + ot >H%2>dt’]
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Setting ¢t = (k + 1)T in (4.7) and using (3.2) yields

48 lallk+ DD, < o 22043

(k+1)T

t
vey 2 2cs
X S [Qnggg )dxdt + § (O)dx‘ +|]g()”%6/5]dt
09

N

4
+ |a(kT)|3, exp <—1/01T + C?’A§>.
48]
In view of assumptions (1)—(3) of the lemma we have
_ —vey _
(4.9) la((k +1)T)|Z, < B3 + eXP( T) la(kT)I[Z,-

Iteration implies

B2 —veq
4.10 kT 2 ——kT ) ||a(0)|3,.
110) DR, < e 5T O,

Hence (4.1); is proved. Employing the assumptions of the lemma and (4.1);
in (4.7) gives (4.1)2. m

REMARK 4.2. Assumption (2) of Lemma 4.1 has the explicit form

(k+1)T -

2 — exp(—veaT) o Iy

4.11 t dt g Ny )
( ) Csly(l — eXp(—ycslT)) kséllg) kST Hfs( )HLQ + Hvsm( )”L2 = 8o

Assuming that ||0s;(0)||z, is given we see that (4.11) holds for

863
7 152 (017,
1

T >
For such large T' we have a strong restriction on supyey, S (k)T Il fs(t )7, dt.
Physically, this means that the energy introduced to the region under con-
sideration should not be too large compared with the dissipation.

Finally, we show that 3d solutions to (1.1) remain close to 2d solutions to
(1.2) for all time if their initial data and the external forces are sufficiently
close. In this proof we omit the heavy restriction (4.11).

LEMMA 4.3. Assume 0s € C(Ry;W3), g € C(Ry; Lo) and u(0) € H'.
Let v € (0,74], where veq — %’yf > S, ¢ <vey and ¢y, cs are introduced in
(4.16). Assume that

1@z <,

(412> G2(t) = |:HUSZ'H%3

t
ooty dodt + §u@)de| +gl,] < c.
00 0

N
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Let T > 0 be given and k € Ny. Assume that

c (k+1)T c (k+1)T
5 — 2 * 2
= V llosllZ, dt < T | G*t)dt <o,
kT kT
aexp(cZT) —|—exp<—ciT> <1.
Then
(4.13) la(t) 3 <~ for t € Ry.

Proof. Differentiating (1.9); with respect to x, multiplying the result
by ., integrating over {2 and employing the periodic boundary conditions
yields

|

(4.14)

DO | =
QU

Mo, + vlteal3, < ol + | § o - Vit da
2

+ ‘(S)u : V@S-amdm) + ‘!Szg-amd:v‘-

Adding (4.2) and (4.14), and applying the Holder, Young and Poincaré in-
equalities, we derive

d, _
il + velalh:

_ 1, _ _ 1 _ 1,_
< el + 3 ol + 5 Ll o, + 3 i, )
Using |Jul|7, < c(lall, + 14, udz|?) and ||a]| L, < cl|t] g1 < ¢lte]| Ly, which
holds in view of the Poincaré inequality, we get
d

(415)

i + el
_ 1. _ 2 1.
< |l + ol (1ol + [ uea]*) + Jiglt ]
(9}

In view of (2.2) and the interpolation inequality (see [, Ch. 3, Sect. 15])

_ _ 1/2, - 11/2
10 s < elliae |12 )10,

(which holds without the lower order term because {, @, dz = 0), we obtain
from (4.15) the inequality

@16) Ll +veulalle < Sall, + Llval, o,
L 2
S S g(z,t) dx dt’ + S u(0) daz‘
09 2

C5
+ ;||Usoc||%3

65 12
+ ;HQHLQ-
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To prove the lemma we need to know that the r.h.s. of (4.16) is bounded.
We consider (4.16) in the time interval (kT,(k + 1)T'), k € Np. Assume
that we have proved that u(kT) € H'(£2) and |[u(kT)||3, < v, where v is
sufficiently small. Using that g € La(£2 x (KT, (k4 1)T)) is sufficiently small
we have existence of solutions to problem (1.9) in W22’1(!2 x (KT, (k+1)T))
because the other terms on the r.h.s. of (1.9) also belong to Lo(f2 x (kT,
(k+1)T)) in view of imbeddings and the assumption that vs € VV22’1 (2x (KT,
(k+1)T)). The last assertion holds in view of the assumptions of Lemma 3.2
and the restriction that v, is a two-dimensional solution to the Navier—Stokes
equations. However, to have the r.h.s. of (4.16) bounded we need that vs €
Loo (KT, (k41)T; W, (£2)), where 3% > 3 but is close to 3. This follows from

Lemma 3.3, where it is proved that vs € Wi’;(ﬂ x (KT, (k +1)T)) for any
o > 3 if the data are sufficiently smooth.

In view of the above remarks we can introduce the quantities

t
S § g(x, ') dx dt’ + S u(0) dac‘2 + 1|§|%2),

Cs _
62(t)i= % (oI,
04 (9}

C5 -
A2(t) = 2ol

X(0) = llu@lgr, Y @) = [[a®)] -
Then (4.16) takes the form

d
SX? fueY? < SXIXT 4 AKX 4 G
v

dt
Since X <Y we have
d o 2 C5 4 22 2

Let v € (0, 4], where 7, is so small that
(4.19) ves — C—‘Z’yf > /2, cx <vey.
v

Since the coefficients of (4.18) depend on the two-dimensional solution deter-
mined step by step in time, we consider (4.18) in the interval [kT, (k + 1)T],
k € Ny, with the assumptions

X2(kT) <7, G*(t) <cey/4 forall t € [KT, (k+ 1)T).

Let us introduce the quantity

Z22(t) = exp(— | 2% dt’)XQ(t), t € [kT, (k + 1)T].
kT
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Then (4.18) takes the form

d s €5 yrd )2 | A2
. e )

(4.20) dtZ < (VC4 1/3X >Z + G~
where G? := G? exp(— S;T A%(t) dt").

Suppose that

t, = inf{t € (KT, (k+ 1)T]: X2(t) >~}

t
= inf{t € (KT, (k4 1)T) : Z%(t) > 'yexp(— S A%(t) dt')} > kT.

kT
By (4.19) for ¢ € (0, t,] inequality (4.20) takes the form
d c -
4.21 —7? < —277+ G*(t).
(1.21) dpc Cria

Clearly, we have

(4.22)
Z3(t) > 'yexp<— S A2(t)) dt’) for t > t,.

Then (4.21) yields

d s T N 2040\ 74/
— < — L - —
tZ - c*< 5 + )exp( S A (t)dt) <0,

kT

contradicting (4.22). Therefore

ty
(4.23) Z2(t) < 'yexp<— | A% dt’) for t > t,.
kT

The definition of Z2(t) implies

t
X%(t) < *yexp(& Az(t')dt'> for t > t,.
ts

For sufficiently small v inequality (4.18) takes the form

d x
(4.24) S x2S x? < A2X2 4 G2

dt 2
Integrating (4.24) with respect to time from ¢t = kT to t = (k + 1)T gives
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(k+1)T (k+1)T
425)  XX(k+1)T) < exp( A2 dt) | car
ET kT
(k+1)T
+ exp <—02*T + | A0 dt> X2(kT).
kT
In view of the assumptions
(k+1)T (k+1)T
(4.26) %*T > | Awa, | GHdt<ay,
ET kT
where « is so small and T so large that
(k+1)T
(4.27) aexp( S A2(t) dt) + exp(—jT) <1,
ET

we find that X2((k + 1)T) < v. Then by induction we obtain the lemma. =
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