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SOME NEW PROPERTIES OF
GENERALIZED BESSEL POLYNOMIALS

Abstract. We obtain some new properties of generalized Bessel polynomi-
als. We mainly investigate bilinear and bilateral generating function relations
for these polynomials. We also derive a result giving certain families of bilat-
eral generating functions for generalized Bessel polynomials and generalized
Lauricella functions. We also discuss some special cases.

1. Introduction. In [H|, Krall and Frink initiated a systematic inves-
tigation of Bessel polynomials and developed a theory of generalized Bessel
polynomials

- (2,0 B) i z": (Z) <a+n;—k — 2)k|<;>kz

k=0
=olo(—n,a+n—1;—; —x/p).
Taking o = f = 2 in (1.1, we get an explicit formula for the simple Bessel
polynomials y,, (x) given by

=5 0) (1) e

k=0
=oFp(—n,n+1;— —2/2).

These polynomials have the following generating function relations

(see [SM]):
> ¢ w7
(1.2) nz%yn(x,a — n,ﬁ)ﬁ = (1 — ﬁ) exp(t),
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and

(1'3) %yn—l—m(xaa_m_naﬂ)n!

_ <1 - ”Z) T p (i (x (1 - f”;) R 6>-

In the literature, there are a lot of works relating to generalized Bessel
polynomials and their applications (see, for instance, [RAB|, [BSE [(CV], BE]
CSl DSS| H]).

On the other hand, Lauricella functions are generalizations of Gauss hy-
pergeometric functions to several variables. If n is the number of variables,
then four such generalizations, denoted by FIE‘"), Fl(gn), Fén), and Fgl), were
investigated by Lauricella [L]. For n = 2, these functions reduce to the
Appell hypergeometric functions Fs, F3, Fy and F1, respectively. Recall that
the latter are defined by

N B)m (V) &™ y"
F b.b: e _ (@) man(0)m (b )n Ty
1[017 ) 767$7y] m;:(] (C)m+n m! n!?
- amnbmb/nxmyn
Blabbiedingl = Y ¢ )@)nf(Z')( SR
m,n=0 n T
b (@m(@)a(0)m ()0 2™ "
Blod b= ) TG T
. /. _ = (a)m+n(b)m+n oy
Pilabsediosl= 3 S0 e ol

where, as usual, (A), denotes the Pochhammer symbol given by (for \, v € C
and in terms of the Gamma function)

)y = I'A4+v) 1 (v =0; A € C\{0}),
() MO+ ... (A+n—-1) (r=neN;AeC),

with the convention (0)p := 1.

A further generalization of the familiar Kampé de Fériet hypergeometric
function in two variables, which is called the generalized Lauricella function
(or the Srivastava and Daoust function), was introduced by Srivastava and
Daoust [SDJ:

A:B),. .B()
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[e'e) - .
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A B (1) B(s) (n)
H (aj)m 0 1 mg ol H (bj )m e H (bj )m 40
£ =1 > TIg=t 1% j=1 s®;
e ﬁ( ) IS IO o )
Cs ) A r S
Jj=1 ! m1w§.1>+...+msf¢,§> Jl;Il( J )m15§1) ]1;[1( J )ms(sg(')

Here, the coefficients

(k) (s _ 1 — (k) (s _ k). 1. _
0; G=1,...., A, k=1,...,9), ?; (]—1,...,B(),k‘—1,...,s),

oM G=1,C k=18, &Y (j=1,...,DWik=1,...,5),

are real constants and (b(k) ) abbreviates the array of B*) parameters

B(k)

with similar interpretations for other sets of parameters [SSHM|. For a
bounded non-vanishing multiple sequence {£2(m, ..., M) b, .. m.eN, of real
or complex parameters, define a function ¥, (u1; usg, . . ., us) of s (real or com-
plex) variables uy, ug,...,us (see [SSHM]|) by

(1.4) Epn(lﬂ; ug, . .. ,us) = Z Z (_n()zq;ll)gf:)zm1¢

m1=0ma,....ms=0

X _Q(f(ml,...,ms),mg,...,ms):%ll! ::SZS',
where, for convenience,
B D
(0)mis = [[O)mis; and  (d)mis = [[(d))mas;-
j=1 Jj=1

In recent years, many researchers have studied multilinear and multi-
lateral generating functions for different type of polynomials. For example,
in [SL|, Liu introduced bilateral generating functions for Lagrange poly-
nomials and Lauricella functions. Similarly, in [CCS| the authors obtained
bilateral generating functions for Chan—Chyan—Srivastava polynomials and
generalized Lauricella functions. In 2012, they derived bilateral generating
functions for Erkug—Srivastava polynomials and generalized Lauricella func-
tions (see [SSHM]).Very recently, we have obtained bilateral generating func-
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tions for generalized Cesaro polynomials and generalized Lauricella functions
(see JOE]). One can find various generating functions by the method of [N]
and [NE*].

The main object of this paper is to study several properties of generalized
Bessel polynomials. Various families of multilinear and multilateral generat-
ing functions, their miscellaneous properties and also some special cases are
given. In addition, we derive a result giving certain families of bilateral gener-
ating functions for generalized Bessel polynomials and generalized Lauricella
functions.

2. Bilinear, bilateral generating functions and special functions.
In this section, we derive several families of bilinear and bilateral generating
functions for the generalized Bessel polynomials y,(z,«, ) generated by
using a similar method to that considered in [AE]

We begin by stating the following theorem.

THEOREM 2.1. For non-identically-vanishing functions £2,(y1,...,yr)
of r complex variables yi,...,y, (r € N), indexed by complex numbers p, let

AW, =593 0) = ak iy, -, 9,)¢F (k£ 0; p, v € C)
k=0

and
@ﬁﬁ(%a _naﬁ;ylr-',yr;f)

[n/p]

gk
= Z akyn—pk(xa a—n — pk, /B)Q;Hrwk(yla cee ;%)m-
k=0 pr):

Then, for p € N,
- U
(2.1) 23095,’}5’ (x,a =, 8501+ Urs tp>t”
n=

11—«
xt
= <1 - 5) exp(t) Ay (Y1, yr;m)

provided that the series on both sides of (2.1]) are convergent.
Proof. For convenience, let S denote the left-hand side of (2.1)). Then
oo [n/p] k

n n—
S=> > axynp(,a —n—pk, B) iy (yr, - .., yr)mt P,
n=0 k=0
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Replacing n by n + pk, we get
tn

S = Z Zak yn(fE, o — n,5)9u+wk(yl, RN yr)nkﬁ

n=0 k=0

) 4 00
= Zyn(xv a—n, B)E Zak‘g,u-i-wk(yla ceey yr)nk
n=0 k=0

j e
xt
= <1 - 6) exp(t) Ay (W1, yrs M),

which completes the proof.

Now put

Qu-i-lbk‘(ylv s 7y7") = ¢Eﬁ2wk(y17 sy y?’)

in Theorem where the multivariable polynomials @Eto_‘quk(xl, ...,Ty) are
generated by (see [NE])

(2.2)  (1—mzyt) Celzzttan)t Z@ (21,2t (a0 € C; Jt] < |o1|7H).

Thus, we have the following result providing a class of bilateral generating

functions for the multivariable polynomials @l(ﬁ)wk(xl, ..., xy) and general-
ized Bessel polynomials.

COROLLARY 2.2. If

Ay, yrw) o= Zak@fﬁ)wk(yl, cywt (ag # 05 py € C)

then
(2.3) Z:O kz_:o asn—pi (2, 0 — 0, B)P u+¢k(y1> s Yr) (n—ph)!

11—«
xt
= <1 — 6) eXp(t)Au,w(yla <oy Yrs 'l,U)

provided that the series on both sides are convergent.

REMARK 2.3. Using the generating relation (2.2) for the polynomials
qﬁﬁf“) (x1,...,2,) and setting ap = 1, u = 0, ¥ = 1 in Corollary M we find
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that
oo [n/p] n—pk
(@) g P
yn k /B)@ (xl, e ,1'7,)11] B
I ’“ (o= )

l1—a
= (1_3715) exp(t) (1—zw) ~@el@2H 20w () € C; a; € C; |w| < |z 7).

g
THEOREM 2.4. For non-identically-vanishing functions £2,(y1,...,yr ) of
r complex variables yi,...,y, (r € N), indexed by complex numbers p, let

A#,p,q(x7a - mvﬁ;yla sy Yrs )

00 tk
Zakym-‘qu a—m, ﬁ)Q,u-i-pk(yla--')yT)mv
k=0 £

where ap # 0 and

[n/q]
n
0n1p7Q(y17 s Yrs 77) = E <7’l _ qk) akQH+pk(y17 ce 7y7’)nk'
k=0

Then for p € N,

t’rL

o0
(24) Zyn—l-m(x?a_n_ma B)emp,q(ylv'--ayr;n)m

t e t -1
== <1_Z> eXp(ﬂAum,q(m(l_ 5;) 7a_m_qk76;y17'-'7y7‘;77tq>

provided that the series on both sides are convergent.

Proof. For convenience, let T' denote the left-hand side of (2.4). Then
[n/q]

o0
n t"
T - Zyner(fL', o —n — m, /8) Z < )akgu+pk(y1, e 7yr)nk7"
n —qk n!
n=0 k=0
Replacing n by n + gk and then using ((1.3), we may write
o (e.)
n + gk
=33 ("5 sl b - )
n=0 k=0 k tn+qk
X ag{?2 . —
ag u-‘rpk(yb 7y7“)77 (TL + qk)‘
o0 o0 tn
= Z ak(zyn—l—m—&-qk(xa a—n— qk - m?ﬁ)n'>
k=0 n=0
(nt9)*

X Q;Hrpk(yly see 7yr)



Generalized Bessel polynomials 91

- i a, [(1 - ?) Hye><1o(t)ym+qk (95<1 - m;) 71’ o= m=dk, Bﬂ

(mt)*
X {2 e Yp
#+Pk(y1 Y ) (qk)

e 0 —1
— (1 — ?) exp(t) Z kY m+qk (x <1 — l;) ,a—m — gk, B)
(

!
k=0
ntd)*
X Q,u—l—pk(yly s )yr) (qk)'

l—a
xt xt . _
N (1 N 5) exp(t) Aupq(w(l = ) La—m—qk, By, ..., yeint9),

which completes the proof.

If weset s =17 =1and 2,1pk(Y1) = Yutpk(y,01,51) in Theorem
, where the generalized Bessel polynomials y,(x,«, 3) are generated by
(see [SM])

11—« 00 n
<1_$Bt> CXp(t) :gyn(xaa_naﬁ)l;!a

then we get the following result.

COROLLARY 2.5. If

Au,p,q(%a—maﬁ;y, alaﬁl;t) = Zakym+qk($,a—m,ﬁ)yu+pk(y’al,ﬁl)w
k=0 !
(m € NQ),
where ay, # 0 for k # 0, and
[n/q] n
Hn,p,q(yy 1 ﬁl; 77) = Z (TL _ Qk> aky,qupk(y, a, Bl)nk7
k=0

where n,p € N, then
n!
A at)
= <1 - B) eXp(t)A,u,p,q <ZL‘(1 - 6) , O — 1 — qka /37 Yy, o, ﬂl; th)

provided that the series on both sides are convergent.

= t
(2.5) Zmern(an[ 7n7m7/8)9n,p,q(y7al7ﬂl;n)
n=0

Furthermore, for every suitable choice of the coefficients ay (k € Np), if
the functions 2,1 yx(y1,-..,¥yr), 7 € N, are expressed as appropriate prod-
ucts of simpler functions, the assertions of Theorems and can be



92 N. Ozmen

applied to derive various families of multilinear and multilateral generating
functions for the family of generalized Bessel polynomials given explicitly

by .

3. Generalized Lauricella functions. In this section, we derive vari-
ous families of bilateral generating functions for generalized Bessel polyno-
mials and generalized Lauricella functions.

THEOREM 3.1. The following bilateral generating function holds true:

o0 tn‘
Z Z/n(% a—n, ﬂ)w’n(ula Uy« vy us)ﬁ
n=0 ’
11—« 0o
xt ((b))(m1+p)¢(a - 1)7711
=(1-— exp(t)
(1-5) o > R
(—uty™ GiZp)” g

><Q(f(m1+p,m2,...,ms),m2,...,ms) - o el mi
! ! ! s!

where U, (ui;ug, ..., us) is given by (1.4]).

Proof. By using (|1.3)), we observe that

[eS) m
Zyn(x7a - naﬁ)gpn(ul;'L@? .. wus)ﬁ
n=0 ’

B N )
PG D DR i (7

m1=0ma,....ms=0

’LLml ums t’I’L
% Q(f(ml""7m8)am2a~-7m5)m171|-.. 77; I n!
: sl nl

- i20< Ojoynerl(:B,a—n_ml?ﬁ)tn)((b))mms

) ((d))mrs

(—uit)™ uy”  uy

M1,y Mg n=

><Q(f(ml,...,ms),mg,...,ms) il el
! ! 5!

_ oy @mggpep
L (@ U mi)

MY yeeeyMg=

X <1 - xt) 1_Oéexp(t)ym (m <1 - xt) - a—my B)
B 1 /B Y 9

" (—urt)™ uy”  ul

my! ma! T my!



Generalized Bessel polynomials 93

- (1 _ ?>1aexp(t) i Y (m <1 - ?) 7170‘ - mlﬁ)

mi,...,ms=0
m
)m1 um2 wMs

((6))mio (—ust 5
><m()(f(ml,...,ms),mQ,...,ms) il gl

e 00 1 — zty—-1
= (1 — ?) exp(t) Y 2F [—ml,a— 1;—;—W}

mi,...,ms=0

((0))m1o (—urt)™ uy” ug'
X 7((d))m15(2(f(m1, ceeyMg), M2, .. .,ms) p— 722! i
A . o ((O)mis
= (1 5> exp(t) E ((d))mléﬂ(f(ml,...,ms),mg,...,ms)

mi,...,ms=0

(§ mipla = 1y <_w( - "ff>‘1>p<—u1t>m1 ugt

= p! 154 my!  mo! mg!
" > ((0) gmy4p)o (@ — Lp
=1-— exp(t)
( p > m1 pmwz ms=0 ((d))(m1+P)5
(—unty™ (25)" ug

x Q2(f(m1+p,ma,...,mg),ma,...,mg) - 0 gl mi
! ! ! s!

which gives the result. =

By appropriately choosing {2 in Theorem [3.1] we can obtain several inter-
esting results which give bilateral generating functions for generalized Bessel
polynomials and generalized Lauricella functions.

I. Taking
Q(f(ma, ... ,ms),ma, ... ,ms)
A B® B()
' (2) (s)
]1;[1((1])m19;‘l>+~-+m39§'5> jl;[1(bj Jmad? ]=1(b] Jm.gt?
- E e o T D) (®)
Hl(cj)mlwé'l)-l-“'-l-msw;?) H (dJ )m25(-2) H (dJ >m55('s)
j= j=1 I 7=1 !

in Theorem we obtain the next result.

COROLLARY 3.2. The following bilateral generating function holds true:

i, e (1@ 0009 [, [0 : 0]
Zyn =B by, pe )
(&) 9™, ... [(d) - 8]
[(6®) = ] 5 1) : 6} ) i
@) 5] @)y
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a 1 . [(6)190“),...,(,0(5 D}:—,[Oé—].:l};
t A 0:1-B2). .g5(s)
= (l — ) eXp(t) FI +BO,LB 2 7_,,7B (

g FADOODESDE N () 60, ) s -,
[(62): 6P .5 [(01) : 6]
—'Lblt, ;LtlffgauQa y Us 9
[(@®) : 6@ .5 (@) : 6@
where the coefficients e;, f;, gog-s) and §§S) are given by
I L G Ok
7 bjia (A<j<A+B),
P (1<j<E),
" di-r (E<j<E+D),
o) (1<j<A1<r<2),
S 07 (1<j<A2<r<s+l),
7 )djoa (A<j<A+B1<r<2)
0 (A<j<A+B;2<r<s+1),
WV 1<j<E1<r<2),
(YU <i<B2<r<st),
! diog (E<j<E+D;1<r<2),
0 (E<j<E+4+D;2<r<s+1).

II. Upon setting

(@)t (02)mg - - - (bs)m,
(c1)my -+ - (Cs)ms

Q(f(ml,...,ms),mg,...,ms) =
and
¢=0=0 (thatis, ¢y =---=¢p=6=-=0p=0)
in Theorem [3.I] we obtain the following result.

COROLLARY 3.3. The following bilateral generating function holds true:

tn
Zyn(x,a — n,B)Ff(XS)[a, —n, by, .. bsi . Csi UL, e, U —

n!

et [(a):1,...,1]: —; a—1:1];
—(1-%) e
[(c1) : M, pttY] =

[b2 : 1];...;[bs : 1];
—uit, HE oL us ,

’ Zt—B?
[c2 : 1]5.. .5 [es : 1];
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where FIEXS) is a Lauricella function of s and the coefficients W are given by
o 1 (1<n<2),
0 2<n<s+1).

REMARK 3.4. In Corollary taking s = 2, we obtain bilateral gener-
ating function for generalized Bessel polynomials and Appell functions.

III. If we put

1 -1 1 -1
(a1 )ms - (05 Yo, (0 )my - (05,

(it - +ms

and B=1,b; =b, ¢ =1 and § = 0 in Theorem we obtain the next
result.

Q2(f(ma,...,ms),ma,...,mg) =

COROLLARY 3.5. The following bilateral generating function holds true:

tn

Zyn(m, a—n,ﬂ)F](;) [—n, agl), .. ,ags_l), b, aél), . ,aés_l); UL, ... ,us] ]
n=0

ot -« L0122 [(b) : 0(1), .. .,9(‘9+1)] = a—1:1];
=(1- E eXp(t)FLO;,O;b;’A..;,O
[(0)217...71]: 5 5
[a<1) H [a(sfl) 21

5 ey 5

ujxt
—u1t, 1t—f}7u27 cee 7us> 5

where FJ(BS) is a Lauricella function of s and the coefficients 0D are given by
g — )1 (1=n=2)
0 (2<n<s+1).
REMARK 3.6. In Corollary putting s = 2, we obtain bilateral gener-
ating function for generalized Bessel polynomials and Appell functions.
IV. By letting
(@)my -ty (02)mg - - - (bs)m,

(O E—=——
and ¢ = § = 0 in Theorem [3.1] we obtain the following result.

Q(f(ma,...,mg),ma,...,mg) =

COROLLARY 3.7. The following bilateral generating function holds true:

(o] tn
Zyn(xva_naﬁ)F[()S)[aa _77’7627-"7b8;c;u17u27”'7u8]ﬁ
n=0 ’

urxt

xt — 0

y U2y v vy Us |y

-«
t
= <12> exp(t)Fl()SH) a,a—1,ba, ... bs;c; —urt,

where Fl()s) is a Lauricella function of s.
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REMARK 3.8. In Corollary [3.7] taking s = 2, we get a bilateral generating
function for generalized Bessel polynomials and Appell functions.

4. Miscellaneous properties. In this section we give some properties
of the generalized Bessel polynomials yy, (z, a, ).

THEOREM 4.1. The generalized Bessel polynomials yn(x,a, B) have the
following integral representation:

1 T x \"
Yn(x, 0 — n, fB) = Ta-1 (S) e Uy ? <1 + ﬁu> du
when Re(a — 1) > 0.
Proof. If we use the identity
s

a” V= e—at v—1 e(v
F(v)(S) t*"tdt  (Re(v) > 0)

on the left-hand side of (1.2]), we have

%yn(x7a_n7/8):i: = <1_xﬁt> eXp(t>

1+ 2u
e Uy 2 Z 7't" du.
n!

From the coefficients of t"* on both sides, one gets the desired result. »

We now discuss some miscellaneous recurrence relations for generalized
Bessel polynomials. By differentiating both sides of ((1.2)) with respect to x
and using

SN Alkn) =D A(k,n— k),
n=0 k=0 n=0 k=0

we arrive at the following (differential) recurrence relation for generalized
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Bessel polynomials:

i (1 — ) (=z)™
Z( Jm ( )(=z)

y;(x,oz—n, 5) = 6m+1
m

ynfmfl(xa a—n+m+1, B)a n > 1
=0
Moreover, by differentiating each side of (|1.2)) with respect to ¢, we have
another recurrence relation for these polynomials:

yn-i—l(x?a -—n— 17/6> = yn<37704 _naﬁ)

n _ m-+1
+ Z (_1)m(_n)m(aﬁi)f1y"m(x’ a—n+m,p).
m=0
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