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Summary. We consider a fully parabolic system of chemorepulsion in higher dimensions.
We introduce a new energy-like identity and comment on its relation to the Li–Yau–
Hamilton inequalities. Next, we show that for the chemorepellent moving much more
slowly than the cells, the time global well-posedness holds.

1. Introduction. Let Ω be a bounded subdomain of Rn with a regular
boundary, and let u and v be real valued functions. We consider the following
fully parabolic chemorepulsion system:

∂tu = ∇ · (∇u+ u∇v) in (0,∞)×Ω,
∂tv = ∆v − v + u in (0,∞)×Ω,
u(0, x) = u0(x) ≥ 0, v(0, x) = v0(x) ≥ 0, for x ∈ Ω.

(1.1)

We impose the boundary conditions

∂u

∂~n
=
∂v

∂~n
= 0 on (0,∞)× ∂Ω.

Such a system can be considered as a version of repulsive action of a sub-
stance v on cells u, describing an opposite phenomenon to the well-known
aggregation mechanism described by the Keller–Segel system. The only dif-
ference from the Keller–Segel model is the sign in the first equation of (1.1).

Due to the difference in sign, one expects a completely different be-
haviour of solutions. Namely, instead of collapsing, the density of cells u is
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expected to stay bounded and tend to flat steady states. Indeed, this is the
case in space dimension 2 (see [4]). Moreover, in higher dimensions global
weak solutions are known, but it is not proven (though expected) that they
are unique and bounded. The main device used in the proofs in [4] is the
Lyapunov functional satisfying

(1.2)
d

dt

( �
Ω

u log u dx+
1

2

�

Ω

|∇v|2 dx
)

= −
�

Ω

|∇
√
u|2 dx−

�

Ω

|∆v|2 dx−
�

Ω

|∇v|2 dx.

It gives enough information to prove two-dimensional boundedness (and
convergence to steady states), but it is not useful in the problem of well-
posedness of regular solutions in higher dimensions. Weak time global so-
lutions can also be constructed in higher dimensions (see [4] or [3]), but
regularity (even the bound in L∞) of such solutions is not known, though
it is expected.

Since [4] there have been a lot of studies on the topic, on the one hand
since such a system appears as part of a model describing the competition
between attraction and repulsion in cells biology (see [14]), on the other hand
since the problem is quite natural and simple energy estimates do not lead
to the expected result. Many authors considered the attraction vs. repulsion
problem (see for instance [14], [7] or [11]), but usually in their studies they
used either the functional (1.2) or some more complicated functionals related
to the more complicated structure of the full attraction-repulsion system (see
[11] or [7]). However, no essential progress on (1.1) has been made. The latter
would clearly advance the study of attraction-repulsion competition. Actu-
ally, some nonlinear versions of (1.1) have also been studied (see [5, 13]),
with well-posedness results weaker (for stronger diffusion or weaker sensitiv-
ity) than those in [4]. The methods were based on extensions of (1.2) to the
nonlinear diffusion/sensitivity setting. The problem of global well-posedness
of regular solutions of (1.1) remains challenging in dimensions n ≥ 3.

In the present note we introduce a new energy-like identity obtained re-
cently. However, we have been unable to utilize it to get global well-posedness
of classical solutions to (1.1). All the same it seems interesting, exhibiting
some connections to the Li–Yau inequality. On the other hand, in the second
part of the paper we prove the global existence of solutions for (1.1) with
the speed of the cells being small compared to the speed of the repellent. To
this end we imitate the method of [6]. Local existence results in [4] ensure
that the unique positive (for t ∈ (0, Tmax)) mass conserving regular solutions
to (1.1) exist, and moreover they are global provided

sup
t∈(0,Tmax)

‖u(t, ·)‖L∞(Ω) <∞.(1.3)
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2. A new energy-like functional. In this section we introduce a new
energy-type identity and then comment on its possible application to the
study of global existence for (1.1), provided some sort of Li–Yau type in-
equality holds for the system of parabolic equations (1.1). So far, Li–Yau
type inequalities seem to be known only for single equations. Moreover, the
maximum principle seems to be essential to the proof.

If we consider the first equation of (1.1) as a continuity equation of den-
sity u with a velocity field given by V (see (2.1)), then by the hydrodynamic
analogy, one would like to trace the time evolution of

	
Ω uV

2, playing the
role of kinetic energy. We see that the following identity holds.

Theorem 2.1. Let (u, v) be a solution of (1.1). Define

(2.1) V :=
∇u
u

+∇v.

Then

(2.2)
d

dt

( �
Ω

u|V |2 dx+
�

Ω

v2t dx
)

+ 2
�

Ω

|∇vt|2 dx+ 2
�

Ω

|vt|2 dx+ 2
�

Ω

u2t
u
dx

= −2
�

Ω

u(V T )D2(log u+ v)(V ),

where xT denotes the transpose of the vector x and D2(f) denotes the matrix
of second derivatives of the function f .

Proof. We start by computing the time derivative

(2.3)
d

dt

�

Ω

u|V |2 dx =
�

Ω

ut|V |2 dx+ 2
�

Ω

uV Vt dx.

Next we notice that

(2.4) 2
�

Ω

uV · Vt dx = 2
�

Ω

u

(
∇u
u

+∇v
)
· ∇(log u+ v)t dx

= −2
�

Ω

∇u ·
(
∇u
u

+∇v
)

(log u+ v)t dx

− 2
�

Ω

u∇ ·
(
∇u
u

+∇v
)

(log u+ v)t dx

= −2
�

Ω

(
∇u ·

(
∇u
u

+∇v
)
dx+ u∇ ·

(
∇u
u

+∇v
))

ut
u
dx

− 2
�

Ω

(
∇u ·

(
∇u
u

+∇v
)

+ u∇ ·
(
∇u
u

+∇v
))

vt dx

= −2
�

Ω

u2t
u
dx− 2

�

Ω

utvt dx.
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Differentiating the second equation of (1.1) with respect to time and next
multiplying it by vt we arrive at

(2.5)
d

dt

�

Ω

v2t dx = 2
�

Ω

vttvt dx = −2
�

Ω

|∇vt|2 dx−2
�

Ω

v2t dx+2
�

Ω

utvt dx.

Plugging (2.4) and (2.5) into (2.3) we arrive at

(2.6)
d

dt

�

Ω

u|V |2 dx

=
�

Ω

ut|V |2 dx−
d

dt

�

Ω

v2t dx− 2
�

Ω

u2t
u
dx− 2

�

Ω

|∇vt|2 dx− 2
�

Ω

v2t dx,

so (2.2) follows from the identity
�

Ω

ut|V |2 dx =
�

Ω

∇ · (u∇(log u+ v))|∇(log u+ v)|2 dx

= −2
�

Ω

u(∇(log u+ v))TD2(log u+ v)∇(log u+ v) dx.

Remark 2.2. Note that in the course of the proof, we have obtained the
following interesting identity (see (2.6)):

d

dt

�

Ω

u|V |2 dx+
d

dt

�

Ω

v2t dx+ 2
�

Ω

u2t
u
dx+ 2

�

Ω

|∇vt|2 dx+ 2
�

Ω

v2t dx

=
�

Ω

ut|V |2 dx.

Remark 2.3. We point out that a bound from below on the second
space derivatives of log u+v, such as the one for the heat equation (see [8]),
would enable us to use (2.2) to deduce a bound on

	
Ω v

2
t dx. Indeed, if

(∇(log u+ v))TD2(log u+ v)∇(log u+ v) ≥ −c0|∇(log u+ v)|2

for some nonnegative constant c0, the pair (u, v) being a solution to (1.1)
(notice that one can start from C2 initial data so that initially (for (u0, v0))
such an estimate holds for some c0), then integration of (2.2) and a Gronwall
type argument lead to an estimate of

	
Ω v

2
t dx.

As already mentioned, however, Li–Yau–Hamilton type inequalities are
only known to hold for single equations; see [8] for the heat equation or [2, 1]
for the equation

ut = ∆u+∇u · ∇h,

where h is a given convex potential. The question is whether such an estimate
can also hold for the system (1.1).
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3. Well-posedness for large speed of cells. In this section we focus
on the global existence of regular solutions of{

τ∂tu = ∇ · (∇u+ u∇v) in (0,∞)×Ω,
∂tv = ∆v − v + u in (0,∞)×Ω,

(3.1)

for τ small enough, under zero Neumann data and for nonnegative initial
data u0, v0. In dimensions higher than 2 nothing is known concerning the
global well-posedness of solutions to the fully parabolic problem. However,
an easy energy estimate leads in a standard way to the global existence
result for the parabolic-elliptic problem (where instead of vt in the second
equation of (3.1) one puts zero). For the rigorous proof one should consult
[12], where a slightly more general problem is studied. In what follows we
focus on an opposite problem and study the neighbourhood of the elliptic-
parabolic problem, meaning (3.1) with τ small (or even zero). We follow the
argument in [6].

Proposition 3.1. Let n ≥ 2 and let Ω be a bounded domain in Rn.
Suppose τ = 0,

	
Ω u(x, t) dx = λ with λ > 0 and the initial data u0 ∈

W 1,∞(Ω) is nonnegative. Then the solution of (3.1) exists globally in time
and remains bounded.

Proof. Taking τ = 0, we have

0 = ∇ · (u∇(log u+ v)),

thus log u+ v = const, and hence by the constraint on u,

u = λ
exp(−v)	

Ω exp(−v) dx
.

Therefore the system (3.1) is changed to the single heat equation with non-
linear nonlocal term:

vt = ∆v − v + λ
exp(−v)	

Ω exp(−v) dx
.

Since the nonlocal term on the right-hand side can be estimated as in (3.3)
below and due to fact that e−v ≤ 1, the parabolic regularity estimate gives
the claim.

The above proposition can be extended to the system (3.1) with small
positive τ .

Theorem 3.2. Let n ≥ 2 and let Ω be a bounded convex domain in Rn.
Suppose that the initial data (u0, v0) ∈ C0(Ω) ×W 2,q

N (Ω) are nonnegative
with some q > n. Then the solution of (3.1) exists globally in time and
remains bounded if τ is sufficiently small.
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The proof of Theorem 3.2 splits into several steps. Proceeding as in [6,
Lemma 3.2], we obtain a lower estimate of the maximal existence time of
the solution to (3.1), independent of τ > 0.

Lemma 3.3. Let (uτ , vτ ) be the solution to (3.1) with τ ∈ (0, 1] in
(0, Tmax(τ)) × Ω. There are positive constants Tmin > 0 and L > 0 such
that

Tmax(τ) > Tmin for τ ∈ (0, 1],

‖(uτ , vτ )‖L∞((0,Tmin)×Ω) ≤ L for τ ∈ (0, 1],

‖(uτ , vτ )‖C2,1((0,Tmin)×Ω) <∞ for τ ∈ (0, 1].

Here Tmax(τ) is the maximal existence time of the solutions to (3.1), and
Tmin > 0 and L > 0 are independent of τ .

For τ ∈ (0, 1], let (uτ , vτ ) be a solution to (3.1) in (0, Tmax(τ))×Ω, where
Tmax(τ) is the maximal existence time of the classical solution. Put

zτ =
exp(−vτ )	

Ω exp(−vτ ) dx
and wτ =

uτ
zτ
.

Then vτ and wτ satisfy

(3.2)
∂vτ
∂t

= ∆vτ − vτ + wτ
exp(−vτ )	

Ω exp(−vτ ) dx
.

Here we can estimate

‖ exp(−v(s))‖L∞(Ω)	
Ω exp(−v(s)) dx

≤ 1	
Ω exp(−v(s)) dx

.

Jensen’s inequality implies that for s > 0,
�

Ω

exp(−v(s, x)) dx = |Ω|
�

Ω

exp(−v(s, x))
dx

|Ω|
(3.3)

≥ |Ω| exp

(
−

�

Ω

v(s, x)
dx

|Ω|

)
≥ |Ω| exp

(
− 1

|Ω|
max
s>0

�

Ω

v(s, x) dx

)
.

Integrating the second equation of (3.1), we arrive at

max
s>0

�

Ω

v(s, x) dx ≤ max
{ �
Ω

u0 dx,
�

Ω

v0 dx
}
.

Therefore

(3.4)

∥∥∥∥ exp(−v(s))	
Ω exp(−v(s)) dx

∥∥∥∥
L∞(Ω)

≤ C(u0, v0).
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Proposition 3.4. There exists H1 > 0 such that for all τ ∈ (0, 1],

‖wτ (t)‖L∞(Ω) < H1 for t ∈ [0, Tmin],

where Tmin is the constant in Lemma 3.3.

Proof. By the definition we estimate

‖wτ‖L∞(Ω) =

∥∥∥∥uτzτ
∥∥∥∥
L∞(Ω)

≤ ‖uτ‖L∞(Ω)

∥∥∥∥
	
Ω exp(−vτ ) dx

exp(−vτ )

∥∥∥∥
L∞(Ω)

.

Lemma 3.3 yields

‖wτ‖L∞(Ω) ≤ L exp(L)|Ω|,
where L > 0 is the constant in Lemma 3.3.

Let H := max{2‖w(0)‖L∞(Ω), H1}. We define

S2(τ) := sup{T ∈ (0, Tmax(τ)) : ‖wτ (t)‖L∞(Ω) ≤ H for t ∈ [0, T )}
≥ Tmin > 0.

Henceforth, for simplicity, we omit the index τ . Our strategy is to prove
S2(τ) =∞ for sufficiently small τ > 0. Since v satisfies (3.2) below and due
to the estimate (3.4), parabolic regularity yields the following lemma.

Lemma 3.5. There exists a positive constant C(H) depending only on H
and independent of τ > 0 such that

‖v(t)‖L∞(Ω) ≤ 2‖v0‖L∞(Ω) + C(H) =: v∗(H) for t ∈ (0, S2(τ)).

Moreover, there exists a positive constant C(H, v0) depending on H and v0
and independent of τ > 0 such that for all p ∈ [1,∞),

‖∇v(t)‖L∞(Ω) + ‖∇v(t)‖Lp(Ω) ≤ C(H, v0) for t ∈ (0, S2(τ)).

For T ∈ (0, Tmin), take an integer J such that (J − 1)T/2 < S2(τ) ≤
JT/2. Let

Tj =

{
jT/2 for j = 0, 1, . . . , J − 1,

S2(τ) for j = J,

zj = z(·, Tj), vj = v(·, Tj).
and let Aj = A(zj), where the operator A is defined as

A = A(z) =
1

z
∇ · (z∇).

Since the first equation in (3.1) implies

τ

z

∂u

∂t
=

1

z
(∆u+∇ · (u∇v)) =

1

z
(∆(wz)−∇ · (w∇z))

=
1

z
∇ · (z∇w),
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we conclude that for j = 0, 1, . . . , J − 1, the pair of functions (v, w) satisfies

(3.5)



τ
∂w

∂t
= Ajw +∇ log

z

zj
· ∇w − τ ∂ log z

∂t
w in (Tj , Tj+1)×Ω,

∂v

∂t
= ∆v − v + w

exp(−v)	
Ω exp(−v) dx

in (Tj , Tj+1)×Ω,

∂w

∂ν
=
∂v

∂ν
= 0 on (Tj , Tj+1)× ∂Ω.

In the following lemmas we give estimates of ∇ log(z/zj) and ∂z
∂s in

(0, S2(t))×Ω.

Lemma 3.6. Assume that α, β ∈ (0, 1) and q > n satisfy 1+α+n/q < 2β.
Then, for j = 0, 1, , . . . , J − 1 and t ∈ [Tj , Tj+1],∥∥∥∥∇ log

(
z(t)

z(Tj)

)∥∥∥∥
L∞(Ω)

≤ C(H, v0)T
α/2,

where C(H, v0) is a positive constant depending on v0 and H, and indepen-
dent of τ > 0.

Proof. From ∇ log z = −∇v and ∇ log zi = −∇vi we see that∣∣∣∣∇ log
z(t)

zj

∣∣∣∣ = |∇(v(t)− vj)|.(3.6)

Now [6, Lemma 2.3(v)] with 1 + α+ n/q < 2β ensures that

‖∇v(t)−∇vj‖L∞(Ω)

≤ CTα/2
(
‖(∆N − 1)βvj‖Lq(Ω) +H sup

t∈(Tj ,Tj+1)

∥∥∥∥ exp(−v(t))	
Ω exp(−v(t)) dx

∥∥∥∥
Lq(Ω)

)
for all t ∈ [tj , Tj+1]. Since [6, Lemma 2.3(iii)] implies that

‖(∆N − 1)βvj‖Lq(Ω) ≤ C(H, v0)

with some C(H, v0) > 0, we deduce from this inequality, (3.4) and Lemma
3.5 that

‖∇v(t)−∇vj‖L∞(Ω) ≤ CTα/2
(
‖(∆N − 1)βvj‖Lq(Ω) + C(u0, v0)

)
(3.7)

≤ C(H, v0)T
α/2.

Thus by (3.7), there exists a positive constant C(H, v0) such that∥∥∥∥∇ log
z(t)

zj

∥∥∥∥
L∞(Ω)

≤ C(H, v0)T
α/2 for t ∈ [Tj , Tj+1].
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Lemma 3.7. Let q, p ∈ (1,∞). Then there exists a positive constant C
depending on H, v0, p and q such that

t�

0

es−t
∥∥∥∥∂ log z

∂s

∥∥∥∥p
Lq(Ω)

ds ≤ C(te−t‖v0‖pW 2,q(Ω)
+ 1) for t ∈ (0, S2(τ)).

Proof. Since

(et/pv)t = ∆(et/pv)− et/pv +
1

p
(et/pv) + et/pw

exp(−v)	
Ω exp(−v) dx

,

defining f(t, x) := (et/pv(t, x)− v0(x)) we see that f satisfies

ft = ∆f − f +
1

p
(et/pv) + et/pw

exp(−v)	
Ω exp(−v(s, x)) dx

+∆v0 − v0

as well as f(0, x) = 0. Hence, we are in a position to apply the Lp-Lq

maximal regularity estimate (see [9, Theorem 3.1, (3.8)]) and deduce that

(3.8)

t�

0

‖fs(s)‖pLq(Ω) ds ≤ CMR

(
t‖v0‖pW 2,q(Ω)

+

t�

0

p−pes‖v‖pLq(Ω) ds

+

t�

0

es
∥∥∥∥w(s)

exp(−v(s))	
Ω exp(−v(s, x)) dx

∥∥∥∥p
Lq(Ω)

ds

)
.

Next we notice that

fs = (es/pv − v0)s =
1

p
es/pv + es/pvs,

and consequently, taking the pth power and integrating in time, by the
triangle inequality we arrive at

t�

0

es‖vs‖pLq(Ω) ds ≤ C
(t�
0

es‖fs‖pLq(Ω) ds+

t�

0

p−pes‖v‖pLq(Ω) ds
)
.

Plugging the above inequality in the left-hand side of (3.8), we obtain

t�

0

es‖vs(s, x)‖pLq(Ω) ds

≤ C
(
t‖v0‖pW 2,q(Ω)

+

t�

0

es
∥∥∥∥w(s)

exp(−v(s))	
Ω exp(−v(s, x)) dx

∥∥∥∥p
Lq(Ω)

ds

+ p−p
t�

0

es‖v(s)‖pLq(Ω) ds

)
≤ C

(
t‖v0‖pW 2,q(Ω)

+HpC(u0, v0)
pet + v∗(H)p|Ω|p/qet

)
,
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where in the last inequality we have used the fact that ‖w‖L∞(Ω) ≤ H on
S2(τ) and (3.4) in estimating the second term, while Lemma 3.5 has been
used to bound the last term, so that the constant v∗(H) appears. Multiplying
the above inequality by e−t, using the L∞ bound of v on S2(τ) again and
noticing that

∂ log z

∂t
= −v(t)

∂v

∂t
,

we complete the proof.

By [6, Lemma 4.6] we obtain, for all t ∈ (0, S2(τ)),

(3.9) ‖w(t)‖L∞(Ω) ≤ ‖w(0)‖L∞(Ω) + C‖∇w(t)‖Lq(Ω) for q > n,

where C is a positive constant depending on H, v0 and q.

Proof of Theorem 3.2. The rest of the proof follows the lines of [6], but
for the reader’s convenience we give the details. First of all, notice that a
crucial weighted Poincaré inequality in [6, Lemma 2.6] requires the weight
(in our case zj) to be bounded from above as well as to be bounded away
from 0. To ensure that, we notice that

(3.10)
‖z‖L∞((0,S2(τ))×Ω)

inf(t,x)∈(0,S2(τ))×Ω z(t, x)
≤ C(u0, v0) exp(−v∗(H))

|Ω|
.

Then, by [6, Lemma 2.6],

Λ∗
�

Ω

∣∣∣∣ϕ−
	
Ω zϕ dx	
Ω z dx

∣∣∣∣2 z(t) dx ≤ �

Ω

|∇ϕ|2z(t) dx

for ϕ ∈ H1(Ω), t ∈ (0, S2(τ)) and τ ∈ (0, 1]. The above inequality plays a
crucial role in the proofs of regularity estimates for Aj in [6, Lemma 2.8]
which will be utilized further. We remark that the positive constant Λ∗

depends only on n, Ω, minΩ z, maxΩ z.

For j = 0, 1, . . . , J − 1 and t ∈ (Tj , Tj+1) putting ζ = (t − Tj)τ−1 and
W (ζ, x) = w(t, x), Z(ζ, x) = z(t, x), Z0(x) = zj(x) = z(Tj , x) and Q(ζ, x) =
∂ log z
∂t (t, x), we see that for ζ ∈ (0, T/(2τ)),

∂W

∂ζ
= AjW +∇ log

Z

Z0
· ∇W − τQW.

Put

F := ∇ log
Z

Z0
· ∇W − τQW.

Then the function W can be rewritten as

W (ζ) = eζAjW (0) +

ζ�

0

e(ζ−ξ)AjF (ξ) dξ.
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For ζ ∈ (0, T/(2τ)), [6, Lemma 2.8(iii)] implies that

‖∇W (ζ)‖Lq(Ω) ≤ ‖∇eζAjW (0)‖Lq(Ω) +

ζ�

0

‖∇e(ζ−ξ)AjF (ξ)‖Lq(Ω) ds(3.11)

≤ Ce−ζΛ∗‖∇W (0)‖Lq(Ω) + I1 + I2,

where

I1 :=

ζ�

0

∥∥∥∥∇e(ζ−ξ)Aj∇ log
Z(ξ)

Z0
· ∇W (ξ)

∥∥∥∥
Lq(Ω)

ds,

I2 := τ

ζ�

0

‖∇e(ζ−ξ)AjQ(ξ)W (ξ)‖Lq(Ω) ds.

By [6, Lemma 2.8(i)], for A = A(z) with a smooth positive function z and
for all q ∈ (1,∞), there exists some C > 0 such that

‖∇etAw0‖Lq(Ω) ≤ C3(1 + t−1/2)e−Λt‖w0‖Lq(Ω) for w0 ∈ Lq(Ω) and t > 0.

Notice that∇Z(ζ, x) = ∇z(t, x) and hence we deduce from [6, Lemma 2.8(i)]
and Lemma 3.6 that for ζ ∈ (0, T/(2τ)),

I1 ≤ C
ζ�

0

{
1 +

1√
ζ − ξ

}
e(ξ−ζ)Λ

∗
∥∥∥∥∇ log

z

zj

∥∥∥∥
L∞(Ω)

‖∇W‖Lq(Ω) dξ(3.12)

≤ C(H, v0)T
α/2

ζ�

0

{
1 +

1√
ζ − ξ

}
e(ξ−ζ)Λ

∗‖∇W‖Lq(Ω) dξ

≤ C(H, v0)T
α/2 sup

ξ∈[0,ζ]
‖∇W (ξ)‖Lq(Ω)

and that for ζ ∈ (0, T/(2τ)),

I1 ≤ C(H, v0)T
α/2e−ζΛ

∗
sup

ξ∈[0,T/(2τ)]
eξΛ

∗‖∇W (ξ)‖Lq(Ω).(3.13)

Exactly as in [6, pp. 1665–1666] (Lemma 3.7 is required here!), we arrive at

(3.14) I2 ≤ C(H, v0)τ
n/(n+1).

Put B0 = ‖∇w0‖Ln+1(Ω) and

B = sup
ξ∈[0,T/(2τ)]

eξΛ
∗‖∇W (ξ)‖Ln+1(Ω) = sup

t∈[Tj ,Tj+1]
e(t−Tj)Λ

∗/τ‖∇w(t)‖Ln+1(Ω).

By (3.11), (3.13) and (3.14), there exists a positive constant C(H, v0) such
that

B ≤ C(H, v0)B0 + C(H, v0)T
α/2B + C(H, v0)τ

n/(n+1)eTΛ
∗/(2τ),
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so that, by taking τ and T small enough to ensure

C(H, v0)T
α/2 ≤ 1/2, C(H, v0)τ

n/(n+1) ≤ τ1/3/8,
we obtain

(3.15) B ≤ 2C(H, v0)B0 + 1
4e
TΛ∗/(2τ)τ1/3.

Next, we choose τ small enough to have

C(H, v0)e
−TΛ∗/(2τ) ≤ τ/8.

In view of this choice, owing to (3.15), we arrive at

‖∇W (T/(2τ))‖Ln+1(Ω) ≤ 2C(H, v0)e
−TΛ∗/(2τ)‖∇W (0)‖Ln+1(Ω) + 1

4τ
1/3

≤ τ

4
‖∇W (0)‖Ln+1(Ω) +

τ1/3

4
.

Since W (T/(2τ)) = w(Tj+1) and W (0) = w(Tj), we see that

‖∇w(Tj+1)‖Ln+1(Ω) ≤
τ

4
‖∇w(Tj)‖Ln+1(Ω) +

τ1/3

4
for j = 0, 1, . . . , J − 1,

and that

‖∇w(Tj)‖Ln+1(Ω) ≤
τ

4
‖∇w(Tj−1)‖Ln+1(Ω) +

τ1/3

4

≤
(
τ

4

)j
‖∇w0‖Ln+1(Ω) +

τ1/3

4

{
1 +

τ

4
+

(
τ

4

)2

+ · · ·+
(
τ

4

)j−1}
≤
(
τ

4

)j
‖∇w0‖Ln+1(Ω) +

τ1/3

2
for j = 0, 1, . . . , J.

Combining this with (3.11), (3.12) and (3.14), keeping the previous choice
of τ , we infer that

sup
ξ∈[0,T/(2τ)]

‖∇W (ξ)‖Ln+1(Ω)

≤ C(H, v0)‖∇W (0)‖Ln+1(Ω) + C(H, v0)T
α/2 sup

ξ∈[0,T/(2τ)]
‖∇W (ξ)‖Ln+1(Ω)

+ C(H, v0)τ
n/(n+1)

≤ C(H, v0)

{(
τ

4

)j
‖∇w0‖Ln+1(Ω) +

τ1/3

2

}
+

1

2
sup

ξ∈[0,T/(2τ)]
‖∇W (ξ)‖Ln+1(Ω) +

τ1/3

8
.

Finally, in addition to the condition on τ we have assumed so far, we also
require that τ is small enough that

2C(H, v0)

{
τ

4
‖∇w0‖Ln+1(Ω) +

τ1/3

2

}
+
τ1/3

4
≤ τ1/6.
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This allows us to conclude that

‖∇w(t)‖Ln+1(Ω) ≤ Cτ1/6 for t ∈ [T/2, S2(τ)],

where C is a positive constant depending on H, v0 and u0 . In view of (3.9)
we obtain

‖w(t)‖L∞(Ω) ≤ ‖w(0)‖L∞(Ω) + Cτ1/6 for t ∈ [T/2, S2(τ)],

which allows us, by taking τ small and due to the definitions of T and H,
to arrive at

‖w(t)‖L∞(Ω) < H for t ∈ [0, S2(τ)].

But the above inequality contradicts S2(τ) < ∞. This means that Tmax =
S2(τ) = ∞. So, we deduce the time global boundedness of (w, v), which
eventually gives boundedness of (u, v). The proof of Theorem 3.2 is com-
plete.
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