BULLETIN OF THE POLISH
ACADEMY OF SCIENCES
MATHEMATICS
Vol. 67, No. 2, 2019

PARTIAL DIFFERENTIAL EQUATIONS

Some remarks on well-posedness of the higher-dimensional
chemorepulsion system
by
Tomasz CIESLAK and Kentarou FUJIE

Presented by Piotr BILER

Summary. We consider a fully parabolic system of chemorepulsion in higher dimensions.
We introduce a new energy-like identity and comment on its relation to the Li—Yau—
Hamilton inequalities. Next, we show that for the chemorepellent moving much more
slowly than the cells, the time global well-posedness holds.

1. Introduction. Let {2 be a bounded subdomain of R™ with a regular
boundary, and let 4 and v be real valued functions. We consider the following
fully parabolic chemorepulsion system:

Ou =V - (Vu+uVv) in (0,00) x £2,
(1.1) v =A2Av—v+u in (0,00) x £2,
u(0,2) = ug(x) >0, v(0,z) =wvo(x) >0, forzxe

We impose the boundary conditions
ou Ov
on - oi

Such a system can be considered as a version of repulsive action of a sub-

stance v on cells u, describing an opposite phenomenon to the well-known

aggregation mechanism described by the Keller—Segel system. The only dif-

ference from the Keller—Segel model is the sign in the first equation of .

Due to the difference in sign, one expects a completely different be-
haviour of solutions. Namely, instead of collapsing, the density of cells u is

0 on (0,00) x Of2.

2010 Mathematics Subject Classification: 35B45, 35K45, 92C17.

Key words and phrases: boundedness of solutions, chemotaxis, Lyapunov-like functional.
Received 24 March 2019.

Published online 14 June 2019.

DOI: 10.4064/ba190324-4-6 [165] © Instytut Matematyczny PAN, 2019



166 T. Cieslak and K. Fujie

expected to stay bounded and tend to flat steady states. Indeed, this is the
case in space dimension 2 (see [4]). Moreover, in higher dimensions global
weak solutions are known, but it is not proven (though expected) that they
are unique and bounded. The main device used in the proofs in [4] is the
Lyapunov functional satisfying

(1.2) ﬁ(Sulogudﬂ:qL1 S |Vv\2dx)
dt 2
9] 2
=— | IVvvuldz - | |AvP dz - | |Vo|* da.
9 9} 9]

It gives enough information to prove two-dimensional boundedness (and
convergence to steady states), but it is not useful in the problem of well-
posedness of regular solutions in higher dimensions. Weak time global so-
lutions can also be constructed in higher dimensions (see [4] or [3]), but
regularity (even the bound in L) of such solutions is not known, though
it is expected.

Since [4] there have been a lot of studies on the topic, on the one hand
since such a system appears as part of a model describing the competition
between attraction and repulsion in cells biology (see [14]), on the other hand
since the problem is quite natural and simple energy estimates do not lead
to the expected result. Many authors considered the attraction vs. repulsion
problem (see for instance [14], [7] or [11]), but usually in their studies they
used either the functional or some more complicated functionals related
to the more complicated structure of the full attraction-repulsion system (see
[11] or [7]). However, no essential progress on has been made. The latter
would clearly advance the study of attraction-repulsion competition. Actu-
ally, some nonlinear versions of have also been studied (see [5, [13]),
with well-posedness results weaker (for stronger diffusion or weaker sensitiv-
ity) than those in [4]. The methods were based on extensions of to the
nonlinear diffusion/sensitivity setting. The problem of global well-posedness
of regular solutions of remains challenging in dimensions n > 3.

In the present note we introduce a new energy-like identity obtained re-
cently. However, we have been unable to utilize it to get global well-posedness
of classical solutions to . All the same it seems interesting, exhibiting
some connections to the Li—Yau inequality. On the other hand, in the second
part of the paper we prove the global existence of solutions for (1.1) with
the speed of the cells being small compared to the speed of the repellent. To
this end we imitate the method of [6]. Local existence results in [4] ensure
that the unique positive (for ¢ € (0, Tiax)) mass conserving regular solutions
to exist, and moreover they are global provided

(1.3) sup [|u(t, )| oo () < oo

t€(0,Tmax
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2. A new energy-like functional. In this section we introduce a new
energy-type identity and then comment on its possible application to the
study of global existence for , provided some sort of Li—Yau type in-
equality holds for the system of parabolic equations . So far, Li-Yau
type inequalities seem to be known only for single equations. Moreover, the
maximum principle seems to be essential to the proof.

If we consider the first equation of as a continuity equation of den-
sity u with a velocity field given by V' (see ), then by the hydrodynamic
analogy, one would like to trace the time evolution of | 0 uV?, playing the
role of kinetic energy. We see that the following identity holds.

THEOREM 2.1. Let (u,v) be a solution of (L.1)). Define

\Y%
(2.1) V= 7“ + V.
Then

d u?
(2.2) @(S ulV?da + | vf dat) +2| |Vl dz+2 | jo P de+2 | L da

(0] 2 2 2 2 u
= -2 S uw(VT)D?*(logu 4 v)(V),
02

where 2T denotes the transpose of the vector x and D?(f) denotes the matriz
of second derivatives of the function f.

Proof. We start by computing the time derivative
d
(2.3) —NulVPde = {w|VPde+2 | uVV;da.

dt
Q 2 2

Next we notice that

24) 2wV Vide=2| u<v“ +Vv> - V(logu + v); dz
u
(9} 2
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Differentiating the second equation of ([1.1)) with respect to time and next
multiplying it by v, we arrive at

(2.5) % S vt2 dr =2 S v dr = —2 S ]Vvt|2 dx—2 S vf dx+2 S upvy dx.
(0]

2 (9} 2 0
Plugging (2.4) and (2.5) into (2.3)) we arrive at
d 2
(26) - | ulV)? do
Q
d 2
= Sut|V|2daj— — S v?dx—QS u—tdﬂv—ZS |V | da — 2 S v? dz,
dt U
9} 2 2 k9] 2

so (2.2)) follows from the identity

S ug|V|? do = S V - (uV(logu +v))|V(logu + v)|* dz
02 2
= -2 S u(V(logu + v))T D?*(logu 4 v)V(logu + v) dz. =
n

REMARK 2.2. Note that in the course of the proof, we have obtained the
following interesting identity (see ([2.6])):
u?

%SU|V|2dx+%Svt2dx+28 td:c—l—2§ |Vvt|2d:r—i—281) dx
9] 02 9] 2

L/?b

ug| V|2 da.

REMARK 2.3. We point out that a bound from below on the second
space derivatives of log u+ v, such as the one for the heat equation (see [§]),
would enable us to use (2.2)) to deduce a bound on {, v? dz. Indeed, if

(V(ogu +v))T D*(logu + v)V(logu + v) > —co|V(logu + v)/|?

for some nonnegative constant ¢y, the pair (u,v) being a solution to (1.1)
(notice that one can start from C? initial data so that initially (for (uo,vo))
such an estimate holds for some cp), then integration of and a Gronwall
type argument lead to an estimate of { 0 vidx.

As already mentioned, however, Li—Yau-Hamilton type inequalities are
only known to hold for single equations; see [8] for the heat equation or [2, ]
for the equation

u = Au+ Vu - Vh,

where h is a given convex potential. The question is whether such an estimate
can also hold for the system (|1.1)).
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3. Well-posedness for large speed of cells. In this section we focus
on the global existence of regular solutions of

{Tatu =V (Vu+uVe) in (0,00) x £2,

(3.1) |
Ov=A4Av—v+u in (0,00) x £2,

for 7 small enough, under zero Neumann data and for nonnegative initial
data ug, vg. In dimensions higher than 2 nothing is known concerning the
global well-posedness of solutions to the fully parabolic problem. However,
an easy energy estimate leads in a standard way to the global existence
result for the parabolic-elliptic problem (where instead of v; in the second
equation of one puts zero). For the rigorous proof one should consult
[12], where a slightly more general problem is studied. In what follows we
focus on an opposite problem and study the neighbourhood of the elliptic-
parabolic problem, meaning with 7 small (or even zero). We follow the
argument in [6].

PROPOSITION 3.1. Let n > 2 and let 2 be a bounded domain in R™.
Suppose T = 0, {,u(x,t)de = X with X > 0 and the initial data uy €
Wo°(02) is nonnegative. Then the solution of exists globally in time
and remains bounded.

Proof. Taking 7 = 0, we have
0=V (uV(logu +v)),
thus logu 4+ v = const, and hence by the constraint on wu,
exp(—v)
§oexp(—v)dz’

Therefore the system (3.1)) is changed to the single heat equation with non-
linear nonlocal term:

u =

exp(—v)
§oexp(—v)da’
Since the nonlocal term on the right-hand side can be estimated as in (/3.3

below and due to fact that e < 1, the parabolic regularity estimate gives
the claim. =

vy =Av—v+ A

The above proposition can be extended to the system (3.1) with small
positive 7.

THEOREM 3.2. Let n > 2 and let §2 be a bounded convex domain in R™.
Suppose that the initial data (ug,vo) € CY(£2) x W]%,’q(ﬂ) are nonnegative
with some q > n. Then the solution of (3.1) exists globally in time and
remains bounded if T is sufficiently small.
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The proof of Theorem splits into several steps. Proceeding as in [0,
Lemma 3.2], we obtain a lower estimate of the maximal existence time of

the solution to (3.1)), independent of 7 > 0.

LEMMA 3.3. Let (ur,v;) be the solution to (3.1) with 7 € (0,1] in
(0, Timax (7)) x £2. There are positive constants Ty, > 0 and L > 0 such
that

Tinax(T) > Topin~ for 7 € (0,1],
[ (ur, UT)HLOO(((),Tmm)Xﬁ) <L forTe(0,1],
[ (wr, )l 21 (0,1 x72) < 00 for 7€ (0,1].

Here Tyax(7) is the mazimal existence time of the solutions to (3.1)), and
Thin > 0 and L > 0 are independent of 7.

For 7 € (0, 1], let (ur,v;) be a solution to (3.1)) in (0, Tiax(7)) X £2, where
Tmax(7) is the maximal existence time of the classical solution. Put

e g w2
§oexp(—vr)dz Zr
Then v, and w, satisfy
ov exp(—wv
(3.2) a—; = Av; — v; +ws SQ eXEE—v:; T
Here we can estimate
lesp(-o@ =@ _ 1

{oexp(—u(s))de — §,exp(—v(s))da

Jensen’s inequality implies that for s > 0,

(3.3) S exp(—v(s,z))dx = |12 S exp(=v(s, 7)) C;;
“ 19
dx
> |Q|6XP<_§ZU(S’3§) |Q|>

1
> 82| exp<—|9| max S v(s,x) dx).
Q

Integrating the second equation of (3.1), we arrive at

max S v(s,z)dr < max {S up dx, S V0 d:x}.
Q Q Q

Therefore

exp(—v(s))

(3-4) §oexp(—u(s)) dx

< C(uo, o).
Lo(0)
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PROPOSITION 3.4. There exists Hy > 0 such that for all 7 € (0,1],
[wr ()| Loy < Hi  fort € [0, Tiin),
where Tiin %8 the constant in Lemma|3.3
Proof. By the definition we estimate
ur § o exp(—v;) de

S ”uTHLOO(Q) eXp(—'U )

wr |l Lo (2) =

2r L)

L=(0)
Lemma [3.3] yields
HwTHLOO(Q) < Lexp(L)‘Q‘,
where L > 0 is the constant in Lemma [3.3] =
Let H := max{2|w(0)|| Lo (0, H1}. We define
Sa(7) := sup{T € (0, Tinax(7)) : |lwr(t)|| Lo () < H for t € [0,T)}
> Tmin > 0.

Henceforth, for simplicity, we omit the index 7. Our strategy is to prove
Sa(7) = oo for sufficiently small 7 > 0. Since v satisfies (3.2)) below and due
to the estimate (3.4]), parabolic regularity yields the following lemma.

LEMMA 3.5. There exists a positive constant C(H) depending only on H
and independent of T > 0 such that

[0l Loe(2) < 2lvollzee() + C(H) = v"(H)  for t € (0, 55(7)).

Moreover, there exists a positive constant C(H,vg) depending on H and vg
and independent of T > 0 such that for all p € [1,00),

Vo)l 2o 0y + Vo)l o(2) < C(H,vo)  fort € (0, 52()).
For T' € (0,Twin), take an integer J such that (J — 1)T/2 < Sy(7) <
JT/2. Let
o [iTj2 ferj=0.1 01,
T Sa(r) for j =,
zj =2(-,T5), v =v(,Tj).
and let A; = A(z;), where the operator A is defined as

1
A=A(z) = ;V - (2V).
Since the first equation in (3.1]) implies

T Ou 1
z

T (At V- (V) = (A(ws) ~ V- (V)

z

1
= -V - (zVw),

z



172 T. Cieglak and K. Fujie

we conclude that for j =0,1,...,J — 1, the pair of functions (v, w) satisfies
(0 o0l
T%:Ajw+V10g§j-Vw—T ;tgzw in (T}, Tj41) x £2,
ov exp(—v) .
3.5 — = Av — —_ T: T; N
( ) ot v U+wxgexp(7v) dx m ( R J+1) X ’
ow  Ov
52520 on (1},7}+1)X89.

In the following lemmas we give estimates of Vlog(z/z;) and % in

(0, Sa(t)) x 2.

LEMMA 3.6. Assume that o, 8 € (0,1) and g > n satisfy 1+a+n/q < 2[.
Then, for j =0,1,,...,J =1 and t € [T}, T}+1],

[e)

where C(H,vo) is a positive constant depending on vy and H, and indepen-
dent of T > 0.

< C(H,vo)T*/?,

Lo (92)

Proof. From Vlogz = —Vv and Vlog z; = —Vv; we see that

(3.6) ‘Vlog @

Zj

= [V(v(t) = vj)l.
Now [6, Lemma 2.3(v)] with 1 + a + n/q < 28 ensures that

[Vu(t) = Vol ()
exp(—v(t))
SQ exp(—v(t)) dx

for all t € [t;,Tj;+1]. Since [6, Lemma 2.3(iii)] implies that

< oo (||<AN VPl + H sup
te(Ty,Tjy1)

Lq(9)>

1(Ax = 1)l oy < C(H, vo)

with some C'(H,vp) > 0, we deduce from this inequality, (3.4) and Lemma
B.5 that

(3.7 IVo(t) = Vol o) < CT2(I(Ax = 1)%0) Lage) + C(uo, v0))
< C(H, )T,
Thus by (3.7)), there exists a positive constant C'(H,vp) such that

t
HVIO@;? < C(H,vo)T? for t € [T}, Tj;1]. u
j

L(2)
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LEMMA 3.7. Let q,p € (1,00). Then there ezists a positive constant C
depending on H, vg, p and q such that

t P
SGS,t Olog z

0 0s
Proof. Since

ds < C(te” HUOHWQq Q)—i-l) fort € (0, S(7)).

La($2)

t/py), — A(el/P /P /P t/p exp(—v)
(170) = A) = 4 ()

defining f(t,z) := (e"/Pv(t, z) — vo(z)) we see that f satisfies

1 _
Y R0 .. ) R Y
p §oexp(—v(s,x)) dx
as well as f(0,z) = 0. Hence, we are in a position to apply the LP-L4

maximal regularity estimate (see [9, Theorem 3.1, (3.8)]) and deduce that

t t
(38)  VIfs()lf o) ds < CMR<t\|vo||qu 2 VPPl ) ds
0 0

exp(—v(s) |1
Lq((z)d)

{oexp(—v(s,z))dx

+Ses
0

w(s)

Next we notice that
1
Js = (es/pv —v)s = 568/1}0 + eS/pUs;

and consequently, taking the pth power and integrating in time, by the
triangle inequality we arrive at

t

t
SeSHUSHIL)q(Q) ds < C(S SHfSHLq(Q ds + Sp_pesanIZﬂ(Q) ds)'
0 0

Plugging the above inequality in the left-hand side of (3.8]), we obtain

t
[ e lloa(s, ) 24 ds
0

p
ds

i exp(—v(s))
( )S

< O tv +etw(s
<H onzq () (S] oexp(—v(s,x))dx ||

La(02

)
¢

+p psesH” HLq(Q)d )
0

(tHUOHV[m () + HpC(U[), vg)pet + ’U*(H)p‘Q‘p/qe )7
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where in the last inequality we have used the fact that [[w||p o) < H on
Sa(7) and in estimating the second term, while Lemma has been
used to bound the last term, so that the constant v*(H ) appears. Multiplying
the above inequality by e, using the L> bound of v on S3(7) again and
noticing that

Olog 2z v

ot - _v(t)av

we complete the proof. =

By [6, Lemma 4.6] we obtain, for all ¢t € (0, S2(7)),
(3.9) [wE)lze(2) < [w(0)||ze(@) + ClIVw(t) a2y  for ¢ > n,
where C is a positive constant depending on H, vg and q.

Proof of Theorem[3.3. The rest of the proof follows the lines of [6], but
for the reader’s convenience we give the details. First of all, notice that a
crucial weighted Poincaré inequality in [6, Lemma 2.6] requires the weight
(in our case z;) to be bounded from above as well as to be bounded away
from 0. To ensure that, we notice that

12l (0522 Cluo, vo) exp(—v*(H))
nf (1 2)e(0,5,(r))x2 (8, T) 42|
Then, by [0, Lemma 2.6],

(3.10)

2
A 2(t)de < | |Vol?2(t) da
2 9]
for p € HY(£2), t € (0,92(7)) and 7 € (0,1]. The above inequality plays a
crucial role in the proofs of regularity estimates for A; in [6, Lemma 2.8]
which will be utilized further. We remark that the positive constant A*
depends only on n, {2, ming z, maxg 2.

For j = 0,1,...,J — 1 and t € (T}, Tj11) putting ¢ = (¢t — Tj)7~! and
W(C’x) = w(tvx)v Z(Ca m) = Z(tax)v Zo(x) = Zj(x) = Z(Tj?x) and Q(<a$) =
81gtgz(t, x), we see that for ¢ € (0,7/(271)),

ow
¢

§ozpdx

v Sdel‘

Z
ZAjW—i-VlogZ—‘VW—TQW
0

Put e
F:=Vlog —  -VW —1QW.
Zp

Then the function W can be rewritten as

¢
W(C) = MW (0) + [ e R (e) de.
0
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For ¢ € (0,7/(27)), [6l, Lemma 2.8(iii)] implies that

¢
B VW (Ollaqe) < VAW (0) gy + | 1V F(E)] o) ds
0

< Ce M|V (0 0)llzae) + T + I,

where

Vell=94 ¥ log Z) . VIV ()
Z

¢
S ds,
0 La($2)

I = 7| Ve N QOW ()] Lo ds.

O e

By [0, Lemma 2.8(i)], for A = A(z) with a smooth positive function z and
for all g € (1, 00), there exists some C' > 0 such that

|Ve! wOHLq (@) < C3(1+t- 1/2ye AtHonLq for wp € LI(§2) and ¢t > 0.

Notice that VZ((,z) = Vz(t, z) and hence we deduce from [6, Lemma 2.8(i)]
and Lemma [3.6] that for ¢ € (0,7/(27)),

¢
(312) I < cé {1 i Cl— g}e@om

Vlog z
ZjllLee ()

VW La(a) d€

¢
C(H,v)T/? {1 S —
< ( UO) [S) +m

< C(H,v)T*? sup |VW ()| Lo
£el0,]

}e(e—g)A* VW La() d€

and that for ¢ € (0,7/(27)),

(3.13) I < C(H,v)T*?e™ " sup | VW (E)| Log)-
¢elo,1/(27)]

Exactly as in [6, pp. 1665-1666] (Lemma [3.7]is required here!), we arrive at
(3.14) I, < C(H,vo)r™/ ("D,
Put B[) = va0||Ln+1(Q) and

B s WO = s R0 o
{G[O,T/(ZT)} tE[ +1]

By (3.11)), (3.13) and (3.14)), there exists a positive constant C(H,vg) such
that

B < C(H,v0)By + C(H,v))T**B + C(H,vg)r™/ ("D T4/ (27),
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so that, by taking 7 and T small enough to ensure
C(H,v0)T*? <1/2, C(H,v)r™/ ") < 71/3/8,

we obtain

(3.15) B < 2C(H,vo) By + 1T/ 71/3,

Next, we choose 7 small enough to have
C(H,vp)e” TV/C7) < 78,

In view of this choice, owing to , we arrive at

[9W (/@) 1412y < 2C(H, wo)e™ ™4/ COITW (0) | sy + 4r°

1/3

T T
< VWOl + T

Since W(T'/(27)) = w(T}j+1) and W(0) = w(T}), we see that

T /3 .
V(@) @) € TIV0E) [mergay + e Torj =01, ~ 1,
and that
T ri/3
VTl ey < SNV )y + o
F1/3 . 2 \7 1
§< ) HVw0||Ln+1(Q)+{1+4+<4> +"'+<4> }
A\ ~1/3
< <4> va()HLnJrl(Q)—i-T for j=0,1,...,J.

Combining this with (3.11)), (3.12)) and (3.14]), keeping the previous choice
of 7, we infer that

sup  [|[VW(E)|zn+1(0)
£elo,1/(27)]

< C(H,v0) [VW (0)[| zn+1(0y + C(H,00)T*?  sup VW (&)l as1 (o)
£el0,1/(27)]

+ C(H, UO) n/(n+1)

j ~1/3
< CO(H, vo){( ) IVwol| 1) + 2}
| +1/3
+ 3 sup VW () r+r (@) + ——-
£€[0.7/(27)] s

Finally, in addition to the condition on 7 we have assumed so far, we also
require that 7 is small enough that

1/3 1/3
2C(H, va){uwonw @+ 5 }+ T
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This allows us to conclude that
IVw(t)|| o1y < CTYE for t € [T/2,S5(7)),

where C'is a positive constant depending on H, vy and wug . In view of ([3.9)
we obtain

[w(t)l zoe(2) < 1w (0)| poe() + CTHE  for t € [T/2, Sa(7)],
which allows us, by taking 7 small and due to the definitions of 7" and H,
to arrive at

|w(t)|| o2y < H  for t € [0, Sa(7)].

But the above inequality contradicts So(7) < oo. This means that Tyax =
Sa(1) = oo. So, we deduce the time global boundedness of (w,v), which
eventually gives boundedness of (u,v). The proof of Theorem is com-
plete. m
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