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ProTr KAcPrRzZYK and WOJCIECH M. ZAJACZKOWSKI (Warszawa)

ON THE EIGENVALUES AND EIGENFUNCTIONS FOR A
FREE BOUNDARY PROBLEM FOR INCOMPRESSIBLE
VISCOUS MAGNETOHYDRODYNAMICS

Abstract. The motion of incompressible magnetohydrodynamics (mhd)
in a domain bounded by a free surface and coupled through it with an exter-
nal electromagnetic field is considered. Transmission conditions for electric
currents and magnetic fields are prescribed on the free surface. In this paper
we show the idea of the proof of local existence by the method of successive
approximations. For this we need linearized problems: the Stokes system for
the velocity and pressure and the linear transmission problem for the elec-
tromagnetic field. We do not prove the local existence of solutions to the
original problem but we show existence of a fundamental basis of functions
for the linearized problems. Once we have such a basis, the existence of solu-
tions to the linear problems can be shown by the Faedo—Galerkin method, as
in other papers of Kacprzyk. The existence of solutions of the linear systems
can also be shown by the method of regularizer.

1. Introduction. We consider a free boundary problem for magnetohy-

1
drodynamic motions in a domain {2; interacting through a free surface S
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2 1
with an electromagnetic field located in £2;. In £2; the magnetohydrodynamic

motion is described by the system of equations

1 1 1
vi+v-Vo—divT(v,p) —mH - VH + %mVHZ =f,
dive =0,
1 1
(1.1) pH, = —rot E,
1 1 1
rot H = O’1<E—|-,u,1'l} X H),
1
divH =0,
where v = v(x,t) = (vi(z,t),va(,t),v3(z,t)) € R is the velocity of the
1 1 1 1
fluid, p = p(z,t) € R is the pressure, H(z,t) = (Hi(z,t), Hao(x,t), Hs(x,t))
11 1 1 1
€ R? is the magnetic field, E = E(x,t) = (E1(x,t), Bay(x,t), E3(x,t)) € R3
is the electric field, f = f(z,t) = (fi(x,t), fo(x,t), f3(x,t)) € R? is the
external force field per unit mass, and x = (z1,z2,23) are the Cartesian
coordinates. Moreover, p; is the constant magnetic permeability and o1 the

constant electric conductivity. We denote by T(v, p) the stress tensor of the
form

(1.2) T(v,p) = vD(v) — pI,
where v is a positive viscosity coefficient, I is the unit matrix and D(v) is
the dilatation tensor of the form

(1.3) D(v) = {via; + vja; bij=1.23-

For system the following initial and boundary conditions are prescribed:

1
n-T(v,p) +mn-T(H) =pon  on S,
1 1
(1.4) V|tg=0 = v(0), Hl|=o = H(0),

1 1
2¢)i=0 = 20, Stli=0 = So,

1
where 7 is the unit vector outward to {2; and normal to S, and
1 11 L L,
(1.5) T(H)={H;H; — $H 5ij}i,j:1,273.

Finally, (1.4); implies the compatibility conditions

1 1
ng - ]D)(’U(O)) “Ta0 + U1M0 - H(O)’I_'a(] . H(O) =0,

no = Nft=0, Ta0 = Talt=0, a=1,2.
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2
In £2; we have a motionless dielectric gas under constant pressure pg.
Therefore, we only have an electromagnetic field described by the system

2 2
poH = —rot E,
2 2
(1.6) ooFE =rot H,
2
div H = 0.

For system (|1.6]) the following initial and boundary conditions are prescribed:

Hlio = H(0),  D4lpmo = 2
(17) |t=0 - ( )7 t|t=0 - 0

2
H|p=0.
The homogeneous boundary condition on B is assumed for simplicity only.

We can prescribe here either a magnetic field or an electric current.

1 2
Electromagnetic fields in £2; and (2; are coupled through S; via the fol-
lowing transmission conditions:

1 2
E -7, =FE - T,ls,,
1 2
(1.8) AXTo-H=nX7 Hlg, a=12,
1 2

where 71,79, is an orthonormal system of vectors in a neighborhood of S
such that n|g, is normal to S; and 71, T2|s, are tangent to S;.
Now we explain the physical meaning of the transmission conditions (|1.8)).

The currents are defined by j; = O'1(E + v X H ), jo = O'QE Therefore 1.} 1
means that the jumps of the tangent components of the currents are de-
scribed by

1 1

— 1 Ta—UXH -Ta=—jo T, a=1,2, on S,

o1 01
for o1 # o09. Conditions 2 mean that the tangent components of the
magnetic field are contlnuous “through S;. To descrlbe (L.8)3 we recall the

1

magnetic induction B = mH i = 1,2. Since leB 0 in (24, we de-
rive ([1.8])3. It means that the normal component of the magnetic induc-
tion is continuous on S;. Hence there is no jump of the magnetic induction
flux.

To prove existence of solutions to problem f we transform it
into two problems: a problem for the fluid motion and a problem for the
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1
electromagnetic field. Therefore, for given H we have the problem for (v, p):

1 1
vi+v-Vo—divT(v,p) = f+ 1 divT(H) in (2,
1
1
n-T(v,p) = pon — pn - T(H) on S,
V|t=0 = v(0) in (2.
Next for given v, the electromagnetic field is determined by the problem
1 1 1 1 1 1
piH;=—rotE, rotH =o01(E+pmvxH) in (2,
2 2 2 2 2
poH ; = —rot E, o9F =rot H in (2,
1 1 1 1
H|t:0 = H(O), div H(O) =0 in Qo,
2 2 2 2
(1.10) Hli—g = H(0), divH(0)=0 in £2,
2
H|p =0,
1 2 1 2
E-7y=F -7y, nx7-H=0x7-H, «a=1,2,
1 2
wmH - -n=puH-n on S;.

Since ((1.9) and ([1.10]) are free boundary problems, the natural way to treat

1 2
them is to pass to Lagrangian coordinates (see [26]). (2, £2; and S; are
determined by the velocity v of the fluid. However, equations (|1.10) are

not in the form appropriate for using Lagrangian coordinates. Moreover,
2
in {24 there is no motion, so there is no velocity guaranteeing existence of

Lagrangian coordinates.

i L2, 2 :
Therefore, we construct an artificial velocity v in {2; as a solution to

problem (3.2)). Moreover, for the field equations ([1.10)); 2,

(2 (2
(1.11) wiH = —rotE, i=1,2,

- i
we add the term ,unl) -VH,i=1,2, to both sides of (|1.11]), so we have

(1.12) pi(Hi+0-VH) = —rot E+p;-v-VH, i=1,2.
These equations can be rewritten in Lagrangian coordinates and the term on
the r.hus. of (1.12)) is of a lower order. Therefore the natural way to show exis-

tence of solutions to (1.9)), (1.10]) is the method of successive approximations
described in Section [3
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In this paper we are not going to prove existence of solutions to problem
(L.9), (the result is shown in [5, 20, [21]). Our aim is to justify the
energy method used in [5, 6] to prove existence of solutions to problem ,
. The existence is proved by applying the Faedo—Galerkin method to
problems obtained by linearizing , and formulated in fixed initial
domains. Problems and are exactly such problems. In Sections
and [5] the existence of fundamental bases necessary for applying the Faedo—
Galerkin method is shown.

Now we present our results on existence of eigenfuctions and eigenvalues

for problems (3.7) and (3.13)). In the case of problem (3.7) we examine the
elliptic problem (see (5.7)))

i 1 o i i i
pith + —rot e = A + f, in 29,i=1,2,
oF)
1 1 1 2
— 710t T = —T10tY  To + ga, a=1,2, on Sp,
g1 (o]
(1.13) 1 2
YV AXTa =% N XTq, a=12, on Sy,
1 2
nmyYy-n=uwv)-n on Sy,
2
Y|p =0,

and for problem (|3.13)) we consider the elliptic problem
v —divT(p,q) = A+ f in (2,
(1.14) divp=g in 29,
n-T(p,q) =k on Sy,

where A are eigenvalues and v, up, pe are positive numbers.

THEOREM 1.1. There exist eigenfunctions and eigenvalues for problems
[CT3) and (TT).

Proof. The existence of eigenfunctions and eigenvalues for problem ([1.14))
is proved by Temam |[25|. The results for problem (1.13)) are proved in Sec-
tion Bl =

REMARK 1.2. In this paper we generalize the approach to problem (|1.13))
presented in [10] because more advanced techniques are used. Thanks to this,
L,-approach can be applied.

The paper is organized as follows. In Section [2] we introduce notation and
some auxiliary results. In Section [ the method of successive approximations
is formulated. In Sections [ and [ the existence of fundamental bases to

problems (3.13)) and (3.7)) respectively is proved.
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The existence of a fundamental basis for the Faedo—Galerkin method
for problem is discussed in Definition and for problem in
Lemma [5.1] Having existence of weak solutions to the linearized problems
by the Faedo—Galerkin method, the existence of solutions to nonlinear prob-
lems , is proved by the method of successive approximations de-
scribed in [10, Section 3]. Global existence is proved in [6] for sufficiently
small initial data. The existence of local solutions to ((1.9), is proved
in [5] by the energy method. To examine problem it is necessary to
use the transmission conditions . In Lemma the transmission con-
ditions are generalized to the form (2.8) and then the fundamental
energy identity takes the form . The transmission conditions im-
ply relations between the tangent components of the magnetic fields. To
show Lemma [5.1] we also need a transmission condition for the normal com-
ponent of the magnetic fields (see (5.7)5). To relax condition (5.7)5 we show
that equations , are invariant with respect to the homothetic

transformation

(1.15) H/:biH, E/:biE, 1 =1,2,

where b;, i = 1,2, are constants.

Then the transmission condition for the tangent components of the
magnetic fields and the homothetic transformation imply that the
following transmission condition for the magnetic fields is admissible:

1 2
(1.16) o1H =aoH on S,

where a1, ao are arbitrary constants.

The transmission condition in the case a; = as = 1 strongly
simplifies the proof of local and global estimates in |5} 6]. However, condition
implies jumps of the tangent components of the electric field which

are described by 2 and 1. But is important to derive in the
energy equality .

We have to emphasize that this paper plays a fundamental role in the
proof of local existence of solutions to problem (L.I)~(L.8) in [5]. The idea
of the proof in [5] is based on the following steps. First, by linearization
described in Section [3] the existence of weak solutions is proved by the
Faedo—Galerkin method, so the existence of a fundamental basis proved in
this paper is crucial. Next by the standard technique the regularity of weak
solutions is increased. Finally, the existence of local solutions by the method
of successive approximations is proved.

However, the Maxwell equations form a symmetric hyperbolic system
whose analytical treatment is difficult because the equations are expressed
in terms of rotation operators. Bykhovskil [1| derived many analytical re-
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sults for solutions to elliptic rot-div systems. Magnetohydrodynamics (mhd)
couples Navier—Stokes equations with the Maxwell equations, neglecting the
displacement currents and taking into account electrical conduction. The
mhd equations can be found in |2] and [16, Ch. §|.

The first result on solvability of a transmission problem for the mhd
system was proved by Ladyzhenskaya and Solonnikov [14]. In that paper
fixed domains were considered. The first results on existence of solutions to
problem f were shown by Kacprzyk [7H9]. Free boundary problems
for the mhd system were also considered by Padula—Solonnikov 18], Frolova—
Solonnikov |4] and Frolova [3].

In those papers the external magnetic field satisfies the elliptic system

2 2
(1.17) rot H =0, divH =0.

However, the transmission condition in [3, |4] is different because it
contains the surface tension.

Hence on the one hand the problem considered in |3, 4, 18] is simpler
than problem 7, but on the other hand it is more complicated
because the surface tension is taken into account.

Moreover, in [3, 4, |18] the passage from a free boundary problem to a
problem with fixed boundary is made by using the Hanzawa transformation.
This is essential difference from [5-9], where Lagrangian coordinates were
used.

Finally, in [20, 21| problem f was considered by Shibata—
Zajaczkowski using the Lj,-approach and Lagrangian coordinates.

We use elements of vector and tensor calculus taken from [12]. It is im-
portant to mention that the transmission conditions on S; appeared already
in |14} 19]. The first result on the existence of solutions to a free boundary
problem for the compressible Navier-Stokes equations was proved in [26]| by
the energy method. The ideas and techniques of this paper were used by
Kacprzyk in [5H9).

2. Notation and auxiliary results. We do not distinguish in notation
between norms of scalar and vector-valued functions. Let w be a vector,

w = (w1,...,wn). Then .
lw| = <Z |wi|2>1/2.
i=1
Let L,(2) = {u: {, [u|P dz < oo} for p € [1, 00].
We denote by Vi) (£27) the space of functions with the finite norm
lullveory = llull Lo 0.1:L2(2)) + Ul Ly0.1:m1(2))-
We shall use the notation H'(£2) = {u : > jaj<t 1PZullLy(2) < oo}, where
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8“18”8?;, lo| = a1 +ag+as, a; € No, i = 1,2,3, and Ny = NU{0},
QCR

In Section [5| we also use the simplified notation

lullz,2) = lulp.o,  llullms@) = llulls.e-

We denote by ¢ a generic constant which changes its value from formula to
formula. Similarly we denote by ¢ a generic function which is always positive
and increasing.

Next we introduce a partition of unity. We define two collections {w(*)}

1 2
and {(Z N ke SﬁU‘)’Z of open sets such that ©®) ¢ Q®) ¢ 2y = 20U 2,
Upw® = U, 20 = 2y, 2F NSy = 0 for k € M = My UMy, 2K NSy #
for k£ € 911 and 2®) N B # () for k € Ny, ‘ﬁ 1 U Ny, Moreover, subdo-

mains with index k € 91; are included in Qo, 1 = 1,2. We assume that at
most Ny of the 2(%) have nonempty intersection, and sup;, diam K <2,
supy, diamw® < X for some A > 0. Let () (z) be a smooth function such
that 0 < ¢®(z) < 1, (¥ (z) =1 for x € w®, ¢F)(z) =0 for = € 25\ 2F)
and |DY¢®)(2)] < ¢/AML Then 1 < 37, (¢®)(x))? < Np. Introducing the
function

U(k) (z) = C(k) (55)

>2(CD())?

we have n®) (z)= 0 for = € 25\ 2F) 3, n®) (2)¢*) (x) =1 and | DYn*) (z)| <
c/A'”‘ We denote by %) the “center” of w® and 2®) for k € M and the
center of @ N So and 2% N So for k € 9y and the center of ©®) N B and

Q%) N B for k € My. For k € M, £F) e (ZZO, i =1,2. Let x = (21,2, 23)
be the Cartesian system of coordinates with origin at the center of 2. Then
by translations and rotations we introduce a local coordinate system y =
(y1, Y2, y3) centered at €®) ke 9y, such that the part S®) = SN 2% of the
boundary Sy is described by y3 = Fi(y1,y2). We denote the transformation
by y = Yi(x). Then we define new coordinates by

zi =Y, =12, z3=uys— Fr(y1,y2)

We will denote this transformation by 2®) > &%) 5 2 = &, (y) where
y € w® c 2F) We assume that the sets @), 2%) are described in local
coordinates near £*) by the inequalities

’yl’<)‘a i:172, 0<y3—F(?/1,?JZ)<)\,
’yz’ <2A7 i:1727 0<y3_F(y17y2) <2)‘a
respectively. Let ¥, = @ o Y. Then z = ¥ (z) and
i) (z,t) = u(@ ' (2),1), @P(z,1) = P (z,6) (W (2).
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For k € 97t we have
i) (2, t) = u® (2, 1)¢" ().

To examine free boundary problems in hydrodynamics we use Lagrangian
coordinates which are the initial data to the Cauchy problem

(2.1) Z—f =v(x,t), xft=0=¢§¢€ }Zo.
Therefore,

t
(2.2) r = xy(&, 1) E§+Sl_}(§,s)d8,

0

2
where 0(&,t) = v(zy(&,t),t). To define Lagrangian coordinates in £2; we need

1 1
LEMMA 2.1 (see [23]). Let X (£2;) be some Sobolev space. Let v € X ({24)
1 2
be divergence free. Then there exists an extension v' of v on 24 U 2y such

that v' is divergence free, v'|\ = v and there exists a constant ¢ such that
24

(2.3) 1/l

Ly <l
X(QtUQt) X(.Q)

Applying Lemma below to problem (3.2)) we will describe the exten-
sion more precisely. In view of the definition of Lagrangian coordinates we

have
1

Qt:{$€R33$:xv(§7t)7§€ ‘}20}7
Sy ={z e R®: 2 =ux,(£,t), £ € Sp},

1 2 3 1 2
QU2 ={zeR’:x=axy(&t), € 29U}
To formulate our problem in Lagrangian coordinates we need the notation
o0&, 0
v, = %k 9
(2.4) 0x 0&
Tf}(ﬂvﬁ) = D@(ﬁ) - ﬁ]lv diVT)’D = axlgkafkq_jz = vf) -,
where summation over repeated indices is assumed, and & = £(z,t) is the

inverse transformation to z = z(§,t). From [24], [26] we have

LEMMA 2.2. Let 2 C R be a given bounded domain. Let v € Lo(£2) be
such that

(2.5) Eo(v) = | (e, + via;)? dz < 0.
2
Then there exists a constant ¢ such that

]D)@’l_t == V@’I_L + (V{)I_L)T,

lolBs o) < c(Ba) + [0l 0):
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Let us consider the Stokes problem in a bounded domain 2 C R? with
boundary S:

wy—divT(w,q) = f in 2T =02 x (0,T),

divw =0 in 27,

(2.6) T
w=>b on S* =8x(0,7),
Wlt=0 = wo in £2.

LEMMA 2.3 (see [23]). Assume that f € Ly(027), b€ ngl/p’lflﬂp(ST),
wo € Wﬁ_Q/p(Q), p € (1,00), S € C2%. Then there exists a solution to problem
(2.6) such that w € Wg’l(QT), Vq € L,(27), and we have the estimate

(2.7) HWHWPQJ(QT) + qu”Lz,(QT)
< C(HfHLp(QT) + HbHWg—l/P,l—l/QP(ST) + HWOHW;—Q/P(Q))'

Now we justify the transmission condition from ((1.10j).
To obtain the energy type estimates for solutions to problem (|1.10]) we
need

LEMMA 2.4. Assume the following transmission conditions on Sy:

1 2 1 2
(2.8) a'E -To =a5'E Ty, a’n X 7q-H=a3’nx 7, H,
where « = 1,2, vy1 +1v5 =1,0 < 1y; <1,4=1,2 and a1, ay are positive
constants. Then

2 i i i
(2.9) 3 {ami | Hy-Hde+a; | E-rot Hdz| = 0.

=1

7

.(izt Qt
Proof. We write equations (1.10)1 2 in the form

1 1 1 1 1 1 1 1
(2.10) pHt=—r0tE, E=—rotH —pmvxH, divH=0 in {2,

01
2 2 2 1 2 2 2
(2.11) poH 4= —r0tE, E=—rotH, divH=0 in (2.
02
Hence
i 2 i i
(2.12) S ai,uiH’t-Hd:L‘+Z S a;rot E - Hdx = 0.
i=1 i i=1 i
_Qt Qt

To obtain an energy type estimate we have to integrate by parts in the second
term. Moreover, no boundary term on .S; can appear. For this we shall need
the transmission condition ([2.8)).
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Let us recall the identity

(2.13) SrotH-wda:: SH-roti/de—SﬁxH-wdSt,
.Qt Qt St
where 71 is the unit outward vector to {2, normal to S;. From ([2.13) we have
11 1 1 111
(2.14) \rotE-Hdx =\ E-rot Hdx — \ n x E- HdS,,
1 1 St
24 24
2 2 2 2 2 2 2
(2.15) \rot E-Hdx =\ E-rot Hdx — \ n x E- HdS,,
2 2 St
Qt »Qt
‘ i 1 2
where 7 is outward to {2¢ and n = —n. Inserting (2.13) and (2.14]) in (2.12
we derive
i 2 i i
(2.16) S ajpiH ¢ - H dx + Z S a; E -rot H dx
=1 !ib =1 (iZt

The boundary term must vanish because otherwise (2.16)) does not imply
any estimate. The boundary term contains only the tangent components of

(] (3
FE and H, i = 1,2. Let 7,72, n be an orthonormal system of vectors. Then
we have the expansion

. 2 . .
A KA 3
(2.17) E=) E-Tofa+E-nn, i=12,

a=1

1
where 7 = n. Then the boundary term in (2.16) equals

2 1 1 2 2
I=->" S[a1E~7_'aﬁ><7_'a~H—a2E-7_'aﬁ><7_'a-H]dSt.
a=15;
Hence, the transmission conditions imply that I vanishes.
In the case a1 = as = 1, the transmission conditions assume the
form 6. This concludes the proof. =

Let us consider the problem

vy —divT(v,q) = f in 27,
dive =0 in 27,
n-T(v,q) =g on ST,
V=0 = v in £2.

(2.18)
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LEMMA 2.5 (see [22]). Assume that f € L,(21), g€ W;fl/p’lﬂflpp(ST),
vy € Wg_Q/p(Q), p € (1,00), S € C%. Then there emists a solution to prob-
lem (2.18) such that v € Wp2’1(QT), Vq € L,(27), and
219)  lollyzaqr + 19l 1, 0m

< el FLzyte2my + 1913170021730 gy + ol ga-2m )

3. Method of successive approximations. Let v, = wv,(x,t) be

1
given, and = € (2.

1
DEFINITION 3.1. Recall that the Lagrangian coordinates in {2¢ are initial
data to the Cauchy problem

(3.1) — =vp(x,t), x|=0 =& € .

Hence .
1 1
Oy = {x eR iz = a2 (,1) = €+ |ma(e. ¥ d, € QO},
0
where 7, (€,1) = v, (2™ (€,1),1).
In free boundary problems in hydrodynamics the free boundary is built
up from the same fluid particles because v,|g,, is tangent to S,; and

Sp ={z e R®: 2 = 2M(&,1), € € Sy}
To formulate problem (|1.10)) in Lagrangian coordinates we have to introduce
2 2
them in (2¢. Since there is no velocity in {2, we have to introduce it artificially

(see Lemma [2.1)).

1 .k 2 . 2
DEFINITION 3.2. Let us denote v, = v, in {2; and define v,, in {2; as a
solution to the nonstationary Stokes system

2 . 2 .2
Ut — divT(vp, qn) =0 in (2,

2 2
di =0 in (2
(3.2) iv U, in 2,
2 1 2
UTL|St = Un|St7 Un|B =0,
2 2 .2
Un|t:0 = ’U(O) mn _Qo,

where ¢, plays the role of pressure but it is not important for any estimate
2 2 1
for vy,. The initial data v(0) is an extension of v(0) through the given fixed

boundary Sy, because 12)(0)| So = 11)(())\50. The extension can be made by ap-
plying Lemma The existence of solutions to (3.2)) follows from Lemma
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12
Now, we introduce the Lagrangian coordinates £, £ as the initial data to

the problems

(3.3) )
Then

(34)  Qn = {fa ERY: = 2M(E, 1) = &+ | b, ¢') dt

where T (£, 1) = 0 (2 (£, 1), 1), £ € 20,0 = 1,2.
Formulation of the method of successive approzimations. Let v in prob-

lem (1.10) be given. We set v = v,. To emphasize that v, describes the
motion in {2; we write v, = v,. Then by Definition we have v, in (2;.

Passing to the Lagrangian coordinates expressed by (3.3)), (3.4]) we can write

problem

L 1 1 1 1
w1 e + rot,y [(rotl H, — p1v, X Hn)]

z
1.10) as a problem for H,, i = 1,2, in the form

Un | 01 Un
1 1 1 1
= v, -Vy Hy, divi H, = in 29 x (0,1),
Un Un

Un

2 1 2
woH e + rots { rote H
2 oy

2
in .Q() X (O,t),

(3'5) o1 Un
2
= —roty Hy- To,0, =12, on Sp x (0,1),
()] Un
12
g, X To,a - (H—H)=0, a=1,2, on Sp x (0,1),
1 2

g, - Hy = pang, - Hy, on Sy x (0,1),
2
H,lp=0 on B x (0,1),
k4 i i
H‘t:():H(O), in QQ,iZl,Q,



112 P. Kacprzyk and W. M. Zajaczkowski

where Vi, = %‘xm):x(n)(g, . V¢ and any operator with iildex 172,1 means
that it contains the transformed gradient V3, . Moreover, v, = v, = oy,

on Sp.

i i
For v,, given we have v,, i = 1,2, and also the domains £2,;, i = 1,2,

defined by (3.4). Hence, in Lagrangian coordinates, problem ({3.5)) for the
i

quantities H,, i = 1,2, is formulated in the fixed (independent of time)

domains (ZZO, 1=1,2.

We have to emphasize that the terms on the r.h.s. of 172 follow from
expressing problem in Lagrangian coordinates. This means that the
Lagrangian coordinates for problem are introduced artificially. But
this is done because formulation of a free boundary problem for the fluid
mechanics equations in these coordinates is very natural and simple. The
main point is that the problem derived is formulated in a fixed initial domain.

For given %n, i = 1,2, problem ll for variable H!, i = 1,2, is lin-
ear. However, to prove existence of solutions we have to use the method of
successive approximations. For this purpose we write problem (3.5) in the
form

1 1 1 1 1 1
w1 H e + —rotg H, = —(rotg H, —rot? H,)
01 o1 Un

1 1 1 1 1
+ piroty (vp X Hy) + pivn -V Hy = f,
Un Un

1 1 1 1
dive H,, = dive H, — div, H, = g in 29 x (0,1),
2 1 2 2 2
poH e + —rotg H, = —(rotg H, — rot% H,)
()] g9 Un
2 2 2
+M2'Dn'v% HnEf,
Un
(3.6) > 5 2 , )
dngHn:diQHn—diV% H,=g in 24 x (0,1),
1 L 1 2
( rote H, — — TOte Hn> cTa
01 g9
1 1 1
= U—l(rotg H, - 7, — rot% H, - T5,0)
2 2
— 0—2(1“01:5 Hy, - To — rot% Hy, - Tp,0)
p1l L
+ = X Hyp To,0 = Gay a=1,2, on Sy x (0,1),

01
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1 2
= (A X To — Mg, X Topa) (Hp—Hyp) =kay, a=1,2, onSyx (0,t),

1 2

=m(n—"ng,) Hy—p2(n—ng, ) -H=1 on Sy x (0,1),
2
H,ulp=0 on B x (0,1),
Hpli—o = H(0) in 2p,i=1,2.

1 2
For given v, v,, we prove existence of solutions to problem 1) in two steps.
First we consider the problem with constant coefficients
(3.7)

7 i

1 i . i
i H oy + —rotg n= f, dive H, = g in 20 x (0,t),i=1,2,

1 1 2
<rot§H —rotan> “Ta =0a, a=12 onSyx(0,t),
01 g9

(ﬁxfa)-(;}n—fg]n):ka, a=1,2, on Sy x (0,¢),
plﬁ-én:ugﬁ-%n on Sy x (0,¢),
l%[nzo on B x (0,1),

Holoeo = H(0) i 0, 0= 1,2,

Existence of solutions to can be shown either by applying the Faedo—
Galerkin method (see [5]) or by the technique of regularizer (see |20, 21]).
To use the Faedo-Galerkin method we need a fundamental basis for prob-
lem . Existence of such a basis will be shown in Section

Having existence of solutions to problem with appropriately regular
r.h.s. functions we can show existence of solutions to problem (3.6) by the
method of successive approximations for sufﬁmently small time. For this we

replace in the I. h.s. functions of 1.) H, by H( m) ,m € N, and in the Lh.s.

functions by H (mH) . Then problem (3 |.D leads to a mapping
1 1
(3.8) (HGH), D) = a(H, F0),

12
which for sufficiently small time and regular v,, v, has a fixed point given by
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the method of successive approximations. In this way existence of solutions
to problem ({3.6)) is proved and the following functional dependence holds:
12

(3-9) (anHn) = F(l_’n),

—

2
where we have used the facts that v, = v, and v, is described by prob-

lem .

The functional dependence (3.9) is expressed by the estimate

20 i
3.10 H, : <o ,
(3.10) Sl 5, < pllenl, )
i i
where the norms || || n Il " 24 = 2 x (0,t), i = 1,2, are found in
1, 2,

0 0
[5 120, 21] and ¢ is some increasing positive function.

To calculate the next approximation v,4+1 in the method of successive

approximations applied to problem (1.1)—(1.8]), we use problem (1.9). Ex-
pressing (|1.9) in Lagrangian coordinates we have

_ 1 1
Un1,e — dive, To, (Un41, Pns1) = f + pa divg, T(Hy)  in £2§,

1
divg, D1 =0 in (2,
(3.11) on Tt 1 0
M5, To, (Unt1, Prt1) = Pofis, — pafis, T(Hoy) on Séa
1
Upt1lt=0 = v(0) in £2,

1 1
where we have used the simplified notation v, = vy, Upt1 = Uns1. Moreover,
1

v and H, are given, where v,, denotes the nth successive approximation

1
and H,, depends on v,, by formula 1}
To prove existence of solutions to problem (3.11)) we write it in the form

(3.12)
Uny1, — dive Te(Ong1, Pur1) = —(dive Te(Ung1, Pug1)
1 _ 1
— divg, Ts, (Unt1, Pnt1)) + pa dive, T(Hy) + f = fo  in 2§,
1
dive Upq1 = dive Upq1 — div, Ung1 = go in 96,

NeTe(Una1, Pnt1) = e Te(Un1, Prt1) — 7w, To, (Ung 15 Drg1)
1
+ pong, — ping, - T(Hy) = ko on Sf),

Un41|t=0 = U(O) in 2.
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To prove existence of solutions to problem (3.12)) we repeat the approach
applied to problem (3.6). Thus, we first consider the problem

Unt1,t — dive Te(On+1, Pnt1) = fo,

dive Up41 = go,

ne - Te(Upt1, Png1) = ko,

Un+1|t=0 = v(0).

Existence of solutions to problem can be proved either by the Faedo—
Galerkin method (see Section or by the technique of regularizer (see

Lemma . Having existence of solutions to problem (3.13)) we can prove

existence of solutions to (3.12)) by the method of successive approximations

such that the r.h.s. functions depend on 177(:1)1, ﬁgﬂ and the lL.h.s. on ﬁfﬁ_iﬂ),

ﬁgﬁrl). Hence 1' leads to a mapping

_(m+1) _(m+1 _(m) _(m
(3.14) (1’7(14:1r )71951;1r )) = @(vr(z+)1?p£z+)1)’

(3.13)

where m € N. Hence for sufficiently small time and given o, the map-

ping (3.14)) has a fixed point which is a solution to problem (3.12)) for given v,,.
Then we get the functional dependence

(3.15) Unt1 = F(0p).
Hence, again, by the method of successive approximations and the assump-
tion that vy is some extension of the initial data we show for sufficiently

small time the existence of a fixed point of the mapping (3.15]). In this way
we show existence of solutions to problem ({1.1))—(|L.8]).

4. Existence of solutions to problem (3.13]). For simplicity we write
problem (3.13)) in the form
V¢ — diV& ’]I‘g(v,p) = fo,

dive v = go,
(4.1) e v g0
nig - Te(v, p) = ko,
v|t=0 = v(0).
We construct a function G satisfying the problem
dive G = go,
(4.2) Ve = 4o
Gls, = 0.

By applying the Bogovskil operator B (see also [11]), solutions to (4.2) can
be written in the form

(4.3) G =B+« go-
Introducing the new function
(4.4) u=v—G
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we see that (u,p) is a solution to the problem
uy — dive Te(u,p) = =G + dive D(G) + fo = F,
divu = 0,
ne - Te(u,p) = —neDe(G) + ko = H,
ule=0 = v(0) — Gli=0 = u(0).
Simplifying yields .
uy — dive Te(u,p) = F  in 7,

(4.5)

di . bT
(4.6) ivu=20 n ,
ne - Te(u,p) = H on SOT,
1
ult=0 = u(0) in 2.

For the sake of [5] we solve the problem using the Faedo—Galerkin method.
The Faedo-Galerkin method implies existence of solutions to problem (4.6)
via the Lo-approach.

DEFINITION 4.1. By a weak solution to problem (4.6)) we mean any so-
lution to the integral identity
47 \ ws-ndzdt+ | D(u)-D(y)dedt = | H-ndSodt+ | F-ndxdt,

1 1 ST 1
Qr or 0 Qr

1 1
where BT = B x [0, T], which holds for any n € La(0,T; H*(£20) NV (£20)),
where the time derivative is understood in the weak sense and the following
spaces are introduced:

1 1
¥ ={uc C®(§2) : divu =0}, V = closure of ¢ in Wy (£20).

Since V is separable, there exists a sequence of linearly independent elements
©1y-++sPm, ..., which is a basis in V. The existence of a fundamental basis
for the Stokes system (4.6]) is proved in [25].

Therefore, we are looking for approximate solutions to (4.7) in the form

Um = Zcim(t)(pi(x)a
=1

(4.8) Y éim | wirprdr Y cim | D(wi) - Dlgr) do
=1

1 =1 1

.Qo QO
= SH-@ldSO—F S F-ppdx, 1=1,....m, Upli=0 = um(0)
So ;20

and Cim = Cimt-
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Since ¢1, ..., @n are linearly independent, we have det S 1 @i - pjdx # 0.

Therefore, . 4.8]) yields the following linear system with Constant coefficients
and time dependent r.h.s.:

m m
Cim + E Qi Cim = E ,Binj, 1=1,...,m,
Jj=1

(4.9) o
Cim|t=0 = ¢im(0),
where m
Kj=\H-gjdS+ | F-gjde, un(0)=> cim(0)pi
So 1 =
20

1
LEMMA 4.2. Assume that H € L2(0,T;L2(So)), F € L2(0,T; La(£20)),
1
u(0) € La($2). Then there exists a weak solution to problem (4.6) such that

1
u € VR(02F), and we have the estimate

4.10 U < c(||F + ||H —+ ||u(0 .

@10) g <UL,y Wl + O o )
Proof. Since (4.9)) is a system of linear ordinary differential equations,

the existence of solutions is well known. To prove existence of weak solutions

1
in V3 (028 we multiply |D by ¢, and sum over [ from 1 to m. Integrating
the result with respect to time we get
4.11 U < c(||F + ||H —+ ||u(0 ,
A1) il g P W gsgy + O
where we have used

U, (0 < [lu(0 .
lun(O)l, o < IO

Using the weak convergence in Lo(0,T; H' (Qo)) and weak star convergence

in Lo (0,7 LQ(QO)) we show that the limit function belongs to V3’ (QT) and
estimate (4.10) holds. This concludes the proof. m

5. Existence of solutions to problem (3.7)). Dropping the index n
in (3.7) we write it in the simple form

i 1 o i i iy i
,uth-l-—'rotEH:f, dive H =g in £24,1=1,2,

1 1 2
(5.1) ( rotgH — — rotg H> “Ta =0a, «a=1,2, on Sé,

01 02

1 2
AXTq (H—H)=ky, a=12, on S},
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(5.1) 2
[cont.] H‘B = on Bt,
H|i—o = H(0) in 29,1=1,2,

i i
where H was replaced by H, i =1, 2.
To prove existence of solutions to problem |) by the Faedo—Galerkin
method we need a Weak formulation of problem (|5.1)). For this purpose We

multiply (5 1.D by ¢, a sufficiently regular function, and integrate over Qo,
1=1,2. Then

i 1 i i i
(5.2) > <,uth+Uirot§H>-@Z)d§:ZSf-wdg.
i=1 bo =1 bo
Integration by parts yields
2 i1 i i
: iHy - —rotg H -rot v |d
(5.3) ;g (u e+ - rote rozp>§
2 2 14 i1 2 i1
—ZL;” H-4pdSy =Y\ f-1de,
=1 Sy =1 i

i i
where 7 is the unit vector normal to Sy outward to {2y. Therefore choosing
1 2
n =n we get n = —n. Then the boundary term in (|5.3|) takes the form

1 101 1 2 2
I=—\=nxrot H-¢dé+ | —nxrot H 1) d.
5001 5002

1 2
In the two integrals in I the tangent coordinates of ¢ and 1 appear only.
Therefore, if we use the decomposition
i i o
Y= Z@ZJ'TQTCH—?#'W%
a=1

the expression I takes the form

2
1 1 1 1 2 2
I= Z[— S — A x ot H - 7o) - 7o dSp + S — A x ot H - 7ot - 7o dSo | .
01 02
a=1 So So
In view of the transmission conditions ([1.8) we have

1 2 1 2
(5.4) E. =E., H., =H,, a=12 onbSp.
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Recalling that
1 1 1 1 2 1 2
ETQ:<r0tH—,u1v><H>-7_'a, E, =—rotH- 7,
o1 02

we obtain

1
(5.5) I==Y" | 7o xn-vxHi-7dSp
Oéilso

where we have used
1 2
w'%azw"fa:w'%a, 0421,2, OIISO.
Replacing the boundary term in (5.3)) by (5.5)) we derive the integral identity

| i i
(5.6) Z S <Mth “+ = rote H - Tote w> d§
i=1 i '
2 2 o 2
i 1
=YV Fvde+ > | 7o xn-vx He - 74dSp.
=1 i a=1 SQ
{20
To show existence of weak solutions to problem (j5.1]) satisfying the integral
identity (5.6)) we need the existence of a fundamental basis.

For this purpose we consider the elliptic problem

1 1 1 1 11 1
w1 + rot < rot@b) =f, divy=h in £2,
01
2 1 2 2 2 2 2
a1 4 rot ( rot1/1> =f, divy=h in £2g,
02
1 1 1 2
— 10t | Ta=—710tY Ta+ga =9 -Ta, a=1,2, on Sy,
(5'7) 01 g9
1 2
Y NXTy =% -NXTq, a=12 on Sy,
1 2
Y -n=uvoy-n on Sy,

B pu—
From 1,2 we have p; divey = div f, ¢ = 1,2. Hence for f divergence free
i
we see that 1 is also divergence free.

Moreover, we have the compatibility conditions ;L = i div}, 1=1,2.

To prove existence of solutions to problem we use the partition of
unity introduced in Section [2] In view of the Fredholm theorem we only need
to derive an a priori estimate. Therefore, we need
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[

i i
LEMMA 5.1. Consider problem (5.7). Assume that f € Lo(f2), h €

7
HY(), i = 1,2. Assume that the transmission and boundary conditions

12
are satisfied: 3747576. Then there exists a solution (¢,1) to problem (5.7)
i i
such that ¢ € H*(02), i = 1,2, and we have the estimate

2 . 2 . .
(53) >l g <3081, kI, )

Proof. We use the partition of unity introduced in Section [2| Let ¢*)
a cut-off function from the partition of unity. Set u® = u¢®*).

Take k € 911. Localization of lb to supp ¢ (%) implies that the problem
can be treated as a problem in the whole R® for functions with compact
supports and then we apply the formula

(5.9) rot? = —A 4+ Vdiv.
In view of (5.9) problem (5.7) localized to supp ¢ (k) k e My, takes the form

1 1 1
(5.10) ™ — i(mu(’f) — Vdivy®)
o1
1 1 1 1 1 1
= —[-AY® 1 Vdivey® — (—Ay + Vdive)c®] 4 f&)
g1

1 1 1 1 1 1
= —[-2ve V(W — AW + divy V™ + vy VB 4 v
1

0 = 0,
Moreover, ) X X
(5.11) divp® = o - v¢®) 4 a0,

Employing (5.11)) in - yields

(5.12) i - U—Aw ®) = ——v(w Ve 4 h®) 4 f9 = f)
1

1
Multiplying (5.12) by ¢ ®*) and integrating over R3 gives

1
(5.13) prhb ™3 g + rw“f |2Rs<c|f2>\m3w By ps.

By the Young inequality we get

1 1
(5.14) 1@ ks < el £ .

1
Multiplying (5.12) by Ai/)(k and integrating over R? implies the estimate
1
k
(5.15) VO o + 1800 g < el 42 5o
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Hence, (5.14) and (5.15) imply

1 1
k
(5.16) 1™ |ops < | 5] ms.
Similarly, for k& € s we obtain
2 2
k
(5.17) 1P [laps < el f$ | s,
where

2 12 2 2
£ = =V ve® 4 h) 1 1Y,

2 2 2 2
o L [—2Vpv¢® — pACP) + divpv¢®
02
2 2 2
+ V- V¢E - V(W] 4 f ),

Let now k € M. Then the localized problem (5.7) takes the form
(5.18)
,uﬂz(k) + l rot? QZ(k) = i‘(rot2 @Z/)(k) — rot? QZC(k)) + JZ‘(’“) = lgk), 1=1,2,

i o
dive® = - v¢® 1 p® = p®) i=1,2,
1 2 1 1
e rot @b(k) ST — 012r0t w(k) Ty = Jll(rot 1/1(’“) — rot wC(k)) “Ta
1 2 k 2 k — k (k)
— —(rot ™ —rotp - (W)Y . 7y 4 g = M) a=1,2,
02
1 2
V® x5y =9 ®) i x 7y, a=1,2,

1 2
rp®) i = vy,
To examine problem (5.18)) we pass to local coordinates which make the
part of the boundary Sy Nsupp (¥ = S(()k) flat. Let £®) be the middle point

of S(()k). We introduce new local coordinates y = (y1, 92, y3) with origin at £(*)
and such that Sék) is described by the equation

y3 = Fi(y1,92),

1
where the point (y1, y2, y3), with y3 > Fi(y1, y2) belongs to 2o and (y1, y2, y3)
2

with y3 < Fk(yl, yg) belongs to (2.

The coordinates y = (y1, Y2, y3) are obtained from the global coordinates
x = (x1, w2, x3) by a translation and a rotation. We denote this transforma-
tion by y = Yi(x). Next, we introduce new coordinates z = (z1, 22, 23) by
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the relations

(5.19)

Za = Yo, a=1,2,
z3 = y3 — Fi(y1,92).
We describe (5.10) by = = @u(y) = u(Yi(a)) = Wi(x). Hence, S5 in
coordinates (5.19)) is described by

z3 = 0.
x(z) be any function. Set )Z(k)( ) = X(W_ (z)) and X(k)( ) =
z). Moreover, we define transformed operators by

A

z = %‘x:?{l(z)vz'

Applying this transformation to problem (5.18]) yields

i3 1 9% Lk )
Ui@b(k) T ;irOtzw(k) = fg )’ 1=12
div.p® = pP), i=1,2,
S S B (k)
(5.20) 7r0tz¢(k) - 7r0tz¢(k) Ta =041, =12
o1 02
PE) i x 7y —w<k e a=1,2,

~ A

1
WZ(’C) SR = ,,21],(’6) -7,

where
_Fkvyl 1
i=|-F,, | —,
’ / 2
1 1+ Fk,y/
1 0
~ 0 1 o 1 1
T = ——, T2 = ——
2 \/1+ F;
Fuy, ) VT Frmn Fry, T Pk

In view of the transformation |i and the fact that Sék) C {z3 = 0} we
introduce the following tangent and normal vectors to the plane z3 = 0: n, =
(0,0,1), 7.1 = (1,0,0), 7.2 = (0,1,0). Then problem ({5.20)) is transformed
to

L 1 L 1 N
™ 4+ ;rotz P = ;(fotg —rot2)p ™ 4 flk) = f2 o >0,
1 1

1 1 1 1
(5:21) diy, ® = (div, —div,)d® + AP = 7P, 25> 0,
2

2 2
u2¢<k>+$rot%<’f)=i<rot§—r6t§>u?< PRI S P <o
2

02
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(5.21)

[cont.]

2 2 2 2
div, 1/;(’“) = (div, —din)l/;(k) + ilgk) = ﬁgk),
L 1 2
—rot, w(’“) - Toq — — TOt, T,Z)(k) - Toa
g2

01
1

1
= Lot 90 7y — rotap® - 2)
01

1 2 P i
— U—Q(rotz 1/1(’“) “Too — I'Otz’(/J(k) “Ta) + g(()ﬁ) = gg;), a=1,2,
2 1

1
1/;(@ "Ny X Tza — ¢(k) "Ny X Tpa = w(k) ’ (ﬁz X Tza — n % 7%0‘)

2
— W) (i X g — 1 X Toa) = l;gf), a=1,2,
1 2
Vlz/;(k) "Ny — V21;(k) "Nz
1 2
=™ (7, — 1) — o™ - (7, — 1) = a®),

123
zg3 < 0,
Z3 = O,
Z3 = O,
zZ3 = 0.

Since k is fixed, we simplify problem ([5.21)) by writing it in the form

1 1 5 L 1
u1w+;r0t Y = fo, 23 > 0,
1
11
div = hao, zg > 0,
2 1 b2 2
Mzw-l-;rot Y= fo, 23 <0,
2
2 2
(5.22) div b = h, 23 <0,
1 1 2
— 0t Y - Toq — —TOLY - T = Go2, a=1,2, 2z3=0,
o1 o9
1 2
w'ﬁzX%za_w'ﬁZX%za:bay a:1>2> Z3:0,
1 2
V1¢'ﬁziy2¢'ﬁzzaa 23205

where all operators are with respect to the coordinates z = (z1, 22, 23), so

the subscript z is dropped for simplicity.

By employing formula (5.9) and the form of the tangent and normal

vectors:
N, = (0,0, 1), Tyl = (1,0,0), Tyo = ((), 1,0),

Ny X Tyl = —T22, Ny X T2 = —T.1,
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problem ([5.22) takes the form

1 1 1 1
M1¢+%(—A@D+Vdivw) :fg, z23 >O,
1
11
div ¢ = ho, z3 >0,
2 2 2 2
M2¢+;(—A¢+Vdiv¢)=f27 z3 <0,
2
2 2
div ) = ho, 2 <0,
11 1 1 2 2
(5.23) — (V2,05 = V3.25) = — (V225 — ¥3.25) = —g12, 23 =0,
o1 o9
11 1 1 2 2
7(1#1,23 - ¢3,Z1) - 7(7#1,23 - ¢3,21) = g22, 23 =0,
o1 g2
12
g —1pg = —by, 23 =0,
12
1 — 1 = —ba, 23 =0,
1 2
s — )3 = a, 23 = 0.

1 2
Multiplying (5.23)1 by 14, (5.23))3 by v, integrating over Ri and R3
respectively, and summing yields

[ 2, v 1 11
(5:24) vVl g +vaatlpe + 70 | (-A%+ Vdive) -y da

3
R

) 2 . 2 2 1 1 2 2
+ = | (~AY +Vdive) - dz=w | fo-ddztwn | foripdz.
72 g R3 R3

Integrating by parts the sum of the last two terms on the Lh.s. of (5.24))
yields

(5.25)
n S [— diV(VI}J . 12) + diV(diV”LlﬂTz)] dz+ 2L S (|V1}J!2 - ’diV&)’Z) dz
7y 7y
+2 |- div(Ve) - ) + div(div )] d= + 2 | (Vo2 — |div[2) d=
R3 R3

%1 Lo L1 ¢! 2 209
= O—T(WM?:R‘?L — [div el s ) + ;2(|V¢’2,R§ — [divep|y gs )

vy 1 1y 11 v 2 2y, 22
- <1w,23 ) — L divepthy — =, -+ — div wg) dz,
R2 01 01 ()] (o]
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where dz’ = dz1dz,. Expressing the boundary term in ([5.25)) more explicitly,
we have

I =

plo1 1 1 11 g2 2 2 2 2 2]
- [m(wl,zﬁﬁl +¢2,Z3¢2+¢3,z3¢3)—;2(¢1,z3¢1 +¢2,Z3¢2+¢3,23¢3)] dz

RQ

v 1 1 1 1 vy 2 2 2 2 ,
+ S a(wl,zl + ¢2,z2 + w3,z3)1/’3 - g(wl,zl + ¢2,z2 + ¢3,23)¢3 dz.
R2

Simplifying yields

po1o1 11 vy 22 2 2 ,
I=- S [m(¢1,Z3¢1 + 2,2502) — ;2(¢1,Z37,Z)1 + ¢2,Z3¢2)] dz
R2
1 11 gy, 2 2 2
+ S |:1(¢1,z1 + ¢2,22)¢3 - l(wl,zl + ¢2,z2)¢3:| dzl-
o Lo 09
If
1 2
(5.26) Ay = 2oy +a,
o1 o2

the second term in I equals

[ |01+ 90) (2 40) = G+ D) 2]
R2 2 o
1 1
= [ Wiz + toy)ad.
R2

If we assume the conditions

1Z1 1 1%) 2 141 1 120} 2
— W12y = W12+ V32 — — Y32 t 922 = 0 + g2,

vy ! vy 2 vy ! vy 2
— Y2 = — Y2y + — W32 — — Y32, + g12 = a, + g12,
o1 o9 o1 o9
the first term in I takes the form
vy 2 1 vy 2 1
- S [(1/11,23 +az + g22> 1+ <¢2,Z3 +az, + 912>1/12
09 02
RQ
U2 2 vy 2 2
— Sy g th1 — g stba | dZ
op! op}
1

= - S [(az + 922)721 + (a2, + g12)12] d2'.
R2
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Applying the above considerations in ([5.24]) and restoring the index k gives

(5.28) [ \mww |2R3+Hw’“>H?R3+W>HIR3

c(|divw(k)]§7R3+ + ]divw(k)];Ri ) +‘ S (wﬁ’j;)l + ) Yadz!

[ 1@® + g% + @) + ¢ &) a2’
R2

—1—0‘ S U0 0 dz‘+c‘ S FONIC dz‘.
3 3

RY R?

+c

Next, i i i i
divep®| <l o el s +elh®]
1,R 2,R

2,R 2,RnNsupp ¢(F)
1 2
where i = 1,2, R = Ri, R = R3 . Moreover,

> g&g)izgk)dz

a R2

2
1
k
<c Z 9% o w2 [0 |2 e

a=1

2
1 2 1 2
< CZ[‘¢|2,R2ﬂSupp<(k) + W}’ZRQﬁsupp(j(’C) + )‘(’vw(k)‘Q,Rz + ‘vw(k)’lﬂ@)

a=1

+gd )|2 RQ]W( |o.R2-

1
Differentiate (5.23)1 and ([5.23)3 with respect to 7, multiply by v1v¢ » and
2
v 7, respectively, and add the second normal derivatives to get

(5.20) Z oo,

’

2

2: F AP FBL R ).
2,R 2,R 1,R

pp ¢(F)

Finally, we conblder the case k € 3. Repeating the argument in the case
k € 9t we obtain

2 2 2 2 2
(5.30) [[™| o <e(l¥] » + YD ome + 1FF] 5+ 12D ).
2R 1,RNsupp ¢ (k) 2R 1,R

Employing inequalities (5.16)), (5.17)), (5.29), (5.30) and summing over all

neighborhoods of the partition of unity we derive

(531) annv Z(ku U IR ).
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Hence, by interpolation we get

2 . .
(532 LIPS Z(\w UL+ D)

=1

12 i
Multiply 1) 1,2 by ¥, 1, respectively, integrate over {2, ¢ = 1, 2, respectively
and exploit the boundary and transmission conditions to get

2 2
5.33 i < ;
(539 Z ol D10,
Inequalities ((5.32] and 5.33) imply
(5.34) }:WN~ }:WWZ+HW o)

i=1
This implies .

To conclude the proof we need existence of solutions to problem
(see |15, Ch. 4, Sect. 7]). For this purpose we have to examine the localized
versions of problem to the neighborhoods supp ¢ ®) ke My UMy U
91 U NMo. Therefore, we have problem for k € My, a problem similar
to for k£ € 9y, problem for £ € 911 and finally the localized
problem for k € 9. Assume that h denotes all r.h.s. functions of these
problems. Since all the localized linear problems are solvable, there exists an
operator R, called a regularizer, such that

2
Rh=Y Y "n®

k =1
where k € 9011 U 90t U O U Ns.
Let A be the operator of problem ([5.5)). The calculations imply existence
of operators T' and W such that

ARh=h+Th and RAY = + Wi,

12
where ¢ = (1,%). For sufficiently small A\ and large (u1,u2) we have
|T|l, JW]| < 1. This implies existence of solutions to problem ({5.7) and
ends the proof. =

Consider the problem
Ap=h in 20,i=1,2,
1 2 _ 1 _ 2
=9, mn-Vo=pmn- Vo on Sy,
(5.35) . ng —0,
g dr=0,i=1,2.

20
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i
LEMMA 5.2. Assume that h € §2¢, i = 1,2. Then there exists a solution

; 1
to problem (5.35) such that ¢ € H2(£2;), i = 1,2, and we have the estimate

2 2,
5.36 / . <c Rl . .
(5.36) ;Hw\lmmo) ;H HL2(90)

Proof. To show existence of weak solutions to problem ([5.35)) we find an
nergy estimate and apply the Fredholm theorem. Therefore, we multiply
; )

5.35))1 by gzo and integrate over 2. After summation we get

2 o 2 i
Z S iAo da = Z S pihe dz.
=1 (2‘20 =1 }20
Integration by parts yields
2
i I | 22
537) > | wlVePdr+ | (nn - Vop — pam - VE) dSo
=1 i So
29

2 .
= —Z S ,uihglpdx.
i=1

3

20

In view of (5.35))2 the boundary term in (5.37) vanishes. Then ([5.35)4 and

the Poincaré inequality give

2 2
5.38 / . <ec T
(5.38) ;H@HHWO) ;H HLQ(QD)

Now the Fredholm theorem gives existence of weak solutions to problem

(2 (3
5.35) under the assumption that h € La(£2;), i = 1, 2.
Applying the technique of regularizer we improve regularity of the weak
solutions and prove estimate (5.36)). This concludes the proof. =

Setting
(5.39) v=19—-Vp, i=1,2,

12 .
we see that v, v are solutions to the problem

wiv+rot | —rotv | = f — u; Vo, in £29,1=1,2,
0

- 10 divo =0,

(5.40) 1 1 _ 1 2 _

— TtV T = — 10tV - Tq + go, a=1,2, on Sy,

o1 09

1 2 _
V NXTqg =0 N XTa, «a=1,2, on Sy,
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1 _ 2 _
(5.40) Vi -v-n=1w0-n on Sy,

[cont.] %’B —o.

DEFINITION 5.3. Introduce a set of smooth divergence free functions

1 2
SF(£20) = H*(20) x H*(£2y) satisfying the transmission conditions (5.40))2 3.4
and the boundary condition (5.40)5. Then problem (5.40) implies existence
of an operator

A 5%(20) — S°(52).
In view of Lemma the inverse operator
A7 8%(02y) — S%(929) € S°(2)
exists. Hence A™! is a compact operator
A7 S%(020) — SO(0).

Moreover, the operator A is symmetric, because

2 i 1 i ,

(46.0) = 3 [0, + L trot ot )] = (0. 4.
i=1 ¢

From the von Neumann theorem (see |17, Ch. 4, Sect. 3|) we know that

A~1is also a symmetric operator. Since A~! is compact and symmetric, the

Fredholm theorem (see |13, Ch. 1]) yields

THEOREM 5.4. The operator A~ has a countable set of eigenvalues. To
each eigenvalue A corresponds at least one nontrivial solution to the equation

(5.41) My = A7y

The eigenfunctions to problem ([5.41]) form a dense set of functions in
SY(£29). The functions can be chosen as basic functions for the Faedo-
Galerkin method.
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