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DIFFERENTIAL GEOMETRY
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Summary. We deal with compact surfaces immersed with flat normal bundle and par-

allel normalized mean curvature vector field in a space form Q*'P of constant sectional

curvature ¢ € {—1,0,1}. Such a surface is called an LW-surface when it satisfies a linear
Weingarten condition of the type K = aH + b for some real constants a and b, where H
and K denote the mean and Gaussian curvatures, respectively. In this setting, we extend
the classical rigidity theorem of Liebmann (1899) showing that a non-flat LW-surface with
non-negative Gaussian curvature must be isometric to a totally umbilical round sphere.

1. Introduction and statement of the main result. The study of
surfaces immersed in a 3-dimensional Riemannian space form Q2 of constant
sectional curvature ¢ plays an important role in the theory of submanifolds.
In relation to this topic, in 1897 Hadamard [3] proved that an ovaloid, that
is, a compact connected surface with positive Gaussian curvature, in the
3-dimensional Euclidean space R? is a topological sphere. In view of this
result, it was natural to look for conditions which allowed one to conclude
that such a surface was necessarily a totally umbilical round sphere. In
1899 Liebmann [5] obtained his celebrated rigidity result, which states that
every compact connected surface in R? with constant Gaussian curvature is
necessarily a totally umbilical round sphere.

Later on, there have been different generalizations of Liebmann’s theo-
rem from several points of view for surfaces, and more generally hypersur-
faces, in the Euclidean space [4, [7, 8, 9] [10], or in the hyperbolic space or an
open hemisphere [6]. In [I], as an application of the Gauss-Bonnet theorem
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along with a formula involving the Gaussian curvatures of the first and sec-
ond fundamental forms of the surface, Aledo, Alias and Romero established
a new direct proof of these results.

Here, we consider a wide class of surfaces M? immersed in a (2 + p)-
dimensional space form Q2™ of constant sectional curvature ¢ € {-1,0,1},
which extend those of constant Gaussian curvature, the so-called linear
Weingarten surfaces or simply LW-surfaces. We recall that a surface is said
to be an LW-surface when its mean curvature H and its Gaussian curva-
ture K satisfy a linear relation of the type K = aH + b for some constants
a,b € R. These surfaces were originally introduced by Weingarten [11], 12]
in the context of the problem of finding all surfaces of the Euclidean space
isometric to a prescribed surface of revolution. In this setting, we obtain
the following rigidity result which can be regarded as an extension of the
previously mentioned ones:

THEOREM 1.1. Let M? be a compact non-flat LW-surface immersed in a
Riemannian space form Qgﬂ’ of constant sectional curvature ¢ € {—1,0,1},
with flat normal bundle, parallel normalized mean vector field and such that
its Gaussian curvature K and mean curvature H satisfy K = aH + b with
a?+2(2b—c) > 0. If K is non-negative on M?, then M? is a totally umbilical
round sphere.

The proof of Theorem [1.1]is given in Section [3| Before, in Section 2] we

recall some basic facts concerning the geometry of surfaces immersed in a
space form.

2. Preliminaries. Let M? be a connected surface immersed in a space
form Q"7 of constant sectional curvature c. We will use the following con-
vention on the range of indices:

1<ABC,...<24p, 1<i,4,k...<2, 3<ap,7,...<2+0p.
We choose a local orthonormal frame field {e1, ez, €3,...,e24p} along M2,
where {e; }i—1,2 are tangent to M? and {ea}a=3,. 2+p are normal to M?. Let
{wp} be the corresponding dual coframe, and {wpc} the connection 1-forms
on @3“” . The second fundamental form h, the curvature tensor R and the
normal curvature tensor R+ of M? can be given by

Wi = E h%wj, h = g h%wi ® wj ® eq,
J 4,J,x
1
dw;j = § Wik N\ Wgj — 5 § Rijpiwr A wy,
k k,l

1
dwap = Zwm A Wy — 3 Z Ralﬂklwk A wy.
Y k,l
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Moreover, the components h%k of the covariant derivative Vh satisfy

(2.1) > hSpwr = dhS + > hfwrg + Y AWk + Y b wa.
k k k B
The Gauss equation is

(2.2) Rijr = c(0ixdji — 6udjn) + > (hiihG — hhSy).

In particular, the components of the Ricci tensor R, are given by

(2.3) Ry = cip +2>  HOhG — Y hi5hS,
« a,j

where H* = % >, h: are the components of the mean curvature vector field
H=) H%,.

From (2.3) we get the relation
(2.4) 2K = —2+4H? - 8,

where K stands for the Gaussian curvature of M?, H = |H| is the mean
curvature function and S = |h|? = Zid’a(h%)? is the squared norm of the
second fundamental form h of M?2.

Assuming that M? has flat normal bundle (that is, R+ = 0), by exterior
differentiation of we obtain the Ricci identity

(2.5) hz‘o}'kl - %lk = Z h?‘anmm + Z h?mijkl'
m m

Moreover, the Codazzi equation is given by

(2.6) ik = hik; = hik-

3. Proof of Theorem In what follows, we will deal with surfaces
M? of Qzﬂ’ having parallel normalized mean curvature vector field, which
means that the mean curvature function H is positive and the corresponding
normalized mean curvature vector field H/H is parallel as a section of the
normal bundle.

In this context, we can choose a local orthonormal frame {e1,...,ea4,}
such that e3 = H/H. Thus,
(3.1) H*=1tr(h*)=H and H*=1ltr(h*) =0, a >4,

where h® stands for the 2 x 2 matrix (hg};).
We will consider the symmetric tensor
& = Zéf}wi R w; Q eq,
RN
where &7, = h{: — H%J;;. Consequently,

(3.2) @} =hi; — Hoj; and & =hf;, 4<a<2+p.
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Let |®|? = Zmﬂ(@%)? be the square of the length of . From (2.4), it
is not difficult to verify that & is traceless with

(3.3) |#> =S —2H? = 2(c + H?> — K).

In order to prove Theorem we will also need the following key lemma
which is obtained by just adapting the proof of [13, Proposition 2.2]:

LEMMA 3.1. Let M? be an LW-surface immersed in @E“’, with K =
aH +b for some a,b € R such that a®> + 8(b —¢) > 0. Then

(3.4) |Vh|? > 4|VH|?.
Moreover, if equality holds in (3.4) on M?, then H is constant on M?.
Now, we are in a position to present the proof of Theorem

Proof of Theorem [1.1. We have
(3.5) FAS =D hEARG 4+ Y (h)?
©,7,0 i,5,k,
where the Laplac1an Ah‘”} of h°3 is defined by Ahg; = hiiyy- Using the
Codazzi equation (2.6) in we obtain
(3.6) %AS: IVRI> + > hhi
i,5,k,
Thus, from (2.5 . and , we conclude that
(3.7) 1AS = |Vh|2 + Z nHERET 4 T B hGy R

i,7,m,k,«

+ Z h hkm mijgk-

i,7,k,m,a

Consequently, taking a (local) orthonormal frame {e1, e} on M? such that
hi; = A¥8;5 for every o, from (3.7) we obtain the Simons-type formula

(3.8) 1AS = VA + ng (2H)ii ZRW A9)2.
7]7

We define an appropriate modified Cheng—Yau operator by

(3.9) L=0- %aA,

where the square operator is defined by

(3.10) Of =) (2Héb;; — b)) fi;
(2%

for each f € C*(M).
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Setting f = 2H in (3.10)), we obtain
(3.11) O(2H) = 2HA(2H) ZA3 (2H);

 JACH - Y (e - Y,

= AR+ 1AS —4|VH|? = Y " N(2H);
Consequently, inserting (3.8)) into (3.11]) we get
1 (03 e
(3.12) O(@2H) = AR+ |Vh|> — 4|VH|* + 3 D Rijii(AF = A9)%.

z’]’a

Since R = aH + b, from (3.9) and (3.12]) we have
1 « «
(3.13) L(2H) = |Vh|? —4|VH|? + 3 > " Rijij (A = A9)2.
i,J

From the Gauss equation we have

(3.14) Rijij = ¢+ Z AN

Hence, usmg and we have
(315 - Z Rijij (A8 — A9)? ZRmz = X5)*

zya
= (c +3AF) Do - A9
B o
B |hF? 312 2
—2<c+z<2—|¢ 2) ) |9
B
= 2<c+ g — \@\2> |®|2

= |®|?(—|®|* + 2H? + 2¢) = 2K|P|>.

Thus, using Lemma and since we are supposing that K is non-negative
on M?, from (3.13) and (3.15) we get

(3.16) L(H) > K|®|* > 0.
On the other hand, from (3.9 and (3.10)) it is not difficult to verify that
(3.17) L(H) =divy(P(VH)),

where P = (2H + a/2)I — h?® and I denotes the identity in the algebra of
smooth vector fields on M2,
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From and , integrating L(H) on M?, which is supposed
be compact, we obtain L(H) = 0 on M?2. So, returning to we get
|Vh|? = 4|VH|? on M2. Thus, using once more Lemma we conclude
that H is constant on M?2. Consequently, since K = aH + b and M? is also
assumed be non-flat, from (3.16|) we infer that |®| vanishes identically, and
therefore M? is totally umbilical.

Consequently, since M? is totally umbilical and taking into account ,
we get

h = (H, eq)] = H*T = 0

for every a > 3. This implies that the first normal subspace
Ny = {eq € XH(M); h* =0}

is parallel and has dimension 1. Therefore, we can apply [2, Proposition 4.1]
to reduce the codimension of M? to 1 and we conclude that it must be
isometric to a totally umbilical round sphere.
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