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Summary. We give several results concerning suprema of canonical processes. The main
theorem concerns a contraction property of Bernoulli canonical processes which generalizes
the one proved by Talagrand (1993). It states that for independent Rademacher random
variables (g;);>1 we can compare Esup,cp > v, wi(t)e: with Esup,c > oo, tigs, where
the function ¢ = (¢;)i>1 : T — £2, T C {2, satisfies certain conditions. Originally, it
was assumed that each ; is a contraction. We relax this assumption to comparability of
Gaussian parts of increments: for all s,¢ € T and p > 0,

inf it— i$2<02 inf t¢—8¢2,
i1, Dl — o)l < DRSS

[1¢|<p“
1

where C' > 1 is an absolute constant and I C N, I =N\ I.

1. Introduction and notation. Throughout this paper we will use
the following notation. For a set A the number of elements in A will be
denoted as |A|. If ¢ = (¢;);>1 is a sequence of real numbers and p > 1 then
1tll, = (3250, [ti[P)Y/P, and P is the space of all sequences ¢ with ||t < oc.
IfS,T C P then S+T ={s+t:se€S,teT} Forarandom variable £
and p > 0 we put [|€][, = (E|£[P)/P. Tf (&)i>1 is a sequence of independent,
identically distributed random variables such that E¢& = 0, ng = 1 and
t = (t;)i>1 € £? then the random variable

(1) Xp=> ti
=1
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is well-defined. For each T C ¢? with 0 € T the process X7 = (X)ier is
called canonical. The above series converges in || - [|2, i.e.

n
i [$ e x] -o
1=

Clearly,
| Xt — Xsll2 = ||t — sl for s,t eT.

REMARK 1. The almost sure convergence in might be guaranteed also
when the independence assumption on &;’s is skipped. In that case we may
consider a finite-dimensional version of , where T' C R%. The most studied
example is when &;’s have log-concave tails, i.e. P(|&;] > t) = exp(—N;(t))
for Nj : [0, 00] — [0, 00] convex, and may be dependent.

We want to distinguish two types of canonical processes which will be
of special interest. If (§;) = (g;) and P(g; = 1) = P(g; = —1) = 1/2
then the process X7 is called canonical Bernoulli and denoted by Br =
(B¢)ter- This class of processes is important for various applications, e.g.
to infinitely divisible processes [I8] and empirical processes (see [19] for a
comprehensive study). If (§;) = (g;) and g; are normally N (0, 1) distributed
then the process X7 is called canonical Gaussian and denoted by Gp =
(Gp)ter- In fact, canonical Gaussian processes can be seen as a motivation
to study canonical processes in general, the reason being the Karhunen—
Loeéve representation of separable Gaussian processes by means of canonical
Gaussian processes (see e.g. [12, Corollary 5.3.4]).

The main object studied will be suprema of canonical processes. For any
set T" and a stochastic process (X;):er we define

Sx(T) = sup Esup Xy,
FCT teF
where F' runs through all finite subsets of T". Usually, by considering a sepa-
rable modification of Xy, ¢ € T, it is possible to guarantee that sup;cp X; is
a well-defined random variable (for the definition of a separable version of a
process and a discussion of measurability of suprema in the general setting of
not necessarily separable Banach spaces see [I1, Ch. 2]). In this case Sx(T")
coincides with the usual expectation of the supremum of Xy, i.e.
Sx(T) = Esup X;.
teT

Let us finish this section with a few important technicalities which will
be helpful in dealing with canonical processes. We have Sx (1) = Sx (T —1t),
where T'—t = {s—t : s € T'}, so we may always require that 0 € T". Moreover,
Sx(T) = Sx(ConvT) and Sx(T) = Sx(clT), where Conv T is the convex
hull of T and ¢l T is the closure of T in £2.
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We follow the convention that numerical constants denoted by the same
letter may vary from line to line.

2. Suprema of canonical processes via chaining. First, we recall
the basics of the chaining approach to upper bounds for stochastic processes.
Let (T, d) be a separable metric space, tyg € T a fixed element and Xy, t € T,
a process such that || Xs — X¢||2 < d(t, s) for t,s € T, so that it is separable.
For each countable dense D C T' it is true that Esup,cp X¢ = Sx (7).

We say that a sequence A = (Ay,),>0 of partitions of T' is admissible if
Ao = {T} and |A,| < N,, = 22" for n > 1 and these partitions are nested,
ie. for any A € A,, n > 1, there is B € A,,_1 such that A C B. Fort € T
we denote by Ay, (t) the unique element of the partition .4,, which contains ¢.

A sequence m = (my)n>0 of mappings m, : T — T is said to be adapted
to the partitions (Ay)p>0 if m,(t) = mp(s) for s,t € A € Ay, n > 0, and
mo(t) = to for t € T' (the common value of 7, on A € A,, will be denoted by
m(A)). Let T, = {mp(t) : t € T} and D = J,, Tn.

We say that 7 is regular if
(2) lim d(t,m,(t)) =0 foreachteT.

n—oo

For regular 7 the set D is dense in T. We define

Vx(m) = fugz [ Xr,t) = Xmu_ypyll2ns vx(T) = inf yx ()
< n=1

where the infimum is taken over all admissible sequences (A, )n>0 of parti-
tions of T" and regular sequences 7,, n > 0, of mappings T' — T adapted to
(Ap)n>0. Furthermore, for t € T' and each m > 1 we can write the following
chain representation:

m

Xt = Xnot) + O Xty = Xy (1))-
n=1
Therefore for each t € D we have
x
(3) Xi < Xiog+ D 1 Xmo) = Xmu 1)
n=1

vx (T) should be compared with Talagrand’s functional 2 (T, d) (see [19, Def-
inition 2.2.19] or the formulation due to Latala and Mendelson (see [9], [13]),
where it was proved that under suitable regularity assumptions, Sx(7T") <
K~x(T), where K is a universal constant.

Let us give a short argument for a similar upper bound with an improved
constant.
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THEOREM 1. Under the above assumption on (T, d), to € T' and a process

(Xt)ter we have
Sx(T) < EXyy + 3yx(T).

Proof. Let (Ap)n>0 be any admissible sequence of partitions of 7' and
7T = (Tn)n>0 a regular and sequence of mappings of T' adapted to (Ay,)n>0.
For any A € A, and n > 1 we denote by A’ the unique element of A, 1
which contains A.

In what follows we will use the fact that a < b(1 + (a/b— 1)) for any
a,b > 0. For each t € D we get

o
Xy — Xy < Z [ Xty = X1 (0]

n=1
- ’er (t) — Xr 71(t)|
< 32Xy~ eyl (14 (g 1
ngl (t) 1(t) 2||X7Tn(t) — Xﬂnfl(t)||2" +

= = |X7r () _Xﬂ' _1(t)’
< (X 2~ Xn s Ol (14X (g -1) ).
(nZ::l © ' ) nz::l 2[| X, (1) = X1 (0yll2n N
The last inequality holds since > 07 by (1 +¢n) < (D21 bn)(1+ D07 ¢)

for any sequences (by,), (¢,,) of nonnegative real numbers.
Hence,

o
sup X¢ — X, S(sup 2\ X ) — Xa, n)
sup Xi = Xig teTnz:l 1 Xty = Xrn1 1)l
oo
|X7r () _X7r ,1(15)’ ) )
14+ sup < = - -1
< ;tGT 21 X,y = Xl n

- X7T _Xﬂ- /
§27X(7r)<1+z T < X () = X (a0 _1) )
+

n=1 AcA, 2HX7rn(A) B XTFn71(A’)H2"
We easily see that if t € A € A, then

Xrn(®) = Xrp1(t) = Xrn(A) — X1 (A7)

Therefore,
(4) EsupXy
teD

< Xty = Xy
SEXt0+2’yx(7T)<1+Z 3 E< Xow) = Xy 1) )
+

n=1 Ac A, QHX“n(A) - X7Tn—1(A’) H2”

Now, we show that for any nonnegative random variable # and p > 2,

11
B(50r 1) <5 oz
20, /"2 pe2
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Obviously, it is enough to prove that if 6 > 0 and EA” < 1 then E(6/2—-1); <
%ﬁ Indeed, if # is as above and £ = E(6|G) where G is the o-field generated
by the single event C' = {6 > 2} then E(¢/2 — 1)1 = E(6/2 — 1)1 and by
Jensen’s inequality E&P < E#P < 1. Observe that for the random variable &
we have £ = x1¢ for some z > 2 and C with P(C) < 1/2P. Hence

0 1 N\ 1 1 1
E<—1> :E(f)ﬁma}((x—l):(l—) <= :
2 i z>2 P \ 2 D p-2P — 2 p-2p

If we apply the above inequality for p = 2" for each n > 1, the inequal-
ity yields

1 < N,
E Xy —EXy, <2 1+ - — | <3 .
sup X ty < ’7X(7T)< t3 ;2k22k> < 3yx ()

Hence taking the infimum over all admissible partitions together with regular
and adapted sequences m we conclude the proof.
The same proof gives the estimate

Esujg | X:| <E| Xy | +3vx(T). =
te

LEMMA 1. Let X = (X3), t € £2, be a canonical process and Cy a constant
such that

(5) | X¢|[gns1 < C1|| Xyllon, V€ £2, 0> 0.
Then, for all Ty, Ty C £2.
(6) Yx (T1 + To) < Ci(vx(Th) +vx (T2)).

For canonical Bernoulli and canonical Gaussian processes the above inequal-

ity holds with C1 = /3.

Proof. Fori=1,2let (A%) be an admisible sequence of partitions of 7T},
together with an adapted and regular sequence 7¢ = (7%) of mappings of T;.
We have to construct an admissible sequence of partitions for 17 4+ T» with
an associated sequence of mappings. For that purpose for each t € T} 4+ 15
fix t! € T} and t? € Ty such that t = t* +¢2. For A! ¢ T} and A% C T, define

Alx A2 ={teT +Tr:t' € A, t* € A%},

Define B, in the following way: By = {11 + T} and for n > 0 let B,41
consist of all sets A! * A2 where A! € AL and A2 € A2. It is easy to
see that (B,) is an admissible sequence of partitions of T + T5. Indeed,
|Bui1| < Ny - Ny < Ny, the sequence is clearly nested and for ¢ = ¢! + ¢2
we have B, (t) = A, (t!) = A" (t?).

Now define a sequence m = (7, )n>0 by mo(t) = 0 and 7,41 (t) = 7L (¢1) +
72 (%) for t € T' + T?. Obviously the sequence (7,) is regular and adapted
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to the partition (B,). Furthermore,
1t = 1@z < 1t = 7t 2 + (12 — 75 (%) |2,
s0 limy, 00 ||t = Tpt1(t)]]2 = 0. In this way we guarantee the regularity con-

dition for the sequence of mappings 7, adapted to the partition B5,,.
We need to show that for fixed t € T} + 15,

(7) D Xty = Xy llon < Cr(yx(Th) + yx (T2)).
n=1

By the above construction and the triangle inequality we get

[ X i1.(0) = X (t) Lt SN Xt ) =Xt oy llanir [ Xz 12) = X2 g2y llan1,

so by ,
[ X1 t) = X ll2n < CLUlI Xy 1) = Xar_ yllon + 11 Xz 02) = Xz (2 ll2n)

and we sum over n > 1 to obtain . That holds with constant /3
for both canonical Bernoulli and Gaussian processes is a result known as
hypercontractivity (cf. [1], [7, Chapter 3.4], [4, Chapter 13]), which states

that for 1 < ¢ < p < oo we have ||Bll, < ,/%HBth, and similarly
for Gt. ]

Let us summarize the available information about the processes for which
a full characterization of the supremum (i.e. lower and upper bounds) can
be provided with the use of yx(T"). The seminal result of Fernique and Ta-
lagrand known as the Majorizing Measure Theorem (see [3], [16] or [19] for
a modern formulation) is equivalent to the statement that S (7T) is com-
parable with v5(T") up to a numerical constant. In [I7] it was proved that
Sx(T) is comparable with a quantity which, in a sense, is equivalent to
vx(T') for a canonical process generated by {’s which are symmetric and
satisfy P(|¢] > t) = exp(—cptP) for a fixed p € [1,2]. A similar result holds
for p > 2, yet it is only possible to show that there exists a set 77 C ¢?
(which may significantly differ from T') such that Sx(T') is comparable with
vx (T") up to a numerical constant. Note that the limiting case when p — oo
is the case of canonical Bernoulli processes.

Later, the idea of [I7] was slightly generalized by R. Latata [§] to canon-
ical processes generated by & with log-concave tails, yet under specific reg-
ularity assumptions. Finally, in [10] it was proved that it suffices to assume
only certain conditions on the moment growth of £. Unfortunately, this result
still does not apply to Bernoulli processes.

The question of characterizing Sp(7T") was a long-standing problem posed
by M. Talagrand and known as the Bernoulli conjecture. It was finally settled
in [2]. In order to explain this result we need to provide a family of distances
relating to canonical Bernoulli processes which follow from some properties
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of Bernoulli-type random variables. We have (see [5], [14] and [6] for the
formulation below), for any p € N, p > 1,

(8) 1By < Z 1+ va( X1 P) " < 4B,

where (t7);>1 is the rearrangement of (¢;);>1 such that [t]| > [t5] > ---
Equivalently, we can express this relation as

1
1,0, ([t + 1Ge2llp) < 11Bellp < H}LQ(IItllh + 1Gelp)

for p > 2. This motivates the following interpretation. If we denote by I C N
some index set, we can think of (8)) as a decomposition of the norm ||Bl|,

into the ¢! part
Z\t | = sup > [t;]

I C‘<p ’LGIC

and the Gaussian part
1/2
(X r)” = VB jnt (Zrtz Ok
i>p

In fact, a characterization similar to can be formulated for a broad
class of processes, namely processes with log-concave distributions. In par-
ticular, in [9] there is a characterization of || X; — X||,, for canonical processes
based on one-unconditional log-concave random variables.

As already mentioned, the characterization of Sg(T") was known as the
Bernoulli conjecture and was finally proved in [2]. It states that similarly
to , Sg(T) can be decomposed into the Gaussian and ¢! parts. More
precisely, there must exist a decomposition of T into T}, T> C ¢? such that
T1+T5 O T and moreover Sp(7T') dominates up to a universal constant both
supyer, ||t]]1 and Sg(T2). Usually such a decomposition is formulated in terms
of existence of a mapping 7 : T — ¢ which defines Ty = {t — n(t) : t € T}
and Ty = {n(t) : t € T'}. Recall that we can always assume that 0 € 7" and
m(0) = 0.

We now prove that the Bernoulli Theorem of [2] implies that there must
exist a subset 7" C ¢2 such that yg(T") is comparable to Sg(T). The idea
of the proof works also for other classes of canonical processes for which we
can characterize Sx (7') in terms of increments (see Remark 3| below).

THEOREM 2. There exists a function m: T — % such that
(9) K~ (vp(T1 + To)) < Sp(T) < K(vp(Th + T»)),

where K is a universal constant, Ty = {t — w(t) : t € T} and To = {w(t) :
teT}.
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Proof. By the main result of [2] we get the existence of 7 : T — £2 and
consequently the existence of a decomposition into countable sets T}, T C £2
such that T'C T7 + T5 and

(10) Sp(T) = K~ (sup It + Sa(T2) ).

teT
where K is a universal constant. By the famous Fernique-Talagrand ma-
jorizing measure bound ([16], [15], [3]) we know that S¢(T') is comparable
with vg(T2). To be precise, we know that Sq(T) > Cy2(T'), where v2(T') is
Talagrand’s ~» functional given by

inf sup » 2"/ Ay(An(t)),
teTs n=0

where the infimum runs over all admissible sequences of partitions of 75
and A, denotes the diameter of a set in ¢? norm. Obviously, we associate
with any admissible partition (A;),>0 a sequence () by choosing m,(t) to
be any point in A, (t). Notice that the diameters of the sets A, (t) converge
uniformly to 0 so (5)) is satisfied. To conclude that v2(T3) > Cya(T2) we just
estimate the 2"th norm of a Gaussian random variable by the 2nd norm.
Now, let g be a standard normal variable independent of By, t € T'. Observe
that for any p > 1,

V2
NG
-

so we can conclude 7’;7@(%) > vp(Ty).

| B — BSHP = E|g|||B: — BSHP < |Gy — GSHP

The next goal is to show that sup,ep, [[t[[1 > Cvyp(T1). To this end we
consider a dense countable subset S7 of T7. We will start by constructing an
admissible sequence of partititions and the associated sequence (m,) for S;
and then we will extend the construction to the whole T7. We choose an
admissible sequence (A, (S1))n>0 of partitions such that for n > 0, A, (51)
consists of V,, — 1 single points and one addititonal set that contains all the
remaining points. Clearly this sequence of partitions is nested. Fix ¢y in ..
Define

ralt) = {t it An(t) = {1},

to otherwise.

Obviously, this sequence of partitions together with the sequence (m,,) defined
above satisfy (2)). If for some m, t € A,,(t) = {t} but A,,_1(t) # {t}, then

oo
> Bruty = Brooawllzn = 1Be = Bigllam < ||t — to]|1.
n=1
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Therefore, by the triangle inequality,

oo

sup ¥ || B, () = Byl < 2sup [[¢])1.
tesSt n—1 teSt

In this way we have proved that supcg, [[t]1 > 3v5(S1).

Now, we provide a procedure that allows us to extend the construction of
the partition and the sequence (7,,) to the whole T7. Recall that the partition
element A,,(S7) consists of N,, — 1 singletons which we will denote by S™.
Of course, S' € §2? C --.. Furthermore, S; is countable, so we can refer to
some fixed order on S;. To construct the partition A, (7)) we will proceed
by induction. For n = 0 we simply put Ag(71) = {11}, mo(t) = to € S1 N 11,
since S NTy # (). Suppose we have constructed A,,—1(T1), m,—1(t), t € T1,
n > 2. Consider A € A,,_1(T1). For t € A we define m,(t) as the element s of
S"™~1 which minimizes ||t — s||2. In the case of multiple minimizers we choose
the smallest one in the assumed order. This mapping defines a partition of
the set A into no more than N,,_1 — 1 elements. We repeat this procedure for
the remaining elements of A,,_1(T7) to obtain A, (7} ), which is nested in the
obvious way. Moreover, its cardinality does not exceed N,,_1 - Np_1 = Ny,
Finally, the construction of m,(t) guarantees the regularity condition .
This finishes the construction.

By Lemma [I] we obtain

Sp(T) > K~ (vp(Th) + v5(T2)) > (KC1) ™ 'yp(Th + Ta).
On the other hand, we have a trivial upper bound

Sp(T) < Sp(Th) + Sp(T2) = Sp(T1 + T2) < 4yp(T1 + Th),
by Theorem [I| m

REMARK 2. The natural lower bound in the above theorem would of
course be yp(T) rather than v (71 + T>). However, it is not necessarily true
that vp is monotone in the sense that yg(7T") < vg(T1 + T») despite the fact
that " C T + T». The problem is that m,(7) C T1 + T2 but we cannot
easily rearrange m, so that m,(T") C T. Obviously, we could reformulate our
definition in a way that m, : T — ¢2. In this setting yp is monotone but
values of m may still stay outside 7. It is a non-trivial question whether it is
possible to improve the choice of the decomposition map 7 on the set 1" so
that 7(T) C T

Let us also observe that for P(|¢;| > t) = exp(—cptP), p > 2, we could
give a similar proof, since for any p we have Talagrand’s [19] characterization
of S X (T)

REMARK 3. For the class of canonical processes based on independent
symmetric & such that P(|&;| > t) = exp(—cpt?), p > 2, Sx(T') is comparable
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with yx (77 + T2) up to a constant for some T} + 1o C £? that contains 7.
The role of T, can again be associated with comparing the process X with
the Gaussian process, whereas T C P~ for p* = p%l.

In general, we conjecture that the same is true for canonical processes
based on log-concave random variables.

CONJECTURE 1. If (&)i>1 is a sequence of independent log-concave ran-
dom variables with mean 0 and variance 1 then there exist T : T — €2 such
that if Ty = {t —w(t) €2t €T} and Ty = {n(t) € (> : t € T}, then

K™ (yx (11 + T2)) < Sx(T) < K(yx(Th + T2)),

where K is a universal constant.

3. Contractions of canonical Bernoulli processes. Suppose we have
amap ¢ : T — (2. The main question we treat in this paper is under what
assumptions on X;, T and ¢ we can show that Sx(¢(T)) is bounded by
Sx(T) up to a numerical constant. In particular we are interested in the
case of canonical Bernoulli processes.

Let us start with classical results concerning comparison of Gaussian
processes. It is well-known that if Gy and G}, t € T, are centered Gaussian
processes and E|G; — Gs|? < E|G} — G%|?, then for each finite subset F' C T,
(11) EsupG; < EsupG,.

teF teF
This is a consequence of Slepian’s Lemma (|11, Corollary 3.14] provides the
proof with constant 2; the proof with the best possible constant 1 is in [3]
Corollary 2.1.3]). Note also that by the Majorizing Measure Theorem the
result can be generalized to the case where we compare a centered Gaussian
process with a centered process for which we only require subgaussianity (see
[11, Theorem 12.16]).

We start with a discussion of possible extensions of this result. It is
natural to ask for other cases when similar comparison results hold. From
Theorem (1] it can be easily deduced that if we can compare moments then
we can compare y-type upper bounds.

COROLLARY 1. Suppose that (Xy)ier is a canonical process and ¢ : T — (2.
If there exists a universal constant C' such that for eachn > 1,

(12) [ Xor) = Xps)ll2n < Cl[ Xt — Xs]l2n,
then Sx (p(T)) < 3C~yx(T).
Proof. Clearly, by Theorem [1], Sx (¢(T)) < 4yx (¢(T)) < 3Cyx(T). u

This means that if we could show that Sx(t) > K lvyx(T), then by
Corollary [I]we would get Sx (¢(T)) < 3CK Sx (T). Unfortunately, in general,
there is no proof that vx(T") is comparable with Sx (7). On the other hand,
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as discussed before, there are cases where the idea works. In particular, we
could use Corollary[I]in order to recover the Gaussian comparison result with
some absolute constant. However, in the Gaussian setting, one can simply
refer to , rewriting it in the following way:

(13)
if p: T — ¢? satisfies ||o(t) — @(s)||2 < ||t — s||2, then Sq(o(T)) < Sa(T).

We now move to the case of canonical Bernoulli processes. The only
known comparison result is [I8, Theorem 2.1] (or [II, Theorem 4.12]). It
states that if ¢ = (¢;)i>1 : T — 2, where ¢; : R — R are contractions, then
Sp(T) dominates Sg(p(T)) with constant 1:

(14)  if [pi(x) — wi(y)| < o —y| for i > 1, then Sp(p(T)) < Sp(T).
Note that if we are interested only in comparison up to a numerical constant
(not necessarily 1) then the requirement of coordinate contractions is too
demanding. However, it is known that the result analogous to , where
we assume that ¢ : £2 — (2 is a Lipschitz contraction, does not hold for
Bernoulli processes. Therefore some additional assumptions on ¢ or T are
required.

As we show in this paper, comparison for canonical Bernoulli processes

depends on a suitable family of distances already present in . The following
comparison result is a straightforward consequence of Theorem [2

COROLLARY 2. Suppose that ¢ : T — £? can be extended to Ty + Ts in
such a way that for any p > 1,

HBgo(t) — Btp(S)Hp < ||Bt — BSHP fO’I” all s,t €Ty +Ts.
Then Sp(p(T)) < KSp(T), where K is a universal constant.

Proof. Clearly, by Theorem |1 we have Sg(p(T)) < 3vp(¢(T)). Hence,
by Theorem [2

Se(e(T)) < 3ve(e(T)) < 3vp(e(T1 + T2)) < 3vp(T1 +T2) < 3KSp(T). =

Note that the problem with application of the above result is that 17 415
may be much larger than T'. We conjecture the following generalization of
the above result.

CONJECTURE 2. Let p = (p;)i>1: T — £2. If
(15) HB@(t) — Bgo(s)”p < ||Bt — BsHp forallp>2, s,teT,
then Sp(¢(T)) < KSp(T) for an absolute constant K.

We prove a weaker form of the conjecture. As explained before, the norm
| Bt — Bs]|, can be decomposed into the Gaussian and ¢! parts. Our condition
states that if the Gaussian part of || B;— B||, dominates the Gaussian part of
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| Bty — Bys)llp for all s,¢ € T'and p > 1 then Sp(T') dominates Sp(p(T))
up to an absolute constant.

THEOREM 3. Suppose that for all s,t € T and all natural p > 0 we have
(16) inf ) pit) — pils)P < C? inf Y[t — s
el el

|[1e|<Cp < [1°|<p*
for an absolute constant C > 1. Then Sp(¢o(T)) < KSg(T), where K is a
universal constant.

REMARK 4. The result is stronger than the comparison for Bernoulli
processes . It is easy to give an example of ¢ for which the contraction
on each coordinate will fail, but if for ¢t € T, ¢(¢) is zero for all but some
fixed number of coordinates then C' can be chosen to be appropriately large
so that holds for p = 0. Consequently, the comparison will hold true. In
this way Theorem |3 supports the conjecture that suffices to prove that
Sp(e(T)) < KSp(T).

There is an important case for which the conjecture is true: when we
assume that the supports J(t) = {i > 1 : |t;| > 0} of t € T are pairwise
disjoint for all ¢ € T. It is crucial to understand that in this case the de-
composition postulated in the Bernoulli Theorem can have a special form:
m(t) =ty and ¢t — 7(t) = t 2, where J'(t) and J*(t) are disjoint and
JY(t) U J%(t) = J(t). We show this fact when proving the following result.

THEOREM 4. Suppose that is satisfied and the supports J(t) =
{i > 1: |t;| > 0} are pairwise disjoint for all t € T. Then Sp(p(T)) <
KSp(T), where K is a universal constant.

As we show in the last section, results of this type are of interest when one
wants to compare weak and strong moments for random series in a Banach
space, as proposed by K. Oleszkiewicz in a private communication.

4. Proof of the main results. In this section we prove Theorems
and 4l

Proof of Theorem[3. The main step in the proof of the Bernoulli Theorem
[2, Proposition 6.2] is to show the existence of a suitable admissible sequence
of partitions. Consequently, if Sp(T) < oo and 0 € T then it is possible to
define nested partitions A,, of T such that |A,| < N,. Moreover, for each
A € A, one can find j,(A) € Z and m,(A) € T (we use the notation
Jn(t) = jn(An(t)) and m,(t) = 7, (An(t)), where t € A,(t) € A,) which
satisfy the following conditions for some M > 0 and r > 2:

(i) It = sll2 < VM r=9T) for st € T;
(ii) if n >1, A, 2 A C A’ € A,_1 then either

(a) jn(A) = jn_1(4") and m,(A) = m,—1(A’), or
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(b) jn(A) > jn_1(A"), m(A) € A" and

(17) Z min{|t; — Wn(A)i|2,r_2j"(A)} < ]\427174—2%(/1)7
i€In(A)
where for any t € A, I,(A) = I,(t) = {i > 1 : |mpp1(t); — mp(t)s] <
rik® for 0 < k <n— 1}.
(iii) Moreover, the numbers jn(A) Ae A, n> 0, satisfy

18 su omy—in( )<LS
(18) teg% B(T),

where L is an absolute constant.

As proved in [2, Theorem 3.1|, the existence of A, jn(A), 7 (A), I,(A) that
satisfy conditions (i) and (ii) formulated above implies the existence of a
decomposition Ty, Ty C ¢? such that T} + 15 D T and

sup ||tt; < LMsupZQ”r n® ya(Ty) < L\ﬁsupzwr gn(t

tleT te teT
Together with condition (111) we get (10 . Our aim is to use the mapping ¢ to
transport all the required quantities to ¢(7"). Before we do it, we formulate an
auxiliary fact about the sets I,,(A): we show that we can get rid of truncation
in if we skip a well-controlled number of coordinates. We observe that
for each t € A € A,, there must exist a set J,,(t) such that |J,,(¢)¢| < M2"+!
and
(19) D |t = ma(t)il* < M2,

1€Jp(t)

The fact will be proved in two steps. First, we show that |I,,(¢)¢| < M2".
We need only prove that |I,,(t)] = |In(An(t))] < 2™ if mp_1(t) # ma(),
which implies j,—1(t) # jn(t) and 7, (t) € A,—1(t). Therefore, there exists
ke {1,...,n} such that

jn—l(t) = jnfk(t) > jnfkfl(t% where j—l(t) = -0,
and hence m,(t) € A,_1(t) C Ap_k(t) and m,—1(t) = Tp_k(t), jn-1(t) =
Jn—k(t), so by the construction of (A, )n>o0,

Z min{ (7, (t); — mp_1(t);)%, r~ 210}

€Lk (1)
= 3 min{(ma(t)i — mpog(£):)% O} < M2y 2nk (),
i€1,_p(t)
Consequently,

i € Ln_i(t) : |mn(t)s — mn_1(t)i| > r~In—1 O} < M2"F,
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Obviously,
10 ()] < | Tk (8)°] + 1 € Ti(8) = ()i = mpa (£)i] > 7m0
< ’In—k(ﬂc‘ + M2n_k‘
Therefore, by induction, |I,,(t)¢| < M > p_, 2"~k < M2". Now let
Jn(t) = {i € L(A) : [t; — mp(t);] < rInA}

The second step is to establish that |1, (¢) \ J,(t)| < M2™. Again it suffices
to prove the result only for n such that j,(t) > jn—1(t). Note that by (L7),
L)\ Tl 200 = 3 20 < Aoy
1€l (A)\Jn(t)

and hence the result holds. It remains to observe that
[T ()] < ()] + [In(t) \ Ju(t)] < M(2" +2") < M2,

We turn to constructing an admissible sequence of partitions together
with all the related quantities for the set o(T'). Let B, consist of p(A)
for A € A,,. Obviously the partitions 13,, are admissible, nested and By =
{¢e(T)}. Moreover, for each n > 0 and A € A,, we define

Tn(p(A)) = e(mn(A)) and  jn(p(A)) = jn(A),

and obviously

In(p(A)) = In(p(t))

={i > 1 |p(mpa(t))i — @(me ()i < v~ @) for 0 <k <n —1}.
As mentioned at the beginning of this proof, in order to use |2, Theorem 3.1]
we have to verify conditions (i) and (ii) for the new sequence B = (B,)n>0
as well as jn(B), 7 (B), I,(B) for B € By, n > 0. For this we need our main
condition (|16]).

First, it is obvious that implies for p = 0 that
lo(t) = e()ll2 < It = slla < VM =70

If Ae B, and p(A) C p(A’) € B,,—1 then either

Jn(p(A)) = jn(A) = jn-1(A") = jn-1((4))
and
m(p(A)) = p(mn(A4)) = o(mn-1(A")) = m-1(0(4),
or jn(p(A)) = jn(A) > jn—1(A") = jn_1(¢p(A")). In this case we have
mn(p(A)) = p(mn(A)) € p(A’) and it suffices to show that

(20) > min{lplth - plm (A, r B D < ooy o),
i€ln(p(A))
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Obviously, the problem now is that we know little about the structure of the
set I (p(A)). Therefore, we simply prove that

Z min{|(t); — @(mn(A))i|2, r~ 2P} < Cony=2n(9(A)),

i>1
Clearly,
(21) Z min{|p(t); — SO(Wn(A))iP, T—2jn(<p(,4))}
i>1
< C 2” 2Jn A) f i 2'
- * |1v\1<nc 2n2|90 7 (A))i

We can choose Cy > 2C'M in such a way that by (16| we get
inf |2
A SECRLNE
<C inf t; —
B |IC\<M2n+1 Z' i~ (4

<c? ) |ti—7rn(A)i]2.
1€Jn(t)
Hence, by and ,
> min{|p(t); — @(mn(A))il?, =2 ED} < (Cy + CP M2,
i>1

which proves with C3 = Cy + C?M

We have proved that the assumptions required in |2l Theorem 3.1| are
satisfied for (B, )n>0 and the related quantities. Consequently, there exists a
decomposition Sy, Sy C 2 such that S + So D o(T) and

sup ||s[1 < LC sup ZQnT an(t) Y6 (S2) < IVC sup ZQ”r_j"(t).

seSt tep(T) n>0 tep(T) "0
Since j,((t)) = jn(t) and we have for (An)n>0, we obtain

sup Z onp=in(®) < LSR(T).
tep(T) ;>0
This implies that
Se(p(T)) < Sp(S1) + Sp(S2) < KSp(T)

for a universal constant K and ends the proof. u

The second case we consider is when the supports J(t) = {i > 1 : [t;| > 0}
are pairwise disjoint for all ¢ € T'. The proof requires the following notation.
For any t € ¢? and J C {1,2,...} we define t1; € ¢% such that (t1;); = t;
for i € J and (t1;); = 0 otherwise.
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Proof of Theorem . Obviously, we may require that Sp(T") < oco. We
additionally assume that 0 € 7. This simplifies the proof, but the proof
works also for the general case as we will point out at the end.

Recall that by the Bernoulli Theorem [2] there exists a decomposition
Ty +T5 D T such that
(22) Sp(T) = K= (sup [t +76(T2) )

teTy

where K is an absolute constant. Obviously, we may think of K as suitably
large. We can represent the decomposition by m : T — ¢? such that Th =
{m(t) :t €T} and Th = {t — w(t) : t € T}. We show that under the disjoint
supports assumption we may additionally require that m(t) = t1 g2(r) and
t—m(t) = t1 51 where J'(t) and J*(t) are disjoint subsets of J(t) such that
JYHt) U J2(t) = J(t). Moreover, J2(t) = {i € J(t) : |[t;| < p(t)} for some
suitably chosen p(t) > 0.

In order to prove the result we have to look closer into the definition
of w(t) in [2, proof of Theorem 3.1|. The definition is based on the construc-
tion of admissible sequences of partitions we have described in the proof of
Theorem [3] above. Using the notation introduced there, let

(23)  m(t,i) = inf{n > 0: [mpi1(t); — mp(t)i| > r W}, teT, i>1.

Note that Sp(T) is comparable with sup,cp >, 502" 2(®). Therefore, if
Sp(T) is finite then necessarily lim,, o0 jn(t) = oo for all ¢ € T'. From the
partition construction in [2, Section 6] we know that we can additionally
assume a regularity condition on j,(¢), n > 0, namely

Jn(@®) < jn-1(t) +2  foralln >0,

and for technical purposes we take j_;(t) = —oo. As in [2, proof of The-
orem 3.1] the Bernoulli decomposition 7(t) is given by 7(t); = ) (t):,
where if m(t,i) = oo the definition means that 7(t); = limy,_ e m,(¢); and
the limit exists. Consequently, denoting J,(t) = {i > 1 : m(¢,i) = n} and
Joo(t) = {i > 1:m(t,i) = oo} we get
m(t) =Y ()10 + ()15 ).
n>0

Clearly, Jy(t), n > 0, and J(t) are disjoint. Note also that if m(t,i) = oo
and ¢ € J(w(t)), then there must exist n > 0 such that |7 (t);] > 0 for all
k > n. Due to the disjoint supports assumption this is only possible if there

exists n > 0 such that 7, (t); = mp41(t); = ---. Now, if there exists m > 0
such that A,,(t) = {t} we define

7(t) =inf{n > 0: An(t) = {t} = {m(t)}, Jn-1(t) < jn(t)},
otherwise 7(t) = co. The time 7(t) is of special nature in the sense that with-
out loss of generality we may assume that j,(¢) = j,—1(t) + 2 for n > 7(t).
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This is due to the fact that partitioning ceases after that time. Now, we
define
JAt) = {i € J(t) : [t <r IO gl ) = )\ T3 ().

We can now introduce an improved version of m denoted by 7 and given by

T(t) = tly .
It is clear that
[t =7 (@)l = [[tLy -
For n > 0 let
Lo(t) = {i € J(t) : 17O < |t;| < p=in1 O}
Observe that J1(t) = Un<rty In(t). If @ € Lyn(t), n = 0, then we may

find 0 < m < n such that ju,m—1(t) < jm(t) = jms1(t) = -+ = jn(t).
Consequently, by the definition (17)) of I,,(t), for all s € A, (1),

> min{]s; — m()i*, r DY = Y min{|s; — m (4], 20}

i€l (t) i€lm(t)

< M2myp=2mt) = Npomy=2in() < pponp—2in®),
We need to show that the decomposition 7 is of the right form, i.e. it satis-
fies . To this end we need to investigate a few cases according to different
possible paths of approximations 7. First suppose that ¢ # 7, (¢). Then we
may use the above inequality for s = ¢ and thanks to disjoint supports we
have

() 0 L (8)]r =@ <> min{|s; — mp (£); 2, 72900} < M2np= 200
1€, (t)
so |[In(t) N L,(t)] < M2". The same inequality holds if ¢ = m,(f) but
Anlt) £ {11,

We show that L, (t) C I,(t). Indeed, suppose that i & I,,(t). This means
that for some k € {0,1,...,n — 1} we have |mpy1(t); — mp(t);] > r—ix),
This may concern ¢ € J(t) only if mp1(t) = t, mp(t) # t or mi(t) =t and
Tey1(t) # t, but then it means that |t;| > 7= *®) > ¢=In1(8) je i & L, (t),
as desired.

For 1 <n < 7(t) this implies that

(24) > t] < M2rpin ),
1€LR (L)
For n = 0 we use simply |t;| < 2Sp(T") and hence

(25) 7 Il < 2MSp(T).

1€Lo(t)
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Now suppose that t = 7, (t) = mp,(t) and A,,(t) = {t}. If either ¢ # m,—1(t)
or {t} # Am—1(t), then 7(t) = m; otherwise 7(t) < m. If 7(t) = m, then by
the above argument,

Sl = > min{jt]? e O} < promTlpm2ma®),
1€Ln (1) 1€Ln(t)
and since |t;| > 77O~ and j,,(t) = jm—1(t) + 2, we have
Z Iti| < Mom—1p=20m—1()+im(?) < Mom—1p—im—1(t)+2
1€LR (1)

We have the remaining bound

(26) >l < MOty 0F2,
€L (t)
Combining f we conclude by that
7(t)—2
(27) [[tlpglh < 2MSp(T) +2M Y rnWon 4 prom®=lp—irm -0+
n=0
< 2MLSp(T),

where L is an absolute constant.
Now consider s,t € T, s # t. In order to prove that

(28) 17(s) = 7(@)ll2 = [[t152¢0) — s1p2g)ll2 < [[7(E) = 7(8)ll2

we have to argue that J2(t) N J(7(s)) = 0, J?(s) N J(n(t)) = 0. Note that
J2(t) C Jwo(t) and J2(t) C Joo(s). Moreover, Joo(s) and Joo(s) are disjoint.
Obviously, it suffices to show that J2(t) N J(7(s)) = 0.

First, note that J2(t) N Jw(s) = 0. Indeed, if this set were non-empty
then for a given n > 0 we would have t = m,(s) = mp41(s) = ---, but then
s € Ap(t) for all n > 0 and therefore 7(¢) = oo. This would imply J2(¢) = 0,
a contradiction.

Suppose that i € J%(t) and i € J,(s). This is only possible if 7,(s) =t
and 7,4 1(s) # ma(s) = t and 7775 < |1, (s)s]. Let m > 0 be such that
Jm=1(8) < jm(8) = Jjm+1(s) = -+ = jn(s). Then either m = 0, or m > 1
and t = m,(s) = mn(s) € Ap—1(s), which means that A,,—1(s) = Ap—1(t)
and jm-1(5) = Jm—1(t). Therefore, 7(t) > m and j)(t) > jm-1(t). As
i € J2(t) N Jp(s), we have

pmimo1®=2 _ p=im1(9)=2 < p=im(®)

< |ti| < i) = =iz -10-2 < p=im-1(t)=2

I

a contradiction. If m = 0, then the argument is trivial.
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Summing up, by we have

sup [[t = 7(8) [l < LSp(T)
teT

and by and Gaussian comparison we have y¢(7 (7)) < v¢(7 (1)), which
means that our improved version of 7 satisfies

S5(T) 2 K~ (sup = 7(0) +16(x(T))),

where K is a universal constant. In this way we have proved that we may
additionally require that 7 (t) = t1 j2(4y and t—7(t) = t1 j1 (4 for some disjoint
JY(t), J2(t) such that J1(¢) U J?(t) = J(t). Recall that J2(t) in each case is
of the form {i € J(¢t) : |t;| < r(t)} for a given r(t) > 0.

We turn to the main part of the proof. Let p(t) be the smallest positive
integer such that

(29) V) 1152 ll2 = KSB(T) > [[t1 11

Note that it is possible that J?(¢) = 0, in which case we may think of p(t) as
equal to co. Since K is large enough and Sg(T) > % supyer [|t]2, it is clear
that p(t) must be at least, say, 2. Consequently, by the choice of p(t),

(30) V() [t1 22 < 2KSp(T).

The last step is to define a suitable decomposition for ¢(7"). For each t € T
we define m(@(t)) = ty2(p4)) and @(t) — 7(p(t)) = t1(p)), Where J2(o(t))
and J'(¢(t)) are defined by the decomposition of the norm || By )llp), i-e.

ST Jeil = sup Y le(t)l
ieJ(p(t)) [1¢]<p(t) iclc

and

t 3 2= inf t s 2.
> el = it > le()]

1€J2(p(t)) - iel

Consequently, by the decomposition and the main assumption ,

> e+ vem( Y lewi)”

i€ J(p(t)) i€J2(p(t))
<A Byyllpiey < 4 Bellpy < ALl + V(@) 81720 [l2)-
Therefore, by , ,
> et < KiSp(T).

i€ (e(1))
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Moreover, by ,

1/2
> le@il?) < Koty

i€J2 (1))
This implies that

[7(p(t) — m(@(s)ll2 < llm(e()ll2 + [[7(@(s))]l2
< Ka([[tL 2 ll2 + 18125 ll2) < Ksllm(t) — ()2

Therefore, by Gaussian comparison, we get ya(m(¢(T))) < Kva(n(T)) and
hence finally

Sp(e(1) < K (sup [n(p(0)]h +6(n(o(T) < KLS5(T).

This ends the proof in the case when 0 € T'. For the general case the proof
follows the same lines, where instead of ¢ we consider t — mo(t). Notice that
formally this may not obey the disjoint supports assumption, but it does not
qualitatively affect the argument presented above. n

Note that the above proof works since in the case of disjoint supports
we have almost perfect knowledge about the decomposition in the Bernoulli
Theorem. On the other hand, it is not difficult to give an alternative proof
based on the independence of the variables By, t € T, but it is worth seeing
what the decomposition in [2, Theorem 3.1] should be in order to make
Bernoulli comparison possible.

5. The Oleszkiewicz problem. In this section we apply our result to
compare expectations of norms of random series in a Banach space. First,
we prove a general result which concerns ¢ : T — £? where ¢ is linear, T is
convex and 1T' = —7T. Then the assumption becomes

(31) I1Bywyllp < ClIBull, for all p> 1 and u € cl(Lin(T)),

where Lin(T') is the linear space spanned by the set T'. This is because by
the assumptions on T  any point v € Lin(T') can be represented as c-t, where
c € R and t € T. By the linearity of ¢,

1Bollp = lel 1Bowllp < Clel || Bill, = Cll Bullp-
On the other hand, we can easily extend the condition to the closure
of Lin(T).
We turn to proving that if cl(Lin(7")) = ¢2 then implies that Sp(T")
dominates Sp(¢(T)).

THEOREM 5. Suppose that T = —T, T is convex and cl(Lin(T)) = £2.
If ¢ is linear and satisfies then Sp(p(T)) < KSp(T), where K is a

universal constant.
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Proof. By the Bernoulli Theorem [2] there exist 77,75 such that T' C
T1 + 15 and

S5(T) > L7 (sup 1] +76(T2) ).
€T

Since ¢ is linear, it can be easily extended to cl(Lin(T)) = ¢? and thus we
can define S; = ¢(T;), @ € {1,2}. Obviously S1 + S2 D ¢(T'); moreover,
implies in particular that

le(u)lls = [[Bouylloo < CllBulloo = Cllully
and
lo(u) = p(0)ll2 = [|Bpu-v)ll2 < Cl|Bu—oll2 = Cllu — 2.
Consequently,
sup [|s]l = sup o)l < C sup |[t]
te teTy

sEST
and
Ya(S2) = va(p(T2)) < Cya(Tz).
Therefore
S5(e(T)) < S5(S1) +5(52) < K sup [lslly +16(52))
SEST

< CK(sup Il +96(T2) ) < CK*Sp(T). =
teh
We aim to study the question, posed by Oleszkiewicz, of comparability of
weak and strong moments for Bernoulli series in a Banach space. Let z;, y;,
i > 1, be vectors in a Banach space (B, || - ||). Suppose that for all z* € B*

and u > 0,
> u) < C’P(’ Zx*(yi)ai
i>1

(32) P(‘ z::v*(:rz)sZ
i>1

This property is called weak tail domination. As explained in the introduc-
tion, weak tail domination can be understood in terms of comparability of
weak moments, i.e. for any integer p > 1 and x* € B*,

(33) H ZCE*(%)&@ ) < C’H Zx*(yi)sl
121 i>1

Oleszkiewicz asked whether or not this implies comparability of strong mo-
ments, that is, whether or rather implies that

(34) E‘szez =E sup Zx x;)e
i>1

T EB*

< KE sup ZZL‘ Yi)Ei = KEHZyleZ

x*€By i>1

> C'_lu).

)
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where K is an absolute constant. Note that in the Oleszkiewicz problem
one may assume that B is a separable space since we can easily restrict the
argument to the closure of Lin(yi, x1, y2, T2, . ..). Therefore

EH Zyiei = sup E sup ‘Zx*(yz)ez
i>1 i>1

FCcBY =x*eF
where F' runs through all finite sets contained in Bf = {z* € B* : ||z*|| < 1}.
We may assume that E|| >, yie;|| < oo since otherwise there is nothing to
prove. Consequently, for each 2* € B* the series ) ;- 2 (y;)e; is convergent,
which is equivalent to > .o (2*(y;))? < oo. Let Q : B* — (* be defined
by Q(z*) = (z*(yi))i>1. It is clear that Q : B*/kerQ — f? is a linear
isomorphism onto a closed linear subspace of £2. We apply Theorem [5|to get
the following result.
COROLLARY 3. Suppose that Q is onto ¢>. Then implies .

Unfortunately, if @ is not onto £? then the above argument fails. Still it
is believed that the comparison holds. A partial result can be deduced from
Theorem

COROLLARY 4. Suppose that for each x* € B* and p > 0,

(35) inf Z |z*(z;)|? < C? inf Z l2* ()|
el

[1e|<Cp le|<p

)

Then holds, i.e.

i>1

Proof. 1t suffices to notice that implies and then apply Theo-
rem 3l m

i>1
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