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POORLY CONVEX FUNCTIONS AND THEIR
APPLICATION TO AN OPTIMIZATION PROBLEM

Abstract. The paper introduces a new class of functions, called poorly
convex, defined on convex subsets of R™. The class is bigger than the class of
classical convex functions, and is a subset of the class of quasi-convex ones.
The theory of poorly convex functions is developed, and its application to
an optimization problem is shown.

1. Introduction. Convex functions play an important role in domains
as diverse as optimization, economics and engineering. However, for many
problems the classical notion of convexity no longer suffices, and differ-
ent types of “generalized convexity” like pseudo-convexity, quasi-convexity,
etc. are necessary. We mention here the early work by de [Finetti (1949),
Fenchel (1953)), |Arrow and Enthoven| (1961), Mangasarian| (1965), Karamar-
dian (1967), and Hanson! (1981). Some further results and a review of the
latest developments in this area can be found in [Guerraggio and Molho
(2004)), [Islam and Craven (2005)), [Matkowski (2008) and Mishra, Wang and
Lai| (2009).

In the recent paper of Radzik (2014), a new class of functions, called
poorly convex, considered on intervals of the real line, is introduced, and the
theory of such functions is studied. The notion of poor convexity naturally
generalizes classical convexity, while being stronger than quasi-convexity.

In this paper we generalize poor convexity from R to any euclidean
space R"™, considering poorly convex functions defined on convex subsets
of R™. Relying on some results obtained in Radzik (2014), we develop a
theory of poorly convex functions on R", showing many properties of such
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functions and their families. We also present an application of the results
obtained to some general optimization problem.

The organization of the paper is as follows. Section 2 is devoted to basic
definitions and some background results. In Section 3, a review of results
on poorly convex functions defined on intervals in R is given. Some of them
come from [Radzik (2014).

In Section 4, a complete characterization of poorly convex functions and
pairwise poorly convex families of functions defined on convex subsets of R™
is given. In Section 5, we present the main theorem of this paper, which
describes a surprising property of those families. Four examples of pairwise
poorly convex families are given in Section 6. In Section 7, we present an
application of the theory of poorly convex functions to an optimization prob-
lem.

2. Preliminary notions and definitions. Let n > 1 be a natural
number. Throughout, U denotes a convex subset of R™. All the functions
considered are real-valued.

We will use the classical lexicographic ordering in R™: for s = (s1,...,sp),
t=(t1,...,tn) € R" we write s < t if s; < t; for the smallest index i with
s; #t;. Asusual, s <tif s <tor s=t.

To begin, we recall the classical definitions of quasi-convex and lower
semicontinuous functions.

DEFINITION 1. A function f on U is called quasi-convez if for any ¢ € R
the set {u € U: f(u) < ¢} is convex. If this holds for the reverse inequality,
f is called quasi-concave.

DEFINITION 2. A function f on U is called lower semicontinuous if for
any ¢ € R the set {u € U : f(u) < ¢} is closed. In case of the reverse
inequality, f is called upper semicontinuous.

Now we recall several classical properties of quasi-convex and lower and
upper semicontinuous functions.

PROPOSITION 1.

(a) A function f on U is quasi-convex [lower semicontinuous] if and only if
—f is quasi-concave [upper semicontinuous|. If f is linear then it is both
quasi-conver and quasi-concave. If f is continuous then it is both lower
and upper semicontinuous.

(b) If f1,..., fx are lower [upper] semicontinuous functions on U and 1, . . .,
x> 0, then the function 2?21 x; fi is also lower [upper| semicontinuous
on U.
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(¢) A function f is lower [upper] semicontinuous on U if and only if for each
ug € U,

liminf f(u) > f(up) [limsup f(u) < f(up)].

u—uo u—ug

(d) Any lower [upper] semicontinuous function f defined on a compact set U
achieves its minimal [mazimal] value at some point of U.

(e) For any family {fa} of lower [upper] semicontinuous functions fo, on U,
the function F defined by F(u) = sup, fo(u) [F(u) = inf, fo(u)] is
lower [upper] semicontinuous on U.

The next two definitions are basic for our paper. They describe some
generalization of convex and concave functions. Before giving them, we need
some additional notation. Set

(1) Py:={(ug,uz,\) € U*x(0,1) : ug,us € U, ug < ug, and 0 < X < 1},
(2)  Qu:={uwecU?:u; <u3 and uy = Auj + (1 —\)ug for some 0 < X\ < 1},
where @ := (uq, u2,us). Note that

(3) u€Qu = up < ug < us,

which in case of U = [a, b] C R can be modified to

(4) U € Qp [a <up < ug <wug <D

DEFINITION 3. A function f on U is called poorly convez [poorly concave]
if there is a function p : Py — (0, 1) such that for all (u1,us, ) € Py,

(5)  fQur + (L= Nuz) < [Z] p(ur, ug, ) f(u1) + [1 — p(ur, ug, A)| f(u2).
Then f is called p-convex [p-concave].

DEFINITION 4. Let T be a function defined on Qu. A function f on U is
called T-convez |T-concave]| if

(6) flug) — fur) < [>] T(@)[f(us) — f(ug)] for @ € Qu.

Now we give a simple characterization of poorly convex and poorly con-
cave functions on U. It gives an equivalence between poor convexity and
T-convexity. In the special case U = [a, b] C R, this theorem has been proved
in Radzik (2014) (see Proposition 1 there), and its proof is repeated with
small changes.

THEOREM 1. A function f on U is poorly convex [poorly concave] if and
only if there is a positive function T defined on Qu such that f is T-convex
[T'-concave].
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Proof. (=) Let (u1,us,\) € Py and let ug = Aug + (1 — A)us. Then

(with ug replaced by wus) implies that
f(u2) < [Z] p(ur, uz, A) f(ur) + [1 — p(ur, uz, A)] f(us).

This is clearly equivalent to @ with

1- A
T(a) = p(u1,us, \)

p(“l: us, )\)

This equality uniquely defines a positive function T on Qy, because any
@ € Qu uniquely determines 0 < A < 1 (by the equality ug = Auj+(1—M)us)
and 0 < p < 1.

(<) Let w € Qu. Then ug = Aug + (1 — Nus for a unique 0 < A < 1. If
we put this value of ug in @, and replace ug by us, we get

fur + (1= Nuz) — f(ur)
S [Z] T(ul, )\ul + (1 - )\)’UQ,UQ)[f(UQ) — f()\ul + (1 — )\)Ug)]
We can easily check that this inequality is equivalent to with

1
7 A) = '
(7) p(u1,uz, A) 1+ T(u1, Aug + (1 — Nug, ug)

This correctly describes a function p on Py as T > 0, completing the proof. »

It turns out that poorly convex functions have four simple properties,
expressed in the next proposition. The first two of them are similar to prop-
erties of classical convex functions. The other two show that poor convexity
is an intermediate property between convexity and quasi-convexity.

PROPOSITION 2. For any functions f and g on U, the following state-
ments hold:

(a) f is poorly convez if and only if —f is poorly concave.

(b) If f is poorly convez, then for every o > 0 and 8 € R the function af 4+ 3
18 also poorly convex.

(c) If f is convex, then it is poorly conver.

(d) If f is poorly convex, then it is quasi-conver.

Proof. Statements (a) and (b) follow immediately from Definition
Statement (c) trivially follows from the fact that for convex functions in-
equality holds for p(u1,u2, \) = \.

Now, let ¢ € R and uj,us € U with u; < ug. Assume that f(u;) < ¢
and f(ug) < c. By assumption, f satisfies (5)) with “<”. Therefore, for any
0 < A <1 we have

FQur + (1= Nug) < p(ug,uz, N)e+ [1 — p(ur, uz, \)]c = c.

Hence the set {u € U : f(u) < ¢} is convex, so f is quasi-convex. This
proves (d). m



Poorly convex functions 5

REMARK 1. Obviously, the function T' corresponding to a poorly convex
function f described in Theorem [I]is not unique. For example, consider the
convex function f(u) = u? with domain [a, b] (0 < a < b). One can easily see
that for any function 7" of the form T'(u) = k - ;2= for 4 € Q[q (see)
with £ > 1, inequality @ with “<” holds for all @ € Q4. Hence, by (7)) it
follows that the function p in Definition [3]is not unique either.

REMARK 2. Obviously, not every poorly convex function f is convex.
Moreover, there are strictly concave functions which are poorly convex. To
see this, consider an interval [a,b] C R with a < b, and let f be the strictly
concave function f(u) = —(u — a)? on U = [a,b]. Using , we easily see
that the function F(u) = % on Qqp is positive and it trivially
satisfies @S- Therefore, by Theorem f is poorly convex.

On the other hand, not every quasi-convex function is poorly convex. To
see this, consider the following continuous quasi-convex function on [0, 2]:

~Ju foruel0,1),
f(u)_{l for u € [1,2],

and suppose that it is poorly convex. This implies that @S is satisfied for
all 4 € Q[ 9. But putting @ = (0,1,2) in @, we get 1—-0 < 7T(0,1,2)-[1-1],
which is impossible. A full characterization of poorly functions is given in
Theorem [B] in the next section.

Now we give another definition:

DEFINITION 5. A family F of functions on U is called pairwise poorly
convex [concave] if for any two functions in F there is a positive function
p: Py — (0,1) such that both functions are p-convex [p-concave| on U.

The above definition and the proof of Theorem [I] immediately lead to
another characterization of pairwise poorly convex [concave| families of func-
tions.

THEOREM 2. A family F of poorly convex [concave] functions on U is
pairwise poorly convex [concave] if and only if for any two functions in F
there is a positive function T defined on Qu such that both functions are
T-convex [T-concave] on U.

Theorem [2] allows us to easily construct various pairwise poorly convex
families of functions, as described in the following proposition.

PROPOSITION 3. The following families of functions are pairwise poorly
convez on U:

(a) any family of convex functions on U;
(b) any family of the form F = {fap =a+ - f:a €R, >0}, where f

is a fized poorly convez function on U;
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(c) any family of the form G = {Gagy =a+B-gy:a €R, 3 >0,v € A}
for a fized function g, on U, and a set A such that the family {g}ca
18 pasrwise poorly convex on U.

Proof. Statement (a) is a consequence of the fact that all convex func-
tions are p-convex with the same function p of the form p(uy,ug, \) = A for
(u1,u2,\) € Py. Statements (b) and (c) can be easily justified by using (6) <.
The details are omitted. =

REMARK 3. One can easily see that not every family of poorly convex
functions is pairwise poorly convex. To see this, consider the family {g, h}
consisting of the two functions on [—1,1] defined by g(u) = —2u? + 4u + 1
and h(u) = —2u? — 4u + 1. Let T, and T}, be functions on Q[-1,1) defined
by

T, () - gluz) —g(wr) T (@) = h(ug) — h(u1)
9(u3) — g(uz) h(us) — h(usz)
for @ = (u1,u2,u3) € Q—1,1)- Since g is strictly increasing and h is strictly
decreasing on [—1,1], we have Ty(u) > 0 and Tjy(u) > 0 for u € Q_y ).
Moreover, inequality @S trivially holds for both f = ¢ and f = h with
T =T, and T = T, respectively. Hence, by Theorem 1, the functions g and
h are poorly convex. Suppose now that they are pairwise poorly convex with
respect to a function 7" on Q[_1 1. Then putting u; = —1, ug = 0 and uz =1
in @S taken for f = g and for f = h, we get

1—(=5)<T(w)(3—-1) and 1-3<T(ua)(—5-1).

Hence, T'(u) > 3 and T'(u) < 1/3, which is impossible. Therefore, the family
{g,h} is not pairwise poorly convex.

In the next two sections, necessary and sufficient conditions for two poorly
convex functions to be also pairwise poorly convex are discussed. They can
be used to construct various examples of pairwise poorly convex families con-
sisting of nonconvex functions described by standard formulas (see Examples
3 and 4 in Radzik| (2014) and Examples 2-4 in Section 6).

3. Poorly convex functions on intervals in R. In this section we
give a review of auxiliary results concerning poorly convex functions on an
interval [a, b] in R. Some of them are proved in Radzik| (2014)). These results
will be used in the next section, where properties of poorly convex functions
on a convex set U C R™ are discussed.

We begin with a result (Proposition 4 in Radzik (2014)) showing that
poor convexity on an interval in R is a very slight strengthening of quasi-
convexity.
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THEOREM 3. Any continuous quasi-convex function on [a,b] can be ap-
prozimated by a sequence of poorly convex continuous functions in the topol-
ogy of uniform convergence.

The next simple result gives a special formula for the function 7" on Q4 y
in @ corresponding to a poorly convex function f on [a, b].
Let us define a function Tf on Q45 by

®) 1@ = | Tt i () = FEn)]lF () = fu)] > 0,
1 otherwise.
THEOREM 4. A function f on [a,b] is poorly convex if and only if it is
T's-conver.

Proof. (=) Obviously, Ty(u) > 0 for & € Q|44)- By Theorem there is a
positive function 7" on Q[, ) such that (6] < holds for all uw € Q). But this
implies that the system of mequahtles [f(u2)— f(u1) >0, f(ug)— f( 2) < 0]
does not hold (because T' > 0). Now, one can directly check that the function
T = Ty given by satisfies @g in all the remaining cases, and so f is
Ty-convex on [a, b].

(<) This is an immediate consequence of Theorem (1| =

The next theorem brings another simple characterization of an arbitrary
poorly convex function on an interval in R, given in terms of monotonic-
ity properties. This theorem generalizes Proposition 3 from Radzik (2014)),
where this characterization is given for continuous poorly convex functions
only.

For a function f on [a,b] we define

9) 7¢ := sup{x € [a,b] : f is strictly decreasing on [a, z]},

(10) 7/ .= inf{x € [a,b] : f is strictly increasing on [z, b]}.

Obviously, 77 < 7f. Moreover, since every decreasing sequence in R is con-
vergent (possibly to —oco), one can easily see that the limits f(7;—) and

f(Tf+) exist if a < 7 and 71 < b, respectively. Both the quantities 75 and
71 are basic for our subsequent considerations.

THEOREM 5. A function f on |a,b] C R is poorly convex if and only if

(i) in case Tf < rf: f is strictly decreasing on la, Tf], strictly increasing on
[7/,b], and constant on (17, 7/) with value < min{f(7¢), f(77)};

(ii) in case 74 = 74 (:= 7): f is strictly decreasing on [a,T) and strictly
increasing on (1,b] with f(r) < max{f(r—), f(7+)}. (Here we define

fla=) = f(a) and f(b+) = f(b).)

For the proof of the theorem we need the following lemma.
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LEMMA 1. Let f be a poorly convex function on [a,b], and let a < uy <
Uy < b.

(i) If f(u1) > f(uz), then f is strictly decreasing on |a,u1].
(ii) If f(u1) < f(u2), then f is strictly increasing on [ug, b].

Proof. Assume first that f(uy) > f(u2). By Theoreml, 1}, f is T-convex for
some positive function T defined on Qup. Let a < v <" <wup <wuz <b
and denote Ty := T'(v/,u”,u1) and Ty := T'(u”, u1, u2). Then (@ implies that

f) = f(u) < T[f(ur) — f(u")] < TATo[f (u2) — f(ur)],
whence f(u') > f(u”) and f(u”) > f(u1) because f(ui) > f(u2) and
Ty, T5 > 0. This proves (i).
The proof of (ii) is analogous: starting from f(u1) < f(u2), we repeat the
previous reasoning, replacing v, u”, uq, us by u1, us, v, u”, respectively. =

Proof of Theorem@ ) First assume that 7; < rf. By @ and .)
f is strictly decreasing on [a 7f) and strictly increasing on (77, b]. Suppose
that f(ry—) < f(r¢). Then there is an u” with a < u” < 74 such that
f(u") < f(r¢). Hence Lemmaimplies that f is strictly increasing on [7y, ],
which is impossible. Therefore f(77—) > f(7¢), and consequently f is strictly
decreasing on [a, 7¢]. In an analogous way we show that f is strictly increasing
on [7/,0].

Choose u1, ug with 74 < uy < ug < 7/ If f(u1) > f(uz) or f(u1) < f(uz)
then, by Lemma (1} I, f is strictly decreasing on [a,u1] or strictly increasing
on [U2, b], respectively. But this would contradict the definition of 74 or =
Therefore f(u1) = f(us), and so f = C on (74, 7/) for some constant C.

Now let 74 < u' < 7/, whence f(u') = C. If f(ry) < f(u') or f(/) <
f(u'), then Lemma [I| implies that f is strictly increasing on [u/, b] or strictly
decreasing on [a, '], respectively. But this, in view of 77 < v’ < 7, would
contradict the definition of 74 or 7/, respectively. Therefore f() > f(u')
andff(Tf) > f(u'), completing the proof for 74 < 7/, whence C' < min{f(7¢),
)

For (ii), in view of (9) and (10)), it suffices to show that f(7) <max{f(r—),
f(7+)}. Suppose on the contrary that f(7) > max{f(7—), f(7+)}. Then
there are v’ < 7 < u” such that f(7) — f(v) > 0 and f(u") — f(7) < 0. But
this contradicts the inequality f(7) — f(u') < Th[f(u”) — f(7)] with some
T; > 0, following from Theorem |1} This ends the proof of (=).

(<) We can directly verify (in both cases (i) and (ii)) that f is T-convex
for the function T’ defined in . ). This, by Theorem 4] completes the proof
of Theorem [l =

As mentioned earlier, the version of Theorem [5|for f continuous is given
in Radzik| (2014)). The next theorem presents the same result for lower semi-
continuous functions. It is very surprising that the formulation of both char-
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acterization theorems is identical and exceptionally simple. The lower semi-
continuity of functions will be assumed in all the remaining sections of the

paper.

THEOREM 6. Let f be a lower semicontinuous function on [a,b]. Then f
is poorly convex if and only if there are ¢ < d in [a,b] such that f is strictly
decreasing on |a, c|, strictly increasing on [d,b], and constant on [c,d).

Proof. This is an easy consequence of Theorem [5| and the property of
lower semicontinuous functions described by Proposition [Ic). The details
are omitted. m

REMARK 4. It follows from Theorem [6] that a poorly convex function
on an interval can be strictly concave (for example, f(u) = —u? on [0,1]).
Moreover, every convex function on an interval [a,b] C R is continuous on
(a,b) and satisfies f(a+) < f(a) and f(b—) < f(b), which implies its upper
semicontinuity on [a, b]. It is rather surprising that a poorly convex function
on [a, b] need not be either continuous on (a,b) or even bounded from below
on (a,b). To see this, consider the function f on [—1, 1] defined by

1/u for u € [-1,0),
f(u) - {_u2 4+ 2u foru € [07 1]

One can easily see that 7y = f = 0. Hence, by Theorem [5| f is poorly
convex on [—1,1] and is neither continuous nor bounded above on (—1,1).

The next three results (Theorems give necessary and sufficient con-
ditions for a pair of lower semicontinuous poorly convex functions on [a, b]
to be pairwise poorly convex. In Radzik (2014) these theorems have been
stated for continuous functions (see Propositions 5-7 there), but one can
check that the proofs work also for lower semicontinuous functions.

THEOREM 7. Let f and g be lower semicontinuous and poorly convex
functions on [a,b] satisfying [y, 1N (7,79 # 0. Then the family {f, g} is
pairwise poorly convez on |a,b].

The next theorem concerns the case [r7, 7/] N[5, 79] = 0. To formulate
it, we set

ngc ::{E:Tf§u1<uQ<u3§Tg}.
THEOREM 8. Let f and g be lower semicontinuous and poorly convex

functions on [a,b] with T/ < 7,. Then the family {f,g} is pairwise poorly
convex on [a,b] if and only if

f(u2) - f(ul) Q(UQ) - g(ul)
() Flus) — fluz) = glus) — glu)

foru e Qg.
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The verification of might be troublesome. It turns out that under
a somewhat stronger assumption, can be replaced by a much simpler
condition.

THEOREM 9. Let f and g be lower semicontinuous and poorly convex
functions on [a,b] that are continuous on [t/ 1, with 7/ < 7,. Assume
that there are continuous derivatives f' and g on (t7,7,), with ¢ # 0.
Then {f, g} is pairwise poorly convex on [a,b] if and only if G = f'/g" is
nonincreasing on (17,7,).

A classical property of a pair of convex functions f; and f, is that any
linear combination afi; + Bfo with «, 8 > 0 is also convex. Unfortunately,
this is no longer the case for poorly convex functions. However, the following
theorem holds:

THEOREM 10. Let fi and fo be poorly convex functions on [a,b]. Then
f = afi+ Bfa is poorly convex on [a,b] for every a, B > 0 if and only if the
family { f1, f2} is pairwise poorly conver.

Proof. (<) This implication is an easy consequence of Theorems 1] and
and Definition [5| Namely, we know that @g (with some function T on
[a, b]) holds for both f = f; and f = fo. But this trivially implies that this
inequality also holds for any function f = af; + 6f2 with o, 8 > 0, and so
such an f is poorly convex on [a, b].

(=) By Theorem[l] f; is Ti-convex and f5 is Th-convex on [a, b] for some
functions T3, Th defined on Q[q ). Further, by Theorem [1 for any «, 8 > 0
there is a function T,,5 on Qg such that f = af1 + Bf2 is T,p-convex on
[a, b].

Fix u € Q45 and denote

g g
N

N
TN

ar == fi(ug) — fi(u1), b1 := fi(us) — fi(
az := fa(uz) — fa(u1), b2 := fa(us) — fa(
hi:=Ti(a), ho:=To(u), hag:=Tus(

Therefore, by Theorem [T}

(12) hi>0, ay<hib, hy>0, as< hoby,

and

(13) hag >0, a1 + Baz < hog(aby + pby)  for all a, 5> 0.

To complete the proof it suffices to show that and imply the exis-
tence of some h > 0 such that

(14) aq S hb1 and a9 S hbg.

(Then we can define T'(a) = h.)
We consider six cases.
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CASE 1: by =0 or by = 0. Then it follows from that is satisfied
for h = hy or h = hy, respectively.

CASE 2: by > 0 and hqy < hy. Then implies that is satisfied for
h = hs.

CASE 3: by > 0, hy > ho and by > 0. Then, similarly to Case 2, is
satisfied for h = h;.

CASE 4: by > 0, hy > ho and by < 0. If a; < 0 then a; < hoby because
he > 0, and consequently holds for A = ho. Therefore we can assume
that a; > 0.

On the other hand, as < 0 as a consequence of the inequalities ag <
hgbg, hy > 0 and by < 0. Hence, hll = al/bl > 0, hlg = CLQ/bQ > 0, and
a1 = hiby and az = hhbe. But this implies that if A} < R, then aq < hbby,
and consequently is satisfied for h = hl,.

Now consider the second subcase, h} > h}, that is, a1 /b1 > az/bs. Since
the last inequality implies that 0 < —ag/a1 < —ba/b; (because a; > 0,
az < 0, by > 0 and by < 0), we can find ap, By > 0 such that —as/a; <
ag/Bo < —ba/by, or equivalently agay + Boaz > 0 > apbi + Bobz. But this
contradicts the inequality in for « = ag and 8 = Sy. So the subcase
hi > h% is impossible. Therefore, also in Case 4 there is an h > 0 for which

holds.

CASE 5: by < 0 and by < 0. Then it is easily seen that holds for
h = min{hl, hg}

CASE 6: b1 < 0 and by > 0. Here we can consider two subcases, ho < hq
and ho > hy, which can be analyzed in exactly the same way as in Cases 2
and 4, after changing parameters aq, b1, as, ba, h1, hs there to as, bo, a1, b1,
ho, h1, respectively.

Thus the proof of Theorem [I0]is complete. m

REMARK 5. In view of Theorem [I0] it is natural to ask whether the
following general statement holds: Let fi,..., f, (n > 3) be poorly convex
functions on [a,b]. Then f = Y | o f; is poorly convex on [a,b] for all
at,...,an > 0if and only if {fi,..., f,} is a family of pairwise poorly
convex functions. Unfortunately, the author does not know the answer to
this question.

4. Poorly convex functions on subsets of R". In this section, relying
on the results of the previous section, we analyze the main properties of
poorly convex functions defined on convex subsets of R™. Theorems
below are basic for the characterization of pairwise poorly convex families
of functions discussed in the next section. Here Qo 1) is the subset of [0, 13
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defined by , and U denotes any fixed convex subset of R". We begin with
a definition and an auxiliary lemma.

DEFINITION 6. Let f be a real function on U, and let v,w € U. Then
the function f” on [0, 1] defined by

(15) fo() = f(( a0+ zw), 0Lz,
is called the cross function of f (at (v,w)).

THEOREM 11. A function f on U is poorly convez if and only if for any
v,w € U with v < w the cross function fY of f is poorly convex on [0,1].

Proof. (=) Fix Z = (71, 72,73) € Qo) and v,w € U with v < w, and
let @ = (u1,u2,us3) be defined by

(16) u; =1 —z;)v+zw fori=1,23.
Then ug = Aug + (1 — N)ug with A = %, whence 0 < A < 1 and
(17) v 2 up <uz <uz 2w,

since v < w and 0 < x1 < x2 < x3 < 1. Therefore u € Qy.

By Theorem (1}, there is a function T': Quy — R such that @S holds. By
and , this leads to
(18) fo (2) = [ (@) STP(Z) [ (23) — 1 (w2)];
where T (%) = T(@) > 0. Hence, Theorem [1| with f = f* and U = [0, 1]
implies that f.” is poorly convex on [0, 1].

(<) Assume that f}’ is poorly convex on [0, 1] for any v,w € U with
v < w. Then, by Theorem |1| with f = f¥ and U = [0, 1], there is a positive
function T : Q.1 — R such that (18) holds for all # € Qg 1.

Fix @ = (u1, u2,us) € Qu with u; = v, us3 = w and ug = Aug + (1 — Nug
for some 0 < A < 1. Then T = (21,22, 23) = (0,\, 1) € Qo,1), and and
(18) hold. Now taking into account and we can easily check that
(18) can be rewritten in the form @ with T(@) := T*(Z). Hence, in view of
Ty (z) > 0 for & € Q[o,1), we can apply Theorem |1f again to conclude that f
is poorly convex on U.

THEOREM 12. The family {g,h} of two functions on U is pairwise poorly
convexr on U if and only if for any v,w € U with v < w the pair {g¥, h¥'} is
pairwise poorly convex on [0, 1].

Proof. (=) Fix v,w € U with v < w, and let Z = (z1,72,73) € Q1)

Define w1, us, us by . Obviously holds, because = € Qg 1]-
By Theorem |2} there is a function 7" : Qu — R such that @S holds for

f =g and f = h. Together with and this leads to
(19) gy (w2) — g (1) < T (2)[gy) (w3) — gy (x2)],
(20) by (w2) — by (1) < T (@)[h (a3) — Dy (2)],
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with T%(Z) = T(@) > 0. Hence, Theorem [2[ taken for U = [0,1] and f = g%
and f = hY immediately implies that {g¥, hl’} is pairwise poorly convex on
[0, 1] for all v,w € U.

(<) Assume that g, hY are poorly convex on [0,1] for any v,w € U
with v < w. Then, by Theorem [I| for f = ¢, f = hY and U = [0, 1], there
is a positive function Tf,” : Qo,;) — R such that and hold for all
T € Q-

Let u = (u1,u2,u3) € Qu with u; = v, us = w and with ug = Au; + (1 —
A)ug for some 0 < A < 1. Then Z = (x1, 2, 73) = (0, A, 1) € Qo 1], and ([19)
and hold. But those two inequalities are equivalent (by (15)) and (16]
to @ taken for f = g and f = h, with the positive function T defined by
T(u) := T;”(:E) for u € Qu. This proves that {g, h} is pairwise poorly convex
onU. m

REMARK 6. When U is a compact convex subset of R™, Theorems
and can be simplified by replacing “for any v,w € U with v < w” with
“for any v,w € OU with v < w” (here JU is the boundary of U). This is
an easy consequence of the fact that for all v,w € U with v < w there
are v/, w’ € OU such that v < v < w < w with v = (1 — 2)v" + zw’
and w = (1 — y)v' + yw' for some 0 < x,y < 1. The easy details are
omitted.

THEOREM 13. Let g and h be poorly convex functions on U. Then the
function f = ag + Bh is poorly convex for all a, 5 > 0 on U if and only if
{g, h} is pairwise poorly convex on U.

Proof. (<) This follows immediately from Theorem [2 Namely, if @S
holds for both f = g and f = h, then it obviously holds for any f = ag+ Bh
with o, 8 > 0.

(=) Assume that f = ag + Sh is poorly convex for all o, 5 > 0 on U,
and fix v,w € U with v < w. Let g, hy, f’ be the cross functions of
g, h, f, respectively. Obviously f'(z) = ag{(x) + phY(z) for all x € [0,1]
and «, 8 > 0. Therefore, by Theorem f¥ is poorly convex on [0, 1] for all
a, 8 > 0. Consequently, Theorem implies that {g\, h} is pairwise poorly
convex on [0,1]. Hence, Theorem (12| yields the pairwise poor convexity of
{g,h} on U. =

5. Main theorem on pairwise poorly convex families. In the pre-
vious sections the theory of lower semicontinuous and poorly convex func-
tions was developed. Theorem[I4]in this section completes our considerations
about such functions; it will be applied to some optimization problems in
Section 7. Before stating it, we quote two classical results from the literature
(Eckhoft (1993)), |Sion| (1958)).
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PROPOSITION 4 (Helly’s intersection theorem). Let M be a family of at
least n 4+ 1 convex sets in R™ such that M is finite or each member of M is
compact. Then if any n+ 1 members of M have a common point, there is a
point common to all members of M.

PROPOSITION 5 (Sion’s minimax theorem). Let X and Y be conver sub-
sets of linear topological spaces with X compact. Let f: X XY — R be such
that f(-,y) is upper semicontinuous and quasi-concave for each y € Y, and
f(zx, ) is lower semicontinuous and quasi-convez for each x € X. Then

sup inf f(z,y) = 1nf sup f(x,y).
zeX YEY YEY zeX

THEOREM 14. Let T = {fa} be a pairwise poorly convezr family of
lower semicontinuous functions on a compact convex set U C R™. Suppose

sup, fa(u) > 0 for each w € U. Then there are functions fa,,. .-, faniy
in T and a vector (Ai,...,A\ny1) with nonnegative components satisfying
SN =1 such that

n+1
(21) Z)\ fo;(w) >0 for allu e U.

REMARK 7. Since any family of convex functions is pairwise poorly con-
vex (see Proposition [3|(a)), Theorem [I4] is a generalization of the result of
Bohnenblust et al.| (1950), where it is assumed that 7 consists of convex con-
tinuous functions on U. Another special case of Theorem [I4] for n = 1 with
a pairwise poorly convex family of continuous functions was earlier proved
in |[Radzik (2014), where this result was used to get the existence of Nash
equilibria with a very simple structure in several two-person nonzero-sum
games on the unit square.

The proof of Theorem [14]is preceded by the following lemma.

LEMMA 2. Let T = {f1,..., fm} be a pairwise poorly convex [concave]
family of functions defined on a convex compact subset Z of R®, where m > 2
and s > 1. Then for any vi,...,%m > 0 the function K = Y " ~if; is
quasi-convex [quasi-concave] on Z.

Proof. In view of Proposition [I|(a), it suffices to consider the “convex”
case.

Fix any 71, ...,7vm = 0 and define Q7 analogously to . Firstly we will
prove that there is a positive function 7" on @z such that all the functions
fi,--+, fm are T-convex on Z.

Fix @ = (u1,u2,u3) in Qz. Since each f;,1 < i < m, is poorly convex,
Theorem [1] and @ imply that it suffices to show that there is an h > 0 such
that

(22) fi(ug) — fi(ur) < h[fi(us) — fi(u2)], i=1,...,m.
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Now, let 1 < k < m. By poor convexity of fi, there is an hg > 0 such that

(23) fre(u) — fr(ur) < hglfr(us) — fr(uz)].
One can easily see that if holds for two positive numbers hj, = hj, and
hi = hy, then it also holds for every convex combination hy, = ahj,+(1—a)hy,

0 < a < 1. Hence, all the sets
A = {hg : hy > 0 and (23) holds}, k=1,...,m,

are nonempty convex subsets of R. Now, from the pairwise poor convexity
of T, we easily conclude that any two of the sets A; have a common point.
Hence, by Helly’s intersection theorem, ()", A; # 0. Therefore there is an
h > 0 such that holds. Hence f1,..., fi, are T-convex on Z for some
positive function T on Q7.

So inequality (@g holds for f = f1,..., fm. Hence, we easily see that it
also holds for K = >, 7;fi. Thus K is poorly convex on Z, and therefore
also quasi-convex on Z (see Proposition [2(d)). =

Proof of Theorem[Ij) Since each f, in T is lower semicontinuous on U,
the set

Us = {u€U: fu(u) <0}
is closed, and hence compact. Moreover, U, is also convex because f, is
quasi-convex (by Proposition [2d) and Definition [I]).

By the assumption, (), Uy = (. Hence, by Helly’s intersection theorem,
there is a subfamily 7/ = {fay, . -+, fan: } of T such that N7} U, = 0. But
this implies that

(24) sup  fa,(u) >0 for each v € U.
1<i<n+1
Let @ := (1,...,7p41) and define a compact convex set X C R"*! by

n+1
X = {:B e R . le =1and z1,...,%Tnt1 20}.
i=1

Let F' be the function on X x U defined by
n+1

F(a,u) =Y i fa,(u).
=1

Obviously F(-,u) is linear and so continuous for every u € U. Hence, by
Proposition [If(a), for every u € U the function F(-,u) is upper semicontinu-
ous, quasi-convex and quasi-concave.

On the other hand, Proposition [I[b) implies that F(x,-) is lower semi-
continuous for every ® € X. Moreover, Lemma [2[ implies that F(x,-) is
quasi-convex for every x € X.
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So, by Sion’s minimax theorem with X =X, Y =U and f = F, there is

a number v € R such that
(25) sup inf F(x,u) =v = inf sup F(x,u).

xex uel uel gex
Because both & and U are compact, we easily conclude the proof as fol-
lows: As stated before, the function F'(x,w) is upper semicontinuous in @
and lower semicontinuous in u. Hence, by Proposition (e), the functions
Fi(z) = inf,cpy F(x,u) on X and Fy(u) = supgey F(x,u) on U are upper
and lower semicontinuous, respectively. Therefore, by Proposition (d),
is equivalent to
(26) max min F'(x,u) = v = min max F'(x, u).

xzeX uel uel xzeX

The first equality in implies that there is a vector (A,..., Apy1) € X
such that

n+1
(27) > Aifay(u) >v  forallueU.

i=1

The second equality in and Proposition (d) imply that thereisau® € U
such that

n+1
v = minmax F'(x,u) = ma E i [ (1Y) > 0
u€l we}(( (2, u) :ce}((. - ifos (u)
i

because of . Comparing this with , we finally get . n

REMARK 8. One could ask whether Theorem [14] remains true with “pair-
wise” cancelled. We can easily show that it does not: On U = [—1, 1], define
fitu) = —2u® + 4u + 1 and fo(u) = —2u? — 4u + 1. It is shown in Re-
mark [3| (Section 2) that these two functions are poorly convex but not pair-
wise poorly convex. Moreover, max{ fi(u), fa(u)} > 0 for each v € [-1,1].
Now, let F)\(u) = Afi(u) + (1 — A)fa(u). One can directly calculate that
Fy(—1) + Fx(1) = =2 for every A € [0,1], and so at least one of the values
F\(—1) or Fy(1) is negative, so the conclusion of Theorem (14| does not hold.

6. Examples of pairwise poorly convex families. In this section we
give four examples of pairwise poorly convex families described by rather
standard formulas. Theorems [6] [0} [II] and [12] will be useful in analysing
such families. In this section, R} denotes the set of all vectors in R™ with
nonnegative components. We also write Z = (x1,...,2,), and analogously
for a, & etc.

EXAMPLE 1. Let ¢ € R’} and consider the function

n

fa(@) = cilwi — )

=1
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on a convex subset U of R™. Obviously, f5 is convex on U for any & € R".
Therefore, by Proposition (a), F = {fa: @ € R"} is a pairwise poorly
convex family.

EXAMPLE 2. Let A > 1, b € R? and let U be a convex subset of R".
Consider the family G = {gg, : 8 € R,y € Ry} of continuous functions gg.,
on U defined by

99(T) = B — - AT X bisi,
We will show that G is a pairwise poorly convex family.

In view of Proposition (b), it suffices to show that f(z) = —A~ Zi=1 bie}
is poorly convex on U. In general, f need not be convex. For example, when
U contains the interval connecting (0,...,0) and (B,0,...,0) with B =
/1/(byIn A), then the function A(t) = —A~"*" is not convex on [0, B], and
so f is not convex on U.

Fix v,w € U with v = (v1,...,v,), w = (w1,...,w,) and v < w. Then
the cross function G(t) = g/ (t) (see (15])) is a continuous function given by

G(t) = —A~ Zimbil(=twittwi® g <y <,
We have

G'(t) = —2InA-G(t) - {t zn: bi(w; — vi)? + Zn: bivi(w; — U,-)}.
=1 =1

One can easily see that there is an a € [0, 1] such that G'(t) < 0 for ¢ € [0, a)
and G'(t) > 0 for t € (a,1]. Consequently, G is strictly decreasing in [0, a
and strictly increasing in [a, 1], which, by Theorems |§| and proves that f
is poorly convex on U. Thus G is a pairwise poorly convex family.

EXAMPLE 3. Let U= {Z e R" : /2 < """ , 2; < 3n/2}. Consider the

family F = {fagy : @ € R, > 0, |y| < m/2} of continuous functions f,sy
on U given by

fagy(F) =a+ 8- cos{zn:xi - 7}.
i=1

We will show that F is a pairwise poorly convex family on U.
Let G = {gy : |7| < 7/2} be the subfamily of F consisting of the functions

9(Z) = Cos{zn: x; — fy}.
i=1

By Proposition (c), we only need to show that G is a pairwise poorly convex
family on U.

It is easy to see that for 0 < || < /2 the function g(t) := g,(¢,0,...,0)
= cost is not convex on [r/2,3n/2]. Consequently, the functions g, (with
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v € [-7/2,0) U (0,/2]) are not convex on U, so Proposition [3|(a) cannot be
applied here.

Let g, € G and fix v,w € U with v = (v1,...,v,), w = (w1,...,w,) and
v < w. Then

(28) m/2< (1=t v+t w <3m/2 forte0,1],
=1 =1

and the cross function G (t) = (g,)y (t) is the continuous function

n n
G, (t) = cos{(l —)Y vty w —7}, 0<t<l1.
i=1 =1

By Theorem to show the pairwise poor convexity of G we need to show
the same for G* := {G, : —7/2 < v < 7/2}.

If >, v; = Y i, w;, then every G is a constant function, and then G*
is obviously pairwise poorly convex.

Without loss of generality, we can now assume that

n n
=1 =1

This is an easy consequence of the fact (following from Theorem @ that G,
is poorly convex on [0, 1] if and only if the function f(t) = G (1—t) is poorly
convex on [0, 1].

Let 7, and 77 denote the quantities 74 and 77/ (see @ and ) for
[ = G, respectively. A simple analysis of the function G (in the context

of inequalities (2§), and || < 7/2) implies that 7., = 77 (=: 7(v)) and

0 if 2?21111'271'4—’7,
(30) T(v) =41 if Yl wi <7+,
THY—D g Vs

T

i—1 (wi—vg) if Zlﬁ:l vp<mT+7< Z?:l wj.

One can easily verify that 7(y) € [0,1] for all v € [0,1], 7(71) < 7(92)
if 71 < 72, and G is strictly decreasing and strictly increasing in [0, 7(7)]
and [7(7), 1], respectively. Therefore, by Theorem [6} G is poorly convex on
[0, 1].

Now fix —7/2 < v < 2 < 7/2. Then 7(y1) < 7(72). When 7(71) =
7(v2), Theorem [7|implies that {G,,, G, } is pairwise poorly convex on [0, 1].
On the other hand, when 7(y1) < 7(72), with the aid of we get

(Gel <t>>’ [ i — w)] P sin(ye — )
G, (1) [ENOk

and so G, (-)/G",(-) is decreasing in (7(v1), 7(72)). Consequently, by Theo-
rem [0} {G,,G,,} is also pairwise poorly convex on [0,1] in the second case.

<0 for 7(m) <t <7(y2),
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Thus the family G* is pairwise poorly convex on [0, 1]. This implies that G
and hence also F are pairwise poorly convex on U.

EXAMPLE 4. Let U= {z € R" : > | #? < 1/2}. Consider the family
H ={hg:1/2 <3 <3/2} of continuous functions hg on U defined by

n
ho(@) = —exp{ = Y (@i - 5)%}.
i=1
We will show that H is a pairwise poorly convex family on U.

It is easy to check that for 1/2 < 8<+/2 the function f(t):=hs(t,0,...,0)
is strictly concave and strictly convex on [—v/2/2, —v/2/2+ 3] and [—v/2/2+
B,/2/2], respectively, and f is strictly concave on [—v/2/2,/2/2] for v/2 <
B < 3/2. Therefore the functions hg (with 1/2 < f < 3/2) are not convex
on U, and Proposition (a) cannot be applied to show the pairwise poor
convexity of H.

Let hge M and fix v,w e dU with v=(v1,...,vy), w=(w1,...,wy,) and
v<w. Then

n n
(31) dovi=1/2, Y wi=1/2
i=1 i=1

and the cross function Hg(t) = (hg)y (t) is the continuous function

n
Hy(t) = —exp{— > =ty + tw; — 5]2}, 0<t<1.
i=1
Obviously U is a compact convex subset of R™. Therefore, in view of Theo-
rem [12{and Remark |§|, the family H is pairwise poorly convex if {Hg : 1/2 <
B < 3/2} is pairwise poorly convex on [0, 1].
It can be easily checked that for ¢ € [0, 1],

(32)  Hj( :—22 i —vi)? - Hp(t) - (t = tg),

(33)  HY( ——22 ; — ;)2 [1—22 t—tg)]
where
tg=4- > i (wi — vy) _ > i vi(wi — Ui).
ZZL 1 (wi —v;)? Z?zl(wi —v;)?
By , the last equality can be simplified to

(34) tg=p-T+1/2 with T = 2 i (wi = vi) '
1 =230 wiv;
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Let us define

0 iftg <O,
7’/32 tﬁ ifOSthl,
1 iftg > 1.

Since Hg(t) < 0for 0 <t <1 and Y1, (w; — v;)*> > 0 (because v # w),
one can easily deduce from that Hg is strictly decreasing in [0, 73] and
strictly increasing in [, 1]. Hence, by Theorems[6|and[11] for 1/2 < 8 < 3/2,
Hyg is continuous and poorly convex on [0, 1], and obviously (see (9) and (10]))
for all 8 we have

(35) THy = s = 15.

Now fix 1, 82 in [1/2,3/2], p1 # B2, and assume that tg, < tg,. We will
show that {Hg,, Hg,} is pairwise poorly convex on [0, 1].
First notice that if

(36) g g, 21 or tg,,tg, <0,

then 753, = 73, = 1 or 73, = 73, = 0, respectively, and Theorem [7] implies
that {Hg,, Hp, } is pairwise poorly convex on [0, 1]. Therefore we can assume
that does not hold, which easily implies that

(37) 6 < o < TBy < 18,

because tg, < 1g,.

Now suppose that t3, < 1 and tg, > 1. Then, in view of , T < Qé
and T > ﬁ Hence 0 < T' < 1, because (31,82 > 1/2. Similarly we show
that if 3, <0 and tg, > 0, then —1 <7 <0, and if =1 <tg,,tz, <1, then
0 < T < 1. Consequently, —1 < T' < 1 when (36| does not hold, whence ((34))
and the inequality tg, < tg, and |f2 — 1] < 1 imply that

(38) 0< t52 — tﬂ1 < 1.

Let J(t) = Hp (t)/Hp, (t). With the aid of (32)) and we easily check
that for t € [0, 1],

(39) J'(t) = K (1) (ts, — ta,) [1+2Z ) (= 1)

where K (t) > 0 for all ¢.
Note that for ¢t € (tg,,t3,), inequality implies
(t—tg,)  (t—t5) = (g, — tg,)?/4 > ~1/4,

and further

D (wi —v)? < QZH:(UJ? +v}) =
i=1

=1
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because of (B1)). Hence, for t € (tg,,tp,) we get

1+2Z (t—tg,) - (t—tp,) >1+2-2-(=1/4) = 0.
Thus, in view of (39) and (37), J'(t) < 0 for t € (7p,,7g,), and so Hy /Hj,
is nonincreasing in Tﬁl , T8, ). Moreover, Hg is continuous and poorly convex

on [0,1] as shown before. Hence, in view of ( ., Theorem |§| shows that
{Hp,,Hg,} is pairwise poorly convex on [0,1]. Now Theorem [12| yields the
pairwise poor convexity of H.

7. Application to an optimization problem. In this section, we ap-
ply the theory developed so far to prove three theorems related to a classical
optimization problem in game theory. Its solution can be interpreted as an
equilibrium in various economic game models.

Throughout this section, we assume that X and Y are nonempty convex
compact subsets of R* and R/, respectively, k,1 > 1. We denote by Px and
Py the classes of all probability distributions over X and Y. The probability
distribution with all mass concentrated at a point ¢ will be denoted by d;; in
some contexts ¢; will be identified with .

Let us consider the following general problem: For two functions K7 and
Ky defined on X x Y, we look for the pair (z*,y*) € X x Y, called a (Nash)
equilibrium, satisfying
(40)  max Ki(z,y*) = Ki(z*,y") and max Ks(z*,y) = Kao(z*, y").

zeX yey

The interpretation of this equilibrium concept can be the following: There
are two agents I and II who choose (simultaneously and independently) el-
ements x € X and y € Y, respectively, as their strategies. By assumption,
agents I and II are interested in making the values of Ki(x,y) and Ko(x,y),
respectively, as large as possible. Therefore any equilibrium (z*, y*) satisfy-
ing describes a pair of “stable” agents’ strategies, in the sense that if
they agree on them, nobody is interested in changing their strategy. It is
known (Glicksberg (1952)) that if K and K5 are continuous on X x Y and
if Ki(-,y) and Ky(z,-) are quasi-concave for z € X and y € Y, respectively,
then at least one equilibrium exists. However, in general such an equilibrium
may not exist. Therefore, some extension of the above model can be consid-
ered. Namely, assume that agents [ and II can choose their strategies x and
y at random from the sets X and Y, respectively. Consequently, their strate-
gies are probability distributions over X and Y, respectively. We describe
this extension in more detail.

Assume that the agents choose strategies u € Px and v € Py, respec-
tively. We can then extend the domains of K1 and K5 from X XY to Px x Py
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and replace their utilities by their expected values defined by

Ki(p,v) = | | Ki(z,y) dv(y) dp(x), i=1,2.
XYy
Now we are ready to define a natural generalization of the notion of equilib-
rium.

DEFINITION 7. A pair (u*,v*) € Px x Py is called a generalized equilib-
rium if
(41)  max Ky(p,v*) = Ky(pu*,v*) and max Ko(u*,v) = Ko(u*,v").

pnePx vePy

REMARK 9. |Glicksberg (1952)) showed with the aid of Kakutani’s fixed
point theorem that a generalized equilibrium always exists if Ky and Ko
are continuous on X X Y. However, when they are discontinuous, there are
no general methods for finding a generalized equilibrium (if it exists). Also,
an agent can be interested in looking for an equilibrium with the simplest
structure, which should be easier to find and implement. The three theorems
below discuss such a possibility, under very weak assumptions on K7 and Kbs.

Before formulating the main results of this section note that the “opti-
mality condition” for (pu*,v*) can be simplified to

(42) max Kj(z,v") = Kqi(p",v*) and max Ko(u*,y) = Ko(u*,v").
zeX yey

THEOREM 15. Assume that for any x € X the function Ko(z, -) is upper
semicontinuous on Y, and {K1(-,y) : y € Y} is a pairwise poorly concave
family of upper semicontinuous functions on X. If there exists a generalized
equilibrium (u*,v*) € Px X Py, then for some yi,...,yk+1 € Y and 0 <
By Prar < 1 with ZkH B; = 1 there also exists a generalized equilibrium
of the form (u*, Zl 1 Bidy,) such that

k+1

(43) Ko(p*, v* < Zﬁz yz)

Proof. By assumption, (u*,v*) satisfies . Let 2° € X and suppose
that K (u*,y) < Ki(20y) for all y in supp(y*), the support of v*. This
implies (by integrating) that Ki(u*,v*) < Ki(z",v*), contradicting the first
equality in .

Therefore, for any fixed € > 0,

(44) sup  [Ki(p*,y) — Ki(z,y)+e] >0 forallz e X.
yEsupp(v*)

Let T = {fa : @ € supp(v*)} where f, : X — R is defined by f,(z) =
Ki(p*, o) — Ki(z, a)+e. Since, by assumption, the family {K(-,a) : a« € Y'}
consists of upper semicontinuous functions and is pairwise poorly concave,
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Propositions (a) and (d) easily imply that 7 is also a pairwise poorly
convex family of lower semicontinuous functions. Hence, by , T satisfies
the assumptions of Theorem [14] with U = X and with @ = y running over
supp(v*). Consequently, there are 0 < f31,..., k11 < 1 and y1,...,Yg+1 In
supp(v*) such that Zf;“ll Bify; (x) > 0 for all € X. Hence

k1 k1
ZﬁiKl(M*,yi) > ZﬁiKl(fE,yi) for all z € X,
i=1 i=1

or equivalently

k+1 k41
(45) K, (,u*, Zﬁidyi) > Ky (x, Zﬁidyi) for all x € X.
i=1 i=1

Now we will show that
(46) Ko(p*, v*) = Ko(p*,y;) fori=1,...,k+1.
Firstly suppose that
(47) Ko(p*, v*) > Ko(p*,ym) for some m, 1 <m <n-+1.

Since, by assumption, for any = € X the function Ky(z, -) is upper semi-
continuous on Y, Fatou’s lemma (in the “limsup” version) easily implies that
also Ko(p*, ) is upper semicontinuous on Y. Hence, by Definition [2| the
set A:={y eY : Kx(p*,y) < Ko(p*,v*)} is (relatively) open in Y, and
Ym € A.

Let B := supp(v*). Since B is a closed set, so is B\ A, and we have

(48) Ka(p* y) = Ko(p*,v")  forall ye B\ A,

and B\ A C B because y,,, € A and y,,, € B.

The equality v*(B N A) = 0 cannot hold, since then v*(B\ A) = 1,
which contradicts the definition of B (as a minimal closed set M satisfying
v*(M) = 1). Therefore v*(BN A) > 0.

Similarly, v*(B N A) = 1 cannot hold either, because it would also lead
to a contradiction:

Ky, v) = | Ka(u',y)dvi(y) < | Ko(u*,v*)dv*(y) = Ka(u*, v°).
BNA BNA
Therefore 0 < v*(BNA) < 1.
Set v := v*(BN A). Then v*(B\ A) =1—+v and 0 < v < 1. Further,
let s € B\ A. By the definition of A and (48], Ka(u*,s) > Ka(u* y) for all
y € BN A. Now define the probability distribution ¢/ in Py by v/ = v* +~ds
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on B\ A and v/ = 0 elsewhere. Hence,

Ko(p*,v*) = | Ka(p*,y) dv*(y)
B

T} e+ | K
B\A BNA

< | Kot y)dvi(y) +yKa (i s)
B\A

= | Ka(u*,y) d(v* (y) +65(y)) = Ka(u*, V"),
B\A

so Ko (u*, v*) < Ka(u*, V'), contradicting the second equality in (41)). Thus,
we have shown that cannot hold. In view of the second equality in ,
this implies , and hence (43)).

Now, it suffices to combine , the second equality in and ’ to
conclude that the pair (u*, Zfill Bidy, ) satisfies (with v* = Zfill Bidy, ),
and so is a generalized equilibrium. =

REMARK 10. Theorem [15| simplifies the problem of looking for a gener-
alized equilibrium: it says that under the given assumptions we can restrict
our search for equilibria to those whose second component is a probability
distribution with support consisting of at most k + 1 points. Moreover, on
account of , this new equilibrium determines agent II’s strategy which
gives him the same “level of satisfaction”.

THEOREM 16. Assume that {K1(-,y) 1y € Y} and {Ka(z, ) :y € Y}
are pairwise poorly concave families of upper semicontinuous functions on
X and Y, respectively. If there exists a generalized equilibrium in Px X Py,
then there also exists a generalized equilibrium (u°,v°) of the form

I+1 k+1
0.0
(,U, yV ) = (Z aiéIiu 2515y1>7
i=1 i=1
where x1, ..., 2141 € X, Y1, .-, Yk+1 €Y and 0 < a1, ..., 141,51, -5 Brt1

< 1 with ;51 @i = 1 and 307 6, = 1.

Proof. Let (p*,v*) be a generalized equilibrium in Px x Py. Since the
assumptions of Theorem [15| are satisfied, there is a generalized equilibrium
of the form (u*, Zf;l Bidy,). Now, starting with this new equilibrium and
applying Theorem [15|again (after changing the order of variables and func-
tions), we get the existence of a generalized equilibrium as described in the

theorem. m

REMARK 11. Theorem [16| simplifies the problem of looking for a gener-
alized equilibrium in the case when X,Y C R: we can restrict our search
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for equilibria to pairs of probability distributions with supports consisting
of at most two points. Then our optimization problem can be reduced to
a very simple one. Namely, taking into account and the fact that X
and Y are intervals [a,b] and [c,d], respectively, the problem of finding a
generalized equilibrium can be reduced to the following: Find six numbers
o, B, 27,25, 97,y5 with 0 < a,8 < 1,a < 27,25 < band c < yj,y; < d
satisfying

max [ (2,57) + (1= ) (2,45)) = afK) (27, 41)

+ a(l = B)K1(27,95) + (1 — ) BK1(23,97) + (1 — ) (1 = B) K1 (23, 93)
and

max [aKa(o],9) + (1= ) Ka(w5,9)] = Kol y7)
c<y<d
+a(l = B)Ka(a1,y3) + (1 — a) BE(25,y7) + (1 — a)(1 — B)Ka(x3, y3).
Then the pair [adz; + (1 — @)dzs, Bdy: + (1 — B)dy;] is an equilibrium. Ob-
viously, this task is much easier than looking for a generalized equilibrium
(u*,v*) satisfying over the spaces Px and Py of probability distribu-
tions.

We end this section with a theorem on a simplified optimization problem
often discussed in game theory, where a generalized equilibrium (u*,v*) €
Px x Py is searched when Ks(z,y) = —Ki(x,y) for all (z,y) € X x Y.
Then, after taking K; = K, the optimality condition can be equivalently
rewritten in the form

(49) max K (z,v*) = K(p*,v*) = min K (u*, y),
zeX yey

where K is a fixed function on X x Y. It turns out that under this new
optimization condition we have the following stronger existence theorem.

THEOREM 17. Assume that for any x € X the function K(x, -) is lower
semicontinuous on' Y, and {K(-,y) : y € Y} is a pairwise poorly concave
family of upper semicontinuous functions on X. Then there exists a general-
ized equilibrium of the form (u*,v*) = (z*, Z?ill Bibyr) satisfying with

some z* € X, yf,..., Yy €Y and with coefficients 0 < By,..., 0Bk <1
satisfying Zf:ll Bi =1.
Proof. Let us extend K to X x Py by
(50) K(z,v) = S K(z,y)dv(y) for (z,v) € X x Py.
Y
Since for every x € X, K(x,-) is lower semicontinuous on the compact set Y,

it is also lower semicontinuous on Py . Moreover, obviously K (z, -) is a convex
function on Py.
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Therefore the assumptions of Proposition [f] are satisfied with Y = Py
and f = K, and consequently

(51) sup inf K(z,v)= inf sup K(z,v).
zeX V€LY vePy zeX

Since both X and Py are compact, we easily conclude (using Proposition

[}(d,e)) that can be equivalently rewritten as

(52) max min K(z,v) = min max K (z,v).
zeX vePy vePy zeX

Thus, there is a generalized equilibrium (z*,v*) € X x Py such that

in K(z*,v) = K(x*,v") = K ).
(53) min K(2",v) = K(2",v") = max K(z, ")
Inequalities hold for K1 = K and K = —K, so we can apply

Theorem [15( with (u*,v*) = (z*,v*) to get the existence of a generalized
equilibrium of the form (z*, 2! Bibyx). m

8. Concluding remarks. In this paper we develop a theory of poor
convexity of real functions on compact convex subsets of R™. This property
is intermediate between the classical convexity and quasi-convexity. A full
characterization of poorly convex functions and their properties are given.
This is then used to get the basic result of the paper, Theorem which
is a generalization (from convex continuous to poorly convex lower semicon-
tinuous functions) of the well-known result due to Bohnenblust, Karlin and
Shapley, described in Remark [7] of Section 5. Finally, an application of the
theory of poorly convex functions to some optimization problems is given.

Theorem [3| says that every continuous quasi-convex function on an inter-
val [a, b] C R can be approximated by a sequence of poorly convex continuous
functions in the topology of uniform convergence. An open question is if this
can be generalized to functions on a convex compact subset U C R" with
n > 1.
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