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APPROXIMATING THE VOLUME INTEGRAL BY A
SURFACE INTEGRAL VIA THE DIVERGENCE THEOREM

Abstract. By utilising the divergence theorem for n-dimensional integrals,
we provide some error estimates for approximating the integral on a body B,
a bounded closed subset of R™ (n > 2) with smooth (or piecewise smooth)
boundary 0B, by an integral on the surface B and some other simple terms.
Some examples in the 3-dimensional case are also given.

1. Introduction. Consider a closed, bounded and convex subset D

of R2. Denote by
Ap =\ dzdy
D
the area of D and by (ZTp,yp) the centre of mass of D, where
Tp = AlD“mdzdy, yp = AlDSSydmdy.
D D
Let f = f(z,y) be a function of two variables. We assume that the partial

derivatives %, % satisfy the Lipschitz type conditions at a point (u,v) € D:

0 0
(1.1) %(x,y)—a—i(u,v) < Li|z —u| 4+ Kily — v|
and
of af
. =L _ 2L < _ -

for any (x,y) € D, where L1, Ki, Ly and K» are given positive constants.
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In the recent paper [7] we established the following result on approximat-
ing the double integral by a contour integral:

THEOREM 1. Let D be a simple, closed counterclockwise oriented curve
bounding a region D and let f be defined on an open set containing D and
having continuous partial derivatives on D. Assume that (u,v) € D and

%, %ﬁ; satisfy the Lipschitz type conditions |’ and 1' Then for any
a, B € C we have

(1.3) Al[)“f(m,y)dmdy
D
- o M-y o+ (- )y dy
oD

10f

. 1of
- 5%(% v)(a —p) —

3 5, ()8~ 7D)

S;TlSS]a—:UHx—u\dmdy—i—;; SS!a—w\ ly — v| dz dy

K
+2ASDSI5 yl o — ul dudy + —= SSIB ylly — vl dz dy.
In particular,

)| asdy
D

_ 2/1117 ;;7[(% —y) f(z,y)dz + (x —Zp) f(z,y) dy]

K
< - - _— —
< 2ADSDS’36D x| |z — u|dedy + 2ADSDS|36D x| |ly —v|dzdy

+%S[§‘?JD y||az—u|d:£aly+;j1 SS|yD ylly — v|dx dy

(1.5) ‘Al“f(:v,y)dxdy

Pp
— ><wf,ap ~7D) - 5 5 (u,0)(usop ~ 75)

< T“|xfﬁD—$| |z — u|dxdy + —— 2A “|vaaD—$‘ ly — v| dx dy

L K
+m88|yfaD yl|z — ul dx dy + 2ADSS|yf"9D ylly — v| dx dy,
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where

oo Sopef(@y)dy
LoD f@y) dy

provided the denominators are not zero.

Sopuf(@,y)de
nd - yron = $op [(z,y) dz

For other integral inequalities for multiple integrals see [3]-[15].

In this paper, motivated by the above results and by utilising the famous
divergence theorem for n-dimensional integrals, we provide some error esti-
mates for approximating the integral on a body B, a bounded closed subset
of R” (n > 2) with smooth (or piecewise smooth) boundary 0B, by an inte-
gral on the surface 0B and some other simple terms. Some examples for the
3-dimensional case are also given.

2. Some preliminary facts. Let B be a bounded open set in R" (n > 2)
with smooth (or piecewise smooth) boundary 0B. Let F = (Fy,...,F,) be
a smooth vector field defined in R", or at least in B U 0B. Let n be the
unit outward-pointing normal on dB. Then the divergence theorem (see for
instance [16]) states that

(2.1) {divFdv = | F-ndA,
B 0B

where
n

OF,
divF=v.F=S Z*
kzzlaxk

dV 1is the volume element in R™ and dA is the surface area element on 0B.

Ifn=(ny,...,n,), z = (z1,...,2,) € B and we write dx for dV, we
can rewrite (2.1) more explicitly as

(2.2) S OF(@) 0 = 3 | Ful@)m(x) dA.

X
k=1 B Oz, k—10B

By taking the real and imaginary parts, we can extend the above equality
to complex-valued functions Fy, k € {1,...,n}, defined on B.

If n = 2, the normal is obtained by rotating the tangent vector through 90°
(in the correct direction so that it points outwards). The quantity ¢ ds can
be written as (dx1,dx2) along the surface, so that

ndA :=nds = (dxy, —dz1).

Here t is the tangent vector along the boundary curve and ds is the
arc-length element.
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From (2.2) we get, for B C R?,

OF(x1,x r1,T
@) [P g gy 4§ ORI gy
B
= S Fi(x1,22) dxgy — S Fy(x1, 22) dy,
oB B

which is Green’s theorem in the plane.

If n = 3 and if 0B is described as a level-set of a function of three
variables, i.e. 0B = {(z1,72,23) € R® | G(x1,72,73) = 0}, then a vec-
tor pointing in the direction of n is grad G. We shall use the case where
G(z1, 72, 73) = 23 — g(w1,9) for (z1,72) in D, a bounded domain in R? for
some differentiable function g on D, and

B = {(x1,29,23) € R? | 23 < g(w1,22)}.
Also assume that B is bounded in R3. Then

(_gru —Yzo, 1) dA

S (4¢3, +g2)VY = (L+g3, +92,)"* dwy das
1 2

and
ndA = (_gl‘p — Gz 1) dflfl d:l?g.
From ((2.2)) we get
F F F
(2.4) S(a 1(21, 72, 23) +3 b(21, 72, T3) +8 3(x1,x2,x3)>dx1dx2dx3

S Fi (21,22, (1, 72)) gz, (21, 72) doy dava
D
S Fy (21,2, 9(1,72)) gz, (21, 72) doy dava
D

+ $17$27 Jfl,.’EQ))d.’I)l de,

which is the Gausststrogradsky theorem in space.
Following Apostol [I], consider a surface described by the vector equation

(2.5) r(u,v) = z1(u,v)i + 22 (u, v)] + 23(u, v)E

where (u,v) € [a,b] X [, d].
If 1, xo, x3 are differentiable on [a, b] X [¢, d], we consider the two vectors

87“ _ 8$1 - 8m2 - 8583 =

ou " ou' T out T o™
or 0x1- %—» 0x3 -

i e metd w2
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Their cross product g—;’ X % will be referred to as the fundamental vector

product of the representation r. Its components can be expressed as Jacobian
determinants. In fact, we have [II, p. 420]

8902 8373 (9%3 8&?1 8331 812

(2 6) & x & _ ou ou | = ou ou ou ou E
' ou " Ov |9z O3 sz Oz dzy Oz
ov ov ov ov ov ov

_ 8(3;27‘7:3)%' a<x37$1)_f a(xluxQ)];’
(u,v) (u,v) J I(u,v)
Let 0B = r(T) be a parametric surface described by a vector-valued

function r defined on the box T = [a, b] X [¢, d]. The area of 9B denoted Ayp
is defined by the double integral [Il, pp. 424-425|

bd
27) App =

ac

S Cho) (i) () e

ac

or Or
Xi

7 % e du dv

We define surface integrals in terms of a parametric representation for
the surface. One can prove that under certain general conditions the value
of the integral is independent of the representation.

Let 0B = r(T) be a parametric surface described by a vector-valued
differentiable function r defined on T' = [a, b] X [¢,d] and let f: 9B — C be
bounded. The surface integral of f over OB is defined by [1, p. 430]

vd or Or
(2.8) SSfdA: “f(:zl,xz,xg) 9 < 0 du dv
oB ac
bd

- SSf(fﬂl(u,v),xg(u,v),m(ua v))

ac

8(:52,3:3) 2 8(1’3,%1) 2 8(.%1,%2) 2
— du dv.
: \/( ou,v) ) "\ otww) ) T\ oty ) M
If 0B = r(T) is a parametric surface, the fundamental vector product

N = STZ X % is normal to 0B at each regular point of the surface. At each

such point there are two unit normals, n; which has the same direction as NV,

and n» in the opposite direction. Thus

N
V]|

Let n be one of the two normals nj or ns. Let also F' be a vector field defined

n; and ny, = —nj.
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on 0B and assume that the surface integral
| (7 -n)da,
oB

called the flux surface integral, exists. Here F'-n is the dot or inner product.
We can write [1l p. 434|

bd or  Or
(F-n)dA==+\\F(r(u,v)) | — X =— | dudv
i ({Frton- (50 % 57)

where “4” is used if n = ny, and “—" if n = no.
It
F(x1, 9, 23) = F1 (21, T2, 23)i + Fo(x1, 20, 23)] + F3(21, x2, :1:3)E
and
r(u,v) = 21 (u, v)i + z2(u, v)j + z3(u, )k where (u,v) € [a,b] x [c, d]
then the flux surface integral for n = n; can be explicitly calculated as [1]
p. 435]

bd
(2.9) SS(F ‘n)dA = HFl(xl(u,v), z2(u,v), x3(u,v))
0B acbd
+ S S Fy(z1(u,v), zo(u,v), z3(u,v))

ac
bd

+ S S Fg(.%’l(u,’U), xQ(u,’U),Jj‘g(U,U))

ac

0(x2,x3)
)
O(x3,x1)
) M
8(.%'1, xg)

D(u, v) du dv.

The sum of the double integrals on the right is often written more succinctly
as [1 p. 435]

SS Fl(xl, T2, xg) dro N dxsg + SS FQ(l‘l, x9, .7}3) dxs N dxq
oB dB
+ SS Fg(l’l, 9, 1‘3) dry N dxs.
oB

Let B C R3 be a solid in 3-space bounded by an orientable closed sur-
face OB, and let n be the unit outer normal to dB. If F' is a continuously
differentiable vector field defined on B, we have the Gauss—Ostrogradsky
identity

(GO) |\ (divF)ydv = {{(F-n)dA.
B 0B
If we express

F(x1, 29, 23) = F1 (21, T2, 23)i + Fa(x1, 2o, 23)] + F3(x1, 22, 23)k,
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then ([2.4) can be written as

(2.10)
SSS<3F1($1,$2,$3) n OFs(x1, 2, x3) n 3F3($1,962,563)> diy davy dis
3 8$1 8$2 8$3

= SS Fl(Cl?l,.’L'Q,{L'g) dxo N dxsg + SS Fg(xl,xg,xg) drs N dxq
0B 0B
+ SS Fg(ﬂjl,ﬂfg,xg) dx1 A dxs.
oB

3. Some perturbed identities. For the body B we consider the coor-
dinates of the centre of gravity

G (.%'371, ey me)
defined by
1
— 1,...
: B)Sxkda:, ke{l,...,n},
B
where

V(B):= | du
B

is the volume of B.
We have the following identity of interest:

THEOREM 2. Let B be a bounded closed subset of R™ (n > 2) with smooth
(or piecewise smooth) boundary OB. Let f be a continuously differentiable
function defined in R™, or at least in an open neighbourhood of B, and with
complex values. If oy, B, 0 € C for k€ {1,...,n} with Y ) _, oy, = 1, then

(3.1) Sf d.T—ZV S,@k—akwk)<af(f)—(5>d

B B
n

kz k(Bk — xTB k) -I-Z:IV S (agzr — Bi) f(x)ng(x) dA.
We also have

(3.2) V(lB);f(a:) dx

= a 1 - Of(@) T
2 KB ;(% k)( i 5k> d

+ ) ondi(ve — TER) + Y Oékv(lB) V (2r — i) f()ng () dA
k=1 k=1 OB
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forally, € C, k€ {1,...,n}, and in particular

53 i 1@
B
1 n
_EZV( JSB k_k< 5k>d1‘
+i;ak5k(% —TBk)+ — 1 > 1‘/(13) S (z1 — i) f (2)ng(z) dA.

Proof. Let = (z1,...,2,) € B. We consider

Fk(x) = (akxk_ﬁk)f(x)a ke {1,...,71}.
Then
0f(x)
8$k ’

If we sum this equality over k from 1 to n we get

(3.4) Z 81;’;k = Z arf (@) + ) (arzy — By) 85;;;6)

k=1 k=1

= Ozkf(l‘) + (Ozk:Uk — Bk) ke {1, - ,n}.

of(x)

oxy,

n
)+ > (awar — Br)
k=1

for all z = (z1,...,2z,) € B.
Now, if we integrate (3.4) over (z1,...,z,) € B we get

35 | <Z ag’;k ) S z)dx + Z Il [ arzi — Br) af(x) da.

k=1 B O
By the divergence theorem ([2.2)) we also have

(36) 3(2 ik ) =5 | (ape — Bi) f@)mpe) dA,

k=10B
and by making use of (3.5]) and we derive

g dz+2§[akxkﬁk 8f(x)}d:v

ox
k=1 B k

Il
e
D
>

8
x>

|
sy
z
~
—~

8
~—

S
ol
—~
~—
U
o
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which gives the representation

(3.7 | £y = 37 | - o) 2 4
B k=1B
+ (cxwi — Bi) f(x)nk(z) dA
k=10B

(1)
= Jﬁg(ﬁk - akxwaaz(f) dz — by ]Sgwk — agay) dv
= (B - akJUk)af(f) dz — 05 (BeV(B) — awV(B)ZTB 1)
B
= S(ﬁk - akxk)c‘?af(x) dx — V(B)r(Br — axTB k),
B Tk
which for summation over k € {1,...,n} provides
- 0f(x)
; é(,@k — ak«Tk)( &rk — 5k> dac
=3 {0~ w2 v(B) S Gl — n7R),
k=18 Tk k=1
and so

- Z g(ﬁk — o xy) <88xjj — 5k> dr+V(B)Y 6Bk — xTBE)-

;f( )d k:h;(ﬁk k k)( o 5>d
+ V(B Z5k (Bk — T k) + Z | (k. — Br) f ()na(x) dA,

k=10B
which on division by V(B) produces the desired result (3.1).
The identity (3.2)) follows from (3.1)) for 8y = agyk, k € {1,...,n}. =
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The following particular cases are of interest:

COROLLARY 1. With the assumptions of Theorem [2] we have

1 o 1 of(x
(3.8) VB S flx)dx = ;akV(B)g(xB’k xk)< g;k) 5k> dz

B

n 1 L
+ ;;1 0 8SB(xk — Tp5) f(x)nk(z) dA,

and in particular

1 1 X 1 P
(3.9) VB);f(x)dx:n;VB) ]g;xB,k_x )< éfik) @) -
" % ; le) ;B(*"”k — k) f(z)ng(x) dA.

This follows from (3.1)) on taking 8 = axZTpg, k € {1,...,n}.
For a function f as in Theorem [2| above, we define the points
@)
OB, f.k +— )

P o f@)ni(w) dA

provided that all denominators are nonzero.

ke{l,...,n},

COROLLARY 2. With the assumptions of Theorem [2] we have

1 . 1 of(x)
3.10) —— dr = — — — 0 | d
310) 3§ e = > oy Yo o (9 -5, as

n
+ Z dxou(ToB,fk — TBK)
=1

and in particular

(3.11) (7 S f(x)de = l Z S THB,fk — Tk <8f($) — 5k> dx
B

ox
=1 B k

3

S|

n
+ Z Ox(ToB,fk — TBk)-
k=1

This follows from (3.1) on taking Sy = axzap sk, k € {1,...,n}, and
observing that

Z ag S (vx — zaB,pk) f(x)n1(x) dA = 0.
=1

0B
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4. Some inequalities for bounded partial derivatives. Let B be
a bounded closed subset of R (n > 2) with smooth (or piecewise smooth)
boundary 0B. Now, for ¢, ® € C, define the following sets of complex-valued
functions:

Up(¢,®) :={f:B— C|Re[(®— f(z))(f(z) — ¢)] >0 for each = € B},
Ba(o.0) = {£: 8¢ | |10 - 222

2
The following representation result may be stated.

1
< §|<P—¢| for each z € B}.

_ ProrosiTiON 1. For any distinct ¢,® € C, the sets Up(¢,®) and
Ap(¢p,®) are nonempty, conver and closed and

Proof. We observe that for any w € C we have the equivalence
@ 1 _
'w - % < 510~ 9| < Re[(® —w)(@ - )] > 0.

This follows from the equality

2
{1208 = w232 = Rel(@ - w)w - 7).

which holds for any w € C.
The equality (4.1]) is thus a simple consequence of this fact. =

On making use of the properties of complex numbers we can also state
that:

COROLLARY 3. For any distinct ¢,® € C, we have
(4.2)  Up(¢,9) ={f: B C|(Re® —Re f(z))(Re f(z) — Reg)
+ (Im@ —Im f(z))(Im f(z) — Im¢) > 0 for each x € B}.

Now, if we assume that Re(®) > Re(¢) and Im(®) > Im(¢), then we can
define the following set of functions as well:

(4.3)  Sp(¢,®):={f:B— C|Red > Re f(z) > Re¢ and
Im@® > Im f(z) > Im ¢ for each x € B}.
One can easily observe that Sg(¢,®) is closed, convex and

THEOREM 3. Let B be a bounded closed subset of R™ (n > 2) with
smooth (or piecewise smooth) boundary OB. Let f be a continuously dif-
ferentiable function defined in R™, or at least in an open neighbourhood of B
and with compler values. Assume that there exist ¢, P € C, ¢p # P
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for k € {1,...,n} and such that % € Ap(ép, @r) for k € {1,...,n}. If
ag, B € C for k€ {1,...,n} with > ;_; ap =1, then

L b + D
(4.5) “/B)]if(iv)d —; k2 k(ﬂk_akak)
B Z VlB) S (apwr, — Br) f(x)ng(z) dA
k=1 )z;
<1 3 |¢k_¢k‘ ! S|Bk—akl‘k|dx
24 V(B)
We also have
1 n &
(4.6) “/B)Jsgf(:n)dm_;%; S p—
- 1
B kzzlakV(B)agg (@ — i) f(@)ru () dA‘
<}71@ _ 4ol ol 1 e o da
_2k:1 k k kV(B)B% i

forally, € C, k€ {1,...,n}, and in particular

V(B) n 2
B k=1
SR
T n Z W S (zr — ) f(@)ng(z) dA‘
k=1 OB
1 « 1
< _ _
<52 | ¢k\V(B) | v — zp| doe
k=1 B

(4.8) V(lB)Sf(x)dw
B
&1 0f(@) it P
> gy o (T 5
PSSO )+ 3 U - Ao

=1 k=1 o]

B
Since 51 € Ap(dr, Pr) for k € {1,...,n}, 1) yields

S
IR
\
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V(B) ; k=1
-3 gy | w8tz a4
"1 of(x)  op+ Py
< 2 V(B) ]Sg(ﬁk - akak)( o 2 ) dﬂ?‘

(Br — agxy) (8({;26) _ O ;gpk) ’ dx

|8k — a| o,

)
ol
|
<
=
—_
0 —

which proves (4.5). The rest is obvious. m

COROLLARY 4. With the assumptions of Theorem [3] we have

1 - 1 o
(19) \V(B);f(z) =Y cuy § =T 2

1 1
< = _ _
<5 31 ok | [ @ ¢k|V(B) §g|$B,k‘ x| dz,

and in particular

1 1 1
(4.10) 'VB) ]if(f’«") dz — — 2 V(B aSB(xk —Zpx)f(x)nk(z) dA‘
< % > By - ¢k|v(13) | 755 — 2k| du
k=1 B

This follows from (4.6) by taking v, = Tp, k € {1,...,n}.

COROLLARY 5. With the assumptions of Theorem [3] we have

n

F@yde =3 EE 2 o won gk — TER)

4.11
(411) ;
k=1

o]

1< 1
<Y |y -

\ lzop. 1 — 71| do,
B

and in particular

87
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P
(4.12) ‘ Sf dx——g ¢k; "(wop, 1k — TBE)
) 5 k=1
< LS 0~ dulr o i — 4
<5 k= Ol gy ) [2om.rn — il dr

k=1 B

This follows from (4.6) by taking v, = zop i, £ € {1,...,n}, and
observing that

> oy | (6 = o) (@)e(e) dd =0
k=1

oB

5. Inequalities for Lipschitzian partial derivatives. We assume
that the partial derivatives 5%, k € {1,...,n}, satisfy the Lipschitz type

conditions at the point v = (u1,...,uy) € D:
Of(x) Of (u
5.1 L .
( ) 8.%'k 8$k Z k]|33] ’LL
for any x = (z1,...,2,) € D, where L;w, k:, j €{1,...,n}, are given positive

constants.

THEOREM 4. Let B be a bounded closed subset of R™ (n > 2) with smooth
(or piecewise smooth) boundary OB. Let f be a continuously differentiable
function defined in R™, or at least in an open neighbourhood of B, and with
complex values. Assume that for u € B there exist Ly, k,j € {1,...,n},
such that the Lipschitz condition holds for k € {1,...,n}. If ag, B, € C
forke{l,...,n} with > ;_, oy = 1, then

1 " Of(u) o
(5.2) ‘V(B)Jsgf(m)daz—; a;: (Bx — wTER)
"1
— Y —— \ (apxp — Bi) f(x)ng(x) dA
nk:}lV(B 8%3 kLk k
< Ly, V(lB) V18x — awarl [a; — uy| da
k=1 j=1 B

We also have

59 [y ) F@de = ST s )
- VlB) | an (@r —w) f(@)ni(z) dA
k=1 oB

1
B) Vv — i [ — | da
k=1 j=1 B
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forally, € C, k€ {1,...,n}, and in particular

1 1
B - A
0 2 V(B | oz — ) f(@)ni(x) d
k=1 oB
<lznzzn:Lk‘71 | vk — @l 2y — uy] da.
< 2 & Py Y el

Proof. If we write the equality (3.1) for 6 = 8:15 ), ke{l,....,n}, we
obtain

1 Rl o (@) O
V(B;f(x)dm_;v B)W ’ ’“)< Oy Oy )
Therefore

1 — Of (u)
iy |~ 2 G -

L |
-3 i | s A 2
- b — T 0/ () - 0/ (w) x
S;VB) ]Sg(ﬁk kk)( O, axk>d ’
- L — LT af(x) — 8f(u) T
< ;V(B); (Br — k)( D o )‘d
_ - L — QT 8f(m)_af(u) z
= iy e |20 2 g
< Zv(lB) 18k = el D Liegles —ujldz - (by (B1))
k=1 B J=1

n
ZE ij S Be — op |zj — uy| da
k=1 j=1 )

and the inequality (5.2)) is proved. m
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COROLLARY 6. With the assumptions of Theorem [ we have

1 n
(5.5) ‘VB)]if(:E)d ;V SBOZk xp —Tgg) f(z)n k(l')dA'
n n 1
Ly — _wlds
< ke kJ’ak’V(B) g|xB,k fEk| ‘ij u]| ~

59 |im [ S e ! > o BSB (on = T0) (e (o) |
S%Z ’JV S\:L‘B7k—:ck|\:vj—uj|d:v.
k=1 j=1 B

COROLLARY 7. With the assumptions of Theorem [d] we have

n

| fa deakaafiZ)( ToB,fk — TBk)

(5.7) ‘(B

< ZZLkJ!ak! ) Vlzos.ph — 2l [aj — uy| de,

k=1 j=1

and in particular

(5.8) ‘( ]ng % 2 aafa(jk) (ToB,fk — TBK)

COROLLARY 8. With the assumptions of Theorem [d] we have

3\*—‘

=1
n
Z_: kg V B g‘xaB,f,k — xg| | — uj| dx.

n

(5.9) ‘V(IB) ]ng(:n) dx — ;ak 8g(u) (uk — ZTB k)
— V(lB) S ag(zr — ug) f(z)ng(z) dA
0B

n

1
Z k.l | [ — i) |2j — vy da,
pa et V(B) B
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and in particular

1 1 = 0f(u
(5.10) ’V(B)Jif(:n)d n;gﬁik)(uk—m)
1 n
- = —u z)ng(x) dA
52 g | s et
1 ” zn:L ! S]u — zg| |x; — uj| dx
_nk < ,]V(B)B k k j j .

REMARK 1. With the assumptions of Theorem [ and for G =
(B1,---,TBn) € B if there exist My ; > 0, k,j € {1,...,n}, such that
the Lipschitz conditions

(5.11) 'agik) agxk ‘ ZMkJIxJ — uj|
hold for k € {1 n}, then
(5.12) ’VlB) S flx)de = V(lB S ag(zr — Tax) f(z)ng(v) dA’

and in particular

n 1 L
(5.13) ') Jggf - — ; V(B)asB(xk — -TB,k:)f($)nk($) dA‘
ZZ lwv S|$B,k—:vk||xj—@! dx.
k 15=1

It is well known that if a function g has bounded partial derivatives
on B, which is assumed also to be convex, then for all x,y € B we have the
Lipschitz type condition

n
dg
(@) =g <Y _f5=| 1o — il
j=1 J 11 B,co
where
0
’g := sup 9(z) < o0.
8SU]' B,oo zeB ax]’

We can state the following result that is more convenient to apply:
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COROLLARY 9. Let B be a bounded closed convexr subset of R™ (n > 2)
with smooth (or piecewise smooth) boundary OB. Let f be a twice differen-
tiable function defined in R™, or at least in an open neighbourhood of B, and
with complexr values and assume that

’a% P
= sup

8l‘k8$]’ 81‘k8$]
forallk,j € {1,...,n}. Then for all uw € B we have

B,co zeB

- 8
B
“ 1
- VB)ym%—wvmwmm4
k=1 oB
n n azf
< okl 37 up — x| |2j — uj| dx
kljz; O0zx0x; B.oo ]Sg / !

and in particular

(5.15) ’1 [ fe)de— 25 70 gy
B

V(B n &~ oxy,
1~ 1
- 52@ | (w = wp) (@) () dA‘
k=1 OB
lz”:z": ”f ! S|u — x| |zj — u;| dx
n == 0z, 0z BOOV(B)B S

We also have the centre of gravity inequality

(5.16) | | f@)dz =Y —— | awlar — Tox) f(2)nk(z) dA
V(B V(B)
B J—

oB

- 2 f 1
<YYo | Z5% — ol l2; — 755l dr,
P Oz 0zj || g o, V(B) B
and in particular
1 I~ 1
(5.17) ‘V(B S f(z)dx — 2= V(B) S (xr —ZTBx)f(x)ng(z) dA‘
B k=1 OB
< - 9 f S‘xB,k_kaxj_wB,deU-
Ut 0,0z || g o, V(B) B
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6. Example for 3-dimensional spaces. Let B be a bounded closed
convex subset of R? with smooth (or piecewise smooth) boundary dB. Let
f be a twice differentiable function defined in R3, or at least in an open

neighbourhood of B, and with complex values and assume that

0% f
O0x,0x;

B,

zeB

O f(x)
0,0,

<oo forallk,je

Assume that 0B is described by the vector equation

where (u,v)
section, we have

T(ua U) = :L'l(ua U)Z_‘_ $2(U, U)j"i_ 1'3(“’ U)E
€ [a,b]

{1,2,3}.

x [¢,d]. Then, by using the notations from the second

(6.1 lvlm;fm)dx—;akaﬂygﬁy”(yk—m)
—V(lBSEal(m(uv yl)f(xl(u,v),xg(u,v),xg(u,u))aé( ))d dv
V(lBSEaQ(@(w yg)f(xl(u,v),xg(u,v),xg(u,v))mdudv
V(lB) ﬁi (s, ) — ) f (1 (u, 0), 2w, ), 230, U))W dudv

<3 o

k=1 j=1

8xk8$] B

S lyi — @kl |lzj — y;| da

for all (y1,y2,y3) € B and o € C, k € {1,2,3}, with a1 + ag + a3 = 1.

In particular, we have

8f(y17y27y3) _
(6.2) ’V g da; —_ = ]; 8—azk(yk — xB,k)
;v O(ws, 5)
V(B) §L§ z1(u,v) —y1) f(z1(u,v), z2(u,v), x3(u, v)) o, ;’ du dv
bd
§§ xa(u,v) — y2) f(x1(u,v), x2(u, v), x3(u, U))m du dv
bd
SS (z3(u,v) —y3) f(z1(u,v), z2(u, v), x3(u, v))Mdudv

O(u,v)



94

<3332

S. S. Dragomir

1
73) S lyk — @kl |z — yj| da

Oazkax] B

=14=1

for all (y1,y2,y3) €
We also have the centre of gravity inequalities

(6.3) ‘ !

<

=

"
~—

aq

<

C

~—

-

a2

<

E

"

a3

<

E

Qe T Qe T R e O
Ot Q O Q O =1

Sf(x) dx

B

(x1(u,v) =T 1) f(x1(u,v), x2(u,v), xg(u,v))m du dv

(z2(u,v) —ZTp2) f(z1(u,v), x2(u,v), z3(u, U))(M du dv

(z3(u,v) —Zp3) f(z1(u,v), x2(u,v), z3(u, U))W du dv
3 3 92 f 1 - -
kz::z:: Oék| Bazké)x] BOOV(B) g‘xB7k - iL'k‘ \:pj - iL‘B’j‘ dx

for all o, € C, k € {1,2,3}, with ag + a2 + ag = 1.
In particular,

60 gz § e
B
1 Iﬁx (u,v) —ZTgq)f(z1(u,v), z2(u,v), z3(u U))Mdudv
3V(B 3J 1 B,1 1 ) y L2\ Uy s L3\ Uy 8(’&,’[})
o1 ﬁ (x2(u,v) — ZTg2)f(z1(u,v), z2(u,v), z3(u ’U))Mdudv
3V(B 3J 2 B,2 1\, s L2\ U,y , L3 (U, a(u,v)
- Iﬁ (z3(u,v) —Tg3) f(z1(u,v), 22(u, v), 23(u U))Mdudv
3V( ac 3 b ' ’ 2 ’ 3 ’ 8(u,v)
1 1 0% f - )
: 3()H O] B,co B(mB’1 o) de
2 2
e P G e I G
2 1 0% f o L
T3V(B )H 010y B,ooé;‘mB’l_lexZ_xBQ'dx
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S T2 — x2||x3 — T 3| dx
B, p

H 6x28x3

S |Te1 — 1| |r3 — Tg 3| dx|.
B, g

H (9.%'181’3

7. Example for 3-dimensional balls. Consider the 3-dimensional ball
centred at C' = (a, b, ¢) and having radius R > 0,

B(C,R) == {(z,y,2) € R’ | (z — a)* + (y = b)* + (2 — ¢)* < R*}
and the sphere
S(C,R) :={(z,y,2) ER®| (z — a)® + (y — b)* + (2 — ¢)* = R?}.
Consider the parametrisation of B(C, R) and S(C, R) given by
x =rcosycosy + a,
B(C,R) : {y=rcosysinpg+b,  (r,,¢)€[0,R]x[—7/2,7/2] x [0, 27],
z =rsiny + c,
and

x = Rcosycosy + a,
S(C,R) : {y= Rcosysing + b, (Y, ) € [=m/2,7/2] x [0, 27].

z = Rsiny + ¢,
Observe that

Oy 9z
9 0P| p2...2
By on| = R* cos” 1 cos ¢,
dp  Op
Oz 0z
9 OD| _ P22
9r 0% = R”cos” ¢ sin g,
Jdp  Op
dz Oy
oy oY| _ 2
oe  Oy| = R*sin cos .
Jdp O

Let us consider the transformation 75 : R? — R? given by
To(r, 1, ) := (rcosth cos g + a,rcospsing + b, rsiny + ¢).
It is well known that the Jacobian of T5 is
J(Ty) = r? cos 1

and T is a one-to-one mapping defined on [0, R] X [—7/2,7/2] x [0, 27], with
values in B(C, R). Thus we have the change of variables
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(7.1) SSS flx,y,2)dedydz
B(C,R)

R m/2 2r

= S S S f(rcostpcos @ + a,r costpsing + b, rsint + ¢)r? cos ) dr dip dep.
0—7/20

We also have

R m/2 2r
SSS |z—m\2dxdydz: S S S 2 sin? ¢r? cos ¥ dr dip de
B(C.R) 0—7/2 0
R /2 2r 4
= S S S rtsin? ¢ cosy dr dip dp = —mR®,
0—7/20 15

and similarly
. 4
S“ |z — xB(CﬁR)IQd:L“dydz = SH ’y —mf drdydz = 1—57rR5.
B(C,R) B(C,R)
Also

SSS |z — TR |y — UB(C,R) dr dy d2
B(C.R)
R 7/2 2n

= S S S |r cos ¢ cos ¢ \rcoswsingo]ﬂcoszpdrdz/;d@
0—7/20
R 7/2 27 <

= S S S 74 cos® |sin p cos @| dr dip dp = — R,
0—7m/20 15

and similarly

SSS |z — wB(C,R)‘ |z — Z'B(C,R)’ drdydz

B(C,R) .
= SSS |y —YB(C,Rr)| |12 — ZB(CR)| dr dy d2 = 1*535.
B(C,R)
Since V(B(C, R)) = 4“:53, by 1) we get
1 R ©/2 2r
(7.2) s S S S f(rcoscosp+ a,rcostsing + b, rsiny + c)
3 0-7/20

x 12 cos v dr dip dp
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7'('/2 21

1
+ES Sf(RCOS¢coscp+a,Rcoswsingo—i—b,Rsind)—l—c)cos?’@bcochpaWJdgp
—m/20
1 7T/2 21
—4—8 Sf(Rcoswcosw—i—a,Rcoszpsingo—l—b,Rsin@/J—i—c)cos3wsin24pdwdgp
T
—7/20
7T/2 21
+ES Sf(Rcosq/Jcosnp—i—a,Rcoszbsingo—kb,Rsinw+c)sin21/1coswd¢dap'
—7r/20
el L o
— 15 0x? Oy? 022
B(C,R),00 Y llB(C,R),0 B(C,R),00
+4R2[ 0% f H *f 0% f ]
157 &Uay B(C,R),c0 8yaz B(C,R),00 823x B(C,R),c0 '
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