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GENERALIZED ¢g-ITERATED FRACTIONAL
APPROXIMATIONS BY SUBLINEAR OPERATORS

Abstract. We study approximation of functions by sublinear positive op-
erators with applications to several max-product operators under generalized
g-iterated fractional differentiability. Our work is based on our generalized
g-iterated fractional results about positive sublinear operators. We produce
Jackson type inequalities under iterated initial conditions. Our approach
is quantitative by deriving inequalities with right hand sides involving the
modulus of continuity of a generalized g-iterated fractional derivative of the
function being approximated.

1. Background. We study the approximation properties of positive sub-
linear operators converging to the unit operator related to iterated gener-
alized fractional smoothness of the function being approximated. This is a
quantitative study using inequalities.

DEFINITION 1. Set Cy([a,b]) := {f : [a,b] — Ry, continuous functions}.
Let Ly : Cy([a,b]) — C1([a,b]), for N € N, be operators such that

(1) Ly(af) = aLn(f), Va=0,VfeC(a,b]);
if f,g € C+(Ja,b]) and f < g, then

(2) Ln(f) < Ln(g), VN eN;

and

(3) Ly(f+9) <Ln(f) +Ln(g), Vf g€ Ci(la,b]).

We call {Ly}nen positive sublinear operators.
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We need a Holder type inequality:

THEOREM 2 (see [2, p. 6]). Let L : C([a,b]) — C+([a,b]) be a positive
sublinear operator and f,g € Ci([a,b]), and let p,q > 1 with % + % = 1.
Assume that L((f(-))P)(s«), L((g(-))?)(s«) > 0 for some s« € [a,b]. Then

(4) L(f(-)g(:))(s2) < (LI(FEDP) ()P LG () (s:)) .
REMARK 3. By [, p. 17|, if f,g € C¢([a,b]), then

(5) ILn(f)(x) = Ln(g9)(2)| < Ln(|f — g)(2),  Va € [a,b].

Furthermore,

6)  [Ln(H)(@) = f(@)] < Ln([f() = f@)D (@) + [ f (@)][ Ly (eo)(z) — 1]

for all « € [a, b], where eg(t) = 1.
From now on we assume that Ly(1) = 1. Then

(7) [Ln(f)(x) = f(@)] < Ly (f() = f2)D(x), V€ a,b].

In [4, p. 10|, the authors introduced the basic max-product Bernstein
operators,

VA pwa@) (k)
\/szo PN k()
N

where \/ stands for maximum, and pyg(z) = ()2*(1 — 2)V % and f :
[0,1] = Ry = [0,00). These are nonlinear and piecewise rational operators,
in particular they are positive sublinear operators.

(8) BY(f)(x) . Nen,

The authors of [4] studied similar such nonlinear operators, including
the max-product Favard—Szasz—Mirakjan operators and their truncated ver-
sions, the max-product Baskakov operators and their truncated versions, and
many other similar specific operators. These max-product operators tend to
converge faster to the function considered.

We mention from [4, p. 30] that for f: [0,1] — R, continuous, we have

1
VN +1

Also from [4, p. 36], for f:[0,1] — R4 concave we get

9) |B](VM)(f)(x) — fx)] < 12w (f, ) forall N € N, z € [0,1],

1
10) B~ @) <2 (fy)  orall e 1]
a much faster convergence.

Above, wq is the first modulus of continuity. Inequalities @D and
motivate our work.
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DEFINITION 4. For f € C([a,b]), we define

wi(f,90):= sup |[f(z)— f(y)|, where0 < <b-—a.
lz—y|<é
x,y€a,b]

DEFINITION 5 ([1]). Let @ > 0 with [a] = m. Let g € AC([a,b]) (abso-
lutely continuous functions) be strictly increasing. Assume (f o g_l)(m) og
€ Loo([a,b]). We define the left generalized g-fractional derivative of f of
order « as follows:

(1) (Dgsf) ()
= [’(ml_a) § (9(x) = g())" g (O)(f 0 g™ ") ™ (g(t)) dt
for all = € [a, b].
If a ¢ N, then by [3, pp. 360-361], we have Dg. f € C([a,b]).
We see that

(12) (I (fog )™ og)) (@) = (D f)(@), > a.
We set

(13) D f(@) = ((fog )™ og) (),

(14) Doy of (@)= f(z), x€ab].

When g = id, then

(15) a,-‘,— gf Da+ 1df = Dixafa

the usual left Caputo fractional derivative.

DEFINITION 6 ([I]). Let g € AC([a,b]) be strictly increasing. Assume
that (fog™ )™ og € Loo([a,b]), where N 3 m = [a], & > 0. We define the
right generalized g-fractional derivative of f of order « as follows:

(16)  (Dy_gf)(2)

for all = € [a, b].
If a ¢ N, then by [3 p. 378] we get (Dj_. f) € C([a, b]).
We see that
17 B(D™(feg )™ eg)(@) = (Dfyf)(@), a<az<bh
We set
(18) Dy f(x) == (=1)"™((fo g~ )™ 0 g)(x),
Dy f(z):= f(z), x€]ab].
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If g = id, then
(19) Dy o f (x) = Dy af (x) = Dy_ f,
the usual right Caputo fractional derivative.
Denote
(20) Dye., =Dy Dy, ...Dp_.,  (ntimes), n € N.

We mention the following g-right generalized modified Taylor’s formula:

THEOREM 7 ([I). Suppose that Fj := fo;gf for k =0,1,...,n+1
fulfills Fy, 0 g~ € AC([c,d]), where ¢ = g(a), d = g(b), and (Frog ') og €
Loo([a,b]), where 0 < oo < 1. Then

)
b
§ (9(t) — g(a) @Dty () (DD £)(2) it

(DY £) (1)
r((n+ Da+1)

— (g(b) _g(gj))w& (D;)(i,gf)a)) +

Flia s 1 (9(8) — g(@)) "0,
=0

where Y, € [x,b] for any x € [a,b].
Denote

(22) D"e .= Do

a
a+; g a+; gD

o
a+;g * -D

at.g (n times), n € N.

We mention the following g-left generalized modified Taylor’s formula:

THEOREM 8 ([I]). Suppose that F} := D3, gf fork =0,1,...,n+1

fulfills Fy! og~le AC([c,d]), where ¢ = g(a), d = g(b), and (F}; og_l)’og €
Loo([a,b]), where 0 < a < 1. Then

@3) f@=3 W(Déi,gf)( )
=0
i F((nT [ (g(2) = g(0)) 02~y (1) (DI D ) (8) dt

" (g(z) — 9(Q))"* (DD 1) () .
W( argf)a) + F((J—T— Da + 1)(9(1‘) — g(a))"+0e,

=0

where Y, € [a, x| for any x € [a,b].
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REMARK 9. Here we restrict ourselves to 0 < o < 1. In this case

T

(24)  (Dayf)(@) = Ta= V(9(2) —g(0) g (O(f o g1 (9(1) dt,

(25)  (Dy_yf)(x) = o) (9(t) = 9(2))™g'()(f o g7 (9(2)) dt,

for all = € [a, b].
We observe that

V(9(2) —g() g OI(f o g7 (g(1))] dt

(26)  [Dgygf ()] < rt-a)’

oa 1Yo z
R Jo(a) - o(0) "5 0t
(by [5, p. 107])
o9 0 gllosfay (g(x) — gla))—
N r(l—a) 1 -«
C(fog™) 0 gllos g
N r2-a)

(9(z) — g(a))' 7"

That is,

1(fo97") 0 glloc,a
I'2—a) J

27) (D4 N(@)] <

for all = € [a, b].

Clearly (D2,.,f)(a) = 0. That is,

atig
(28) (Dgo:gf)(@0) =0, Vo € [a,b].
We define
(29) (D3y4:gf)(@) =0 for a <z < .

Similarly we get (by [5), p. 107])
b
(30)  |Dg,f(2)] < ml_a) [ (9(t) = g@) =g DI o g7 (g(1))] dt

o1 o b
< W29 JOTIlh 50 — g(a)) o' (t)

og 1) o
- WWos Foloninn (y4) - g(a)y' .
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That is,

[(fog™t) ogHoo,[a,b]
I'2-a)

(31) 1Dy f ()] <

for all x € [a, b].
Clearly (Dg_. f)(b) = 0. In particular,

(32) (Dgy—gf)(w0) =0, Vg € [a,b].
We define
(33) (Dgy—igf)(@) =0  for zg <z <D

From Theorem [7] we have

THEOREM 10. Let 0 < a < 1, and let g € C*([a,b]) be strictly in-
creasing, so that gt € C'([g(a),g(b)]). Assume that Fy = DE* __f for

To—39

k=0,1,...,n+1 fulfills Fy € CY([a,x0]), where zo € [a,b] is fived. Then

(34)  f(z) = f(z0) = Z (g(?()i;i(f) S (DX, (o)
1=2
LT (gt) = g1y () (DU ) )

I'((n+1)a)
for all x € [a, zo].
From Theorem [§] we have

THEOREM 11. Let 0 < a < 1, g € C([a,b]) and strictly increasing, so
that g=' € C1([g(a), g(b)]). Assume that F}" := D’;OO;;Qf fork=0,1,...,n+1
fulfills i € CY([z0,b]), where xg € [a,b] is fived. Then

(g(z) — g(w0))™

n

(35)  f(z) — f(zo) = Z Tla+1) (D2 .o f) (o)
i=2
+ M S (g(x) — g(t))(nﬂ)a—lg/(t)(Dggi;lg)af)(t) dt

for all x € [xg,b].
REMARK 12. If in Theorem ’ (D;%—;gf)(wo) =0fori=2,...,n, then
(36)  f(x)— f(zo) )
1 0 / i
= T ay ) 00 @) (D50 ()t

for all x € [a, x¢).
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Next, if in Theorem , (D%Jr;gf)(:zo) =0fori=2,...,n, then
(37)  f(x) = f(zo)

= ey )0 g DL ) d

for all z € [zo,b)].

DEFINITION 13. Let Dé’g?gl)af denote any of Dgf};af, Dg(czi}g)af, n €N,
and let 6 > 0. We set

(38)  wi((DEE ) og™",0)

059
n+l)a — n+1)a —
i HlE)X{Wl((DSCOT;lg) f)Og 176)[9(0,),9(:20)])wl((Dioi;g f)og 1,5)[g(x0),g(b)]}7
where zp € [a,b]. Here the moduli of continuity are considered over
[9(a), g(x0)] and [g(x0), g(b)], respectively.

2. Main results. We will use the following important result.

THEOREM 14. Let 0 < a < 1, f,g € C'([a,b]), where g is strictly in-
creasing and g~ € C'([g(a), g(b)]). Assume that DF . f € C'([a,x0]) and

To—39

D f € CY[wo,b]) for k=1,...,n+1, where o € [a,b] is fived. Further

assume that (D, f)(z0) =0, i=2,...,n+ 1. Then
wr((Digis "™ f) 0 g7.9)
I'((n+1)a+1)

nita , 19() = g(z0)
g [lg(w)g(xo)l( e 6((n+10)o<+1)

(39)  |f(2) = f(zo)| <

|(n+ a1

for all x € [a,b], 6 > 0.
Proof. By (Di‘ng;gf)(xo) =0fori=2,...,n+ 1, we have

1

(40) f(x) = f(zo) = m

| (g(x) — g()"tD=1g/(2)

o

X (D2 1) (1) — (DEEV2 ) (o)) dit

for all = € [xo, b]. Hence (z := g(t))

g(z)
(41)  f(z) = f(xo0) = M S (g(x) — 2)(mHDo-1
g(zo)

X (DU 1Yo g™ (2) — (DUTD ) 0 1) (g(wo))) d
for all x € [xg,b].



280 G. A. Anastassiou

By (Di%,;gf)(xo) =0fori=2,...,n+ 1, we have

zo

1
I'((n+1)a) §

< (DU () — (DUED ) (o)) dt

ro—;9g Zo—39

(42) f(@) = f(wo) = (9(t) = g()) "1/ (1)

for all x € [a, xo]. Hence (z := ¢(t))

1 g(zo)

5 — a(x (n+1)a—1
I((n+1)a) g(sx)( 9(@))

< (DU 1y o g™ (2) — (DITDF) 0 g7 1) (g(o))] dz
for all x € [a, o). We find that (zo < z < b)

(43)  f(x) = flxo) =

1 g(z)
(44)  |f(@) ~ f(2o)l € g ) (gla) =)D
F((n + 1)a) g(zo)
X (DS £y o g1 (2) — (DU ) 0 g~ (g a0)) | d=

1 g(x)

< - 7) — z)(ntha—1
>0 I'((n+ 1)) g(io)(g( )= %)

n+1)a _ o1]z — 0
X W1 <(Dz(o+;lg) f) °g 17 1’ sg(m )‘>

wl((DiZi;lg)af) og~t 51)[g($0)79(b)]

dz

= I'((n+1)a)
9(@)
% S (g(x) — Z)(n—‘rl)a—l 1+ ? —g($0) dz
g(z0) < & >
(D59 ) 0 9780 (o) o)
I'((n+1)a)
(9(z) — g(wo))Da 1 (nt+1)a— -
| DI BT iy § 00— o) ']
_ wn((D5 ™) 0 97 61)jga))
I'((n+1)a)
(g(x) — g(m)) "™ 1 I'((n+1)a)'(2) nt1)a
x { o ]_“)a 5 T Tat?) (g(x) — g(m)) ™tV ﬂ
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w1 (DS F) 0 g7, 0)){g(e0).00)

I((n+1)a)
[t =steonerte | 1 ate) < gta)een)
(n+ 1) 51 (n+ Da((n+1)a+1)

We have proved that

n+1l)a _
((Dioig) £) 297" 00)[g(0).g(b)]
I'((n+1)a+1)

< {<g<x> ~ gl)) O 4

(45)  [f(z) = f(zo)| <

(g(x) — g(wo))("“)"‘“]
5 ((n+ Dat1)

for all x € [xo,b], 61 > 0.
We deduce that (a <z < xp)

(42)) 1 g(zo)
(46)  [f(x) — f(zo0)|] < S (z — g(x))(nﬂ)
it D)
< (DY) P o™ () — (DS ) o g7 g(aw))] d
1 g(zo)

< -
5:>0) I'((n +1)a)
X w1 <(D§32+;lg)af) og %22 = (o) —(Sg(xo)]> dz

2 [9(a),g9(z0)]

n+1)a _
g w1 (DU 1Y 0 g7, 82) (y(a) ge0)
< F{(n+ D)

g(wo) (x ) — 5

<] G gla) et (14 2022 g,
2

9(z)

Wi (DITDF) 0 671, 85) (y(a) ge0)]
I'((n+1)a)

x[<9(900)—9(95))(n+1)a L )

_ z0) — 2 2 — aolz (n+1)a P
(n+ 1)a + 5 Q(Sz)(g( 0) = 2)* 7z —g(x)) "D d

1 (D50 F) 0 97, 62) g(ay.geo)
I((n+1)a)
§ [<g<xo> —g(2)"tD 1 F@)I((n+ 1)a)
(n+1)a d I'((n+1)a+2)

(9(a0) — g<x>><““>a“]
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wi((DSE0 ) 0 971 02) g(a)g(en)
I'((n+1)a)
x [(g(sco) —g(x))™e 1 (g(wo) —g(w))‘”“)““}
(n+1)a 52 (n+ Da((n+1)a+1)

_ wi(DS F) 0. g7, 82) g(a) (o)
I'((n+1)a+1)

X zo) — g(z))mTha (9(20) — g(a)) Do+l
(gt20) gy W)~ o))

We have proved that
n+l)a —
w1 ((Diai0F) 0 974, 82)lg(a).awo)
I'((n+1)a+1)

n+1)a (g(CU ) - g(m))(nJrl)aJrl
x [(9(1‘0) — g(z))te 4 52((n+1)a+1) }

47)  |f(@) = f(zo)| <

for all = € [a, z¢], d2 > 0.
By and (47), setting 6 = 6 = d2 > 0, we derive (39). =
COROLLARY 15 (to Theorem. Under the assumptions of Theorem
wi((Digly"* f) o g~,0)
I'((n+1)a+1)

n+1)a ‘g() _g(x0)|(n+1)a+1
’9(')_9(w0)’( ey 5((n+Da+1)

(48)  |f() = flzo)l <

for § >0, valid on the interval [a, b].
Our first result on approximation by positive sublinear operators follows:

THEOREM 16. Suppose 0 < o < 1, f € Cy([a,b]), f.g € C([a,b]),
g is strictly increasing and g=' € C'([g(a), g(b)]). Assume that DE_ qf €
C*([a,x0]) and DE&, . f € Cl([xo, b)), fork=1,...,n+ 1, where xy € [a, b
is fized. Further assume that (D3 . f)(w0) = 0,1 =2,...,n+1. Let Ly :

Cy([a,b]) = Cy([a,b]), for all N € N, be positive sublinear operators such
that Ly(1) =1 for all N € N. Then

wi((DS ) o g1, 6)
I'((n+1)a+1)

wetyay o Eav(lg() = g(a) D) ()
Lx(lg() = glao)| ") (o) + =

(49)  [Ln(f)(xo) — f(=0)] <

for all N € N and § > 0.
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Proof. By and we have

(50)  |Ln(f)(xo) — f(z)] < Ln(|f(-) = f(z0)])(0)
wi(D5h f)og™16)
- I'(n+1)a+1)

x| Ln(lg() = g(z0)| ") (o) +

L (l9(-) — g(xo)| " D) ()

6>0
((n+Da+1) ’ ’

proving the claim. =

THEOREM 17. Under the assumptions of Theorem[L6], assume moreover
that Ly (|g(-) — g(z0)|®TVeF1) (z9) > 0 for all N € N. Then

n+1)a+2
(51)  |Ln(f)(z0) — f(2)] < ((n—i—l)OH—Q)

X w1((Dx7;—;1 “flog  (Ln(lg() — g(x0)|(n+1)a+1)(x0))m)
X (L (lg() — glo) 1) () T

for all N € N.

Proof. By Theorem [2| (see ), we get

(52)  Ln(lg() — g(2o)| ™ V%) (o)
< (LN(‘g(.) — g(xO)‘(n+1)a+l)(x0)> (TgiJlr)lch '

Choose
(53) 6 := (L (lg() — g(a)| ") (o)) FFIFT >0,

1.e.

UL = Ln(lg(-) = glo)| V) (o).
By we obtain

(54)  [Ln(f)(x0) — f(=0)]

n @ n o 1 T
_ w555 ) 0 g~ (I (lg(-) = glag)| " HD41) (o)) 0T
- I'((n+1)a+1)
(n+1)a Sn+l)a+l

(La(lg() — glao)| Do) (o)) T 4

5((n+ Da+1)
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(D5 ) 0 9! (En(lg() — glar)| ™ +)+) () T77777)
I((n+ Do+ 1)

(n+1)a

(Ln(|g() = glao)| " THH) (@) Toratt

 (Ex(lg0) = glao) ") (o)) "jﬁl}
(n+1a+1)
_ wi (DYDY FY 0 g7t (L (|lg() — glao)|(HDat+1) () TFDast )
I((n+1a+1)
(Ll —afan) ) o)) TR 14

~ ((n+1a+2)
S I((n+1)a+2)
x wi (DS f) o g™t (L (1g() = g(ao)| ") (a0)) e )

n+l)a

<LN<|g<> (o) | Dot () DT
proving (|5 , n

REMARK 18. In the setting of Theorem [I7] suppose moreover that

(In(lg() = g(zo)| "V ) (x0)) — 0. Then Ln(f)(xo) — f(zo) as
N — +o0.

COROLLARY 19. In the setting of Theorem [16], assume moreover that
Ly(] - —xo|™ Dot (29) > 0 for all N € N. Then

(n =+ 1)Oé +2
(55)  [Ln(f)(0) — f(wo)| < I((n+1)a+2)

N S
x w1 (DY) 0 g7 19 llso s (I (| - =0 "D (o)) )

(n+Da
X g/ 1S (L (] - =] (D) () T

i[a, b]
for all N € N.

Proof. Use Theorem (see )7 the properties of wi; and Ly, and
the fact that [g(z) — g(20)] < [19'loc a.s)]2 — Tol, along with |g(z) — g(zo)| >
(infoepap) 19'(@)]) |2 — 20| for all x, 2 € [a, b], since g'(x) > 0 for all x € [a, b].
Clearly is then valid, and Ly (|g(-) — g(zo)|™ TV 1) (29) > 0 for all
NeN. n

3. Applications

3.1. Case 0 < (n+ 1)a < 1. Here we apply Corollary to well known
max-product operators.
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REMARK 20. The max-product Bernstein operators BJ(VM)(f)(CU) are de-
fined by (8) (see also |4l p. 10]); here f : [0,1] — R is a continuous function.
We have BgVM)(l) =1, and
6

(M) —x|)(x
(56) By (- —=)( )Sm,

Vz €[0,1], VN € N

(see [4, p. 31)).
B](VM) are positive sublinear operators and thus they possess the mono-
tonicity property; also since |- — z| < 1, we have |- — :L'|6 < 1forall z € [0,1]

and all 8 > 0.
Therefore
M 6
67)  BWM( —2"F)(2) < NSt [0,1], VN €N, V3 > 0.

Furthermore, clearly

58)  BWM(-—2['"*F)(z) >0, VYNEN, V8>0,Vxe (1)

The operator B](VM) maps C4([0,1]) into itself.

THEOREM 21. Let 0 < a < 1, f € C([0,1]), f,g € C([0,1]), where
)

g is strictly increasing and g=' € C([g(0),g(1)]). Assume that D’;j‘i;gf €
c([0,z]) and D’;j“r;gf € Cl([x, 1)) fork=1,...,n+ 1, where zyg € (0,1) is
fized. Further assume that (D3 f)(z) =0,i=2,...,n+ 1. Then

(n+1)a+2
I'((n+1)a+2)

1
o - 6 (nFDat1
X w1 ((Dg(ch;_l) f) °g 17 Hg/Hoo,[O,l] (m) )

VN € N.

(59) IBMV () (@) - )] <

+1)a

, (’VL 6 (ni‘{)lail
X Hg Hoo’[OJ] \/m )
As N — +o0, we get (B](VM)(f))(x) — f(z).
Proof. By Corollary [19] =

REMARK 22. The truncated Favard—-Szasz—Mirakjan operators are given

_ Vilgsn(@) f(k/N)
Vo snk()

sng(x) = (NTJ,: (see also 4] p. 11]).

’ T e [07 1]>N € N> f € C+([07 1])a
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By [, pp. 178-179], we get

(61) TD(|. — 2])(z) < \/?)N vz € [0,1], VN € N.

Clearly

62) TUD( — 2P @) < ——, Vaeel0,1], YN €N, V3> 0.
VN

The operators T(M) are positive sublinear operators mapping C ([0, 1]) into
itself, with T( )( 1)=1.

Furthermore
(M) Mo Sk g
63)  TEO(-—a) (@) = = E N T s,
k=0 k!

Vx € (0,1], YA > 1, VN € N.
THEOREM 23. In the setting of Theorem let x € (0,1]. Then

(a1) (n+ Do+ 2
64 1TV (NE@) — 1@< Fa T hate)

1
_ 3\ et
< (g og e oo ) )
(n+1

)
(n+1)a 3 (n+1)a+1
<l ()" wwen

As N — 400, we get (T](\,M)(f))(x) — f(x).
Proof. By Corollary [19] =

REMARK 24. Next we study the truncated max-product Baskakov oper-
ators (see [4, p. 11])

(65)
U0 () () = Yo owa @I O/N) oy e e (o1, N e N,
VA ()
where
(60 i) = (VT e
From [4, pp. 217-218], we get (z € [0, 1])
(67 UM —al)@) < 2E2ED sy

N +1
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Let A > 1. Then clearly

(68) WM (|- —2)(@) < , VN>2

Also U](\,M)(l) =1, and U](VM) are positive sublinear operators from C ([0, 1])
into itself. Furthermore

(69) UM (|- =2 (@) >0, Vze(0,1,VA>1, VN eN.
THEOREM 25. In the setting of Theorem 23],
(n+1)a+2)

I((n+1)a+2)
ntl)a gy o g 2v3(v2 +2) ) T
le<(Dg(C;g+1) flog 17Hg’Hoo,[o,11< (N+1 )> )

n+1Da 2\/> f+2 <"+1>D‘+1
A1 (BEREED) T, ez,

(10) UL () (@) - )] <

As N = +o00, we get UN (f)(@) = ().
Proof. By Corollary L]

REMARK 26. Here we study the max-product Meyer-Koning and Zeller
operators (see [4, p. 11]) defined by

Vico SN,k(x)f(NLjuk)
VZ‘;O SN,k(fv

snu(z) = (VF)ak, z e [0,1].
By [4, p. 253|, we get

(1) Z30(f)() =

3 N e N7 f € C+([07 1])7

8(1+V5) Va(l—a)
3 JN

(72)  zZQ"( - —z)(x) <

2

As before we get (for A > 1)

1) 20 =) < VB VIO )

%
I
>
=

for all z € [0,1] and N > 4.

Also ZJ(\,M)(I) = 1, and Z](VM) are positive sublinear operators from
C1([0,1]) into itself. Also

(74) ZM( =2 (@) >0, Vae(0,1),VA>1,VNeN.
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THEOREM 27. In the setting of Theorem [21],

(1) (nt Lo 2
(75) |2y (=) = f(z)] < I'((n+1)a+2)

x w1 (DS f) 0 74 19 lloe 0,11 (p(x)) G501 )

(n+1 _(nt Do
X [lg' S0 (p(2) P01, YN > 4.

As N — +o0, we get Z](VM)(f)(:v) — f(x).
Proof. By Corollary [I9] =

3.2. Caseof (n+1)a>1

COROLLARY 28. In the setting of Theorem [10],

wi (DD ) 0 g1, 6)

I((n+1Da+1)

19/ oo fa v (| - = o] ™ HD+1) ()
5(n+Da+1)

(76)  |Ln(f)(z0) — f(x0)| < =

X g/ 1t (L (] = ol ™) (o) +

for all N € N and § > 0.

Proof. Use Theorem the inequality |g(x) —g(z0)| < [|¢ [loo 0,57 — ol
for all x, zo € [a,b] and the properties of Ly. =

Applications follow:

THEOREM 29. Suppose 0 < a <1, (n+1)a>1,neN, fe C([0,1]),
f,g € CLY([0,1]), where g is strictly mcreasmg and g~ € C([g(0),g(1)]).
Assume that D f € CY([0,z0]) and Die, f € C([xo,1]) for k =
1,...,n+1, where zg € [0,1] is fired. Further assume that (D2 .., f)(x0) = 0,
1=2,...,n+1. Then

w1 ((Diﬁfél)“f) og™!, (NLH) CREE )

(77)  IBYD(f) (o) — f(z0)] <

Ila+1)
_(nt Do
% |lg H (n+1)a 6 n Hg’Hoo,[o,l](\/]\(;iH) T Dati
[01 Nl (n+1)a+1

for all N € N. As N — +o00, we get B](VM)(f)(xo) — f(x0).
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Proof. By we have

wl((Dﬂ(’fzjf;l)af) o 9_17 5) H H n+1

()
(78) 1By (£)wo) = fleo)l < = a7t 1)

/ (M) (n+1)a+1
(M),| _i(n+)a 19" lloo o, By (| - = ol ) (o)
(Do) 09718 s
- I'((n+1a+1) [0, 1]
6 n ’g/“oo,[o,l]m] ()
=: (x).
N+1 d6(n+1a+1)
6\ Tt Dat+1 6 :
Choose § = (m) (i DatT | then §(ntletl — T and apply it to 1}
We get
1
a0y = PR 0 () T e
X ) =
I'((n+1)a+1) [01
[ 6 n g’ ||oo,[0,1]5("+1)a+1]
N +1 o((n+Da+1)

1 _ [
B Wl((Da(;;g fyog, (ﬁ) (e ) lg || (n+1)a

I'((n+1)a+1) [01

/ 6 _(ntl)a
6 lg Hoo,[o,l](\/m) (nFDa+1
X
N+1 n+1a+1

for all N € N, proving the claim. =

THEOREM 30. In the setting of Theorem [29]

1
(DU ) 0 971 () T
I'((n+1)a+1)

(80) TS (f)(wo) — f(xo)| <

(n+1)e

x [|g/| L N llsson) (3 \wEoen
[0, 1] \/N (7’L T 1)& 1 \/N

for all N € N. We get limy_, 1 T](\,M)(f)(xo) = f(=o).

Proof. Similar to Theorem .
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THEOREM 31. In the setting of Theorem 29|

81) UM (f)(wo) — f(x0)|

el oy (R ) || g/ e

I'(n+1)a+1)

2v3(v2+2) - l9'lloc o <%fmf+2»wﬂwﬂ]
N+1 (n+1)a+1 N+1

for all N > 2. We get imy 400 USD (£)(0) = f(0).
Proof. Similar to Theorem .

THEOREM 32. In the setting of Theorem |29,

82) 128 (F) (o) — f(xo)]

(DS £y 0 g7, (p(a)) Tree ) /| IH )8
I'(n+1)a+1)

1971l fo (e
OB e O

<

for all N > 4, and limy_ 1 o Z](VM)(f)(xo) = f(=zo), where p(x) is as in .

Proof. Similar to Theorem 29 =

COROLLARY 33 (to Theorem Let 0 < o < 1, and (n + 1)a > 1,
neN, feC.(0,1]) and f € C*(0, 1]) Assume that Dkg‘_ = f € CL([0, :Uo])

and DY, . f € CY([wo,1]) for k =1,...,n+ 1, where zo € [0,1] is fived.
Further assume that (D, . f)(xo) = O i=2,...,n+1. Then

83)  IBYD(f)(wo) — f(=o0)|

1 1
w1 ((ng;w)af) olnt, (\/671) (ntDa+1 )e(n+1)a
- I'in+1)a+1)
(S _ywrness

, VNEN.
N+1 (n+1a+1

We have limpy_, 4 B](VM)(f)(aso) = f(xo).

Proof. Use Theorem 29| with g(z) = e*. =



Approximations by sublinear operators 291

References

[1]| G. Anastassiou, Advanced fractional Taylor’s formulae, J. Comput. Anal. Appl. 21
(2016), 1185-1204.

[2| G. Anastassiou, Nonlinearity: Ordinary and Fractional Approzimations by Sublinear
and Mazx-Product Operators, Springer, Heidelberg, 2018.

[3] G. Anastassiou and I. Argyros, Intelligent Numerical Methods: Applications to Frac-
tional Calculus, Springer, Heidelberg, 2016.

[4] B. Bede, L. Coroianu and S. Gal, Approzimation by Maz-Product Type Operators,
Springer, Heidelberg, 2016.

[5] H. L. Royden, Real Analysis, 2nd ed., Macmillan, New York, 1968.

George A. Anastassiou

Department of Mathematical Sciences
University of Memphis

Memphis, TN 38152, U.S.A.

E-mail: ganastss@memphis.edu


http://dx.doi.org/10.1007/978-3-319-26721-0_24
http://dx.doi.org/10.1007/978-3-319-89509-3
http://dx.doi.org/10.1007/978-3-319-26721-0
http://dx.doi.org/10.1007/978-3-319-34189-7




	1. Background
	2. Main results
	3. Applications
	3.1. Case 0<( n+1) <1
	3.2. Case of ( n+1) >1

	References

