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ON LEAST SQUARES DISCRETE FOURIER ANALYSIS OF
UNEQUALLY SPACED DATA

Abstract. The problem of discrete Fourier analysis of observations at non-
equidistant times using the standard set of complex harmonics exp(i27kt),
t e Rk =0,£1,42,..., and the least squares method is studied. The
observation model y; = f(t;)+n;, j = 1,...,n, is considered for f € L?[0,1],
where t; € [(j —1)/n,j/n), and n; are correlated complex valued random
variables with F,n; = 0 and En|77j‘2 = 0727 < 00. Uniqueness and finite sample
properties of the observed function Fourier coefficient estimators ¢, k =
0,+£1,...,£m, where m < n/(87), obtained by the least squares method,
as well as of the corresponding orthogonal projection estimator fN(t) =
e érexp(i2mkt), where N = 2m+ 1, are examined and compared with
those of the standard Discrete Fourier Transform.

1. Introduction. Concepts of spectral analysis of unequally spaced data
considered so far are usually based on the least squares periodogram ap-
proach, i.e. fitting monochromatic harmonics to observations using the least
squares method. Such harmonics have the form asin(wt) + bcos(wt), where
w > 0, a,b,t € R, or cexp(iwt), w € R, w # 0, ¢ € C, possibly with
additive constant intercept term [3], [8], [9], [28], [29]. Discrete orthogonal-
ization of the set of such base functions fitted by the least squares method
was considered in [2]. Statistical aspects of the periodogram approach were
investigated in particular in [4], [I3], [24] and relevant algorithms together
with their numerical features are examined in [I1].

For equidistant observation times the periodogram values at discrete fre-
quencies wy = 27k/n, k = 0,%+1,...,£[(n — 1)/2], where n is the number
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of observations and [a] denotes the integer part of a € R, can be calculated
using the Discrete Fourier Transform (DFT) [5] implemented in Fast Fourier
Transform numerical procedures [25]. In the present work the problem of
similar discrete Fourier analysis of observations at non-equidistant times is
examined. Namely, analogously to the case of standard DFT we shall deter-
mine the coefficients of a linear combination of base harmonics exp(i27kt),
k=0,%1,...,£m, where m € N, t € R, by fitting such a trigonometric
polynomial to the observed data using the least squares method.

Let y;j, j = 1,...,n, be observations at times ¢; € [0, 1], according to
the model y; = f(t;) + n;, where f : [0,1] — C is an unknown func-
tion and n;, j = 1,...,n, are correlated complex valued random variables
with zero mean value and finite variance 0727 > 0. Furthermore, suppose
ti el =[(j—1)/n,j/n), 5 =1,...,n, i.e. we consider an irregular de-
sign observation model. Alternatively, we can assume that t; = ¢,,; + &,
j=1,...,n, represent the equidistant observation times ¢,,; = (j —1/2)/n

(midpoints of the intervals I;) distorted by some bounded deterministic
or random errors &; which satisfy [§;| < 1/(2n), j = 1,...,n; e.g., such
distortions can be realizations of independent and identically distributed
random variables with uniform or triangular distribution on the interval
(—=1/(2n),1/(2n)), independent of the observation errors.

In order to approximate the unknown function f we shall use the com-
plete orthonormal system of trigonometric functions ex(t) = exp(i2wkt),
t€[0,1], k =0,+1,..., from the Hilbert space L?[0,1], so

1
(1) Vex(s)er(s)ds =0, k,1=0,%£1,...,
0

where d;; denotes the Kronecker delta. Putting

eN(t) = (efm(t)a €—m+1 (t)v s aem(t))T

for N=2m+1, m=0,1,...,and ¢t € [0,1], we have

(2) leV (@) = eN(6)TeN (1) = i lex(t)|* = 2m +1=N.
k=—m
Now, we can represent f € L2[0,1] as
(3)  ft)=fn(t)+rn(t) = ki cren(t) +rn(t) = ()T +rn(t),
where o
N = (cCmyComats -y em) T
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is the vector of Fourier coefficients given by
1

ck:Sf(s)a(s)ds, E=0,%£1,....

0
As an estimator of the vector ¢V, for fixed m, we take the vector ¢V =
(—m»C_mi1,---,¢m)T obtained by the least squares method, i.e.
&N Ny \T (2
= argmmZ\yJ —e" (t;)" a|,

acCN j=1

and we construct the corresponding estimator of the orthogonal projection of
the function f on the N-dimensional linear subspace V;,, =span{e_,, e_m+1,

S em )
m
Iy =YY" éren(t) =N ()",
k=—m
The vector ¢V can be obtained as a solution of the normal equations
(4) G = gn,
where

G, = g ZleN(tj)e (tj) , Jn = E ZlyjeN(tj).
J= J=

In view of (3) we see immediately that

=6 (T ) + 6 ()

It should be noted that for the equidistant observation times to; = (j —1)/n,

j=1,...,n, the well-known orthogonality relations [5]
(6) — Zek toj)ei(toj) = Zexp 2n(k—=10)(j—1)/n) = o
j 1

for k,1 = O,il,...,i[(n —1)/2] imply G,, = Iy. Consequently, for N =
2m + 1 < n the corresponding Coeﬂicients determined by the least squares
method are easily computed as &V = L 5D i1 Yje eN (to;) or

1 n
&=~ yjexp(—i2rk(j —1)/n) for k=0,%1,...,%[(n—1)/2];
n
j=1
these are the standard DFT coefficients [5]. The orthogonal projection esti-
mator corresponding to the DFT coefficients will be denoted as

m

In)y =Y éen(t) =V ()",

k=—m
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and for N = 2m+1 = n its point values f N (toj) interpolate the observations,
ie. fN(tOj) =vyj, j =1,...,n, according to the known DFT properties [3].

We shall need the following lemmas which were proved in [20]. We repeat
the proofs for completeness.

LEMMA 1.1. Let h = (hy,...,h,)T € C". Then
1 n n B e 1 n
=20 hhue (1) G N () < — D [y
j=1k=1 j=1

Proof. Define a, = G, (£ 30, hkew(tk)). The inequality

1 n
0<— Z hy — ™ (t5) an|?

n

=*Zlhl2 an N (t)T G e (1)

completes the proof. "

LEMMA 1.2. Let G be a hermitian nonnegative definite N x N matriz.
Then

(G?a,a) =@ G?a < Amax(G)a! Ga < ||G||@’ Ga = ||G||(Ga, a)
for a € CV, where Amax(G) is the largest eigenvalue of G.
Proof. Since G is hermitian and nonnegative definite, we have
@' G?a =a" GV?GGC 0 < Apax (@) || GV 2al|?
= Anax (@)@ Ga < ||Glla’ Ga. =

The outline of the work is the following. Sufficient conditions for unique-
ness and numerical stability of the Fourier coefficient estimators are derived
in Section 2. Section 3 is devoted to their statistical characteristics, while in
Sections 4-5 finite sample and asymptotic properties of the orthogonal pro-
jection estimators constructed using the Fourier coefficient estimators are
dealt with.

2. Uniqueness and stability of Fourier coefficient estimators. In
order to pursue our investigations of the estimators we have to find an upper
bound for ||G;, ||, which is based on the ideas from [I]. Namely, we shall find
a bound for the norm of the hermitian matrix A,, = I — G,, observing that
forv=>3")"  areg, where a = (a—m,@—m41, ..., Am—1, am)?’ € CV,

1 — 1 —
(Ana,a) = ||a||*~(Gra,a) = H’ng—;Z e (t;) al* = HMI%—E Z o (t;)[?
j=1 j=1
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Thus, according to the well known results on hermitian linear operators [30],

1 n
=~ () = Jlll3
j=1

So the next aim is to derive suffcient conditions for ||A,| < «, where 0 <
« < 1, which further implies that G, = I — A, is invertible and ||G};}| <
Yok = 1/(1 — a), according to the classical results from functional
analysis [23]. This can be achieved using the following lemma.

(7) [An[| = sup

lvlle=1

LEMMA 2.1. For any trigonometric polynomial v € V,, = span{e_,,,
€—m+1,---5€m—1, em}

1 n
ST I
j=1

Proof. Since t; € I; = [(j —1)/n,j/n), j =1,...,n, we have

(Io(s) 2 = o(t;)[2) ds|

8m 9
< — .
< ool

§ lo(s)]? ds — =~ ol

SN e—s

I
1
< [[lo() = Jo(t) Pl ds < = [ 2020(s)(5)] ds
I I
4
= — | o(s)v/(s)| ds,
n H
and by summing over all intervals I, j = 1,...,n, we have
1 1 n 4 1
Jlo(s)* ds — - > lt)P| < - Jlo(s)0 ()| ds.
0 j=1 0

Orthogonality of the basis functions ey, k = 0,£1,..., (see (1)) allows us to
derive immediately the bound ||v’||2 < 27m/||v]|2 (Bernstein inequality in the
L2-norm [31]). Applying the Schwarz inequality together with the Bernstein
inequality proves the lemma. =

Let us also recall the famous Koksma inequality for quasi Monte Carlo
numerical integration [12]:

If the real valued function g : [0,1] — R has bounded variation V(g) on
[0,1] and x1,...,z, € [0,1) are arbitrary points, then

Vg(s)ds — % > glay)

0 j=1

< V(9)Dy(S),

where D (S) is the star discrepancy of the point set S = {x1,...,Zn}.



212 W. Popinski

The star discrepancy is defined and characterised for 0 < z; < ---
zy, < 1 as follows [12]:

IN

1
= ;— 1+ max

D(S) =
n(S) Sup 2n  1<j<n

0<s<1|M

EE:XfOS

where x[g 5 denotes the characterlstlc function of the interval [0, s).
We can adapt the Koksma inequality to our case by putting g(x) =
lv(z)|? for z € [0,1] and x; = t;, j = 1,...,n, which results in

1 1 n
[lo()/2ds = — > Jo(ty)
0 j=1

2j — 1
i on |’

V(R[]*) + V(S[]*) D5 (S),

where

1
Dy(8) =~ + m

2n 1<]<n

X [t; — + max [t; — tmgl,

2n  1<i<n

25 —1 1
2n ‘ N
and the sum of variations can be easily estimated using the Schwarz inequa-
lity:

1

VR + V(SE]2) < 2{ 200500 (5)] ds < dlfo]lzllv/]ls < Smmljo]3

0
Hence, a lemma similar to 2.1 can be proved in the more general case of
tj,tmj € Jj, where the intervals Jj, j =1,...,n, form a partition of [0, 1]
(i.e. are disjoint and {J;_; J; = [0,1]), and maxi<;j<, |J;| < C/n for C' > 0.

Now, it is easy to see from (7) and Lemma 2.1 that ||A,| < «a for m

such that 8mm/n < «, which means that invertibility of G,, together with
the inequality |G, 1| < 1/(1 — «) is ensured for 0 < a < 1 and

(8) m < na/(8r) < n/(8n).

Since ag = [n/(87)|87/n < 1, the above inequality shows that it is possible
to compute uniquely N = 2m + 1 coefficients, where m < [n/(87)].
Moreover, if Hj, is the n x N matrix with elements hji =er_m—1(t;)/n,
j=1,...,n, k=1,...,2m+ 1 = N, then obviously G,, = nHH,, g, =
H}y, where M* denotes the hermitian transpose of any matrix M with
complex entries and y = (y1,...,%,)" is the vector of observations. So for

any vector a € CV,
(Gna,a) = n{H}Hya,a) = n{H,a, Hya) = n|Hy,a|?,
which yields ||Hy,| = |H:|| = (|Gnll/n)'/2. Therefore, if condition (8) is
satisfied, then also [|Gy|| = |[I = Ap|| < 1+« < 2, and in consequence by (4),
N N 1 1/2
C < = < — * _ .
(9) 171 < IG5 Hlgnll < T IRyl < W21 a)llyll

This ensures stability of the estimates ¢V.
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In the DFT case the vectors (ex(to1), ex(to2),--.,ex(ton))?, k = 0,1,
..., E[(n = 1)/2)], are orthogonal by (6), while for other observation times
the vectors (e (t1),...,exn(tn))?, k=0,%1,...,£[n/(87)], (i.e. the columns
of the matrix nH,) are linearly independent, which follows from the invert-
ibility of G,, = nH}H,. Hence, using Gram-Schmidt orthonormalization
in C", we can get the standard QR decomposition nH,, = Q, Ry, where @),
is a unitary matrix and R,, is a nonsingular upper triangular matrix. Further
the equality ||y — nH,éV|| = ||y — QnRnéY|| implies that the least squares
coefficient estimators corresponding to the orthonormal basis are obtained
by the linear transformation R,é". A similar orthogonalization concept was
proposed by Ferraz-Mello [2] who used only three basis functions 1, sin(wt),
cos(wt), where w > 0, to approximate real valued observation data.

3. Statistical characteristics of the Fourier coefficient estima-
tors. Let us now estimate the squared bias [|¢V — E,éV||? and variance
E,|leN — E,éN||? of the estimators ¢V, which is the subject of the two lem-
mas below.

LEMMA 3.1. If m < [na/(87)], where 0 < a < [n/(87)|87/n, and N =
2m + 1, then

. . N v _
EylleN — Epé|? < 5——3 Z Z | En;Tk|
n?(l —a)? 4
j=1k=1
for correlated observation errors, and
N . .
%0727 < EUHCN — EncNH2 <
for uncorrelated errors.
In the DFT case, where to; = (j—1)/n, j=1,...,n,ifm <[(n—1)/2],

N 2
n(l— a)a77

then n
N

~N ~N |12 _
Blle¥ - B I < 25 573 By

j=1k=1

for correlated observation errors, and
N
Eylle” = B[P = o2

non
for uncorrelated errors.

Proof. In view of decomposition (5) we obtain immediately
(i w, )\
G, (n z; UjeN(tj)>
J:

1 n n o — e
= 3 DD BTGy eV (1), Gy eV (1)
j=1 k=1

I T
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1 n n o B
< TZZ En il |G PN ()] e ()l
j=1k=1

S 2 ZZ‘E’UUJTHQ‘

=1 k=1

where we have used the Schwarz inequality and the bound |G, || < (1—a)~!
together with (2), so the proof for correlated errors is complete.

For uncorrelated errors we obtain analogously

EnHéN - EnéN”Q n Ztr (t5) TG 1G (tj))

2 n
% tr(l > ()N )76, 65

n n 4
7=1
2 2
= 1t(G,G Gy = L (G,

and further

N ‘7727 -1 N 2

- /A <

5,00 < r(G, ") < (1= a)an,

since Amax(G 1) < |G < (1 — @)™t and Apin(GY) = Amax(Gn) ™t >
G~ > (1 4+ a)~! > 1/2 (as remarked in Section 2, the condition of the
lemma ensures that |G| < (1 —a)™! as well as |G| < 1+ a < 2), and
the lemma is proved. =

LEMMA 3.2. If m < [na/(87)], where 0 < o < [n/(87)|87/n, and ry =
f— fn, where N = 2m + 1, then

. IR
™ — By < - > Irn ()l
=1

In the DFT case, where to; = (j—1)/n, j =1,...,n, if m < [(n —1)/2],
then

1 n

N ~N

I — By |? < EZ v (tos) I
=1

Proof. Using again the decomposition (5) and putting

n

an = 3" (BN (1)

k=1
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we can write, taking into account Lemmas 1.1 and 1.2,
[ = Eye™|P = 1Gy anl? = (G Gl an, an) < (1= ) NG, an, an)

- ,12(11_00 Z N (t)rn (te)e™ (8) 1 G teN (1)

1 n
< mZVN(tj)P,

which proves our assertion. m

In the DFT case the orthogonality relations (6) ensure that for m <

(n—1)/2),
Zm—e (10)) & = ZW S lel = ol — 16N

k=—m
and so ||cN||2 |lylI?/n (equality holds for N = 2m + 1 = n). For t; €
(7 —1)/n,j/n), 5 = 1,...,n, the well known properties of the orthogonal
projection related to the estimator ¢V yield

«§N=*Z|yg—€ )TN *Ily—anéNIIQ

1 R . 1 .
= E<y - ancNa Yy —= anCN> = E<y - ancNa y>

1 1 N 1 — * *
= *HyIIQ - n<anN, y) = *HyHQ — (G, Hyy, Hyy),

where we have used the equality éx = G, 'g, = G, ' H*y. Obviously H,
(d_m,d_mﬂ,...,dm) , where d, = %Z _yjex(ty), k = 0,%1,...,£m,
m < [n/(87)]. One can see immediately the similarity of the formula for SN
and the one for sy.

As remarked in the proof of Lemma 3.1, for m < [na/(87)], where 0 <
a < [n/(87)]87/n, we know that Amax(G,') < |G, < (1 — a)~! and
Amin (G ) = Amax(Gn) 7L > |G| 7t > (1 4+ )™ > 1/2, so we easily obtain
the following lower and upper bounds on §y:

Lyl - A m < v < Sl - S5 EL,

or otherwise

Ly - L S e <s
ny 1—« ko= SN
k=—m

IN

1|| [& ! Em ||
nY 2 ki
k=—m

Since the vector ¢V is obtained by a linear transformation of the vector

of observations ¥, in the case of gaussian observation errors the coefficient
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estimators also have gaussian distribution. This fact enables construction of
confidence intervals with specified significance level for such coefficients [22].

4. Properties of the projection estimators. Let us observe that for
m < [na/(8m)], where 0 < o < [n/(87)]87/n, the following bound can be
deduced from (9) using the Schwarz inequality together with (2):
(2m 4 1)1/221/2
el
1 21/2
21/27r1/2(1 — ) + 1-a)n 1/2 lyll

v < N2 <

for t € [0,1], i.e. the estimator represents a continuous linear operator fn:
C" — C[0,1]. Similarly in the DFT case the inequality [|&V||2 < ||ly[|?/n
valid for m < [(n — 1)/2] yields

(2m—|— 1) 1/2

[n()] < N2 < 1yl < llyll

for t € [0,1].
One can also examine the average sample error

= Ey— Z|f t] fN t]>| )
which is an approximation of the Integrated Mean Square Error (IMSE):
R A A
N) = D Ealf () = I ()P = Byl f — 3,
j=1

since t; € I; = [(j —1)/n,j/n), j = 1,2,...,n. The standard variance plus
squared bias decomposition of R(fx) yields

E,~ nytj — ()P
:;Z\ﬂt Eyfu(t; ZE!J‘N ~ Bnf ()P

g—ZE‘e (t5)7(EN = Eye™))* 4 = Zlftj (1)

forv eV, = span{e,m7 €—m+1s---,€Em}, since the least squares estimation
principle implies that for such a trigonometric polynomial,

1 n
=~ 1) = By fn(t)® < § |£(t5) —v(t)]*
j=1
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It follows that for noiseless observations of f € V,,, and N = 2m + 1, the

projection estimator fN interpolates the function values f(¢;), j =1,...,n,
if m < [n/(8m)].

The sum of the variance terms is computed in the following lemma.

LEMMA 4.1. If m < [na/(87)], where 0 < a < [n/(87)|87/n, and N =
2m + 1, then

1 — . R
=~ Byl ()" (@ — By < Z Z | Byl
=1

]1k1

for correlated observation errors, and

N
—ZE|€ )" (N = By eV = —=o?
n

for uncorrelated errors.
In the DFT case, where tgy = (I —1)/n, l=1,...,n, if m <[(n—1)/2],
then

1 n N n n
n Z En’eN(tOl)T(éN - Enc ni Z |En77jm|

for correlated observation errors, and
1 i N N
n Z En|6N(tol)T(CN - EncN)‘Q = *U%

for uncorrelated errors.

Proof. As in the earlier proofs, using the decomposition (5) we can write
1 n 1 n 2
AN N
ﬁZEnfeN(tl)T(C - ZE ()" G, (nznjeN(tj))
I=1 j=1

:%ZZZEWJ'%@N(%)TGEIGN( t)e™ ()" Gl eN (t;)

=1 j=1 k=1
1 n n 1 n o o
=3 SN Emmee™ (tr) "G <n > €N(t1)€N(tl)T) G, leN(t))
=1 k=1 =1

1 n n o i
T n2 DN Egngiire™ (t:)T G eN (t5)

j=1k=1
n n
S 1Em Rl eN @)1 e ()1,

]:1 k=1

| /\

1—a
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where we have used the bound |G, || < (1 — )71, so the first assertion
is proved in view of (2). For uncorrelated observation errors we analogously
obtain

—ZE|e ()" (@ — Eye® th (te)" G eN (1)

2

( ZeN tr)e (t) G, > T tr(GLG, 1Y) = gag,
n n

which is our second assertion. m

Hence, in the case of uncorrelated observation errors we have, for m <

[n/(87)] and v € V,,,
N 1 — LN

Furthermore, in view of the upper bound on the average sample error R( f N)
and the classical results on uniform trigonometric approximation of continu-
ous periodic functions [31], we can easily obtain conditions for convergence of
this error to zero for such functions. Namely, we can formulate the following
theorem.

THEOREM 4.1. If the observation errors are uncorrelated and the se-
quence of natural numbers m(n), n =1,2..., satisfies

m(n) < [n/(87)).  Jim m(n) = oo, lim m(n)/n =0,

and N(n) = 2m(n)+ 1, then the projection estimator fN(n) of the regression
function f € C[0,1] such that f(0) = f(1) is consistent in the sense of the
average sample error, i.e.

lim R(fN (n)) = 0.

n—oo

A similar result for a wider function class can be obtained for observa-
tion times t; = t,,; +&;, j = 1,...,n, where the equidistant times ,,; =
(j —1/2)/n are distorted by some random errors &; which are independent
and have identical distribution supported on (—1/(2n),1/(2n)), and are in-
dependent of the observation errors n;, j =1,...,n.

Observe first that for any probability density function o € L*(—1,1) the
function g, (s) = 2no(2ns) is a probability density on (—1/(2n), 1/(2n)), n =
1,2,..., and if o is bounded, i.e. 0 < p < M < oo, then 0 < g, < 2nM.
Hence, assume that the distribution of the random distortions §;, j =
1,...,n, is represented by a bounded probability density ¢ € L'(—1,1).
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Now, putting v = fy € Vi, for N =2m +1and tj =t,,; +&5,5=1,...,n,
in (10) yields

N N
n<E§R fN ZEEU m]+§]) fN(tmj+§j)’2+EU¢2,a

n

which under our assumptlons on distortions gives
N , A 1« R 5
Ean < E&R(fN) = EgEng Z ’f(tmj +§j) - fN(tmj + 5])’

n 1/(2n)

! N
. Z Vo 1f(tmj + 5) = Fa(tmg + 8)[*2n0(2ns) ds + T”%
Jj=1-1/(2n)
<oy | 170 - ePdns Yot = omly - i+ Yot
J=1(3—-1)/n

Hence, we can formulate the following theorem.

THEOREM 4.2. If the observation errors are uncorrelated, the density
of distortions distribution o € L'(—1,1) is bounded by M, and m(n) <
[n/(87)], then for N(n) = 2m(n) + 1 and f € L*0,1] the average sample
error of the projection estimator fN(n) satisfies

N(n)

oy < EgEn% DG =1/2)/n+ &) = Fnen((G = 1/2)/n+ )17
j=1

N(n)
2 2
< 2MHf - fN(n)HQ + TGW'

Of course for any f € L2[0,1] we have ||f — fn|3 — 0 as N — oo.
Moreover, in the case of observation times involving distortions, the lemmas
of the previous section enable proving another theorem on convergence of the
Integrated Mean Square Error of the projection estimator for f € L2[0,1].

THEOREM 4.3. If the observation errors are uncorrelated, the density

0 € L*(—1,1) of distortions is bounded by M, and m(n) < [n/(167)], then

for N(n) =2m(n) +1 and f € L?[0,1] the Integrated Mean Square Error of
the projection estimator fn(y) satisfies

N(n

N0 52 < Bk — Faonl3 < (1+ D)7 = fgo 3+

Proof. The condition m(n) < [n/(167)] corresponds to choosing a =

1/2 in (8), so it ensures existence of the projection estimator fN(n), and
taking into account orthonormality of the trigonometric system used in its

2N
) ;2.
n
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construction (see (1)) we can write

Eyllf = fnell3 = Eyllf = ) + ey — Fvell3
= 1f = Fnw13 + Enll fxm) — P13
= |1f = I3 + Bylle¥™) — V)2
=11 = Frell3 + 1V = Bye¥ 2 4 By M) — B eV 2,
For a = 1/2 Lemmas 3.1 and 3.2 yield further

N(n p
o2 < Byllf — fiol

+ Z ‘TN(TZ a

<|If = fne ||2+

where ry = f — fn, N=1,2,..., and t; :tmj—i—fj,] =1,...,n,s0
A 2N (n) 2
Byl f = fvall3 < I1f = Fnl3 + == =05 + = > Belrng (tmj + &)1
j=1
The last term has the following upper bound:
9 & 9 ™M 1/(2n)
= Belrny(tmg + )P =230 | lrv (tmg + 5)|"2n0(2ns) ds
j j=1-1/(2n)
n jln
<AM Y N v (W) Pdu =AM |y, 3.
=1 (G-1)/n
Since ry = f — fn, we finally obtain
N(n 2N (n
) 2 < BB a3 < (1AM — Pl + 252

5. Extension to the case of stationary observation errors with
short or long range dependence. The results of Sections 3 and 4 can
be readily adapted to the case of stationary correlated observation errors 7;,
7 =1,...,n, with short and long range dependence. In such a case we assume
that E,n; =0, Eyln;|> = (7727, j=12,...,and Eyn;iq =r(),1=1,2,...,
)

1 n n 0_2 2n—1 2
IO IR WIRIES zw«
j=1k=1 =1

For short range dependent observation errors we have 2, |r(l)| < co, and
then the last inequality can be merged with the relevant estimates for cor-
related observation errors in Lemmas 3.1 and 4.1.
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The class of long range dependent observation errors is characterized by
Yoy lr()] = oo. Assume that |r(l)| = C/17, 1 = 1,2,..., where C > 0
and 0 < v < 1. Then the sum on the left hand side in (11), which is
due to dependence of these errors, satisfies the known inequality (see [17,
Lemma 2.1])

n—1

COn?=7
;(n = DIr()] < EDCE

so we get the bound

I = o2 20
— Epnime] < = + ;
2 2 2 1B < S =

which is again applicable in Lemmas 3.1 and 4.1. Consequently, relevant
results on asymptotic consistency and finite sample properties, similar to
Theorems 4.1-4.3, can also be formulated for the above defined short and
long range dependent observation errors model.

6. Conclusions. This work is a continuation of the author’s previous
investigations on finite sample and asymptotic properties of orthogonal series
regression estimation for irregular observation point designs [16]. Statistical
and asymptotic aspects of estimators based on the standard DFT coefficients
were also examined in the author’s earlier works [14], [I5], [18]. This time
the least squares method is used to estimate the Fourier coefficients of a
complex valued regression function observed at unevenly sampled times. De-
termination of such estimators from available observations can be recognized
as discrete spectral analysis of unevenly spaced data.

Similar discrete spectral or spectral-temporal analysis of a real valued
regression function f € L2[0,1] can be performed in an analogous way using
the orthonormal systems of Haar functions or Walsh functions in the Hilbert
space L2[0,1] [26].

Even in the case of observation errors with non-zero mean values E,n; =
0; #0, 7 =1,...,n, the properties of the Fourier coefficient estimators en-
sure that the transformation of the observation vector y = (y1,...,y,)? into
the vector ¢V is a continuous linear operation, since ||¢V| < C(n, a)||y|| for
N =2m+ 1, m < [na/(87)], where 0 < a < [n/(87)]87/n (see inequal-
ity (9)).

The results of this work can be easily extended to the case of analogous
irregular designs on any iterval [0, 7], where T' > 0.

Observation times involving distortions, that is, t; = (j—1/2)/n+¢;, j =
1,...,n, where §; are i.i.d. random variables with e.g. uniform distribution on
(—=1/(2n),1/(2n)), are sometimes used in estimation of regression functions
and are called equispaced designs subject to jittering [19]. Other jittered
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sampling designs related to signal reconstruction are considered in [10]. Such
designs are also applied to study the robustness of regression estimators to
uncertainties in the independent variable [21].

Another approach to construction of projection estimators using trigono-
metric functions, the Gasser—Miiller type regression estimator, is investigated
in [6], [7], |21], |27]. The Fourier coefficient estimators used in that approach
are obtained by some integration procedure involving function observations
available at fixed times with bounded distortions, i.e. at t; = so; + &;,
j=1,...,n, where 0 < sg1 < 502 < -+ < sop < 1, [§;] < C/n [21]. Hence,
this work extends the results of [21] to the case of least squares projection
estimation of regression. An analogous integration procedure is also applied
in the case of random observation times t;, j = 1,...,n, with probability
density o € L(0,1), 0 > ¢ > 0 [6], [7], [27]. The case of random designs of
observation times and least squares projection estimators based on trigono-
metric functions was earlier examined in [I], so it was not considered here.
However, if we assume that f € L2[0, 1] satisfies a certain smoothness condi-
tion, e.g. is a-Holder with exponent 0 < o < 1, as in [6], then using Theorems
4.2 and 4.3 one can also estimate convergence rates of the average sample
error and the IMSE error in the case of observation times design considered
here. Moreover, under the same condition on f, using Lemmas 3.1 and 3.2
which give upper bounds on variance and squared bias of the least squares
Fourier coefficient estimators, it is possible to obtain pointwise mean square
error convergence rate of the corresponding projection estimator, similarly
to [6].
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