APPLICATIONES MATHEMATICAE
50,1 (2023), pp. 6779

JANAK RAJ SHARMA (Longowal)

SUNIL KUMAR (Chennai)

IoanNis K. ARGYROS (Lawton, OK)
CHRISTOPHER I. ARGYROS (Lawton, OK)

EXTENDED COMPARISON BETWEEN TWO
NEWTON-JARRATT SIXTH ORDER SCHEMES FOR
NONLINEAR MODELS UNDER THE SAME SET OF

CONDITIONS

Abstract. Two sixth order convergence order schemes are compared and
extended to solve Banach space valued models. Earlier studies have used
derivatives and Taylor expansions up to order seven to show the convergence
order in a finite-dimensional Euclidean space setting. We compute the order
by finding computational convergence order or approximate computational
convergence order, and condition only on the derivative that is present in
the schemes. Moreover, a computable convergence radius, upper error bounds
and uniqueness of the solution are provided. Numerical applications illustrate
the theoretical results.

1. Introduction. Let X and Y denote Banach spaces, and D C X be
convex and open. Further, suppose that L(X,Y") denotes the bounded linear
operator mappings of X into Y. In applied mathematics many problems can
be expressed in the form

(1.1) H(z) =0,

where H : D C X — Y is a differentiable mapping. Numerous schemes to
compute a solution « of ([1.1]) are iterative, since solutions are rarely obtained
in closed form (see |[1-3,[6H10L|12]).
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Here, we investigate two sixth order schemes given in [4,11] for X =Y =
R™ respectively by

Yn = tn — §H'(0) " H (),
(1.2) Zn = Ty — %A;l(SH’(yn) + H'(z,))H' () H (),
Tyl = 2n — 2A H(2y,),
where A,, = 3H'(y,) — H'(x,,) and

(1.3)
Yn = Tn — %Hl(xn)ilH(xn)a

2 = xp— (21— (3]—%H'(mn)_1H'(yn))H'(mn)_lH'(yn))H'(mn)_lH(xn),
Tnal = Zn — %(5] - 3H’(xn)_1H'(yn))H’(xn)_1H(zn).
The sixth order convergence of ([1.2)) and (1.3) was established in [4,11)

respectively by using Taylor series and conditions on H® i =1,...,7. These
conditions limit the applicability for these schemes. Notice that only the first
derivatives are used in the schemes. Indeed, consider H : D = [-5/2,2] = R
defined by
Hiz) = z3log(m?z?) + 2%sind, x #0,
0, z =0,
leading to
" 1 2 1 2,2 2 : 1
H"(x) = — [ (1-36x%) cos | — | +z( 22+61log(m"x*)+ (602" —9) sin [ — .
x x x

Hence, H"(z) is not continuous on D, so the results of [4,/11] are not appli-
cable.

The goal of this paper is to extend the applicability of methods (]1.2))
and in cases not covered in earlier studies, which required the use of
derivatives up to order seven not appearing in the methods. The price we
pay by using conditions on the first derivative which actually appears in
the method is that we show only linear convergence. To find the conver-
gence order is not however our intention, since this is already known in the
m-~dimensional Euclidean space. Notice also that the order is rediscovered
by using ACOC or COC (see Remark 2.1), which requires only the first
derivative. Moreover, in earlier studies using Taylor series no computable
error distances are available based say on generalized Lipschitz conditions.
So, we do not know for example in advance how many iterates are needed to
achieve a predetermined error tolerance. Furthermore, no uniqueness of the
solution results are available in the aforementioned studies; we also provide
such results. Our technique can be used to extend the applicability of other
methods in an analogous way, since it is fairly general. Finally, notice that
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local results of this type are important, since they demonstrate the difficulty
in choosing initial points.

We summarize the contents of the paper. In Section 2, the local conver-
gence analysis is presented including a convergence radius. Some numerical
applications are developed in Section 3.

2. Analysis. Some parameters and functions will be used in the local
convergence analysis of method (1.2). Consider D = [0, 00). Suppose the
following:

(i) There exists a function vg : D — D continuous and nondecreasing and
such that the equation

(2.1) ’U()(t) —1=0

has a minimal zero ro € D — {0}.
(ii) Set Dy = [0,2r9). Let v : Dy — D be a continuous nondecreasing
function. Define hy : Dy — D by

so((1—0)t)do + L vi(6t) do
1 —wvp(t) '

() = 3

The equation
(2.2) hi(t)—1=0
has a minimal zero 6; € Dy — {0}.
(iii) The equation
(2.3) q(t)—1=0, where g(t) = 3(3vo(h1(t)t) + vo(t)),

has a minimal zero r € Dy — {0}.
(iv) Let ro = min {ro,1} and Dy = [0,7r2). Let v; : D; — D be a continuous
nondecreasing function. Define hs : D1 — D by

Jov((1=0)t)d6  3(vo(t) + vo(h (t)t)) §y v1 (6) db
1= vo(?) 40— wo(#)(1 = q(t))

ha(t) =

The equation
(2.4) ho(t)—1=0

has a minimal zero 62 € Dy — {0}.
(v) The equation

Uo(hz(t)t) —1=0

has a minimal zero r3 € D; — {0}.



70 J. R. Sharma et al.
(vi) Let r = min {r9, 73} and Dy = [0, 7). Define h3 : Dy — D by

fo0((1 = 0)ha(t)t) do
1-— Uo(hg(t)t)
L (00(t) + 3uo(hr (1)) + 2uo(ha(t)1)) §o w1 (Bha(t)t) dB
2(1 —vo(h2(t)t))(1 — q(t))

hs(t) =

ha(t).
The equation
(2.5) hs(t)—1=0
has a minimal zero d3 € Dy — {0}.
We shall prove that
(2.6) d =min{J; : i =1,2,3},

is a convergence radius for method (|1.2). Let D3 = [0, 6).
The definition of ¢ implies that for all ¢t € Ds,

(2.7) 0< wvp(t) <1,
(2.8) 0< Uo(hg(t)t) <1,
(2.9) 0 < hi(t) < 1.

We denote by B(a, ) the closure of the ball B(a,d) of radius § > 0 and
center . From now on the functions v; are as above.

The local convergence analysis requires the following conditions (called
conditions A). Assume:

(A1) H: D — Y is continuously differentiable with « a simple solution of
equation .

(As) [[H' (@) (H'(z) — H'(@))]] < wo(|l& — al]) for all z € D.

(As) Set Do = D 1 B(a, ro). Then [|H(a) "} (H'(z) — H'(y)) | < v(]la— y])
and ||H'(a) " H'(z)|| < v1(||]z — «f|) for all 2,y € Do.

(A4) B(a, R) C D for some R > 0 to be determined later.
(As) There exists * > § satisfying

1
SU()(QCC*) do < 1.
0

Set D1 = DN B(a,*).

Next, conditions (A) are used in the local convergence result for method

2.
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THEOREM 2.1. Suppose conditions (A) with R = § hold. Then the fol-
lowing assertions hold for method (1.2)) provided that zo € B(«,d) — {a}:

(2.10) {zn} C B(a,9), li_)m Ty = qQ,
(2.11) llyn — | < hi(dp)d, < dp <9,
(2.12) |z, — | < ha(dn)dy < dy,
(2.13) 201 = all < ha(dn)dn < dn,

with d,, = ||z, — «||. Moreover, the only solution of equation (1.1|) in the set
Dy given in (As) is .

Proof. Assertions (2.10)—(2.13]) will be proved by induction on n. Choose
w € B(a,0) — {a}. Using (A1), (A2), (2.6) and (2.7), we have
(2.14) HH’(a)_l(H’(w) — H’(a))” < wllw — o] < wve(d) < 1.
But then (2.14) and Banach’s lemma [3] on inverses of linear operators imply
H'(w)~! € L(Y, X) and
1

(2.15) (T ey ) [ p— —
1 —vpllw — |

Moreover yg and zy exist by the first and second substep of (1.2 for n =0
(if w = xg in (2.15))), from which we can also write

(2.16)
Yo — o =x0 — o — H'(z0) " H (z0) + %H’(.’L‘[))_lH(SB())

1

= [H'(z0) " H'(a)] HH’(a)*l(H'(aw(xo—a))—H/(xo)) d@(xo—a)]
0
)

+ LH'(z0) " H (20
and
(2.17) zp—a=x9— «
— H' (o)™ H (w0)+ 5 Ag " (H'(yo) — H' (o)) H' (x0) " H (o).
Then by 7 (for i = 1,2), (Ag), (2.15) (for w = xg), and
, we have in turn

1 1
(2.18) o — o] < §ov((1—0)do)do do + 1§, v1(6do) db do

1 — wvo(do)
= hi1(do)do < do < 9,

and

(2.19)

fov((1 = 0)do) d0 3(vo(do) + vo(llyo — ell)) §y v1(0do) do
1 —wo(do) 4(1 = vo(do))(1 — q(do))

< ha(do)do < dy,

lz0 =l < do
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which proves that yo, 20 € B(«, ) and (2.10)—(2.12)) hold with n = 0, where
we have also used

1(2H" () (Ao — H'(e))|| < 33[1H (o)™ (H' (o) — H' ()]
+ | H' (o)~ (H (o) — H'())])
< 3(3vo(llyo — all) + vo(do))
< q(do) < q(8) <1,

SO

1
AH ()| € ——————.
The iterate x1 is well defined by the third substep of method (1.2)), from
which we can also write
(2.20) x1—a=z —«
— HI(Z())le(Zo) + H/(Z())fl(Ao — 2HI(ZO))A61H(Z()).
It follows that in view of (£2.6), (2.9)) (for i = 3), (for w = zp) and
77
(2.21)
1
§ov((1 = 0)]|lz0 — aff) dO
1 —wo(|lz0 — )
N (3vo(llyo—xll) +v0(do) +2vo(llz0—a[))) §g v1 (Bl 20— ) @6
2(1—=q(do))(1—vo(llzo—al]))

21 = af <

x |20 — o]
< h3(do)do < do,
proving x1 € B(«,d) and (2.13) for n = 0. Replace xq, yo, 20, 1 by Tn, Yn,

Zn, Tnt1 in the preceding calculations to terminate the induction. Then, by
the estimation

(2.22) |znt1 — o < Bd, <6,

where 3 = hg(dp) € [0,1), we get zp4+1 € B(w,d), and lim,, o0 5, = .
Suppose u € Dy with H(u) =0, and set T' = S(l) H'(u+ 60(a — u))df. By
(Ag) and (Asj), we get

(2.23) 1 () ™HT — H'(a))]| <
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so u = «a follows, since T~ € L(Y, X), and
0=H(a)—Hu)=T(a—u). =

Next, we develop the local convergence analysis of method (1.3]) in an
analogous manner. Now the A functions are defined by

) fou((1—0)t)do+ L, vi(6t)do

ha(t) = 1 = h (1),
— ()
_ o Sou(@=0t)de 3 (. (uot) + vo(ha (£)E) 2
h) = T *8@( T—w() )
vo(t) + vo(ha (£)t) §g v1(6t) do
T ) ) 1= oo()
a(t) =[R20 =OR(00 8 (wolBa(t)t) + vo(t)) §y w1 (Ba(t)) df
1—U0(h2(t)t) (1—1)0 ) 1—1)0( ( ) ))
3 (’Uo(t) + ’U()(?Ll (t)t)) S 1)1 9h2 ]
(1 — 'U()(t
and
(2.24) § = miné;,

where §; is the least solution (if any exists) in Dg of the equation
(2.25) hi(t) —1=0.
The functions h; are motivated by method (1.3)), since

Yo — Q= Tg — ¢ — H’(:co)le(xo) + %H’(:co)le(xo)

implies
1
v((1 = 0)do) do + L {1 (0do) db
lyo —of < % At
1-— vo(do)
< hy(do)do < do < 6,
and

20— a=mzg—a—H'(xo) " H(xo) — 3(5I — 8H'(x0) " H'(yo)
+ 3(H'(z0) " H' (y0))*) H' (o) ~" H (o)
= w0 — o — H'(wo) " H (o) — E(3(H' (wo) " H'(yo) — I)?
— 2(H' (o) " H'(yo) — I)) H' (o) " H (o)
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yields
fov((L—0)do)dd 3 (. (vo(do) +volllyo — )\
Iz =l < | 5= ) +8<‘°’< = v (do) >
vo(do) + vo([lyo — )\ §o v1(0do) dO
+2 1—v0(d0) ) Ol—vo(do) ] 0

< ha(do)do < do,
and further
T —a=z—a— H(z) 'H(x)
+ H'(z0) " (H' (o) — H'(20)) H' (w0) ™" H (z0)
— 3H'(x0)(H'(x0) — H'(yo))H' (x0) " H (20)
leads to
Jo 0((1 = 8)llz0 — a}) d¥
1 —wo([lz0 — aff)
(vo(do) + vo(lz0 — a]))) § v1.(6ll20 — o) d6
(1 = vo(l[z0 — [|))(1 = vo(do))
(vo(do) + vo(llyo — a]))) §o v1(8]120 — ) d6
(1 —vo(do))?

21 — ol <

+3 |z0 — ]|

< h3(do)do < do.
Hence, we arrive at the corresponding result for method ([1.3):

THEOREM 2.2. Suppose conditions (A) hold for R = §. Then the con-
clusions of Theorem hold for method (1.3) with the h; functions replaced

REMARK 2.1. The computational order of convergence (COC) |13] is
defined as

dit2 i1

(2.26) COC = log i=1,2,...,

1o | %
and the approzimate computational order of convergence (ACOC) [4] is
x| %

where d; = z;—x;_1. Hence, we provide a practlcal convergence order which
avoids higher derivatives.

dit1

2.27 ACOC = log || %2 djv1 i=1,2,...,
(2.27) g J

dj+1

3. Numerical results. Estimates (2.6) and (2.24) are used to find ¢

and 6, respectively.
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ExXAMPLE 1. We consider the example given in the introduction. Note
that « = 1/7 is a zero of the function H. Then we can choose vy(t) = Lt,
v(t) = Lt and v (t) = L/2, where L = 525(80 + 167 + (11 + 12log 2)?).
So, we obtain the radii

61=1.0355x1071, 6, =1.5843x107°, §3=1.3069x107°, §=1.3069x107°,

61 =1.0355x10"", §,=1.5850x1073, §3=2.5376x 10", § =2.5376x10~*.
EXAMPLE 2. Consider the function H : D — R? defined by

H(x) = (1021 +sin(z; +x2) — 1,819 — cos®(x3 — 29) — 1, 12x3 +sin(z3) — 1)7,

where = = (1, 29, 3)7.
The Fréchet derivative of H(z) is given by

10 + cos(z1 + z2) cos(z1 + x2) 0
H'(z) = 0 8+ sin2(xy —x3) —sin2(ze — x3)
0 0 12 + cos(z3)

We can choose vg(t) = v(t) = 0.269812¢ and v1(t) = 1.08139. So, we obtain
&1 = 1.5802, 0 = 8.8440 x 107!, 65 = 8.3063 x 107", § = 8.3063 x 10",
61 = 1.5802, 8y = 7.7517 x 1071, 63 = 5.7843 x 1071, § = 5.7843 x 10 L.

ExaMPLE 3. Next, we consider an equation due to Kepler:
H(z) =2 — fBsin(zx) — K =0,

where 0 < 8 < 1, 0 < K < 7. Different values of § and K are given in [5].
Set K =0.1 and 8 = 0.27. Then we have a &~ 0.13682853547099. ... Notice
that

H'(z) =1 — Bcos(x),

|H' (o) (H'(z) — H'(y))| = WT;SE 5)(;:(05)(?)”
_ _ 2B|sin(*5¥) sin(%5Y)|
[1— Bcos(a)
B
< mm -y
and

|1 — 5 cos(z)] < 1+
1= Feos(a)] = 1= Beos(@)]’
Then we can choose vy(t) = v(t) = 0.3685888t and v (t) = 1.7337327. The

|[H' (o)™ H ()| =
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calculated values of parameters are given by
01 =T7.6343x1071, 0, =4.6114x1071, 05 =4.2457x 107}, §=4.2457x 107},
61 =7.6343x1071, §,=5.1284x 107", §3=3.2891x107!, §=3.2891x 10" .

EXAMPLE 4. Consider C[0,1] = Y = X and D = B(0,1). Define a
function H on D by
1
H(g)(x) = p(x) — 10 20,2(6)° do.
0
Then

20p(0)%€(0)dh  for each & € D.

/—:
BS)
—~~
m
~
SN—
—~
8
~
Il
I
—~~
8
~
[
w
[es}
O ey =

Since a = 0, we can choose vg(t) = 15t,v(t) = 30t,v1(t) = 30. Then we
obtain

61 =3.0000x1071, §,=1.9135x107%, §3=1.5863x10"*, §=1.5863x 1074,
61 =3.0000x 1071, 6, =7.2068x 1073, d5=1.4109%x10"3, §=1.4109%x1073.

ExXAMPLE 5. Consider the Hammerstein equation
1

T 2
(3.1) x(s) = | G(s,1) (x(t)3/2 + (;)) dt,

0

Gls.) = {(1 —8)t, t<s,

s(1—t), s<t.

Clearly, we have a(s) = 0. Define H : D C C[0,1] — C[0,1] by
1 2(1)?
H(z)(s) = x(s) — | G(s,2) <$(t)3/2 n 2) .
0
Observe that

{0t <175
0

Since
1
H' (@)y(s) = y(s) — | G(s, ) ()2 + (1)) d,
0

and H'(a(s)) = 1, we have
(3.2) 1" ()" (H'(x) = H'(y))I| < 151l — .
Replacing y by xg we have

1H () (H' (2) — H'(20))|| < 151z — zo]-
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Therefore, we can take
vo(z) = v(z) = Low, wvi(z) = Lz, where Lo=L=-3.
Hence, we obtain
01 = 1.7454, 4§, =1.2208, 43 =1.1917, 0 =1.1917,
61 =1.7454, 65 =1.0594, 03=9.8115x10"", §=09.8115x10"".

ExXAMPLE 6. Lastly, we intend to show the sixth order convergence of the
methods under study by calculating the approximate computational order of
convergence (ACOC) using formula . To do that, we apply the methods
and to solve systems of nonlinear equations in R™. Computations
are performed in Mathematica using multiple-precision arithmetic. For ev-
ery method, we record the number n of iterations needed for the stopping
criterion

1 ()| < 1077

to be satisfied. This precision is required to compute the approximate com-
putational order of convergence (ACOC) of higher order methods. This is
because higher order methods gain a large number of significant digits of a
solution in just a few iterations. The command used to get such precision
is N[expression,n|, which gives the numerical value of the expression with
n-digit precision.

Numerical results are displayed in Table 1, and include:

The required number n of iterations.

The value of ||H(zy)| of approximation to the corresponding solution,
where N(—h) denotes N x 107"

The approximate computational order of convergence (ACOC).

The elapsed CPU-time in seconds recorded by taking the mean of 50 per-
formances of the program.

Let us consider the system of nonlinear equations

pirig1—1=0, 1<i<m-—1,
(3.3) 5 B -

rjr; —1=0, 1 =m.
with initial value zg = {2, m-ti-n-les, 2}T. The required solution of the systems
for m = 8,25,50,100 is o = {1, 2 137

From the numerical results shown in Table 1 it is clear that methods (|1.2])
and have stable convergence behavior. Similar numerical tests, carried
out for a number of other problems, confirmed the above conclusions to a
large extent.
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Table 1. Performance of methods

Methods n || H (zx)]] ACOC CPU-time
m =38
1.2 4 1.2961(—304) 6 0.0475
1.3 4 1.1849(—168) 6 0.0472
m = 25
1.2 4 2.2913(—304) 6 0.1420
1.3 4 2.0947(—168) 6 0.0939
m = 50
1.2 4 3.2404(—304) 6 0.4521
1.3 4 2.9624(—168) 6 0.2187
m = 100
1.2 4 4.5826(—304) 6 0.9357
1.3 4 4.1894(—168) 6 0.4722
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