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Minimal geodesics of pencils of pairs of projections
by

Miaomiao Cur (Xi’'an)

Abstract. The set Pr, of pairs (P, Q) of orthogonal projections with pencil T =

AP 4+ @ at any given A € R\ {—1,0} is shown to be an analytic Banach homogeneous
space. In generic position, Pr,x with a natural connection and the quotient Finsler metric
of the operator norm becomes a classical Riemannian space in which any two pairs are
joined by a minimal geodesic. Moreover, given a pair (P, Q) € Pr,x, pairs in an open dense
subset of Pr,x can be joined to (P, Q) by a unique minimal geodesic. In general, two pairs
(Po,Qo), (P,Q) in Pr,x can be joined by a minimal geodesic in Pr,x of length < 7/2 if
and only if

dim[R(P|n(r-1)) N N(Poln(r-1))]

:dlm[N(P|N<T,[)) ﬂR(P()|N<T,[))], A= 1,
dim N(T — M) =dim N(T —I), X eR\{0,—-1,1}.

1. Introduction. Self-adjoint operator pencils arise in quantum me-
chanics and in dynamical problems. Pencils of orthogonal projections have
attracted much attention [3| [I} 2] (8 T4} 15} 20].

Let H be a Hilbert space and let B(#) be the algebra of all bounded lin-
ear operators in H. Denote by B(H),, U(H) and P(H) the set of self-adjoint
operators, the set of unitary operators, and the set of orthogonal projections
in B(H) respectively. Throughout the article, an orthogonal projection is
referred to as a projection for short. A self-adjoint unitary is called a sym-
metry. The nullspace and range of T € B(#) are denoted by N(T') and R(T)
respectively.

In order to find a complete set of unitary invariants for a pair of closed
subspaces M and N, Dixmier [I0] obtained a characterization of the set of
differences of pairs of projections, D = {P—Q : P,Q € P(H)}. Subsequently,
Raeburn and Sinclair [19] showed that there exists a unitary operator U such
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that UPU* = P} and UQU™* = @ if and only if the operator AP + @ is
unitarily equivalent to APy + Q1 for all A € (0,+00) \ {1}. Later, Cui and
Ji [8] extended that result to A € R\ {—1,0}, and discussed some relevant
algebraic structures.

On the other hand, more and more scholars began to focus on the alge-
braic and geometric characteristics of sets associated with pencils of pairs
of projections. Koliha and Rakoc¢evié¢ [14] considered the Fredholm proper-
ties of pairs of projections. Andruchow [I] discussed operators which are the
difference of two projections. Afterwards, Shi, Ji and Du [20] provided a
complete description, and studied the algebraic structure of D. Later, An-
druchow, Corach and Recht [3] further investigated the geometric features
and geodesics of D. In addition, Cui and Ji [§] examined the class Py in
B(H) which consists of the pencils of pairs of projections at A € R:

Py={AP+Q:P,QeP(H)},
and explored the algebraic and geometric structures of the set
Prr={(P,Q) e P(H)xP(H): T =P+ Q}

for T' € Py. In this paper, we study the reductive homogeneous structure
and minimal geodesics of Pr .

Pencils of self-adjoint operators are defined in [I5]. The operator AP + @
is called the pencil of the pair (P, Q) of projections at A € R [§]. Assume that
T is a self-adjoint operator and A € R. Then N(T'), N(T' —I), N(T — \I),
N(T — (1 4+ X)I) and the complement g of the sum of these all reduce T'.
According to the space decomposition

(1.1) H=NT-1+N)@&NT)eNT -XN)dNT—1)s Ho,

we have

(1.2) T=1+NIa08\ &I T,

where Ty = T'|,. We call Ty the generic part of T' with respect to A. If
N(T)=N(T—-1)=N(T - X)=N(T - (1+X)I)={0},

we say that T is in generic position with respect to A.
If T is the pencil of a pair (P, Q) of projections at some real number A,
then

(1.3) N(T)=NP)NN(@Q), N(T-1I)=N(P)NnRQ),

N(T —X)=R(P)NN(Q), N(T-(1+XI)=R(P)NR(Q).
In this case, it is known that 7" is in generic position with respect to A if
and only if the pair (P, Q) of projections is in generic position in the sense

of [I2]. Moreover, there exists an isometric isomorphism between the generic
part Ho and a product space K x K which carries Ply, and Q|y, to the
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operator matrices (called Halmos decomposition)

1 0 2 cs
Ply, = and =
o (0 O) Qo (cs 82>

respectively. Without loss of generality, we can assume
(1.4) Ho=KadK.

The content of the paper is as follows. In Section 2, we establish a
bijection between Pry and E = {W € B(H) : W is a symmetry and
WT\ = —T W} in generic position. Based on this, we show that the ac-
tion of the Banach-Lie group U4 on Pr ) is locally transitive, which makes
Pr, an analytic Banach homogeneous space of A. In Section 3, we mainly
consider the reductive structure of Pr ) in generic position, and establish a
bijection

P7
exppg  1X € HWY 1| X < /2
— exppo)({X € HP 1 | X|| < 7/2})

by use of symmetries anti-commuting with 77 in order to compute geodesics.
In Section 4, we endow Pr  with the quotient Finsler metric of the operator
norm in generic position, and prove that any two pairs in Pz \ can be joined
by a minimal geodesic. Moreover, pairs in an open dense subset in Pr ) of
a given pair (P,Q) € Pr can be joined to (P,Q) by a unique minimal
geodesic. Finally, we also provide a characterization of when two pairs in
Pr can be joined by a minimal geodesic in Pry of length < 7/2 in the
general case.

2. Geometric structure of pencils of pairs of projections. Let

T € B(H), and A € R. We write T for 7' — %I. Define a mapping
f:Pry— B(H)s

by

(2.1)

I-P+Q, X=1,

and a mapping

f(P,Q)—{

S:Pry— E:={W e B(H): W is a self-adjoint partial isometry
and WT)\ = —T\W}
by
(2.2) S(P,Q) = sgn(f(P,Q)),
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where T} stands for the Moore—Penrose inverse of T and sgn(-) denotes the
sign function. Clearly,

T:P+Q7 TA:P+Q_17 f( Q) Q P, A=1,
(23) {T=0Q, h=Q~-3, f(P,Q)=3Q 3, A=0,
T:Q_P7 T)\:Q_P7 f(P7Q)_P+Q_]-7 A:_

f(P,Q) is called Davis’ characteristic [9] of T when A = —1. Since the cases
of A =0 [I7] and A = —1 [3| 1] have already been discussed, we shall study
the cases of R\ {0, —1} below.

REMARK 2.1. Let T' € Py. For any pair (P,Q) € Pr, we know from
[8, Theorem 2.1] that there exists a positive operator B satisfying WI <
B < H_TWI such that

Pra={(PAv;Qxv): T =AP\y+Q\v, U € {B}},

where
(2.4)

Pyy=1®00 E® Py, Dbu=1¢08(I-E)eQu, A=1,

Pu=1000I1000 Py, Quu=1000001® Qu, \e M

relative to the space decomposition (1.1). Moreover,
1 ([ P P12U> ( Q11 Q12U>
Py =— d Q )
YT o <P12U* Pao Q120" Q22
where
Py = BB+ Y21) (B - 1321),
P = ~B7 (B — A1) (B + 121)
Qu =B (B+ 1) 5+ 151).
Qu=-B"'(B - ) (B - F),
| Pio= B~ VB SR g 0N g, — p,
if A € Ay, and

Py =1+ B, Py, =1—- B,

Qu=1+B, Qe =1-B,

Py =vVI—-DB? Qu=-P»
if A = 1. From (2.4), we only need to consider the minimal geodesic problem
in the spaces N(T — I) and Ho when A = 1. In N(T — I), it is the same as
in the Grassmann manifold P(N (T — I)). In addition, we just have to take

the minimal geodesic problem into account in N(T'— A\) & N(T — I) and
Ho when A € A;. In N(T'— AXI[) & N(T — I), one can see that there exists a
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unique minimal geodesic if and only if dim N(T'— A\I) = dim N(T' — 1) |2,
Theorem 3.1]. From what has been discussed above, we first focus on T in
generic position with respect to A € A =R\ {0, —-1}.
Set
A={T} ={A e B(H): AT =TA},
which is the von Neumann subalgebra of B(#H) because T' is self-adjoint, and
its operators clearly commute with 7). Firstly, we give a characterization

of self-adjoint operators which are pencils of pairs of projections in generic
position.

PROPOSITION 2.2. Let T € B(H), be in generic position with respect to
A€ A Then T € Py if and only if there is a symmetry W on H such that
WT\ = -ThW.

Proof. Suppose (P, Q) € P(H) x P(H) with T'= AP + Q. It is not hard
to check that the nullspace of f(P,Q) defined in (2.1) is trivial, thus the
polar decomposition

F(P,Q) = [f(P,QIW = WI[f(P,Q)]

yields a symmetry W on H. Obviously, f(P,Q)T\ = —1I)\f(P,Q), and so
f(P,Q)? commutes with P and Q, which implies that | f(P, Q)| = (f(P, Q)?)'/?
also commutes with both projections. Hence WTy = —T\W.

Conversely, given a symmetry W which anti-commutes with Ty, put

Py = H{I'T(T - 1)

+[TA|TH=T(T = 1)(T = M)(T — (1+ )2}
Qw = HT'T(T - \)

— [ Ta [T =T(T = 1)(T = M)(T — (14 \)]'*W}

()\ € /11),

{PW =D CT@ -+ 0wy

Qw = ${T\ = [-T(T — (1 + N)]'/*W}
Straightforward computations show that Py, Qw € P(H) satisfy T' = APy
+ QW [ ]

For a symmetry W which anti-commutes with T, one can obtain T' =
APy + Qw, where Py, Qw € P(H) as in the proof of Proposition 2.2. Then
the following result holds:

COROLLARY 2.3. Let T' € Py, be in generic position with respect to A € A.
Then the mapping

S:Pry— E={W e B(H): W is a symmetry and WT\ = =T\W}

is a bijection.
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Corollary 2.3 yields a 1-1 correspondence between pairs of projections
and such symmetries in generic position. For any fixed (P, Q) € Pr., let
U(p,q) be the unitary orbit of (P, Q):

Uwpg = {(UPU*,UQU") : U € Ua},
where U 4 is the unitary group of A. Consider the mapping
7T(P7Q) 1UA — U(RQ) C ’PT)\, 7T(P7Q)(U) = (UPU*, UQU*)

It is evident that Pry = Up) in generic position for any pair (P, Q) in
Prx from (2.4). Indeed, for any pair (P, Q1) € Pr,, there exists a unitary
U € {B} such that (P1,Q1) = (Py, Qu), that is,

_ 1 P PU . 1 Q11 Q12U
Py = — and Qu = - :
2\ ]312[]>|< P22 2 QlZU* Q22

. U 0
0= ( )
0 I
It is easily seen that U € Uy and (UPU*,UQU*) = (Py,Q1). Next, we shall

prove that the action m(p ) of Uy on Pr,y is transitive when 7' is in generic
position with respect to A € A.

Set

THEOREM 2.4. Suppose T € Py is in generic position with respect to
A € A. Then m(pg) is transitive.

Proof. For any two pairs (Pp, Qo) and (P, Q1) in Pr )y, we have
T'=AP+ Qo= AP+ Q1.

Consider the self-adjoint operator f(Pp, Q1) defined in (2.1) and the space
decomposition

H = N(f(Po, Q1)) ® N(f(Po,Q1))*.

Firstly, we claim that N(f(Py, Q1)) reduces both (Fy, Qo) and (P, Q1).
Indeed, it is not hard to verify that

f(Po, Q1) [@Q1 — 1%A2T;1]
(2.5) = [-APy + H2AT - X7 5P, @), A€ Ay,
f(Po,Q1)Q1 =[I — Ry] f(Po,Q1), A=1,

which implies

{mlbﬁnﬂMﬂQOgNm%@m,Aem

QIN(f(Po, Q1)) € N(f(Po,Q1)), A=1,
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and

[Py + HAT — 25T IN(f(Po, Q1)) € <f<Po,Q1>), Ne A
(I = Po)N(f(Po, Q1)) € N(f(Fo,Q1)), A=
Moreover, since T f(Py, Q1) = —f(Po, Q1)T), it follows that

TN (f(Po,Q1)) € N(f(FPo, Q1))

From the above, we can see that N(f(Py, Q1)) reduces Py and Q7. Similarly
also N(f(P1, Qo)) reduces P; and (. Since

1+A 1+ A
NPy +Qo— ST = AP+ Qu— =,
we find that N(f(Po, Q1)) = N(f(P1,Qp)), which proves the claim.

In N(f(FPo,Q1)), one can obtain

1 v =0, AeAy,
Ql - PO = 07 A= 17
thus
1-22 -1 _ 1-22p-1
{TA(QO 5 T vgren = (@ = 500 Ingm.au T A €A
D@olnm.en = QilvrrooD A= 1.
Similarly,
T)\()‘PO + %I + 1_8/\2T>\_1)‘N F(Po,Q1))
= (\PL+ 12T+ 5T ) T vigemen)s A € A,
ThBolnsrnen) = PN pro@y: A= 1
which forces
Dobolnrmn) = Pilv ooy DQolvisr.en) = QNG @)
in view of (2.6). Since T} is a self-adjoint injective operator, there exists a
symmetry U; in the polar decomposition of T}| N(f(Po,@1)) Satisfying
UrBoln(rmeUi = Pilnr.@y: - UiQolnirm,@o)Ui = Qulnirr.qu)-

In the second subspace N(f(Py, Q1))*, the operator f(Py, Q1) is self-
adjoint and has trivial nullspace. Therefore, the operator W in the polar
decomposition

f(Po, Q1) = WIf(Po,Q1)| = |f(Po,Q1)|W

is a symmetry satisfying

A2 =
w(@ T, A) ‘N(f(PAoéQn)lLW
= (=AP + Y21 - A1 )\N(f(Ponl))l, € Ay,

WQ0|N(f(P0,Q1))J‘W = - P1)|N(f(P07Q1))l’ A=1,
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by the same argument as in the proof of Proposition 2.2. The fact that

14+ A 1+ A
>\P0+Q0—TI=>\P1+Q1—TI

implies that the operator W satisfies
1+ 1-X\2 -1
W (=P +1T/\QI _1 s 1) )’N(f(Po,Ql))lW
- (Ql - Ty )‘N(f(Po,Ql))l’ A€ Ay,
W(I = Po)Inrrouyr W = Qilngrguyss A=1

Then
WTKN (R0~ W = —Taln((Po,@u)) -

Let Wy be the symmetry as in (2.2) corresponding to (P, Qg), which
anti-commutes with Ty and is also reduced by N(f(Pp,@Q1)). Clearly, the
restriction Woln(s(py,Q))L also anti-commutes with Tx|(s(p,,0,))L- Put

Us = WWoln((Po,01))~ -

We see that Us defined in N(f(Py, Q1)) commutes with TAIN(F(Po,01)) - -
Moreover,

1—A_ .
U2 <Q0 - 3 T)\ 1) ‘ U2
N(f(Po,Q1))*+
1-X2_
— W Wo Qo — T W W
8 N(F(Po.Qu)t
32
:W<—AP0+1+)\I—1 ATS)’ w
2 8 N(f(Po.@1))~

1—-X2
- (Q1 -3 T 1)
N(f(Po,Q1))*+
when A € Ay, and

U2Qoln(s(ro.u)+ Uz = WIWoQoWollw(s(ry.Qu)+ W
=W = Poly st W = Qilvir.en
when A = 1. Similarly,
Us(=APy + LAT — 1257, NGy Us
= (“APLHSPT - ETY) Ingmquts A€ A
V(I = Po)In(sp@ntUs = U = Pyt A=1
The above results imply

UQPO‘N(f(Ple))LU; = P1|N(f(P0,Q1))J"

U3

U2Q0‘N(f(Po,Q1)) - Ql’N(f(Po,Qﬂ)L'
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Let U =U; @ Us. Tt acts on H = N(f(Py, Q1)) ® N(f(Py, Q1))*. We know
that U is a unitary operator which commutes with T [8, Corollary 2.7] and
satisfies (UP,U*,UQoU*) = (P1,Q1). =

The construction of U is determined by (Py, Qo) and (P, Q7). However,
U need not be continuous in (Pi, Q1) when (P, Qo) is fixed. Naturally, we
are interested in when U is continuous. Set

1 1 1— 1—
Q:{+>\+)\ A A}.

2 2 7 27 2
Obviously,
[T~ kD) =13£(P.Q)
ke

when T' € P, is in generic position with respect to A € A, which implies
that R(][,co(T — kI)) is closed if and only if f(P,Q) is invertible for any
(P,Q) € Pr . Next, we shall construct a concrete continuous local unitary
cross section for the mapping m(p ).

PROPOSITION 2.5. Suppose T € Py is in generic position with respect
to A € A, and R([[pco(T — kI)) is closed. Then the mapping 7(pq) has a
continuous local unitary cross section for any fized (P, Q) € Pr x.

Proof. Set
B={(Pi,Q1) € Pry: f(P,Q1) is invertible in H}.

It is well known that the set of invertible operators is an open subset in
B(#), and thus B is also an open subset of Pr , in the relative topology of
B(H) x B(H). Since f(P, Q) is invertible, we know (P, Q) € B, which means
that B is a neighbourhood of (P,Q). Consider the map spg) : B — Ua
defined by

(2.6) sp) (P, Q1) = S(P,Q1)S(P,Q),
where S(-,-) is defined in (2.2). We easily see that s(p ) is continuous on B.
Moreover, as seen in the proof of Theorem 2.4, we have
(m(pQ) © 5(P)) (F1, Q1) = m(pg)(s(p) (F1, Q1))
= s(p@)(P1, Q1) - (P,Q) - (s(pg)(F1,Q1))"
= (P1,Q1).

One may obtain local continuous unitary cross sections at other pairs in
Pr,x by translating this one. In other words, m(p ) has a local continuous
unitary cross section defined on a neighbourhood of any pair in Pz . =

Suppose that T' € P, is in generic position with respect to A € A and
(P,Q) € Pr. A direct computation leads to the form of operators in A



10 M. Cui

relative to (1.4):

A—1
A= { <$ y> : x,y, z commute with ¢, (z — 2)cs = 2y<62 + 21> }
y oz
In order to prove the next proposition, we need some facts. Put
Iipg) ={U €Ua: UPU* = P and UQU* = Q},

which is a Banach-Lie subgroup of U4 and the isotropy subgroup of (P, Q)
under the action of U4. By a simple computation, the Banach—Lie algebra
of I(P,Q) is

(2.7) (TIpg))1 ={X € Aay : XP = PX and XQ = QX}.
The tangent map of m(p ) at 1 is given by

5% = d(mpg)1  (TUA) (= Aum) = (TPr)pq) C B(H), x B(H),
such that
5P (X) = (XP - PX,XQ - QX),

where A,;, stands for the anti-hermitian operators of A. The tangent space
of ’PTy)\ at (P, Q) 18

(TPra) (o)

A D el )

A—1
x,y, z € Aup commute with ¢, (z — z)es = 2y <02 + 2[> }

(6 8 W)versmanns)

Clearly, for all (Y(),Y®) € (TPr,)pg) we have Y® = —xy(),

PROPOSITION 2.6. Suppose T € Py is in generic position with respect to
A€ A, and R([[cn(T — kI)) is closed. Then the set Pry is an analytic
embedded Banach submanifold, and for any fized (P, Q) € Pr x, the mapping
m(pQ) s a C submersion.

Proof. Proposition 2.5 tells us that for any fixed (P, Q) € P, the map-
ping m(p ) has a continuous local unitary cross section, which implies that
the mapping 7(pg) : Ua — Uipy) is open [5, Theorem 16.38]. Next, we
shall prove that the differential 5§P’Q) splits, i.e., N(5§P’Q)) and R((S%P’Q))
are closed complemented subspaces in A,y and B(H) x B(H) respectively,
which completes the proof by [I8] Proposition 1.5].
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Clearly, the set N(d(m(p,))1) is
(TIpgy)1 ={X € Aan : XP = PX and XQ = QX},

whose operators have the form (g 2) in the space decomposition (1.4), where
r* = —r and wc = cz. Apparently, N(d(m(pg))1) is complemented in Ayy,.

Since R([[cn(T — kI)) is closed, a continuous local unitary cross section
on a neighbourhood of (P, Q) was defined in (2.7) by

spQ)  B—Ua,  spo(P1,Q1) =S(P,Q1)S(P,Q),
where B = {(P1,Q1) € Pr : f(P,Q1) is invertible in H}, and we get
(2.8) T(PQ) © $(PQ) ° T(P.Q) = T(PQ)"
To show that R(6£P’Q)) is a closed complemented subspace in B(H) x B(H),
let us extend s(p ) to
Spq) i B—Ua,  3pg(A,D)=5(P,D)S(P,Q),
where B = {(A, D) € B(H) x B(H) : f(P, D) is invertible in #} is an open

subset containing (P, Q) and 5(p ) is C*°. A natural extension of 5§P’Q) is

defined by
3P B(H) = B(H) x BAH), P9 (X) = (XP-PX,XQ - QX).
Set 5(pg) = d(3(p,Q))(p,Q)- It is immediate that (2.8) is equivalent to
T(PQ) © 5(PQ) © T(PQ) = T(PQ)-
Differentiating it at 1, we obtain
(2.9) ggp,Q) 05 (pq) O SEP’Q) _ SEP’Q),
which shows that Sgp’Q) 0 5(p,) is an idempotent and

“«PQ) - <P,
R °5(p@)) = R(379),

hence
P, (P,
R("?) =57 (Au)

is complemented in B(H) x B(H). =

In the general case, when R(] ], (7 — kI)) is not necessarily closed, we
can use the transitive action of U4 to induce a differential structure in Pr .
Some results on quotients of unitary groups (see [6]) will be used to prove
the following:

THEOREM 2.7. Suppose that T € Py is in generic position with respect
to A € A. Then Pr is an analytic Banach homogeneous subspace in the
product B(H) x B(H), and for any fived (P,Q) € Pr ., the mapping mp )
is a C'*° submersion.
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Proof. Since the proof of Proposition 2.6 tells us that [(p ) is a Banach—
Lie subgroup of U4 by [6, Definition 4.1], it follows that U/Ip ) is an an-
alytic Banach manifold from [6] Theorem 4.19]. Invoking [6, Theorem 4.33],
we know that Pr ) is homeomorphic to Us/I(pq), and hence [6, Theorem
4.34] shows that the unital C*-subalgebra of A generated by P and @ is
finite-dimensional, which implies that m(p ) has a continuous local unitary
cross section and 7(p) is an open mapping by [5, Theorem 16.38]. Similar
to the proof of Proposition 2.6, one concludes that Pr ) is also an analytic
Banach homogeneous space in B(H) x B(H). =

From Remark 2.1 and Theorem 2.7, we get the result below.

THEOREM 2.8. Suppose T" € Py with A\ € A. Then Pr is an analytic
Banach homogeneous space in B(H) x B(H).

3. A reductive structure for Pr ) in generic position. In this sec-
tion, we still consider the case when T° € P, is in generic position with
respect to A € A. Theorem 2.8 tells us that Pz ) is a Banach homogeneous
space. Next, we consider a reductive structure of Pr ). Set

VP = (Thpg))1 = {X € A : XP = PX and XQ = QX}

= {(‘g 2) cx € B(K),;, and zc = cx}

Hl(P,Q) — {(l‘ y) € B(H): x,y,z € A commute with ¢,

Yy oz
(x —2)es = 2y(62+ )\;1I>}

:{<ya Y > eEBH):y" =—y, yo =0y andyGEB(IC)},
Yy —Yyo

where ¢ = cos ', s = sin I and

and

(3.1) o= [(cosF)2 + ] secl'csc I, ||I'|| < m/2.

It is a simple matter to verify that A, = Vl(P’Q) o H 1(P’Q) and
ad(U)(H"?) = HP?) WU € Ipg), where ad(U)(X) = UXU",

which induces a reductive structure of Pr, and hence makes Pr ) a re-

ductive homogeneous space. In this case, HI(P’Q) and Vl(P’Q) are called the
horizontal space and the vertical space at 1 respectively. Based on this, we
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shall give a connection on Pr y in order to discuss geometric characteristics.
Define a map

Z§P’Q) : (TPT,A)(P,Q) — HI(P’Q)

by
2
211, v2) = TV <Y1 + /\PYQ>
= T\K (1 - 2P)Y1,

where K(pg) = PQ + QP — 2PQP is invertible when yd € B(K). One may
find that

5\7@) o x(PQ) o 5P (x) = s1P(£P (X P 4+ PX*, XQ + QX))
— (XP+PX*, XQ + QX"
=5"9(X), VX € Aan,
which tells us that
R(ZPD 06PN = HPD and NP9 0579 = N(s179Y).
Thus the map ZfP’Q) o (5§P’Q) is an idempotent in B(A,}). So we can see

that 5£P’Q) is a linear isomorphism between H %P’Q) and (TPr\)(p,q), which
provides a way to introduce a connection.

REMARK 3.1. For every U € U 4, set the horizontal space and the vertical
space at U to be
H[(]P,Q) _ UH;P’Q) and VéP’Q) _ UVI(P’Q)
respectively. Thus (TUA)y = H, ((JP’Q) D VéP’Q). To get the parallel transport
of tangent spaces of Pr x, we need the following results. Given U € U4, the
differential map of m(p ) at U,

05V = d(rpo)u - (TUDY = (TP (pr.qu),
is given by
s P9 (X) = (XPU* + UPX*, XQU* + UQX™),
where (P1,@Q1) = (UPU*,UQU*). Moreover,
20D (TPra) prquy = HY P
is given by

2
27D M, ) = K P <Y1 + AP)@) U.

It is easily seen that N((S[(JP’Q)) = VIEP’Q), and so
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P, P,
o4 Q)|H[<JP,Q> HPY = (TPr)p )

is a linear isomorphism.

Next, we shall compute the horizontal lift differential equation of the
connection above. A [ift in U 4 of a given pair of smooth curves v = (y1,72) C
Pr . is a smooth curve I' C U4 such that

v =mpo) =PI, IQIT).

Ifl'eH ?, then I' is a horizontal lift of v. Hereafter, we shall examine when
there is a horizontal lift of (1, 72).

REMARK 3.2. Set (P1,Q1) = (UPU*,UQU*) and consider a pair of

smooth curves
V() = (), 72(t) € Pra, te[0,1],
with v(0) = (P, Q). Suppose there exists a horizontal lift I"(t) C U4 of v(¢),
ie.
(3.2) mpo) (') = (IO PLE)" T)QI(H)") = (1)

and [I'(t)] € HI(%;’?), t € [0,1]. Differentiating (3.2), we have
. P, .

(3.3) P = 2P o,
that is,

) ) _ .2,

I=3906) =K, (w + APw) r,
where we omit the variable ¢ in (3.3), and ¥ = (§1,%2). Since I" lifts 7,
(3.3) can be changed to

A

and then we know that the solutions with given initial conditions exist and
are unique.

: _ . 2.
(3.4) I'=TKpo (71 - P72> I,

Based on Remark 3.2, we are going to discuss the existence of a horizontal
lift of (y1,72). By referring to the existence of solutions of linear differential
equations |16, Theorem 31.A], the lemma below can be obtained.

LEMMA 3.3. Let v = (v1,72) be a pair of smooth curves in Pr . Then
T/\K(_pl’Q) (91 + 2P%2) € Aan.

PROPOSITION 3.4. Let v = (y1,72) be a smooth curve in Pry with
~v(0) = (P, Q). Suppose I is the unique solution of (3.4) with initial condition
I'(0) = 1. Then I' is the horizontal lift of v in U4.
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Proof. Lemma 3.3 tells us that I" lies in U4 since I is the unique solution
of (3.4). Differentiating

re. (’7) = (F*IYIF)F*’}QF%

we obtain

([ L] [Ty
= ([[*T T + I + T D, [T 3ol + T + Ty I)
= I (=Avi +91 +nA) T (= Ay + A2 + 72 A)T),

where A = TAK(_PlQ) (5/1 + %P"yg). Since v = (71,72) € Pr,, it follows that

(v, 73) = (41, 7%),
which implies that

(31, %2) = (3], 13]) = (am + 1191, 3272 + Y2¥e)-

It is easily seen that (Avy; — mA, Ayy — 72A) = (91,%2), which implies
(F* 11—17[‘*72[‘) ( )7and S0

(I (0)7(0)I7(0)], [I(0)72(0)I(0)]") = (P, Q).
Consequently, (I'PI'™*,I'QI'*) = ~y and I’ is horizontal by reversing the ar-
gument of Remark 3.2. =

The transport maps between the tangent spaces of U4 and Pr ) at dif-
ferent points, the covariant derivative etc. can be calculated by the corre-
sponding formulas, so we will not list them all here. Let the map expp ) :
{X € B(H) : X* = =X} — Pr, satisfy

exp(pg)(X) = - (P,Q) = (¢ Pe™ ", eXQe™).
In order to compute the geodesic curves in Pr y, we need the following result.

THEOREM 3.5. Suppose (P,Q) € Pr. Then the map
P7
exppg - 1X € HPY 1| X < /2
= exppg)({X € £,V | X < 7/2})
is a bijection, and exppqg)({X € HfP’Q
subset of Pr,y.

| X < 7/2}) is an open dense

Proof. Clearly, exp(p ) is a surjection, and it remains to prove that it is
injective. Suppose

X1, Xy e {Xx e HP? . |X| < n/2}
are such that expp ) (X1) = exp(pg)(X2), that is, eX1 Pe=X1 = X2 pe=X2
and eX1Qe X1 = eX2Qe X2 It is easily seen that
e X2eX1peX1eX2 = P oand e X2eX1Qe 16X = Q,
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which makes us set

0
e X2eX1 = (E)L ), uc = cu and u € U(K).
u

Since Xj has the form

(’ym yk>’ k=12,
Yk Yro

where yj, is anti-hermitian and o is defined in (3.1), it follows that

eXk = cosh(X},) + sinh(X})
— cosh <—Z/k0 Yk ) +sinh <—yk0 Yk >
Yk Yxo Yk Yo
10
= cosh(yx V' 1+ 0?) 01
1 2 4 A1
+sinh(yk1/1+02)<c + P} CcS )

24 O\ es [+
10
= cosh(zD
( k)(o 1)
1 2 A1
SO N G
)\02_1_ ()\—41)2 cSs —[C +?]
1 0
:cosDk< >
01
1 2 4 A1
/)\02 + (/\—41)2 cS —[C + T]

according to the Taylor expansion formula, where Dy = —iypv/1 + o2. From

this, we deduce
(cos Dy 0 > B <cos Dou 0 >
0 cos Dy B 0 cos Dou ’

(sinDl 0 >_<sinD2u 0 )
0 sinDy) 0 sin Dou)’

which imply that

cos D; = cosDou  and  sin Dy = sin Dou,
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and hence tan D7 = tan Dy. As seen above,
1D&]l = L+ o®)gil? = X702 = 1 X < 7/2,
so D; = Ds since tanz is strictly increasing over (—m/2,7/2), and finally
X1 = Xo.
Corollary 2.3 tells us that the map S : Pry — E is a bijection, hence we
next claim that S(R(exp(p))) is an open dense subset in £ which implies

that R(exppg)) is an open dense subset in Prx, which finishes the proof.
Let W =sgn(f(P,Q)). From a direct computation, one can obtain

(3.5) HP9 — (X e A: X*=—X and XW = -WX}.
In general, any two unitary operators W/, W satisfy ||[W' — W/|| < 2, which
means that

{WeludH): W =W, WT\ =-T\W}

= (W eUH): W* =W, WT\ = —~ToW, |[W' — W] < 2}.

Set O = (W' € UH) : (W')* = W', W'Ty = —T\W", [|[W' — W| < 2}. We
deduce that the map
(3.6) o exppo{X € HP? L |IX|| < n/2}) = O

is a bijection. Indeed, since S is bijective and exp pQ) Is injective, it follows
that ¢ = S oexppg) is injective. Conversely, for any W' e O, we know
|W'—W|| < 2, so there exists a unique X € B(H),,, satisfying XW = —WX
and || X|| < 7/2 such that W’ = eXWe=X [I7], and thus

W' =e2XW and &2X =W'W.
Based on this, we have the unique logarithm of the unitary W’'W satisfying

X = }log(W'W) combined with [|2X]|| < 7. Since W'W = —WW’, we

conclude W'WTy = ThYW'W, so W'W € A, and thus X € A. Obviously,

one can obtain X € Hl(P’Q) from (3.4), which implies ¢ is surjective. m

Naturally, we are also interested in the properties of the map exp p g) on

the closure of the set {X € Hl(P’Q) : | X|| < 7/2}. The next result concerns
this issue.

THEOREM 3.6. Suppose (P, Q) € Pr . Then the map
P,
exppg - 1X € HPY LX) < m/2) = Pra

1S surjective.
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Proof. Take any pair (P, Q) € Pr ), and consider the Halmos space de-

composition of the pair (@, %)

7—[11:R<W2+1>HR<W12+1>, Hoo:N<W2+1>ﬂN(W12+1>,

1 Wi+1 1 Wi+1
o= R(WV I an (Wt gy = N( V) (T2
2 2 2 2
where Wy = sgn(f(P1,Q1)) and W = sgn(f(P,Q)) defined in (2.2). Denote
J = sgn(Ty). Since T anti-commutes with W and Wi, we see that the

symmetry J anti-commutes with W and Wj.
Next, we assert that

J(H11) = Hoo and J(Hio) = Hor-
For any 0 # € € ’Hn, we have
W+1 Wi+1
Je=—i 5+ J§—O L Jg_fqu J§—0
hence J{”HH C Hoo and vice versa. The same happens with 7—[10 and Ho1.
Since there exists a geodesic in P(H) joining % to % [2, Theorem 3.1]
if and only if

dim H19 = dim Hoq,

it follows that there exists an anti-hermitian operator X with || X|| < /2
which is co-diagonal with respect to W such that eXWe™X = W;, and X
may not be unique if Hi¢ is non-zero-dimensional.

We shall prove X € A, which forces X € HfP’Q) from (3.6). Set
Hi =Hi1 ® Hoo, Ho=Hio® Hor, Ho=HOS[Hi®Hs
It is easily seen that J, T}, and such X are reduced by the spaces H1, Ho, Ho,
which implies that W and W; are reduced by the spaces Hi, Ho, Ho. From
[2, Remark 2.2|, we can choose
0 0 0
X=(0 ZJ, 0 ., where S =sgn(F{W + Wi}ly,).
0 0  logtWlh)

Moreover, we obtain STy = —T»S, which combined with (W + W7)T) =
—T\(W + Wj) implies SWT)\‘HO = T)\|HOSW, thus X € A. u

4. Hopf-Rinow theorem for Pr ). For a C*-algebra A and a C*-
subalgebra B C A, consider the quotient map

UL — Ug/Ug,

and for any tangent vector Y € T'(Ua/UgB)1, which identifies with Aap/Ban,
there exists some X € A,y such that Y = (T'7);(X). Duran, Mata-Lorenzo
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and Recht [II] defined the Finsler norm of Y by
(4.1) Y| = inf {[|X]| : X € Aap and YV = (T'm)1(X)},
which is equivalent to

Y|y = inf {|Xo+ Dl : D € Ban},

where Xy is an arbitrary element satisfying Y = (7'7)1(Xo). Generally, the
element achieving the lower bound above may not exist [7] in A}, and may
not be unique [4]. However, such a minimal element exists when B and A
are both von Neumann algebras [I1]. Since A is a von Neumann algebra, we
will consider this theory on Pr y.

THEOREM 4.1. Suppose T' € Py is in generic position with respect to
A€ A If (P,Q) € Pry and Y € (TPry)(pa), then there exists X € H{™?)
such that

1(t) = (X Pe~tX etX QetX)
is a minimal geodesic for the Finsler metric (4.1), in the time interval
0 T
21+ o))
where o is defined in (3.1).

Proof. Remark 3.1 tells us that the map EiP’Q) is an isomorphism be-
tween (TPr\)(p,q) and H 1(P’Q), which implies that there exists X € H fP’Q)
such that X = E%P’Q)(Y) for any Y € (T"Pr.))(p,q)- Recall that every X in

y yc ’

where y* = —y. Since X is anti-hermitian, we have

2 2 2
X2:<y0 y) :<y(1+0) , 0 2>§0,
Yy —yo 0 y* (14 07)

which gives

has the form

y(1+0%) <0 and [IX|* = [ly*(1+0?)].
From [I3] Proposition 4.3.3], one infers that there exists a state ¢ in B(K)
such that
$(y*(1+0%) = —ly* (1 +0?)]|.
Let
v:B(K) x B(K)— B(K)
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be a positive unital linear map satisfying

A A12>) 1
@ = —(A11 + Ag).
(<A21 Ag 2

It is easily seen that p = ¢ o ¢ is a state in B(#H) such that
p(X?) = (9o p)(X?) = oy (1 +07)) = —[ly* (1 + o).

Moreover, an easy computation shows that

! /
yom ym
cp(Xm)zgo(( , /)>:0
ym' —yom
for m* = —m and m = (’”’0" ,). Then

p(Xm) = (¢ 0 p)(Xm) = $(0) = 0.
From [11} Proposition 5.2] and [4, Theorem 2.2|, we have || X|| = |Y[;;, which
implies that
’y(t) _ (etXpe—tX7 etXQe_tX)

is a minimal geodesic with
T T T

]t|§ = =
2Vl 20Xyl 2ly?+ (yo)?|/?

in view of [11, Theorem II|. m

COROLLARY 4.2. Suppose T € Py is in generic position with respect to
A€ A If (Py,Qo), (P,Q) € Pry are such that

W —Woll <2, where W =sgn(f(P,Q)), Wo = sgn(f(Fo, Qo)),

then there exists a unique X € HfPO’QO) with || X || < 7/2 such that the curve

(1) = (X Pyet™, X Qe )
is a minimal geodesic in Pr  joining (Py, Qo) and (P, Q).
Proof. Since [|[W — Wy|| < 2, it follows that there exists a unique X €
HfPO’QO) with || X|| < 7/2 such that
eXW()e*X =W
from (3.6). According to Theorem 4.1, y(t) = (e!X Pye ¥, e X Qpe X)) is a
minimal geodesic joining (Py, Qo) and (P, Q). =

Using Theorem 3.6, one can show that any two pairs of elements in Pp y
can be joined by a minimal geodesic when we drop the uniqueness condition
in Corollary 4.2.

THEOREM 4.3. Suppose T € Py is in generic position with respect to
A e A If (P,Q), (Po,Qo) € Pry, then there exists a minimal geodesic of
Pr o of length < /2 joining (P, Q) and (FPy, Qo).
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Proof. Theorems 3.6 and 4.1 tell us that there exists a geodesic v, para-
metrized in [0, 1], joining (P, Q) and (P, Qp), and the norm of the exponent
X which is equal to the length of the geodesic + is less than or equal to 7/2.

Next we shall prove that 7 is minimal. Obviously, we only need to consider
the minimality of the case of l(y) = m/2 in view of Corollary 4.2. Assume
that there exists a curve 79 € Pr )\ that starts at (Py, Qo) and ends at (P, Q)
with [(79) = m/2 — ¢ for some € > 0. Then there exists ¢y € (0,1) such that
[(7]ito,1]) = (1—to)m/2, which leads to a curve joining (P, Q) and (to) whose
length is strictly less than ¢y /2 obtained by adjoining to -y the curve ’Y’[to,l]
reversed. This contradicts the curve (g 4, having minimal length ¢o7 /2 from
Corollary 4.2. =

REMARK 4.4. For X € Hl(P’Q), we know
X — (—ya y >
Y yo
where x,y, z commute with ¢ and (z — z)cs = 2y (02 + %I) It is immediate
that y(cs)~! is bounded and

(x—z)2c282:4y2[ (/\—10+( )]
:4y2[cz 2 4 ( )]

(5 e (5

where (u) +92%is bounded It is easy to see that [)\02 + (%) ]y%‘z —2

is bounded, thus y?c~2s72 is bounded because \c? + (%)2 is bounded, and
hence also yc~'s™! is bounded. Moreover,

2 — 2
c+ 55
ol = 20?212 = | (14 S22 ) 7

that is,

1/2

C

_ A4+ (A =1+ 7()‘;1)2 2 1/2

c2s?
B

Therefore, if ||z|]] < /2, the distance between (Py, Qo) and e® - (Py, Qo)
VA +(25)?
cs yH

e+ (’\51

equals )
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The Hopf-Rinow theorem in Pr ) in generic position has been discussed
above, we now consider the general case. From Corollary 4.2 and (2.4), one
can obtain the following result.

COROLLARY 4.5. Suppose T € Py and (Py,Qo),(P1,Q1) € Prx with
Ae A

(1) If |W — Wy|| < 2 when X\ =1, then there exists a unique X € H]EPO’QO)
with | X|| < 7/2 such that the curve

’y(t) — (etXP()e_tX, etXQoe—tX)
is a minimal geodesic in Py joining (Po, Qo) and (P, Q).

2) If
W —Wol| <2 and dim N(T — ) = dim N(T — I)

when \ € Ay, then there exists X € Hl(PO’QO) with || X|| < 7/2 such that
the curve
'y(t) — (etXP()e*tX, etXQOeftX)

is a minimal geodesic in Pr y joining (Po, Qo) and (P,Q), where
W =sgn(f(P,Q)) and Wy =sgn(f(Py,Qo))-
Proof. (1) The equalities (2.4) yield
P=1®00E; &Py, Qi=1®006(—-E)®Qu,, i=0,1.
If |W —Wy|| <2 when A =1, we have
[(1—2E1) — (1 -2E)|| <2 and |[Wilp, — Wolne|| < 2,
which implies that there exist X € HI(PO’QO) with || X|| < 7/2 such that

Y(t) = (e Poe X, e Qpe~tY) is a unique minimal geodesic in Pz joining
(Py, Qo) and (P1,Q1) in view of Theorem 3.6 and [I7], where

X=0P0® 1D 22
with x1 € Hl(PO’QO)kHw@HOl) and x9 € HfPO’QO)b.[O with HZElH < 71'/2.
(2) From equalities (2.4), we know that
RZl@O@l@O@PUZ, QZZI@O@O@l@QUﬂ 1=0,1.

Since dim N(T'—AI) = dim N(T'—1I) and ||[W —Wp|| < 2 when X € Ay, it fol-
lows that there exists X € HfP’Q) such that v(t) = (e Pye™X, e!X Qoe )
is a minimal geodesic in Pr 5 joining (P, Qo) and (P, Q1) in view of Theo-
rem 3.6 and [I7], where

0
X:O@O@( xl)@xg,
T 0

where 21 € B(N(T—1I), N(T—=I))ap and 5 € HIP90 |, with [|a]| < 7/2.
Moreover, 1 can be chosen arbitrarily. =
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Combining Theorem 4.3 and (2.4), we have

THEOREM 4.6. Suppose T' € Py and (P, Qo), (P, Q) € Prx with A € A.
Then there exists a minimal geodesic of Pr x of length < /2 joining (P, Q)
and (Py, Qo) if and only if

dim[R(P|n(r-1)) N N(Po|ner—n)];
= dim[N(P|nr-pn) N R(Poln-n)l, A=1,
dimN(T — \I) = dimN(T — I), A€ A,
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