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DEPENDENT DEFAULTS AND CREDIT MIGRATIONS

Abstract. The paper deals with the modelling of mutually dependent
default times of several credit names through the intensity-based approach.
We extend to the case of multiple ratings some previous results due to
Schmidt (1998), Kusuoka (1999) and Jarrow and Yu (2001). The issue of
the arbitrage valuation of simple basket credit derivatives is also briefly ex-
amined. We argue that our approach leads, in some cases, to a significant
reduction of the dimensionality of the valuation problem at hand.

1. DEPENDENT INTENSITIES OF DEFAULT TIMES

In the case of mutually dependent defaults, it is natural to assume that
the default probability of a certain entity increases as soon as a related firm
defaults on its obligations. Within the so-called reduced-form approach to
the modelling of credit risk, this kind of dependence is reflected in the jump
of the default intensity of a given firm at the default time of another entity.
This specific method of modelling mutually dependent default times was ex-
amined by, among others, Schmidt (1998), Kusuoka (1999), Jeanblanc and
Rutkowski (2000, 2001), Kijima and Muromachi (2000), Schénbucher and
Schubert (2000), and Jarrow and Yu (2001). We present a few results which
generalize the valuation formulae for corporate bonds obtained in the recent
paper by Jarrow and Yu (2001). We focus on the modelling of mutually de-
pendent default times and credit migrations of several credit names through
the intensity-based approach. Although most of the results presented remain
valid for a finite number of reference entities, for the sake of expositional
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clarity, we shall first concentrate on the special case of two reference entities.
Subsequently, we shall present results concerning the general set-up, that is,
the case of several entities and multiple ratings.

We shall argue that for some contracts the calculations can be reduced
to the familiar results concerning the case of conditionally independent ran-
dom times through a judicious choice of an equivalent probability measure.
Finally, it should be stressed that in our approach the migration process can
also be seen as a standard Markov chain (or a conditional Markov chain).
However, for large pools of obligors the dimension of the state space of
the corresponding joint migration process is excessively large. Thus, direct
application of standard tools from the theory of Markov chains becomes
problematic, as it is computationally infeasible.

1.1. Jarrow and Yu (2001) approach. Kusuoka’s (1999) counter-
example, examined in some detail in Jeanblanc and Rutkowski (2000), shows
that the modelling dependencies in default-risk sensitive basket contracts
constitute a rather delicate issue. Jarrow and Yu (2001) argue that some
difficulties can be circumvented through a judicious choice of reference fil-
trations. To explain the ideas that underpin their approach, we start by
assuming that there are n firms in the economy; they are also informally
referred to as “counterparties” in what follows. Jarrow and Yu (2001) pro-
pose to make a distinction between the primary firms and secondary firms.
The former class encompasses those entities whose probabilities of default
are influenced by macroeconomic conditions, but not by the credit risk of
counterparties. The pricing of bonds issued by primary firms can be done
through the standard intensity-based methodology; in particular, it is nat-
ural to introduce in this context the state-variables process Y, representing
the macroeconomic factors. Thus, it suffices to focus on securities issued by
secondary firms, i.e., firms for which the intensity of default depends on the
status of other firms.

To circumvent the issue of the mutual dependence of martingale intensi-
ties, Jarrow and Yu (2001) postulate that the information structure is asym-
metric. Specifically, in their assessment of default probabilities investors take
into account the observed defaults of primary firms, but they deliberately
choose to disregard possible defaults of secondary firms. Such an assumption
is supported by real-life financial arguments of two kinds.

First, a secondary firm may be seen as a financial institution that has
a long or a short position in the debt of a primary firm (e.g., a large cor-
poration), so that the likelihood of its default depends on the status of this
corporation. It is natural to assume that the situation is not symmetric, and
the default probability of a primary firm depends only on macroeconomic
factors.
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In the second plausible financial interpretation, a primary firm may be
seen as a large corporation, and a secondary firm as one of many relatively
small dependent manufacturers. For instance, a large firm can be a major
supplier for several small manufacturers, or there may be a lot of small
suppliers for a large corporation.

The following set of assumptions underpins Jarrow and Yu (2001) ap-
proach.

AssumpTIONS (JY). Let Z = {1,...,n} represent the set of all firms,
and let F = (Fi)i>0 be the reference filtration generated by the relevant
“macroeconomic factors”. It is postulated that:

e for any firm from the set {1,...,p} of primary firms, the “default
intensity” depends only on the reference filtration IF,

e the “default intensity” of each firm from the set {p + 1,...,n} of
secondary firms may depend not only on the filtration F, but also on the
status (default or no-default) of the primary firms.

The construction of the collection of default times 7q,..., 7, with the
desired properties runs as follows. In the first step, we assume that we are
given a family of F-predictable intensity processes !, ..., AP, and we produce
a collection 71, ..., 7, of F-conditionally independent random times by the
canonical method (see, e.g., Section 9.1.2 of Bielecki and Rutkowski (2002)).
Specifically, we set

t
(1.1) n:inf{teRJr :S/\ZduZm},

0
where 7;, ¢ = 1,...,p, are mutually independent, identically distributed
random variables with unit exponential law under the martingale probabil-
ity Q*.

In the second step, we assume that the underlying probability space
(£2,G,Q%) is large enough to accommodate a family n;, i = p+ 1,...,n,
of mutually independent random variables, with unit exponential law un-
der Q*, and such that these random variables are independent not only of

the filtration I, but also of the default times 71,...,7, of primary firms,
already constructed in the previous step.

The default times 7;,7 = p+1,...,n, are also defined by means of equal-
ity (1.1). However, the “intensity processes” A\’, i = p + 1,...,n, are now

given by the following generic expression:

p
. . 9
(1.2) A= pp Y v s,
=1

where p¢ and v are F-predictable stochastic processes. If the default of the
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jth primary firm does not affect the likelihood of default of the ith secondary
firm, we set %/ =0 in (1.2).

We introduce the jump process H} = 1i7,<sy for t € Ry, and we write
H' = (H})i>0 to denote the natural filtration of the process H'. Let G =
FVH!V...VH" stand for the enlarged filtration, that is, the smallest filtration
encompassing the filtrations H!, ..., H" and F. This means that G = (G;);>o0,
where G; = o(F;, H}, ..., H?). Similarly, let F = FVvHP v ...V H" be the
filtration generated by the “macroeconomic factors” and the observations of
default times of secondary firms.

It is worthwhile to mention that:

e the default times 71,...,7, of primary firms, as given by (1.1), are no
longer conditionally independent when we replace the reference filtration F
by the larger filtration IEN?,

e for each primary firm, its default intensity with respect to the filtration
F differs from the corresponding default intensity A\* with respect to F, in
general.

The last observation indicates that the processes A!, ..., \? do not repre-
sent the conditional probabilities of survival, unless we disregard the infor-
mation flow generated by default processes of secondary firms. Put another
way, a one-way dependence in default intensities is not possible. If the in-
tensity of default of firm A jumps at the time of default of firm B, a similar
effect will show up in the default intensity of firm B at the time of default
of firm A. Of course, the concept of default intensity heavily depends on the
choice of filtration.

1.1.1. Case of two firms. To clarify the last statement, we shall examine
in detail a special case of the Jarrow and Yu model. We consider only two
firms, A and B say, and we postulate that the first one represents a primary
firm, while the second is a secondary firm. Let the F-predictable process A!
represent the F-intensity of default for firm A. The default time 7 is given
by the standard formula

t
leinf{tERJr:S)\iduZm},
0

where 7; is a random variable, independent of the filtration [F, and exponen-
tially distributed under the martingale probability Q*. For the second firm,
the “intensity” of default A? is assumed to satisfy

2,1
)‘1% = M% +vy II‘{TlSt}?

where ;2 and v*! are positive, F-predictable processes. We set
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t
Ty = inf{t ceRy: S)\idu > 772},
0
where 72 is a random variable with the unit exponential law under Q*, inde-
pendent of F, and such that n; and 72 are mutually independent under Q*.
From the construction above, it is apparent that the following properties
are valid:

e the process A\ represents the intensity of 7, with respect to the filtra-
tion I,

e the process A\? represents the intensity of 75 with respect to the filtration
FvH,

e the process A\' does not represent the intensity of 7; with respect to
the filtration F v H? (see, e.g., Kusuoka (1999)).

We shall now apply the present set-up to the valuation of corporate
bonds. To this end, we assume that we have already specified some arbitrage-
free model of the default-free term structure. In particular, we are given a
filtered probability space (2, F,P*), where P* is the spot martingale measure
for the Treasury bonds market. As usual, we denote by B(t,T") the price at
time t of a unit zero-coupon Treasury bond which matures at time T" > t.

To obtain closed-form representations for the values of corporate bonds,
in addition, we postulate that A} = A1 for some strictly positive constant
A1, and A2 equals A} = A\ + (ag — AQ)]l{Tlgt} for some strictly positive
constants Ay and as. Notice that the size of the jump of the process \? at
the random time 71 may be either positive or negative, depending on the
specific financial interpretation.

To construct the default times 71 and 7o, we enlarge the probability
space in a standard way, so that we end up with the enlarged probability
space (£2,G,Q*), and with two mutually independent, exponentially dis-
tributed random variables 71,72 that are also independent of the filtration
F under Q*. As usual, we shall write G; = F; V H} V H? for every t € R

For any date T' > 0, we shall also introduce the forward martingale
measure Qp associated with Q*. To this end, recall that under the spot
martingale measure P* (and thus also under Q*) the dynamics of the price
process B(t,T) is

dB(t,T) = B(t, T)(r¢ dt + b(t, T) dW}),

where the volatility b(-,T") is an F-progressively measurable stochastic pro-
cess, and W* is a standard Brownian motion with respect to F under P*
(W* is also a standard Brownian motion with respect to both F and G
under Q*). The probability measure Qr is given on (§2,Gr) through the
Radon—Nikodym density
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dQ T 17
Z = exp (S b(u, T)dW,, — = S b2 (u, T) du), Q*-a.s.
dQ* |g.. 5 2 5

In view of the assumed independence, it is clear that the random variables
11, 12 have identical probabilistic properties under the spot martingale mea-
sure Q* and under the associated forward martingale measure Q7. For the
sake of concreteness, we shall assume that the bonds issued by the firms A
and B are subject to the fractional recovery of Treasury value scheme with
constant recovery rates §; and d9, respectively. For other types of recovery
schemes, the foregoing results need to be modified in a suitable way.

Let us first report the results obtained by Jarrow and Yu (2001). They
show that at any date ¢ < T the bond issued by the primary firm has the
following value:

(1.3) Di(t,T) = B(t,T)(61 + (1 — d1)e T 1 ).

This valuation formula is rather obvious when it is postulated that
Dy(t,T) = B(t,T)Eqy(Lr>1) + 01lin<ry | Fo V HY),

that is, when the status of the secondary firm is not observed. It is notewor-

thy that the right-hand side of (1.3) also yields the correct value for D1 (¢, T)
if it is defined through the standard formula

Dl(ta T) = B(t7 T)EQT (1{T1>T} + 511{7'1§T} | gt)

which takes into account the full information about macroeconomic factors
and the status of both firms. The intuitive difference between the last two
expressions is clear: the former assumes a priori that the occurrence of de-
fault of the secondary firm is not relevant to the valuation of a bond issued
by the primary firm, while the latter relies on the complete information
available at time ¢.

The calculation of the value of the bond issued by the secondary firm is
more involved. We adopt here the usual formula based on full information—
that is, we set

Dg(t, T) = B(t7 T)EQT (1{T2>T} + 521{7'2§T} | gt)
Let us introduce some useful notation. For A1 + Ag — s # 0, we write

1
M A

CAr o,z (1) (AMe 2" + (Ao — a2)6—(>\1+>\2)u).

Otherwise, we set
Cop g (1) = (1 + Aju)e”MitA2)u,

The following proposition is borrowed from Jarrow and Yu (2001). Later,
we are going to establish a general result that covers the Jarrow and Yu
result as a special case.
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PROPOSITION 1.1. The value of a zero-coupon bond issued by the sec-
ondary firm equals, on the event {1 > t}, that is, prior to default of the
primary firm,

Da(t,T) = B(t,T)(d2 + (1 = 2)exn Agsar (T = 1) Lgr,501),
and on the set {1 < t}, that is, after default of the primary firm,
D2(t7 T) = B(tv T)((SQ + (1 - 62)€_a2(T_t)]]-{Tg>t})'

Assume for simplicity that do = 0, i.e., the bond issued by the secondary
firm is subject to the zero recovery rule. Then for every ¢ < T Proposition 1.1
yields (we set hereafter A = A1 + A2)

1 _ _ \(T—
DQ(t,T) = ]]'{T1>t,7'2>t} )\_4042 ()\16 0¢2(T t) + ()\2 _ 042)6 A(T t))

+ ]]-{71§t<7'2} e_OQ(T_t)'

1.2. Extension of Jarrow and Yu (2001) results. We shall now
argue that the assumption that some entities represent “primary firms”,
while others are “secondary firms”, is actually irrelevant, and thus it can
be relaxed. For the sake of expositional simplicity, we maintain here the
assumption that n = 2, i.e., we consider the case of two firms, and we place
ourselves in Kusuoka’s (1999) set-up with 7% = oo (see also Schmidt (1998)).
For a detailed exposition of this framework, we refer to Section 7.3 of Bielecki
and Rutkowski (2002). Let us only mention here that the compensated jump
processes, for ¢ € [0, T],

tATL tAT]
H} - S Nldy = H — S (MLirsuy + a1ln,<uy) du
0 0
and tAT2 tAT2
HE — | NPdu=H? — | Molipsu + 0ol <) du
0 0

are martingales under Q* with respect to the joint filtration G = FVH! vH?.
For definiteness and simplicity, the parameters A1, A2, a1 and a are assumed
to be strictly positive constants, so that the reference filtration I plays no
important role in the foregoing calculations. We may thus assume that it is
trivial. Let us recall that the process A*! (A*2, resp.) is referred to as the
martingale intensity of T (72, resp.) with respect to the filtration F v H?
(F v H!, resp.)

An alternative (more direct) construction of random times with required
properties is given in Shaked and Shanthikumar (1987), also in the case of
more than two random times. It is thus worth stressing that the considera-
tions below remain valid in the extended Jarrow and Yu (2001) framework
for any n > 2.
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1.2.1. Case of zero recovery. To start with, we postulate that both
corporate bonds we are going to analyze are subject to the zero-recovery
scheme, and the interest rate r is constant, so that B(t,T") = e~ T for
every t < T. Due to the last assumption we have Qr = Q* and we may
take the trivial filtration as the reference filtration F. Since the situation is
symmetric, it suffices to analyze one bond only, for instance, a bond issued
by the first firm. By definition, the price of this bond equals

Di(t,T) = B(t,T)Q*(r1 > T|Gt) = B(t, T)Q* (11 > T | H} V H}).
For the sake of comparison, we shall also evaluate the random variable
Di(t,T) := B(t, T)Q*(r > T|H3),

which models the price of the bond given the observations of the default of
the second firm (but not of the first firm), and the random variable

Di(t,T) = B(t, T)Q* (1 > T | Hy),

which represents the value of the bond based on the observations of the
default of the first firm only. To make the formulae slightly shorter, we shall
assume in the next result that » = 0, so that B(¢,7) = 1 for every ¢ € [0, T].
Recall that we have set A = A1 + Ao

PROPOSITION 1.2. The price D1(t,T) equals

3 1a ()\zefal(Tft) + (N — a1)67’\(T7t))
— o

a1 (T—t) .

Dy (tv T) = ]]'{7'1>t,T2>t}

+ 1{T2St<7‘1} e
The processes Dy (t,T) and ﬁl(t,T) satisfy
~ A—ag (M —aq e MT=t) + )\2670[1(T7t)
Dy(t,T) = 1{7’2>t} — ( )()\704 )
A—oq e 2t + Ao — ag
+1 (A — ag)Age— (™)
{m2<t} )\10[26()‘_062)72 + )\()\2 — Oég) ;
~ )\QeialT + (/\1 — al)e*AT
Di(t, T)=1 .
1(ta ) {7’1>t} )\Qe_alt + (Al - al)e_)\t

Proof. For the detailed calculations of conditional expectations, we refer
to Section 7.3 of Bielecki and Rutkowski (2002). =

1.2.2. Case of non-zero recovery rates. The valuation results in the case
of non-zero recovery are not much different from the special case of the zero
recovery scheme. Indeed, the payoff D;(T,T') at maturity can be represented
as follows:

Di(T,T) = 1(r>7y + 0il(rcry = 6i + (1 — 6i) 1757y
and thus
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Di(t,T) = B(t,T)(8; + (1 — 6;)Q*{m; > T | H} vV H?}).

Explicit formulae for D;(t,T), as well as for D;(t, T) and D;(t,T), can thus
be obtained directly from Proposition 1.2. It is easy to see that the ex-
pressions for Di(t,T) and Dy(t,T") will coincide, up to a suitable change of
notation, with the formula of Proposition 1.1. Moreover, when A1 = o, we
obtain (cf. formula (1.3))

Di(t,T) = B(t,T)(6; + (1 — d1)e T D1 ),
while for Ay = as we get
Dg(t, T) = B(t, T)(52 + (1 — 52)67)\2(T7t)]].{72>t}).

1.2.3. Interpretation of martingale intensities. We shall provide an in-
tuitive probabilistic interpretation for the martingale intensities

M =M1y + ol A = Aol + o2l <

Recall that the construction of default times given in Kusuoka (1999) relies
on an equivalent change of a probability measure. A different, but essen-
tially equivalent, construction of 71 and 7 runs as follows: we take two
independent, identically distributed random variables 7;, ¢ = 1, 2, with unit
exponential law under Q*, and we set (see Shaked and Shanthikumar (1987))

= {/\1_1?71 it A7 < A e,
AT+ o (= A Tne) i AT > A e,
T = {/\2_1772 if Ay lne < A7
Al_lnl + 042_1(172 — )\2)\1_1771) if )\2_17]2 > )\1_1771.

The following result shows that the jump of the martingale intensity has
the desired financial interpretation. For the proof of Proposition 1.3, the
interested reader may consult Shaked and Shanthikumar (1987).

PROPOSITION 1.3. Fori=1,2, j # i and every t € Ry we have

/\i:%%h*@*(t<n <t4h|m >t m>t),

i zlg%h*@*(t<n <t+h|m>t 1 <t).

2. DEPENDENT INTENSITIES OF CREDIT MIGRATIONS

For notational simplicity, we continue considering two firms only. In this
section, we shall examine the situation where the current financial standing
of the ith firm (of course, i = 1,2) is reflected through an appropriate
credit ranking, whose generic value, denoted by k;, belongs to a finite set
Ki={1,...,K;} of credit grades, where K; > 2 for i = 1, 2.
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REMARKS. In the previous section, we have examined a special case of
the present setting with K1 = Ko = 2. That is, we have assumed that the
financial standing of each of the two firms could be classified into one of the
two categories: pre-default (k; = 1) and default (k; = 2).

As observed in practice, the credit ranking of a corporation varies over
time. We refer to this possibility as the credit migrations. Our goal is to
model the credit migrations of the ¢th firm in terms of a certain stochastic
process, denoted by C?, taking values in a finite state space C;. The process
C" is called the credit migration process (or simply the migration process).
We fix the initial credit ranking of each firm, that is, we set C’g = const or
1 = 1,2, and we assume that at each future date ¢ > 0 the credit rankings

i i =1,2, can be observed exactly. The issues related to the modelling of
credit migrations are examined in detail in Chapters 12 and 13 of Bielecki
and Rutkowski (2002).

2.1. Basic assumptions. For simplicity, we shall first assume that the
reference filtration F is trivial.‘Let F* = F¢, i = 1,2, denote the nat-
ural filtration of the process C*. We assume that each filtration F* satis-
fies the so-called “usual conditions”, and we define G = F! v F? so that
G =F}VvF;=0(F}, F#). We shall conduct our study under specific
Markovian assumptions under the real-world probability Q and the mar-
tingale measure Q* (1).

e ASSUMPTION (M). Standard G-Markov condition for the process C' =
(C',C?) under Q*: for any t < s and k; € K,

(24) QY (C; =k, CF = k2| Gy) = Q*(C; = kn, CF = k2| 0(CY, C})).

e ASSUMPTION (CM). FI-conditional G-Markov condition for the pro-

cess C*, i =1,2, j # i, under Q*: for any ¢ < s and k; € K;,
Q" (Ci=ki|Gr) = Q(C; = kil o (CH V 7).

REMARKS. (i) Observe that condition (2.4) obviously implies the follow-
ing equality:

Q*(C; = ki |Gr) = Q*(Cs = ki|o(C}, C})).

(ii) In the present context, the standard G-Markov property of the pro-
cess O would read:

Q*(C: = ki | G) = Q*(CL = ki | o (CF)).
The latter condition is manifestly not interesting for us, as it essentially says
that there is no dependence between the credit migrations of the two firms.

(*) We refer to Section 11.3 of Bielecki and Rutkowski (2002) for detailed defini-
tions and a discussion of the preservation of the conditional Markov assumption under an
equivalent change of a probability measure.
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In the general case of a non-trivial reference filtration F we define G =
FVF!VvF? and we assume that F is some filtration such that F C F C G. We
adopt the following generic definition of the conditional Markov property.

DEFINITION 2.1. We say that a process C? is an F-conditional G-Markov
chain under Q* if for any ¢ < s and k; € K; we have

Q"(C5 = kil G) = Q*(Cs = ki | a(C) v F).
Set G7 = E\/Fj . Then for i = 1,2 and j # i the G/-conditional G-Markov
property of C* under Q* reads

Q*(CL=ki|Gr) = Q" (CL = ki | o(C})V G]) = Q*(CL = ki | o (CH) Vv Fo v F)).

2.2. Case of two firms and two rating grades. Our next goal is
to examine from the Markovian perspective Kusuoka’s set-up introduced in
Section 1.2. In other words, we relax the assumption that one of the two
firms is primary and the other secondary. We shall first deal with the case of
only two rating grades and assume that the reference filtration F is trivial.
Subsequently, in Section 2.3, we shall present results covering the general
case—that is, the case of several rating grades and a non-trivial reference
filtration.

Since the detailed construction of the model will be given in Section 2.3,
we shall concentrate in this section on the derivation of relevant formulae
under the equivalent probability measure Q*. More specifically, we assume
from the outset that we are given two random times, 7y and 7o, such that
the (H/, H! v H?)-martingale intensity of 7; under the probability measure
Q* equals

N =N = H) 4 ai ] = Mo + aill g <p

for i,j5 = 1,2, i # j. This means that for each ¢ = 1,2 the compensated

jump process
t

My =H] -\ X1 - H)) du
0
is a martingale under Q* with respect to the joint filtration G = H' v H?2.
We associate with the random times 7 and 7 two migration processes
C' and C? defined as C} = 1 + H}. It is possible to check that for each
i, =1,2,i # j, the process C" is an F/-conditional Markov chain. Moreover,
its conditional infinitesimal generator matrix process equals

t 0 0 /-

From now on, we shall focus on the process C! (the calculations below are
also valid for C?, after obvious modifications of notation). We intend to



132 T. R. Bielecki and M. Rutkowski

evaluate the probability
Q*(r1 > s|a(C) v F) = Q°(Cs = 1]a(Cy) vV FY)
for 0 < t < s. Due to the F?-conditional Markov property of C' under Q*,
we have
Q(Cy =1|o(CVF) =Q(Cs = 1| F VF) = Q' (11 > s|H; VH).

The above probability is manifestly equal to 0 on the event {C} = 2} =
{7 < t}. We thus only need to compute it on the event {C} = 1} = {7 > t}.

Let us recall that H} = <ty = Lycizay- In order to carry out the
calculations, we shall introduce a new probability measure Q. First, we define
two auxiliary processes k! and x? by setting

/@%zHE_(i—i—l), mf:Htl_(i‘—j—Q,

and we introduce processes &%, i = 1,2, by
K |
1+ li};'
Next, we define a strictly positive process 77 that solves the following SDE:

&=~

2
=1+ | & dm
i=110,t]

We fix T' > 0, and we define on ({2, G) a probability measure QQ equivalent
to Q* by setting

d -
d(gi‘ =nr, Qas.
Notice that
d *
d% =nr, Q_a"s'a
where the process n := 77! satisfies

2
=1+ | nurldM,
i=1 0,4

and where in turn for each i = 1,2 the process M? is given by

t t
Mtl = Mt*z + S Aiﬁzl{cazﬂ du = ]l{Ctz‘:Q} — S)\i]l{cﬁzl} du.
0 0

Notice that M? is a martingale under Q with respect to the filtration F?, as
well as with respect to the filtration G. For future reference, it is useful to
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note that n, = ntlntz, where the processes ', i = 1,2, satisfy

10,¢]
or, more explicitly,

77'51 = 1{71372} + ]l{rz<t§n}e_(al_>\l)(t_TQ)

—(a1=A1)(T1—72)

o
+ Il{T2<t<7'1} )\_1 e + 1{t§7'2<7'1}7

77t2 = 1{T2S’Tl} + ]]'{Tl<t§7’2}6_(a2_)\2)(t_7—1)

Q2 —(ag—X2)(r2—71)

+ L <i<n) € + L<r <m)-

Also, we have 77 = 1'%, where 7 = (n%) L.

At this point, we observe that the probability measures Q* and Q corre-
spond to the probability measures P* and IP studied in Section 7.3 of Bielecki
and Rutkowski (2002). In particular, from Proposition 7.3.1 of Bielecki and
Rutkowski (2002) it follows that

* _ (S yx1 u
(2.5) Loy Q*(Cy =1|0(CH V FP) # Uiy Ege (e X | 7).

There is an important representation for the probability Q*(C! = 1|
o(C}H) v F?), which we shall provide now. For this, we need to consider
another equivalent probability measure on (£2,G). Thus, we define on (£2,G)
a probability measure Q' by

aQt

10" =np, QF-as.,
or, equivalently, by

dQ!

Q- nr,  Qas.

The probability measure Q! corresponds to the probability measure P} given
by formula (7.21) of Bielecki and Rutkowski (2002). Making use of Proposi-
tion 7.3.1 of Bielecki and Rutkowski (2002), we conclude that the following
result is valid.

LEMMA 2.1. For any s > t we have
(2.6) Q*(Cl=1[G)= IL{C,}:l}E@l(e_Sf Nidu | 72,
* _ (8 1 w
(27) Q(Cy =2|G1) = Ly ooy + Loy oy Bon (1 — e WX | 7).

We shall now provide an alternative method of deriving equality (2.6),
which will prove useful in what follows. First, we define two matrix-valued
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processes by means of the following (random) ODEs:
dP(t) = Pl(t) A}t dt, P1(0) = Idy,
Q) = —A7'Q'(t) dt,  Q(0) = ds.
Observe that P1(t)Q!(t) = Q'(#)PL(t) = Idy for ¢t > 0. In fact, it is fairly

obvious that . .
— e du 1— — o Artdu
e do e o
Pl(t) — ( 9

0 1
AR TR T v A
1 (& e
t) = .

Next, we fix s < T and we define another two matrix-valued processes, for
t €10, s], by

Y(t) =Eq(P'(s)|F), U®) =HHQ(),

(1-H{) H ) <]1{01=1} Lici=2) )
H t = = t t X
®) <(1 - H}) H} Licizyy Lycr=oy

where

LEMMA 2.2. The process U is a G-martingale under Q* and the process
U* = 1%U is a G-martingale under Q'.

Proof. For the first statement, it is enough to check that U11(¢), t € [0, s],
is a G-martingale under Q*, and this holds because

t *
AU (t) = —ebo X du (gl — Xitd(t A m)) = —QL, () dMY,

where Q1 (¢) is the indicated element of the matrix Q!(¢). The second claim
follows from the fact that dQ* = n dQ!. =

We shall now check that the process Y is a G-martingale under Q! as
well. First, we note that this process is an F?-martingale under Q'. Next,
we demonstrate the following result, which shows that the hypothesis (M.1)
of Bielecki and Rutkowski (2002) is satisfied under Q! by the filtrations F?
and G.

LEMMA 2.3. Any F?-martingale under Q' is also a G-martingale un-
der Q.

Proof. It is known (see, e.g., Section 6.1.1 of Bielecki and Rutkowski
(2002)) that in the present set-up the condition (M.1) is equivalent to the
following condition (M.2): For any ¢ > 0, any bounded F2 -measurable ran-
dom variable £, and any bounded G;-measurable random variable i) we have

(2.8) Eqi (€9 | F7) = Equ (€| F)Eqi (V| 7).
It is enough to establish (2.8) for § = 1;,,-, and ¥ = 1 <3, where
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0<u<t<s. Wehave

Eqr (1 1 )
Q To>st{ri<u
Bt (L sy Lim<uy | F7) = Lmsty @{1 & }>i)1 }

EQ(T];II‘{T2>S}:“‘{T1 Su})
EQ (n§1{72>5})
>\2(t—5) (1 _ e_)‘lu).

=1ty

=Lr>pye
On the other hand,

Q(r2 > s) .
Q12 > 8| FF) = Lippony Vst = 1oy (),
and
El(]lﬂ't]]-‘r<u) —\u
> Q' (m S u| FF) = Loy — Q{1(27>2 }>{t)l_ L = 11— 7).

This completes the proof of the lemma. =
COROLLARY 2.1. The process Y is a G-martingale under Q.
The following proposition generalizes Lemma 2.1.

PROPOSITION 2.4. For any t < s < T, we have

(2.9) Eq-(H(s)|G) = H(t) Eq1 (Q' ()P (s) | F7).
Moreover, for any Q'-integrable, F2-measurable random variable Y we have
(2.10) Eq-(H(s)Y |Gr) = Ht)Eq (Q' (P ()Y | 7).

Proof. We know that the processes Y and U* are G-martingales un-
der Q'. Since the jump time of the process U* of finite variation does not
coincide with the jump time Y of the process, the It6 product rule shows
that the process U*Y is also a G-martingale under Q'. Thus, for t < s we
obtain

Eq (U*(s)Y(5)|G) = U ()Y (t) = nf H(t)Equ (Q' ()P (5) | 77)
since Q!(t) is F?-measurable. On the other hand,
Eqi(U"(5)Y(5)|Gi) = Equ(1zH(s)Q' ()P (5) | G1) = Eu (2H(s) | Ge)

since Q'(s)P!(s) = 1. Combining the equalities above, we obtain (2.9).
Notice that equality (2.9) implies (2.6), in particular. To establish equal-
ity (2.10), it suffices to consider the process Y(t) = Eq (P!(s)Y | F?) so
that Y(s) = P(s)Y. u

To complete the example let us compute the probability under Q* that
the first default occurs after time ¢, that is, Q*(C} # 2, ¢ = 1,2). According
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to Proposition 7.2.2 (or Lemma 7.3.1) of Bielecki and Rutkowski (2002), we
have

Q(CI £2,i=1,2)=Q"F>1t)=Q'(F > ) = QF > t) = e 1112,

where 7 := inf{t > 0: O} = 2 or C? = 2}. This result is expected, as
the mutual dependence of default times appears only after the first default
occurs. In other words, 71 and 7o are not independent under Q*, but may
be treated as independent if we are interested in the law of the minimum
71 A 7o under Q*, and the probability measure Q* may be replaced by Q in
the calculation of this law. Later on we shall generalize this useful property.

REMARKS. Let us emphasize that the results above can be easily ex-
tended to the case of n firms and two rating grades: non-default and default.
Since the formulae are special cases of more general results established in
Section 2.4 below, we do not go into details here. Let us only mention that
the case of first-to-default swap involving n reference entities can be treated
by techniques presented in this section.

2.3. Case of two firms and multiple rating grades. Our next goal
is to show that the complexity of the valuation problem grows considerably
when we deal with a model allowing for multiple rating grades (other than
default), even in the case of two firms. We postulate that K7, K2 > 2 so that
C" takes values in K; = {1,...,K;}. We first consider two F-conditional
Markov chains C?, i = 1,2, defined on the underlying probability space
(£2,G,Q), with the corresponding infinitesimal generators

WO M0 )
. 51(1) ) o Agg,(t)
Al = . . . . :
0 0 0

where A};m are strictly positive F-progressively measurable stochastic pro-
cesses for £ = 1,...,K; —1 and m = 1,...,K;, m # k, and A}, =
—zgizl’m#k ¢ for k =1,...,K; — 1. In particular, the state k = K;
is the (only) absorbing state for each chain. For simplicity, we postulate
that C& = Cg = 1 (this assumption can be easily relaxed). By construction,
the processes C' and C? are also conditionally independent under Q with
respect to the reference filtration F. For more details on the conditionally
Markov process of credit migrations, we refer to Bielecki and Rutkowski
(1999, 2000).

In addition, we assume that we are given a family of stochastic matrices
fori=1,2and 1 =2,...,K;, j #1,
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i l 3|l 3|l
O I () B U ()

|l |l 7|l
| ey ke Ao
t - . .

3|l 3|l |l
A;‘Q_Lm DY N () B Y S ()
0 0 . 0

where A;Jin are strictly positive F—progressively measurable stochastic pro-
cesses for £k = 1,...,K; — 1 and m = LKi, m # k, and /\Z‘l =
— Zg 1, mk /\Z‘l fork=1,...,K; — 1. At the intuitive level, at any date

t > 0, the entry )\k‘m( t) > 0 represents the intensity of transition from k
to m over the time interval [t,¢ 4 dt] by the process C* conditioned on the
event {Cg = I}, where j # i and | € K;. Notice that under the present
convention concerning the initial condltlon it is natural to set A!' = A’
for i = 1,2. Of course, we need first to construct the process (C!, C?) with
the above described properties. To this end, we shall introduce a probability
measure Q* equivalent to Q on (£2,G). For i = 1,2 we define processes /i};m,
k=1,....K;—1,m=1,...,K;, m # k, as follows:

ot 3o (1),

where we write HJ.(t) = Liciiy for i = 1,2 and k& € K;. We also define,
for = 1,2 and any two states k % m, the transition counting process

Z‘m(t) = o<u<t H(u—)Hy, (u). Let us recall that for i = 1,2 the process
My, given by

t

M, (t) = Hj,, (t) = \ Ny (W) Hi (w) du,  m # k,
0

is known to be a G’-martingale under Q, and thus also a G-martingale
under Q, where G' =FVF? and G =F VF! v 2,

We can now define a strictly positive martingale n by means of the
following SDE:

2 Ki—-1 K, . .
m=1+> N D Dt () M, ().

1=110,¢] k=1 m=1,m#k

For a fixed, but otherwise arbitrary, T > 0 the probability measure Q* is
given by
dQ*
d@ - 77T>

Recall that we have set G/ = F V F/ and )\Q;(t) =\ (1).

Q-a.s.
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PROPOSITION 2.5. For any i,j = 1,2, @ # j, the process C' is a GI-
conditional G-Markov chain under Q* and its transition G’ -intensities un-
der Q* are

Mo (8) = (1 + K (2) ZI{CJ (), k£ m.

Proof. The conditional Markov property follows from the combination
of (i) the fact that the density n only depends on the filtration F and the
process C' = (C,C?), (ii) the abstract Bayes formula, and (iii) the fact
that C' is a Markov chain with a given F-intensity matrix under Q. The
processes A, are the corresponding G7-intensities, because the processes
M defined by

t
M3, (8) = Hipn (t) = Y N () Hj,(w) du, & # m,
0

are G-martingales under Q*. =

Similarly to the previous section, we shall now introduce some auxiliary
probability measures. For this, we define two densities n*, i« = 1,2, by means
of the following SDE:

S Z Z nufﬁkm dem( )

10,t] k=1 m=1,m#k

As before, we note that 7 = n'n?. This easily follows from the integration by
parts formula for purely discontinuous martingales, combined with the fact
that the jumps of the processes C'' and C? coincide with zero Q probability.
Next, we also set 77 := ! and 7j* := (n°)~! for i = 1,2, so that 77 = 7'7>.
We are now in a position to define a probability measure Q' on (£2,G) by
setting

Q! . dQ*

a0 = ?}%, Q*-a.s., 40! = 77T, Q'-a.s.
Equivalently,

dQ* aQ

@ = 77T7 Q-as., dT@l = 77%, Ql—a.s.

We shall now proceed as in Section 2.2; that is, we define two matrix-valued
processes by means of the following (random) ODEs:

dP(t) = PL(t) A7t at, P1(0) = Idg,,
dQ(t) = —A'Q (1) dt, QY0) =Idg,,
where A1 = [XiL (£)]kmek,. Observe that P'(£)Q!(t) = Idg, for t > 0.



Dependent defaults and credit migrations 139

Indeed, we have
d(P(1)Q'(t)) = P(t) dQ'(t) + Q' (t) dP'(t)
= -P)A'Q (1) dt + P () A QM (t)dt =0
and obviously P*(0)Q*!(0) = Id, .

Let us fix s < T. We define two matrix-valued processes Y and U by
setting, for t € [0, s],

Y(t) =Eu(P'(s)Y|G7), U(t)=HH)Q' (1),

where Y is a Q!-integrable, G2-measurable random variable, and H(t) is the
K1 x Kq matrix

Hi(t) Hy(t) . Hp (1)
_ LEmMA 2.4. The process U is a G-martingale under Q* and the process
U = 7?U is a G-martingale under Q'.

Proof. We first observe that for t < s,
Ki—1 Ki

dU g (t Z Qi () dH; (¢ Z Z Hyp, () Ay () Qi (1) dit

m=1 [=1
Ki—1

= ZQlk’ (de Z Hy,(t )

Let us fix [ =1, and analyze the expression

Ki—-1
dH(t Z H (¢ t) dt.

First, we observe that

K171 Kl

dH{(t) = ) dHp,(t) = ) dHiy (1)

m=2 m=2

Thus, noting that Ai1(t) = — 3251 AL (1), we obtain
K11 K11 K11

dH(t Z Hy (0N (#)dt = Y dMyh(t) — Y dM;) ()
m=2 m=2

The above argument carries over tol = 2,..., K7 — 1, and thus
Ki—1 Ki-1 K
dH} (t Z H,,(t doodMpit)y— Y dMp(t).

m=1, m#l m=1, m#l
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Finally, for [l = K7 we have
Ki—1
dHKl Z Hﬂll mK1 )dt - dM}kfll (t)7

where
Ki—1

Mg, (t) = Hi, (t) ZHl YA, (1)

is a G-martingale under Q*. The above observatlons prove the first state-
ment. The second claim is now obvious, since dQ* = 7]% dQ'. =

The next natural step would be to demonstrate that the process Y is
a G-martingale under Q! (obviously Y is a G2-martingale under Q). To
this end, it would be sufficient to prove the following: any G?-martingale
under Q' is also a G-martingale under Q'. However, due to the somewhat
complicated mutual dependence of transition intensities this statement does
not seem plausible. For this reason, we take a slightly different (indeed,
less general) approach. We introduce the stopped migration process 5’,51 =
Cligr >ty + CL 1, <4y where 7 := inf{t € Ry : C} # Cj}. Let F! be the
filtration generated by the process C! and let G = FV F! v F? be the
reduced filtration. Then we have the following counterpart of Lemma 2.3.

LEMMA 2.5. Any G2-martingale under Q' is also a @1—martingale un-
der Q1.

Proof. Along similar lines to the proof of Lemma 2.3. =

As usual, we consider t < s < T. The auxiliary process Y is given by
(recall that C§ = 1)

Vi = Egu (Ve loMitwdu) g2y

where Y is a Q!-integrable, G2-measurable random variable. In view of
Lemma 2.5, it is clear that the following corollary is valid.

COROLLARY 2.2. The process Y isa @l—martmgale under Q.

Furthermore, we set

U;=1 S An(“)du

{@121}653 Miwdn — el

LEMMA 2.6. The process Uisa @1—martingale under QF and the product
U* = 02U is a G'-martingale under Q'.

PROPOSITION 2.6. For any t < s < T, and any Q'-integrable, G2-
measurable random variable Y we have

~ — {2\ (u) du
Eg (LY 16) =Eo (Lgi_y Y |Gi) =15y B (Ye JeAdi(w) du | G2y
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Proof. We shall mimic the proof of Proposition 2.4. We know that the
processes Y and U* are G-martingales under Q'. Since the jump time of
the process U* of finite variation does not coincide with the jump time of

the process Y, the It6 product rule shows that the process U*Y is also a
G-martingale under Q. Thus, for ¢ < s we obtain

Y *17 - A )du | &
Eqi(UsYs|G) = UrYe = iy Egn (Ve A d | G7).
On the other hand,
EQl(Us*?s | gtl) = EQl (7731{@1:1}3/ ’ gtl)
This ends the proof. m

COROLLARY 2.3. For any s >t we have
Q(n>51G)=Q" (1 > 5|G)) = Lo Equ (e W AW G7),
Q" (11 <5|G) =Q* (11 < 51G}) = Limary —Lim oy Eqi (1—e HAT@du | g2),

2.4. Case of several firms and multiple rating grades. In the
case of n firms and several rating grades (K; > 2 for the i¢th firm) the
notation becomes rather heavy, and thus it is rather difficult to present a
general, and at the same time reasonably transparent, result. Therefore,
we shall concentrate on the specific issue of a risk-neutral valuation of a
first-to-default swap. Unfortunately, since we assume here that the number
n of reference entities satisfies n > 3, this case is not directly covered by our
previous results.

In the case of n reference entities, we consider the credit migration pro-
cess C = (C',...,C™). The construction of this process is based on the
assumption that under the probability measure Q the following properties
hold:

e cach process C? is an F-conditional G-Markov chain with values in
K; ={1,...,K;} and with the generator matrix A*, where F is the reference
filtration and G =FVF!' v ...V F",

e the processes C' are F-conditionally independent under Q.

In addition, we are given a family of stochastic matrices A lim1dis1sln
fori=1,...,n and l; € K; for any j # i. As before, to simplify notation

we adopt the convention that (C¢,...,C%) = (1,...,1). Notice that under
this convention we have )\Z‘:nl(t) = AL (t). ‘

We shall use our standard notation for the indicator process Hj (t) =
1 (Ci=} and for the transition counting process

=

Hip(t) = ) Hi(u—)H,, (u).

O<u<t
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In the second step, we introduce a probability measure Q* equivalent to
Q on (£2,G). To this end, we observe that for each i = 1,...,n the process
t

M (t) = Hipy (1) = \ N (W) Hi (w) du, i # k,

0
is a G-martingale under Q. We set
dQ*
o) =nr=nk...0% Q-as.,

where for each i the process 7' solves the SDE

. K~ Ki . . .

10,t] k=1 m=1,m#k

Furthermore,

) Kl Kn Ai‘lla'“)li—lal’i-‘—la'“)ln(t)
ﬂim@):Z--‘ZHW—)-.-H&@—)( RS —1>,
km

l1=2 ln=2

where the summation is over all state spaces except for K; (i.e., the sum
S°/5i, is not present). Let G® = FVF!v ... vF~LVF+ v VF" The
following result is a straightforward generalization of Proposition 2.5 and
therefore its proof its omitted.

PROPOSITION 2.7. For any i = 1,...,n the process C' is a G -condi-
tional G-Markov chain under Q* and its transition GO -intensities under

Q* are | | |
Ak () = (1 + K (8)) N (£)

K1 K,
0150 slim 15l 15ee0ln
=" HE@). L HE (At g

l1=2 ln=2

From now on we fix p < n and introduce the probability measure @ by
setting

aQ
(2.11) oo = =17, Qas,
where

10,t] k=1 m=1,m#k

and (as before, the sum Zi{ 4 is not present)

. K1 Kp >\i|ll,...,lp,1,...,1(t)
%m@):Z---Zﬂzﬁ<t—>-~ﬂi<t—>( 0 —1).
km

h=2 =2
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In words, under the auxiliary probability measure @ the entities with indices
1,...,p can be seen as “primary firms” and those with indices p+1,...,n
as “secondary firms” in the sense of Jarrow and Yu (2001). The following
result is a corollary to Proposition 2.7.

COROLLARY 2.4. For any i = 1,...,n the process C'is a G(i)-cond/z'\—
tional G-Markov chain under @ cmd zts tmnsmon G -intensities under Q
are

K

i i ill1yelpy 1,y

i (1) = (14 Bl (D) A (B) = D . ZHZI HP (A0 (8).
=2  1,=2

Let G = FVF! V...V FP. Due to the specific choice of @ we also
have the following result that will prove useful in the valuation of a first-

tgfdefault swap. For each i =p+1,...,n we introduce the stopped process
Ci = Cil(y, 5 + Cilr, <y, where 7; = inf{t € Ry : C} # Cp}.

LEMMA 2.7. (i) The migration processes CPT! ;- C" are G-conditio-
nally independent, G-conditional G- Markov chains under Q

(ii) The random times Tpy1,..., Ty are G- conditionally independent un-
der @ with the G-hazard processes fg = EJK;Q SE A’ij(u) du,it=p+1,...,n

(iii) The joint (F-conditional) probability laws of the processes C1, ... CP
and random times Tpi1,..., T, under @ and under Q* are identical.

(iv) The random times Tpi1,...,T, are @—conditionally independent un-

der Q* with the G-hazard processes I} .

Proof. The first two statements are direct consequences of the construc-
tion of the process (C1,...,C™) and the definitions of the probability mea-
sures @ and Q*. Part (iii) follows from the fairly obvious fact that all prob-
abilistic properties of the process (C*,...,CP, 5’p+1, . ,5”) are the same
under Q and Q*. The last statement is a consequence of (ii) and (iii). m

Let F stand for the filtration generated by the migration process 5i,
and let G=FVF!v...FPVvFPtlv . vEF"

LEMMA 2.8. Any @—martingale under @ s also a @—martz’ngale un-
der Q.

Proof. Along similar lines to the proof of Lemma 2.3. u
The next result is a counterpart of Proposition 2.6.

PROPOSITION 2.8. Let T =Tyt 1 A... ATy. For anyt < s <T and any
Q-integrable, Gs-measurable random variable Y we have

Eg (55} Y |G) =Eg- (Lizss) Y | Gi) = L7y E g(Ye™ Vil An(wdu | Gy
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Proof. In view of Lemma 2.8, we can make use of similar arguments to
those in the proof of Proposition 2.6. =

In particular, we have
Q7> 51G) = Q"7 > 5]G) = Lz B g(e™ Hmrn Au0G)),
Q(F<s|G)=Q(F <s(G)

= 1pay + LpspyEg(l — ™ Zimpr iAW G,

2.5. First-to-jump swap. In order to illustrate our method, we shall
now examine an example of a credit derivative. By analogy with the first-to-
default swap, we call this contract the first-to-jump swap. Since the premium
leg of the contract can be treated in a similar way, we shall focus on the
Jump leg only.

Without loss of generality, we assume that the payoff occurs at the first
jump of the credit rating of any entity from the class {p + 1,...,n}. In
addition, if 7 = 7; < T then the payoff at time T equals Z;, where Z7,
j=p+1,...,n, are given @—predictable stochastic processes. Formally, the
swap corresponds to the contingent claim (recall that we consider here only
the jump leg of the contract)

n
Y= Z Z-z]f]l{?ffjéT}
Jj=p+1
which settles at time 7. By definition, the ex-dividend price at time ¢t < T
of the contract described above equals

m(Y) = BiEg+ (B; "550Y | Gr)

n
— BEg- (B_;l]l{t<7e§T} 3N Zig,, gt>.
Jj=p+1
Let us recapitulate the basic steps in the proposed method of risk-neutral
valuation of this contract:

e Introduce a judiciously chosen probability measure @ equivalent to the
martingale measure Q* on (£2,Gr) (cf. formula (2.11)).

e Check that 7,11,...,7, are @—conditionally independent under @ and
under Q* with the same G-hazard processes (cf. Lemma 2.7).

e Use the standard method of valueing the first-to-default swap through
conditional expectations under Q* (cf. Kijima and Muromachi (2000) or
Chapter 9 of Bielecki and Rutkowski (2002)).

2.6. Conclusions. To summarize, due to the complexity of the model of
mutually dependent credit migration processes, it is advisable to study par-
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ticular contracts on a case-by-case basis, rather than to attempt to establish
a general approach. For instance, in the case of the first-to-change contract,
the calculations can be reduced to the familiar results concerning the case
of conditionally independent random times through a judicious choice of
an equivalent probability measure. Finally, it should be acknowledged that
the migration process C' can also be studied as a standard Markov chain
with respect to its natural filtration (in the case of a trivial reference filtra-
tion) or an F-conditional Markov chain (when the reference filtration F is
non-trivial), so that the machinery developed for these classes of processes
can be directly employed. However, due to the large dimension of the state
space for C' (the number of states for C' equals Kj ... K,) such a direct
approach does not seem to be practically efficient.
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