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ASYMPTOTICS OF RISKLESS PROFIT
UNDER SELLING OF DISCRETE TIME CALL OPTIONS

Abstract. A discrete time model of financial market is considered. In the
focus of attention is the guaranteed profit of the investor which arises when
the jumps of the stock price are bounded. The limit distribution of the profit
as the model becomes closer to the classic model of geometrical Brownian
motion is established. It is of interest that the approximating continuous
time model does not assume any such profit.

1. Introduction. Consider the simplest financial market in which se-
curities of two types are circulating. The price evolution of the securities of
the first type is given by the equations

by = boo®, k=0,1,2,...,

where bg > 0, o > 1. The prices are registered at the equidistant times
tr = a + kh. With no loss of generality we put a =0, h =1, i.e. tp = k.
The price of the security of the second type at time k is represented as

SkZS()fl...fk, k=0,1,2,...,

where the relative jumps & are random.

The securities of the first type are riskless having the interest rate
(0—1)-100%. Let us call them conventionally bonds. It is clear that possess-
ing securities of the second type is concerned with a risk of their devaluation.
We call them stocks.

Taken together in certain amounts 3 and -y, the securities of both types
constitute the so-called portfolio (writer’s investment portfolio) whose worth
at time k is Bbg + vsk. Playing in the financial market considered consists
in successive changes of the portfolio at £k = 1,...,n — 1. The successive
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pairs (80,70), (B1,71)s- -+, (Bn-1,7Vn—1) constitute the so-called strategy of
the game. Obviously, the basis for choosing (5, vx) is the evolution of the
stock price up to this moment, i.e. sg, s1, ..., Sk. In other words

Br = Br(50,51,---,8k), Yk = Yk(50,51,-.,5k).

The player is called a writer (seller, investor).
A strategy is called self-financing if the changes of the portfolio content
do not affect its value, i.e.

Bebr + sk = Be—1br + k-1, k=1,...,n—1.

The final goal of the game is to meet the condition

(11) ZTn = Bn—1bn + Yn—18n = f(sn)

where f(s) is the so-called pay-off function of the simplest option of the

FEuropean type having n as maturity date. For more about the mathematical

and substantial aspects of the option pricing theory see e.g. Shiryaev (1999).

Basic problems of the mathematical theory of options are the evaluation

of the so-called rational option price and the corresponding strategy leading

o (1.1). Recall that the rational option price is the minimal initial capital

o which allows the investor to meet contract terms under proper behavior.

Both the problems are easily solved in the so-called binary model, that

is, in the case where £, takes only two values d and u, d < ¢ < u. In this
case (see e.g. Ch. VI in Shiryaev (1999))

n

(1.2) ro=0" Z CFpf (1 — p )" F f(spuPd™ ™)
k=0
where
_e—-d
Psx = w—d
It is worth emphasizing that (1.2) does not place any restrictions on the
measure which governs the evolution of the stock price (1, .. .,&,). Further-

more, there exists a unique self-financing strategy

(/37 7) = {(/60770)) (ﬁlv /yl)a ey (Bn—lv ’Yn—l)}
leading to the equality

(13) Tp = ﬂn—lbn + Yn—18n = f(Sn)
The strategy is defined by the formulae
u fri1(skd) — dfpya(spu)
1.4 =
(1.4) B o (i — ) ;
— d
(1.5) v = Jrr1(sx) — frev1(skd)

sk(u—d) ’



Asymptotics of riskless profit 175

where
(1.6)  fu(s)=o ™M jgj Pl (L= p) M f(suldr ).
The successive values of the portfoho are
(17) xk:fk(sk), k’ZO,l,...,TL—l.
If &, k= 1,...,n, take more than two values then it is impossible to

guarantee the desired relation (1.3) with probability 1. However, sometimes
it is possible to guarantee (1.1). For example, if £ € [d, u] and f(s) is convex
then the minimal initial capital is evaluated by the same formula (1.2).

This fact was first proven in Tessitore and Zabczyk (1996) (see also
Zabczyk (1996) and Motoczynski and Stettner (1998)). The proof applies
control theory methods. Later on in Shiryaev (1999) the rational price is
derived as the solution of an extreme problem (see Theorem V.1c.1 ibidem).
It seems that Shiryaev knew nothing about the works of his predecessors.
At least in the rather rich list of references given in Shiryaev (1999) they
are not mentioned.

Define
(1.8) Tk:fk(sk), k=0,....,n—1,
and let (B, vk) be as defined in (1.4) and (1.5).

Possessing after the (k — 1)th step the capital Tj_; distributed in ac-
cordance with (1.4) and (1.5), at the next step k the investor gains the
capital

&k

= fi(sd) + 20 o)

(for more details see e.g. A. Nagaev and S. Nagaev (2000a,b)).
If & € [d,u], k=1,...,n, then
—d
Sk — fr(sp—1&k) >0

(1.9)  Sp=a — o= fr(sk_1d) — - w—d

It is easily seen that §; = 0 if and only if &, = d or & = u. Otherwise
0 > 0. Thus, if & takes at least one value lying in (d, u) then a profit arises.
If the extreme values d and u belong to the support of the distribution of
& then Tj_1 is the minimal capital which allows such a profit. This implies
that the policy determined by (1.4) and (1.5) forms the so-called hedge or,
in the terminology adopted in [1], upper hedge, while (%o, Z1,...,Tp-1) is
the corresponding chain of hedging capitals.

The investor may take advantage of the profit so arising in various ways.
The simplest one is to withdraw from the game the superfluous quota d
which till the maturity date acquires the value 60" *. So, the self-financing
condition is fulfilled only in the part which bans any capital inflows.

u
T = Br—1bg + Ye—15k = ”

5

(Sk—1u)
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Having withdrawn an unnecessary quota one should follow the “binary”
optimal strategy determined by (1.4) and (1.5). As a result, till the maturity
date the investor accumulates a riskless profit

Ap=810"" 4+ 800" 2. 46,

It is not easy to find the distribution of A, even in the case of inde-
pendent &;.. The question arises how to approximate it. To obtain such an
approximation is a basic goal of the paper.

It is worth emphasizing that we consider the simplest case where the
random variables &, kK = 1,...,n, are i.i.d. In contrast to A. Nagaev and
S. Nagaev (2002b) where the pay-off function is assumed to be smooth,
here we focus on a typical example of a non-smooth pay-off function which
is provided by the call option. Our basic goal is to show how the chaotic
phenomena which arise here could be analyzed.

The paper is organized as follows. In Section 2 the basic results are
formulated. The “local” profit in the case where the model converges to
that of the geometrical Brownian motion is studied in Section 3. In Section 4
the limit of the expected value of the total riskless profit is established. The
limit distribution of the total riskless profit is given in Section 5. Concluding
remarks are gathered together in Section 6. Auxiliary facts are given in
Appendices I and II.

2. Basic results. From now on we deal with the simplest case of the
standard call option determined by the pay-off function
(2.10) F(s) = (s — K)s.
Put in (1.9),
u=u, =exp(pn~t +an V) =1+ a2n 2+ 0(n™Y),
d=dy, =exp(un ' —an /) =1—azn 2+ 0(n™ "),
(211) {o=on=explan') =1+an™" +0(n"?),
6 = G = explun ™ %) = L2 4 (4 + 262%)n ",

(Sk;n = S0&1m - - - Skyns

where @ > 0 and p are constants, |#] < 1, while the random variables
n, k =1,...,n, are i.i.d. in [~z,2], so that En; = 0, Varnp = o2 > 0.
We also assume that the extreme points +x belong to the support of the
distribution of n;.

Consider the stochastic process

2(t) = In(sg.0/50)
_m + .o+

NG

+pkn™l, (k—Dnt<t<knl k=1,....,n
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It is well known that z,,(t) weakly converges to x(t) = ut + ocw(t) where
w(t) is the standard Wiener process (see e.g. Billingsley (1968), Ch. 3).

Define

(212)  (t,v) =2(1 - t)_1/2<p<<1 _ t)—1/2<@ B g)

(i)

(2.13) I(t) = E¢(t, x(t) + In sp)
_ 2x gp(ln(K/so)—,ut—(1—t)(a—x2/2)>
to?+x2(1 —t) to? + 22(1 —t) '

Here ¢(v) is the density of the standard normal law. Further, let

1 x 2z(u—1/2)
(2.14) ang(u | @ydr@m)+a-u | (y—l—a:)dF(y))du
0 2z(u—1/2) —T

where F' is the distribution function of 7.
The following two theorems contain the basic results of the present paper.

THEOREM 2.1. Let the distribution of n1 be non-lattice, i.e.
|Ee™| £ 1  for all t #0.

Then as n — oo,
1

EA, = Kap | I(t)dt + o(1)
0

where K is the strike price from (2.10).

THEOREM 2.2. Under the conditions of Theorem 2.1,
1
A S U(a(t) = Kap [ w(t, 2(t) + Inso) dt
0
where
x(t) = pt + ow(t),

w(t) is the standard Wiener process and 1(t, z) is as defined in (2.12).

3. “Local” profit of the investor. Let us convene to denote by ¢
any positive constant whose concrete value is of no importance. Under this
convention we have e.g. ¢+ ¢ = ¢, ¢ = ¢ etc. By  we denote any variables
taking values in [—1,1].
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Define
_ Qn_dn A :fk,n_dn
DPn Uy — dn’ kn U, — dn )
ajm = updy ™, bjm = Cppp(1—pa)™ .

Then the discounted “local” profit of the investor takes the form

(3.15) A = OpnonF
n—=k

= Z bjm—k(Ak,nf(sk—l,nunaj,n—k)
7=0

+ (1 - )\k,n)f(sk—l,ndnaj,n—k) - f(sk—l,ngk,naj,n—k))‘

For the time being we suppress the dependence of A\, d, u, £ and s; on n.
Let j be such that s;_ida;,,—x > K. Then

Mef (sk—1uajn—k) + (1 — M) f(sk-1dajn—k) — f(Sk-18k@5n—k)
=s(A\u+ (1 — X\g)d — fk)a]’m_k =0.
If sp_quaj,—r < K then
0= f(sk—1uajn—r) > f(sk—1&kjn—k) > f(Sk—1dajn—)-
It is worth reminding that d < ;1 < u. Thus,
Ak,n = 5k,n92_k = Z bj,n—k(Ak’(sk—luaj,n—k - K)Jr

Tn—k(u)<j§7“n—k(d)
+ (1 = Ae)(sk—1dajn—k — K)+ — (sk-1&kajn—k — K)4)

where (K /( )
B _In Sp_12d™
rm(2) = rm(z, sp—1) = In(u/d) .
Further,
(3.16) Ay = > bjn—k(Me(Sk—1uajn — K)

Tn—k:(&k:)<j§rn—k(d)
— (k-1 @ik — K))
+ Ak Z bjn—k(Sk—1uajpn_, — K)
Tn—k(u)<j§7"n—k(fk)
= A+ Al
It is easily verified that
= (=K Y bjak(l = (dfu) ),
Tn—k(€k)<i<rn—i(d)
o = A > bjmk((ufdy T Tnk @ 1),
Tk (W) <G<rn—k (k)
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In view of (7.42) and (7.44) we have uniformly in k, for on < k < (1 — d)n,
1— (d/u)"=+ D=0 = 20n =12 (r, 4 (d) — j + O(n™Y)),
(u/d)?F1=mm=rd) 1 = 200 V2(j 41 — 1y (d) + O(n7Y)).
Taking into account (2.11) we conclude that
fn = K(z =+ (u+20X2)n 1/ 2)n 12
x Z bjn—k(rn—k(d) — j + O(n™),
Tn—k(§k)<J<Tn—k(d)
fn =K+ 2+ (1 +20X%)n "2~/
X >y bjnk(j+1—rni(d) +0(n1)).
Tn—k (W) <J<rn—k (&)

Both the representations are valid uniformly in &k for én < k < (1 —d)n.
From (7.47) and the uniform version of the Moivre-Laplace local limit
theorem we obtain, for on < k < (1 — 0)n,

(3.17) bjn—k = n Y2 (kn  Insp_1) + o(n"V?).
It is worth emphasizing that (3.17) holds uniformly in sg_;. Thus,
o = K (z —m)n ™ p(kn ", Insy_q)
x > (ro—k(d) = j) + O(n~"/?),
Trn—k(§k) <J<Tn—k(d)
o = K (e +x)n” p(kn ", Insy_q)
X Z (G+1—rp_p(d) + O(n=3/?).
Tr—k (4)<J<rn—k(§k)
Both the representations are valid uniformly in &k for on < k < (1 — d)n.
Let ¢ < {r,_x(d)} < 1—¢" and suppose both n and n— k are sufficiently
large. Then by (7.46) the interval (r,_x(u),,—x(d)] contains exactly one
integer j = [r,,—x(d)]. So,
S (rni(d) — ) = { {rn-r(d)} i g () < [rak(d)],
, 0 otherwise.
Tn—k(§k) <J<Tn—k(d)
Similarly,

> o) ={] o) <o)

1—{r,—r(d otherwise.
Tn—k:(u)<j§7“n—k(§k) { k( )}

For ¢/ < {r,_r(d)} < 1—¢" we may combine (3.16) and the last estimates
in the following way:

App = Kn_lw(kn_l, Insg_1)ok, + O(n_3/2)
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where

- { (x = m){rn—k(d)} if 77—k (Ek) < [rn-k(d)],

’ (M +2)(1 — {rp—x(d)}) otherwise.

Therefore,

Apn = Kn " Y(kn~ Insy_1)op, + K'0n 1y, 4 chn =32
where

o ,

e T T )

It is convenient to replace oy, by

o _ J@—m){rnk(d)} if ne > 22({rn—x(d)} — 1/2),
(3.18)  ojin = { (e + ;)(1 —Ij(rn,k(d)}) ochrwise. '

In order to justify the replacement note that in view of (7.43), r,_x(2) <
[rn_1(d)] with z = 1 +wn~'/2 implies

_% + O(n71/2 Inn) <1/2 = {r,_x(d)}

or equivalently,
w > 20({rn_ip(d)} —1/2) + O(n"?1nn).
Obviously,
‘O—Z,n - O—k,”‘ < 2m1§c,n

where

;o { 1 if g — 20({rn_n(d)} — 1/2)| < en=21nn,

kan — .

' 0 otherwise.

So, we arrive at the following final representation of the “local” profit:

(3.19) Ap, = EKn "(kn !, In Sk—1)0fpn+ K'on ™' (L +1%,) + cn =32,
It remains to estimate the expectations of 1; , and 1;%”. By Lemma 7.1

for all sufficiently large n and k,

(3.20) Ely, <44

Further,

xT

Bl = S dF(v)P(|v — 2z({rn_k(d)} — 1/2)| < en™/?1nn)

+ v + cn_1/2lnn).
2x

1
= S dF(v)P (— + % —en Y Inn < {rp_p(d)} < 5

+ ...+
{rnr(d)} = {% + ak,n}-
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Therefore, by Lemma 7.1, {r,_r(d)} is asymptotically uniformly distributed.
This implies that for any ¢’ and all sufficiently large n and k,

(3.21) El}, <20

4. Proof of Theorem 2.1. We represent the total profit A, as
(4.22) A, = Z Agn + Z Apn + Z Apn
1<k<dn n<k<(1-6)n (1-6)n<k<n
= A, + A+ AY
and estimate the expectations EA!, EA” and EA!” one after another.
According to (3.19) we have
EAY=Kn™' ) E¢(kn !\ Insp_1n)0h,
n<k<(1-6)n
+K'ont > B(lga +1;,) +cn” 2
n<k<(1-é)n
In view of (3.20) and (3.21) for any ¢’ > 0,
EA)=Kn™' Y  Ey <kn
n

Sn<k<(1-6)

i MmF e e k—1 N

1’ NG +u - —i—lnSo)Uk,n

+ ¢’ 4 con~V/2.
Consider
(u,y) € [0,1] X [—z, x],
where
(1, ) = 1 if2z(u—1/2)<y<z, 0<u<l,

XY =0 if—z<y<2z(u—1/2), 0<u<l.

It is evident that x(u,y) admits a monotone e-approximation by means of
X+(u,y) and x—(u,y) where

—2
TEUTYET ) it on(u—1/2) —e <y < 20(u—1/2),
g
X+ (u,y) = 0<uc<l,
0 if —x <y<2x(u—1/2)—¢, 0<u<1,
1 if2x(u—1/2)<y<az, 0<u<l,
-2
M if 22(u—1/2) <y < 22(u—1/2) +e,
X-(u,y) = 0<uc<l,
0 if —x<y<2zx(u—-1/2), 0<u<l,
1 if 2z(u—1/2)+e<y<z 0<u<l.
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Obviously, x+(u,y) are continuous in [0, 1] X [z, z] and

X*(uv y) < x(u,y) < X+(u,y).

Furthermore,

424) o< | (x(wy) —x-(w,y) dudF(y) < | dudF(y) <e/x
[0,1] X [—z,z] U.

where

Ues = {(u,y) ru € (0,1), ly| <z, ly — 2z(u — 1/2)| < e}.
Therefore

Mt e k-1
E¢< 1 L - —|—lnso>A({7“n—k(d)}a77k)

\/ﬁ
_ kE—1
S Ew(]{:n—l’ m +. \/j_ Mi—1 + L - —+ 11180)0-]);’”
_ -1
_ Ew(k e B +1nso)A<{rn_k<d>},m>

- Ew( o1, ot \/_+ 1y, R = ! +lnso>A+({7’n—k(d)}a77k)

where
Ax(u,y) = (. — y)uxx(u,y) + (y + 2)(1 — w)(1 — xx(u,y)).

Obviously, the family ¥ (¢, z), § <t <1 — ¢, is contained in the class G
defined in Appendix II. So, we may apply Corollary 7.2 to obtain

LMt e k—1
E¢< L m Nk 1+M - —|—]n80>A:|:({7"nk(d>}777k)

\/r_z
= E(kn~ ! ovvVikn=1 + pkn™! 4+ In sg) S Ay (u,y) dudF(y) + o(1)
[0,1] X [—z,z]

uniformly in k for § < kn~! < 1 — 6. Here v has the standard (0, 1)-normal
distribution. In view of (4.24),

S At (u,y)dudF(y) = ap + e
[0,1] X [—z,z]

where ap is as defined in (2.14). Since ¢ is arbitrary we obtain
E¢(kn~ ' ovvVin=! + pkn~' 4+ 1n 50)0k
= arpBEy(kn~t ovVkn=! + pkn~t +1nsp) + o(1)
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uniformly in &k for 6 < kn~! <1 — 4. Thus,
EA” = Kn tap Z E¢(kn ' ovvVikn=! + pkn~' 4+ In sg)
n<k<(1-6)n
+ B8 + o(1).
Obviously,
I(t) = Eg(t,ovvt + pt + Insg) = Sw(t, vVt + pt +1Inso)p(v) dv,

or after straightforward calculations,
I(t) = 2z <ln(K/so)—ut—(1—t)(a—x2/2)>
\/ta2—|—a:2(1—t)90 to? + 22(1 —t) 7

whence we deduce

1-6
(4.25) EA) = Kap | I(t)dt+ c05' + o(1).
é
Now we are going to estimate EA”'. For the extreme “local” profit A, ,
we obtain
un — &n En — dn
_ - K
- + (Sn 1,nUn >+ U, — d,
- (sn—l,nén.n - K)y,

An,n = 5n,n = (Sn—l,ndn - K)+

whence
A = {O %f Sn—1nlUn < K or s,_1ndy > K,
’ O(sp—1nun — K) if K/up < sp—1n < K/dy.
Therefore,
(4.26) EAnn < K(up/dy —1) < en™ V2,

For m =n —k > 1, in view of (3.16) and (7.45),
An—m,n < cmax b],m((“n/dn)Q - 1)7
J

or taking into account (7.48),

Ap—mn < em V212,
Thus, for all sufficiently large n,
(4.27) EA" < 612,
Similarly,
(4.28) EA! < 6.

Since § and ¢ are arbitrary, in view of (4.22), (4.25), (4.27) and (4.28) the
theorem follows.
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5. The limit distribution of the riskless profit. Consider the rep-
resentation (4.22). Put

(5.29) An=nt > (kT Insg_10)07 -
n<k<(1-d6)n
Represent A} as
(5.30) Ay =apn ' > Ylkn L Insg_10)(0f,—ar) = aplnton.
on<k<(1-d0)n
By (2.12) we have
(5.31) Sup¢(t 2) < (2m(1—t))"V2

In view of (4.27) and (4.28),
(6.32) I, = n~! Z Y(kn~ !, In Sk—1n) + 0cs'/? = I+ 0cs'/2,

1<k<n

We are going to prove that

(5.33) El3,, < cd.

In view of (3.20), (3.21), (4.27), (4.28) and (5.33),
(5.34) A, = Kapl}, + w(n,d,d")
where

Elw(n,d,8)| < (612 + &).
Therefore, for any € > 0 and §” > 0,

P(|A, — Kaplt| > ) <

(32 +0) _
—— <

provided § and ¢’ are sufficiently small. This implies that the limit distribu-
tions of A,, and Karl; coincide.
First, we tackle [}. Consider the stochastic process

T (t) = In(sx,n/50)
_m + .o+ M

NG

+pkn™, (E—-Dnt<t<kn ! k=1,...,n
Obviously,

W(t, zp(t) + Insg) dt.

From (5.31) it follows that [} is a continuous functional on D[0,1]. Since
x,(t) weakly converges to z(t) = ut + ow(t) we conclude that

=)
0
3

(5.35) 4 W( ,z(t) + In so) dt.
0
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It remains to establish (5.33). It is easily seen that
(5.36) Ei3,=n"" > E’(kn"'Insp_1,)(0f, — ar)’
§<kn—1<1-§

+2n2 > Eg(nT Y Insiyp) (07, —ar)p(kn T Insg_1 ) (0f —ar)
on<l<k<n(1-9)

=2 +23.
Obviously,
(5.37) 5 =0(n1).
Split Y9 in the following way:
(5.38) Xy =n"> > +n 2 > = Xo1+ oo
n<l<k<n(1-9),k—Il<on on<i<k<n(1-9),k—1>0n
Obviously,
(5.39) 221 S co.

So, it remains to estimate Yyy. Utilizing (3.18) and (4.23) we get
M jn = Ezp(ln_l7 In sl,l,n)(azn — ap)w(kn_l, In sk,lvn)(a;g’n —ar)
= Ey(In~" Insi-1,0)(A({rn-t},m) — ar)
X (kn™ nsg 1) (A({rn—k(d)}, mk) — ar).
Define
Fon(z) = P(n™Y2(m + ...+ 1) +1nso < 2).
Then we may represent M 1., as
Mygn= | o+ 0-1)n ")
Rl X [—z,7]
x (A{rn-i(d)},y") — ap) dFi—1,0(2") dF (Y)
< w20 Py 4 (k= D )
Rl X [—z,z]
X (A{rn—k(d)},y) — ar) dFp_1-1,n(2) dF (y).
Note that given n=Y2(n; 4 ... +m_1) = 2/, m =y we have
Mt e ;o Mt e

k() = e = T = %
d 4 m-+...+Ng—1—1
— Tkn o 2z '

Further, note that for § < kn~! < 1—6 the functions 1(kn=1, 2/42), |2/| < Z,
belong to the class G for any Z > 0. Since k — [ > on and A(u,y) admits a
monotone e-approximation we may apply Corollary 7.2. Thus
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lim sup sup S Y(kn™h 24240 2y+(k—1)n" )
=00 sn<l<k<n(1-0),k—1>0n |2'|<Z R x [—z,2]

X (A({rnfk(d>}7 y) - GF) dkalfl,n<z> dF(y) = 0.
This implies that

(5.40) 299 < sup |Ml,k,n| = 0(1).
n<l<k<n(1-6),k—I>n

Combining (5.36)—(5.40) yields (5.33), which completes the proof of Theo-
rem 2.

6. Concluding remarks. e It is worth explaining why the total riskless
profit does not vanish asymptotically. Since the pay-off function is piecewise
linear the “local” profit Ay, ,, is determined by the summands in (3.15) whose
labels lie between r,,_(d) and r,_(u). By (7.44), typically, there is only
one such label. The main point in our argument is the representation (3.19).
Here the chaotic multiplier U,";n highlights the role played by the support of
the distribution of 7;. If the support contains only two points 4+z then in
view of (3.18) this term vanishes. But if the distribution of 7, is supported by
at least one more point then P(U;;n > 0) > 0, and therefore, the order of the
“local” profit is Op(1/n). This explains why there exists a non-degenerate
limit distribution for the total profit.

e It should be emphasized that the methods used in the paper can be
applied to much more general schemes. In particular, the assumption that
the stock price jumps are identically distributed is not necessary at all.
Moreover, the independence can be replaced by a mixing condition. The
authors intend to discuss this point elsewhere.

e Note also that the asymptotic analysis of the hedge and of the cor-
responding capitals is implemented by the same scheme. Substituting into
(1.4) and (1.5) the values of the parameters from (2.11) we obtain the com-
ponents of the optimal strategy in the form

B Unp Z?:_(?bj,n—k(skdnaj,n—k _K)-l— - dnzyz_(])C bj,n—k(skunaj,n—k _K)-l—
ank,n(un - dn)
S0 by ((Sktn@pn—r — K) 1 — (Spdnajpn_r — K)1)

Sk (un - dn)

ﬁk,n

)

VYen =

Similarly, from (1.7) and (2.11) the hedging capitals are

n—k

Tpn = Q_(n_k) Z bjyn,k(skmaj,n,k — K)+, k=0,...,n—1.
=0
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It makes no problem to verify that the vector-process

(5n(t)77n(t)) = (ﬁk*l,naﬂ)/kfl,n)a (k - 1)n_1 S t < kn_lv k - 17 sy,
weakly converges to (8(t),v(t)), 0 <t <1, where

(6.41) Bl = Blys), (1) = —Keb(y)
with
_ In(s(t)/K) + (1 —t)(a + 22%/2)
Y+ . /—1 —¢ 9
~ In(s(t)/K) + (1 —t)(a — 22 /2)
== /1 —1 '

It is worth emphasizing that this convergence takes place under the only
condition that s,(t) = s(t). It is of interest to compare the limit strategy
with the classical formulae established for the geometrical Brownian motion

s(t) = sopexp((r — oH)t +ow(t)), 0<t<1

(see e.g. Shiryaev (1999, (8.1b.21), (8.1b.23) and (8.1b.24))). Those formulae
could arise here provided in (6.41) x = 0. Since 02 = Varn; < z this implies
that the discrete time model must be binary. However in that case no riskless
profit exists.

Assume that 7; takes at least three values. Putting u = o — 02 /2 results
in the limit process being the geometrical Brownian motion. Obviously, the
hedge-process T, (t) weakly converges to

7(1) = Bl +(1)s(t) = s(t)B(ys) — Ke0=0(y_).
In order to stress the dependence of Z(t) on z write

Z(t) = Ry(z) = s(t)P(bz ™ + az) — Ke *UD@(be™! — ax)
with

B — ~ In(s(t)/K) + (1 - t)a
a=(1/2)vV1—t, b= — )

After a simple algebra we obtain
Ri(x) = 2as(t)p(bz~! + az) > 0.
Thus Z(t) increases in x for each ¢ € [0, 1] and s(¢). Since z > o this implies
that (see Shiryaev (1999, (8.1b.21)))
Z(t) > s(t)D(yy) — Ke U Dp(y )
where

_ In(s(t)/K) + (1 t)(a +0%/2)
Y+ oI —1 )

while
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~ In(s(t)/K) + (1 —t)(a — 02/2)
== ov1—t ‘
In other words, the basic characteristics of the game do not converge to their
counterparts for the continuous time model. Loosely speaking the optimal
behaviour within the framework of the dicrete time model “converges” to a
strategy which is far from being optimal for the limit model.
e Let us put in (2.11)

&k = &k = exp{g((k+ D)n~") — g(kn~") +men= 72}
where g(u) is continuous on [0, 1]. Then the process
sp(t) = Sp—1n, (k- Dnt<t<kn™ k=1,...,n,

weakly converges to

t
s¢(t) = soexp (Sg(u) du + aw(t)), t € [0,1].
0
It is easily seen that such a replacement requires no alteration in the proof.
As to the statements of Theorems 2.1 and 2.2 one should replace in (2.13)

put by g(t).
e It is evident that instead of the call option we could deal with the put
option.

7. Appendices
Appendix I. Properties of r,,(z). Assume that
dzl—n_l/Q:E, u:1+n_1/2x, 0<a' <z<2’<oo.

Set
z = 1+n_1/2w, —r<w< .

Consider
In(K/(sg—1,n2d™))

Tm(z) = rm(z, Sk—l,n) =

In(u/d)
It is easily seen that
2
(7.42) In(u/d) = 2en~"/? <1 - g—n - O(n_3/2)>.
Therefore,
nz —w —1/2 Ind 1 —1/2
m(a/a) 22 7O e T 2O,

while for |Ins| = O(Inn),

In(K/s) nl/2 ~1)2

n(a/d) In(K/s) 7 +O(n Inn).



Asymptotics of riskless profit 189

From the above relations it follows that for m < n,

m InK Ins m =z w
4 ™ = — 2 22 02 - L o(n Y2 .
(7.43) rm(2) 2 tn < 2x 2x + n 4) 2x +0(n nn)

In particular,

(7.44) P (d) = T (1) = 1+ O(n~ Y2 1Inn).
Moreover, for all sufficiently large n,
(7.45) #{j:7>20,rnu) <j<rnld} <2

But if m > on, ¢’ < {rn(d)} <1-4¢, 6,0’ > 0, and n is sufficiently large
then

(7.46) #{7 1720, rm(u) <j<rm(d}=1
Since
_o—d 1 o192 -1
p*_u—d_2+23}n +0m™)
we have
InK Ins m/fx o
— === =2 (= 1
P (d) — mpy =n ( 5~ or <4 2$>> + O(1),
and therefore,
(ra7) tmld) Zmp.
mpx(1 — ps)
InK Ins T o
_ ~1/2 _ms 2L & —1/2
(jy 2 (5 < B (25 - ) + O,

Appendix II. Local limit theorems. Letn,n1,1n2,...bei.i.d. random
variables such that

En=0, Varnp=oc?< .
Consider
Cho=m—+ ...+ 0.

If the distribution of 7 is non-lattice then for any fixed y/,v” with 0 < ¢/ <
"
Yy <00,

Y € —1/2
7.48 su Pa<(, <x+y ——— —— || =o(n .
(7.48) . ylgggyu (z=¢ v) ov/n (p<0\/ﬁ> ' ( )

This is a slightly generalized version of the Shepp local limit theorem (see
e.g. A. Nagaev (1973)).
Consider the sequence of measures

Qn(A) = oV2mnP((, € A).
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The statement (7.48) implies that @, weakly converges to the Lebesgue
measure, that is, for any continuous compactly supported function g(u),

(7.49) V9(u) Qn(du) — {g(u) Q(du).

Let G be the class of equicontinuous functions defined on (—o0, 00) such that

tlim sup S lg(u)| du = 0.
T 9eg |u|>t

It is easily seen that (7.49) holds uniformly in G € G. More precisely,
(7.50) liy sup } J9(w)Qu(du) — {g(w) Q(du)’ —0.

Consider the family of the random variables 7,,(a) = {A\(, + a}, a € Ry,
where A #£ 1 is constant. It is worth comparing the following statement with
the basic result in S. V. Nagaev and Mukhin (1966).

LEMMA 7.1. If the distribution of n) is non-lattice then for any fized u’,u”
with 0 < v <u” <1 and 2/, 2" with —oco < 2/ < 2" < 00,

sup |[P(u' < 7,(a) <, 2/ <n7V2, < 2" — (b =) (D(2" Jo) — (2 [0))]
‘ =o(l) asn— co.
Proof. Letk = k(a) = [a], 0 = 0(a) = {a} and A>0. It is easily seen that
P, =P < mp(a) <u, 2 <n7V%¢, < 2"
= ZP(k—i—u’ <A +a<k+d”, Znl/? < Cn < z”nl/Q)

k
E4+u —0 k+u”"—0
- AL S rre -7
(it s
K <k<k"
" "n_ ! I
+ P(W < (< z”n1/2> + P<z’n1/2 < (< W)

where
r_ "_
k':min{k:wz,ﬂnlﬂ}, k":max{k:wgzﬂnlm}.

According to (7.48),
u’ = k
P,=—— Z gp(—) +0(n1?).
Ao/n W Aov/n
It remains to recall that
K =2ZMn(1+0(1), k' =2"2/n(1+0(1)).

The lemma is proved.
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Lemma 7.1 has the following evident corollary (cf. (7.50)).

COROLLARY 7.2. Let x(u,y) be a bounded continuous function defined
on [0,1] x RY. Under the conditions of Lemma 7.1,

lim supsup Eg(n_1/2Cn)X({)\Cn +a},nn)

n—0 4cG a
—\glo2)e(z)dz | x(u,y)dudF(y)| =0
[0,1]xR!
where F' is the distribution function of 7).
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