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UNIQUE GLOBAL SOLVABILITY OF1D FRIED�GURTIN MODEL

Abstra
t. We investigate a 1-dimensional simple version of the Fried�Gurtin 3-dimensional model of isothermal phase transitions in solids. Themodel uses an order parameter to study solid-solid phase transitions. Thefree energy density has the Landau�Ginzburg form and depends on a strain,an order parameter and its gradient.The problem 
onsidered here has the form of a 
oupled system of one-dimensional elasti
ity and a relaxation law for a s
alar order parameter.Under some physi
ally justi�ed assumptions on the strain energy and datawe prove the existen
e and uniqueness of a regular solution to the problem.The proof is based on the Leray�S
hauder �xed point theorem.1. Introdu
tion. Fried and Gurtin [4℄ have proposed a theory forisothermal phase transitions in solids in whi
h the material phase is 
har-a
terized by an order parameter. This theory is based on balan
e laws oflinear momentum and mi
rofor
e, with underlying free energy depending ona strain, a multi
omponent order parameter and its gradient.The idea of an order parameter was applied in the well-known theoriesof solid-solid transitions developed by Falk and Frémond (see e.g. [1℄). Inthese theories, the order parameter is identi�ed with the strain tensor. Inthe nonisothermal 
ase the free energy density is postulated to be a fun
tionof the strain, the strain gradient, and temperature.In the Fried�Gurtin theory the order parameter represents a new quantitythat 
an have varying physi
al interpretation. Originally, in the Fried�Gurtintheory the order parameter represents a 
hara
terization of the materialphase in the solid. Another possible interpretation of the order parameter2000 Mathemati
s Subje
t Classi�
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270 Z. Kosowskiis the density of the 
hemi
al 
omponent. The order parameter 
an also be
onsidered as an arti�
e that yields a regularization of me
hani
al equations.The free energy density is 
onstitutively dependent on a strain, the orderparameter and the gradient of the order parameter.From the mathemati
al point of view it is important that in the Fried�Gurtin theory the stress tensor is a linear fun
tion of the strain. The non-linear e�e
ts are 
ontained in the order parameter equation.To the best of the author's knowledge the well-posedness of the Fried�Gurtin model in the one-dimensional 
ase has not been examined so far.Only in Sikora et al. [8℄ a spe
ial 1D 
ase of the model and its stationary(independent of time) solutions have been analyzed. A three-dimensionalproblem with homogeneous Diri
hlet boundary 
onditions has been investi-gated in [5℄. The existen
e of solutions was proved there with the help of themaximal regularity theory for paraboli
 equations. A homogeneous Diri
hletboundary 
ondition for the order parameter was assumed in appli
ations ofthis theory.The 1D approa
h to the problem allows the appli
ation of a simpli�edmethod to prove the existen
e and uniqueness of the solution. It is importantto mention that in this 
ase, in 
ontrast to [5℄, we adopt the homogeneousNeumann boundary 
ondition for the order parameter, whi
h is 
ommon inphase transitions theories.Let us 
onsider an elasti
 bar whi
h o

upies the interval [0, 1] inthe referen
e 
on�guration. The motion of the bar is des
ribed by the map-ping
y(x, t) = x + u(x, t).The order parameter is des
ribed by a fun
tion ϕ : (0, 1) × (0, T ) → R.We use the following notation:

x ∈ (0, 1) = Ω position
S = {0} ∪ {1} boundary points
t ∈ [0, T ] time
ΩT = Ω × (0, T ) spa
e-time 
ylinder
ST = S × (0, T ) lateral boundary
u(x, t) displa
ement
y(x, t) pla
ement in spa
e
ε(x, t) = ux(x, t) strain
ϕ(x, t) order parameter
ϕx(x, t) gradient of the order parameter
b(x, t) distributed body for
e



1D Fried�Gurtin model 271In this arti
le we study the Fried�Gurtin model in a spe
ial 
ase of smallstrain approximation with the strain represented by the linearized strain
ε = ε(u) and an un
onstrained s
alar order parameter ϕ distinguishing be-tween two phases, a and b, 
hara
terized by ϕ = 0 and ϕ = 1. The modelunder 
onsideration has the form of a 
oupled system of partial di�erentialequations. These equations represent the linear momentum balan
e for thedispla
ement and the relaxation law for the order parameter with pres
ribedinitial and boundary 
onditions:
(1.1) utt − [f,ε(ε, ϕ, ϕx)]x = b in ΩT ,

u|t=0 = u0, ut|t=0 = u1 in Ω,

u = 0 on ST ,and
(1.2) βϕt + f,ϕ(ε, ϕ, ϕx) − [f,ϕx

(ε, ϕ, ϕx)]x = 0 in ΩT ,

ϕ|t=0 = ϕ0 in Ω,

ϕx = 0 on ST .Here β is a positive 
onstant, 
alled the dumping modulus (in general β
an depend on ε, ϕ, ϕx, ϕt), and f denotes the free energy density whi
h is
onstitutively given as a fun
tion of the strain, the order parameter and itsgradient,
f = f(ε, ϕ, ϕx).The fun
tions u0, u1, ϕ0 represent initial 
onditions for the displa
ement,the velo
ity and the order parameter. For simpli
ity we 
onsider the homo-geneous Diri
hlet boundary 
ondition for the displa
ement and homogeneousNeumann boundary 
ondition for the order parameter. The inhomogeneousboundary 
ondition for u 
an always be redu
ed to the homogeneous one byan appropriate translation of the variable u.We assume that the free energy density f has the typi
al Landau�Ginz-burg form:(1.3) f(ε, ϕ, ϕx) = W (ε, ϕ) + Ψ(ϕ) +

γ

2
|ϕx|

2,with the three terms representing the strain energy, the ex
hange energyand the gradient energy respe
tively, with 
onstant 
oe�
ient γ > 0. Theex
hange energy Ψ(·) has the standard form of a double-well potential withequal minima at ϕ = 0 and ϕ = 1,(1.4) Ψ(ϕ) =
1

2
ϕ2(1 − ϕ)2.The sum of the last two terms in (1.3) represents the energy of the di�used



272 Z. Kosowskiphase interfa
es. For this form of f the 
orresponding derivatives are:
f,ε(ε, ϕ, ϕx) = W,ε(ε, ϕ),

f,ϕ(ε, ϕ, ϕx) = W,ϕ(ε, ϕ) + Ψ ′(ϕ),

f,ϕx
(ε, ϕ, ϕx) = γϕx.The relevant expressions for the strain energy W (ε, ϕ) are given by thefollowing two examples (see e.g. [4℄, [3℄):Example 1.(1.5) W (ε, ϕ) = (1 − z(ϕ))Wa(ε) + z(ϕ)Wb(ε),where

Wi(ε) =
1

2
A(ε − εi)

2, i = a, b,is the strain energy of phase i, εi is the natural strain (eigenstrain), assumedto be 
onstant, and A > 0 is the elasti
ity 
oe�
ient.Furthermore, z(·) is a smooth, nonde
reasing s
alar interpolation fun
-tion satisfying(1.6) z(0) = 0, z(1) = 1, 0 ≤ z(ϕ) ≤ 1 for all ϕ ∈ R.The inequality 
onstraint is imposed to ensure the physi
al meaning of (1.5).Example 2.(1.7) W (ε, ϕ) =
1

2
A(ε − ε(ϕ))2,where

ε(ϕ) = z(ϕ)εis the natural strain depending on the order parameter, ε is the 
onstantmis�t tensor, and z(·) is a smooth s
alar interpolation fun
tion satisfying(1.8) z(0) = 0, z(1) = 1,but here, not ne
essarily 
onstrained by the inequality of (1.6). Furthermore,
A > 0 is the elasti
ity 
oe�
ient.We point out that in the general 
ase, the 
oe�
ient A in the aboveexamples may depend on the phase, i.e. A = A(ϕ). In this paper we restri
tourselves to the 
ase of homogeneous elasti
ity assuming that A is 
onstantand for simpli
ity we set(1.9) A = 1.



1D Fried�Gurtin model 273For the free energy (1.3) with Ψ(ϕ) given by (1.4) and W (ε, ϕ) as in Ex-amples 1 and 2, the problem (1,1), (1,2) takes the form
utt − Auxx = z′(ϕ)Bϕx + b in ΩT = (0, 1) × (0, T ),

u|t=0 = u0, u|t=0 = u1 in Ω = (0, 1),

u = 0 on ST = S × (0, T ),

(1.10)

βϕt − γϕxx = −Ψ ′(ϕ) − z′(ϕ)[Bux + h(ϕ)] in ΩT ,

ϕ|t=0 = ϕ0 in Ω,

ϕx = 0 on ST .

(1.11)

where
• in Example 1: B = A(εa − εb), h(ϕ) = −1

2A(ε2
a − ε2

b),

• in Example 2: B = −Aε, h(ϕ) = Az(ϕ)ε2.Assumptions. The problem (1.1), (1.2) is studied under the followingassumptions:(A1) Ω = [0, 1] ⊂ R.(A2) A = const; later we will set A = 1.(A3) f(ε, ϕ, ϕx) is de�ned by (1.3) with Ψ(·) given by (1.4) and W (ε, ϕ)spe
i�ed in Examples 1 and 2, or more generally, h(ϕ) = Ez(ϕ)+F ,where E, F are 
onstants.(A4) The fun
tion z(·) ∈ C2 satis�es (1.6).(A5) The data of the problem are su
h that:
b ∈ L1(0, T ; L2(Ω)), u0 ∈ H1

0 (Ω), u1 ∈ L2(Ω), ϕ0 ∈ H1(Ω),and satisfy the 
ompatibility 
ondition
ϕ0,x = 0 on S.Remark. System (1.10), (1.11) with the nonhomogeneous Diri
hletboundary 
onditions for the displa
ement(1.12) u(0, t) = 0, u(1, t) = d,where d denotes a 
onstant elongation, 
an be redu
ed to the homogeneousone by the translation of the variable u:

v(x, t) = u(x, t) − dx.Then the pair (v, ϕ) satis�es
vtt − Avxx = z′(ϕ)Bϕx + b in ΩT ,

v|t=0 = u0 − dx, v|t=0 = u1 in Ω,

v = 0 on ST ,
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βϕt − γϕxx = −Ψ ′(ϕ) − z′(ϕ)[Bvx + h∗(ϕ)] in ΩT ,

ϕ|t=0 = ϕ0 in Ω,

ϕx = 0 on ST ,where h∗(ϕ) = h(ϕ) + Bd.The above system has the same form as (1.10), (1.11), so the results 
anbe applied to this 
ase as well.The problem (1.10), (1.11) 
orresponding to the strain energy from Ex-ample 2 with ε(ϕ) = kϕ, k = const, and the boundary 
ondition (1.12) hasbeen investigated numeri
ally in [8℄.We now state the main results of this paper.Theorem 1 (Global existen
e). Let assumptions (A1)�(A5) be satis�ed.Then problem (1.10), (1.11) has a solution (u, ϕ) ∈ W 1,1
2,∞(ΩT ) × W 2,1

2 (ΩT ).Moreover , any solution (u, ϕ) satis�es the estimates
(1.13)

‖u‖2,∞ + ‖ut‖2,∞ + ‖ϕx‖2,∞ + ‖ux‖2,∞ + ‖ϕ‖4,∞ + ‖ϕt‖2,2 ≤ C,

‖ϕ‖
W 2,1

2
(ΩT )

≤ C(T ),where the 
onstant C depends only on the data u0, u1, ϕ0 and b, and C(T )depends on the data and time T.Theorem 2 (Uniqueness). Let assumptions (A1)�(A5) be satis�ed.Then the solution (u, ϕ) ∈ W 1,1
2,∞(ΩT ) × W 2,1

2 (ΩT ) of problem (1.10), (1.11)is unique.Notation. We use the following notation:
Lp = Lp(Ω), ‖ · ‖p = ‖ · ‖Lp(Ω),

Lp,q = Lq(0, T ; Lp(Ω)), ‖ · ‖p,q = ‖ · ‖Lq(0,T ;Lp(Ω)),

W 1,1
2 = W 1,1

2 (Ω × (0, T )) Sobolev spa
e,
W 2,1

2 = W 2,1
2 (Ω × (0, T )) anisotropi
 Sobolev spa
e,

H1 = H1(Ω) = W 1
2 (Ω).Throughout this paper, C denotes a generi
, positive 
onstant di�erent invarious instan
es, even in the same expression, depending on the data of theproblem, domain Ω and the time horizon T . Sometimes, when appropriate,this dependen
e will be additionally expressed. When using the Young orCau
hy inequalities we will use the symbol C(1/δ) to emphasize that the
oe�
ients C(1/δ), δ > 0, depend on δ and C(1/δ) → ∞ as δ → 0.2. Auxiliary results. For the reader's 
onvenien
e we now present themost important theorems used in the proof of the main results.We will use the following theorems on solvability of linear partial di�er-ential equations.



1D Fried�Gurtin model 275Theorem 2.1 (Global existen
e for the hyperboli
 problem; see e.g.[6, Chapter IV, Theorems 3.1, 3.2℄). Let f ∈ L2,1, u0 ∈ H1(Ω), u1 ∈ L2(Ω).Then the problem
(2.1) utt − uxx = f,

u|t=0 = u0,

ut|t=0 = u1,

u(0, t) = u(1, t) = 0has a unique solution u ∈ W 1
2 (ΩT ).Theorem 2.2 (Global existen
e for the paraboli
 problem; see e.g.[6, Chapter III, Theorem 4.1℄). Let β, γ > 0 and f ∈ L2,2, ϕ0 ∈ H1(Ω).Then the problem

(2.2) βϕt − γϕxx = f,

ϕ|t=0 = ϕ0,

ϕx(0, t) = ϕx(1, t) = 0has a unique solution ϕ ∈ W 2,1
2 (ΩT ).The proof of Theorem 1 will be based on the 
lassi
al Leray�S
hauder�xed point theorem. We re
all it in one of its equivalent forms.Theorem 2.3 (Leray�S
hauder; see e.g. [2℄) Let X be a Bana
h spa
e.Assume that a map T : [0, 1] ×X → X has the following properties :(i) for any �xed τ ∈ [0, 1] the map T (τ, ·) : X → X is 
ompletely
ontinuous (
ontinuous and 
ompa
t),(ii) for every bounded subset XB of X , the family of maps T (·, χ) :

[0, 1] → X , χ ∈ XB, is uniformly equi
ontinuous,(iii) there is a bounded subset XF of X su
h that any �xed point in Xof the map T (τ, ·), 0 ≤ τ ≤ 1, is 
ontained in XF ,(iv) T (0, ·) has pre
isely one �xed point.Then T (1, ·) has at least one �xed point in X .For later use, we prepare the following lemmas providing estimates ofsolutions to problems (2.1) and (2.2).Lemma 2.4 (Estimate for the hyperboli
 problem). Let u be a solutionfor problem (2.1). Then(2.3) ‖u‖2,∞ + ‖ux‖2,∞ + ‖ut‖2,∞ ≤ C(‖f‖2,1 + ‖u1‖2 + ‖u0,x‖2).Proof. Multiplying (2.1)1 by ut and integrating by parts with respe
t to
x (ut(x, t) = 0 for x = 0 and x = 1 be
ause u(x, t) = 0 for x = 0 and x = 1),we get \

ututt dx +
\
uxuxt dx =

\
fut dx.



276 Z. KosowskiBy S
hwarz's inequality,
1

2

d

dt
(‖ut‖

2
2 + ‖ux‖

2
2) ≤ ‖f‖2‖ut‖2,thus we get

(‖ut‖
2
2 + ‖ux‖

2
2)

1/2 d

dt
(‖ut‖

2
2 + ‖ux‖

2
2)

1/2 ≤ ‖f‖2(‖ut‖
2
2 + ‖ux‖

2
2)

1/2.After dividing by (‖ut‖
2
2 + ‖ux‖

2
2)

1/2 and integrating with respe
t to t, we
on
lude that
(‖ut(t)‖

2
2 + ‖ux(t)‖2

2)
1/2 ≤

\
‖f‖2 dt + (‖ut(0)‖2

2 + ‖ux(0)‖2
2)

1/2.Re
alling the initial 
onditions u(0) = u0, ut(0) = u1, it follows that for
t ≤ T ,

‖ut(t)‖2 + ‖ux(t)‖2 ≤ C(‖f‖2,1 + ‖u1‖2 + ‖u0,x‖2).In view of the boundary 
ondition u(0, t) = 0,

u(x, t) =

x\
0

ux(s, t) ds.Hen
e,
‖u(t)‖2

2 ≤

1\
0

(

x\
0

ux(s, t) ds
)2

dx ≤

1\
0

‖ux(t)‖2
2 dx = ‖ux(t)‖2

2,whi
h 
on
ludes the proof.Lemma 2.5 (Estimate for the paraboli
 problem). Let ϕ be a solutionfor problem (2.2). Then
(2.4) ‖ϕ‖2,∞ + ‖ϕx‖2,∞ + ‖ϕxx‖2,2 + ‖ϕt‖2,2

≤ c(T )(‖f‖2,2 + ‖ϕ0‖2 + ‖ϕ0,x‖2).Proof. Multiplying (2.2)1 by ϕ and integrating by parts with respe
t to
x (ϕxϕ|10 = 0, be
ause ϕx = 0 for x = 0, 1) we get

β
\
ϕtϕdx + γ

\
ϕ2

x dx =
\
fϕ dx.Omitting γ

T
ϕ2

x dx, we 
on
lude that
β

2

d

dt
‖ϕ(t)‖2

2 = β‖ϕ(t)‖2
d

dt
‖ϕ(t)‖2 ≤ ‖f(t)‖2‖ϕ(t)‖2.After dividing by ‖ϕ(t)‖2 and integrating with respe
t to t, it follows that

β‖ϕ(t)‖2 ≤

t\
0

‖f(s)‖2 ds + β‖ϕ(0)‖2,so, for any t ≤ T ,
β‖ϕ(t)‖2 ≤ ‖f‖2,1 + β‖ϕ0‖2.



1D Fried�Gurtin model 277Thus(2.5) ‖ϕ‖2,∞ ≤ C(‖f‖2,1 + ‖ϕ0‖2).Further, multiplying (2.2)1 by ϕt and integrating by parts with respe
tto x (ϕxϕt|
1
0 = 0, be
ause ϕx = 0 for x = 0, 1), we 
on
lude that

β
\
ϕ2

t dx + γ
\
ϕxϕxt dx =

\
fϕt dx.By Young's inequality fg ≤ 1

2βf2 + β
2 g2, it follows that

β‖ϕt‖
2
2 +

γ

2

d

dt
‖ϕx‖

2
2 ≤

1

2β
‖f‖2

2 +
β

2
‖ϕt‖

2
2.Redu
ing β

2 ‖ϕt‖
2
2 and integrating with respe
t to t, we get

β

2
‖ϕt‖

2
2,2 +

γ

2
‖ϕx(t)‖2

2 ≤
1

2β
‖f‖2

2,2 +
γ

2
‖ϕx(0)‖2

2,whi
h implies that for some C > 0,
‖ϕt‖

2
2,2 + ‖ϕx(t)‖2

2 ≤ C(‖f‖2
2,2 + ‖ϕ0,x‖

2
2).Thus for t ≤ T , we have

‖ϕt‖2,2 + ‖ϕx(t)‖2 ≤ C(‖f‖2,2 + ‖ϕ0,x‖2).As a result,
‖ϕt‖2,2 + ‖ϕx‖2,∞ ≤ C(‖f‖2,2 + ‖ϕ0,x‖2).This inequality and inequality (2.5) imply (2.4).We will also useLemma 2.6 (Interpolation inequality). Let Ω = [a, b] ⊂ R and ϕ ∈

L4(Ω) ∩ H1(Ω). Then
(2.6)

‖ϕ‖2
4 ≤ C‖ϕ‖2(‖ϕ‖2 + ‖ϕx‖2),

‖ϕ‖2
4 ≤ C(1/δ)‖ϕ‖2

2 + δ‖ϕx‖
2
2,where:

• the 
onstant C depends only on Ω,
• for δ > 0, the 
onstant C(1/δ) depends only on δ, Ω.Obviously, we also have(2.7) ‖ϕ‖4 ≤ C(1/δ)‖ϕ‖2 + δ‖ϕx‖2.Estimates of nonlinearity for the paraboli
 equation, We point out some
onsequen
es of the assumptions on Ψ, z and h. The derivative of the double-well potential Ψ has the form(2.8) Ψ ′(ϕ) = ϕ(1 − ϕ)(1 − 2ϕ) = 2ϕ3 − 3ϕ2 + ϕ.



278 Z. KosowskiThe fun
tion z(·) ∈ C2(R), with z′(·) Lips
hitz 
ontinuous, satis�es
(2.9)

0 ≤ z(ϕ) ≤ 1,

|z(ϕ1)−z(ϕ2)| ≤ C|ϕ1−ϕ2|, |z′(ϕ1)−z′(ϕ2)| ≤ C|ϕ1−ϕ2|.Let(2.10) H(ϕ) = Ψ(ϕ) +
E

2
z2(ϕ) + Fz(ϕ).Then

H ′(ϕ) = Ψ ′(ϕ) + Ez′(ϕ)z(ϕ) + Fz′(ϕ),

Ψ ′(ϕ) + z′(ϕ)[Bux + h(ϕ)] = H ′(ϕ) + z′(ϕ)Bux,where:
• E = 0, F = const in Example 1,
• E = const, F = 0 in Example 2.One 
an easily 
he
k the following inequalities:

(2.11)

Cϕ4 − C ≤ H(ϕ) ≤ Cϕ4 + C,

Cϕ4 − Cϕ2 ≤ H(ϕ) ≤ Cϕ4 + Cϕ2,

H ′(ϕ1) − H ′(ϕ2) ≤ [C(ϕ2
1 + ϕ2

2) + C] (ϕ1 − ϕ2).Using (2.10), the problem (1.10), (1.11) 
an be rewritten as
utt − uxx = Bz′(ϕ)ϕx + b,

u|t=0 = u0 ∈ H1(Ω), ut|t=0 = u1 ∈ L2(Ω),

u = 0 on ST ,

(2.12)

βϕt − γϕxx + H ′(ϕ) = −Bz′(ϕ)ux,

ϕ|t=0 = ϕ0 ∈ H1(Ω),

ϕx = 0 on ST .

(2.13)

3. Proof of Theorem 1. The proof is a dire
t appli
ation of the Leray�S
hauder �xed point theorem. First, we 
hoose a working spa
e X . Se
ondly,we 
onstru
t a map T : [0, 1] × X → X . Thirdly, we 
he
k the assumptionsof the Leray�S
hauder theorem to show the existen
e of a solution to prob-lem (1.10), (1.11) in simpli�ed form (2.12), (2.13).Working spa
e. Let
X = L∞(ΩT ) ∩ L2(0, T ; H1(Ω)) = {ϕ : ϕ ∈ L∞(ΩT ), ϕx ∈ L2(Ω

T )}with the norm(3.1) ‖ϕ‖X = ‖ϕ‖L∞(ΩT ) + ‖ϕx‖L2(ΩT ).

X is a Bana
h spa
e and the imbedding W 2,1
2 (ΩT ) →֒ X is 
ompa
t.



1D Fried�Gurtin model 279Constru
tion of the map. Let T : [0, 1] × X → X be de�ned by thefollowing pro
edure: for any τ ∈ [0, 1], ϕ ∈ X , b ∈ L1(0, T ; L2(Ω)), we de�ne
u as a solution of the linear equation(3.2) utt − uxx = −τBz′(ϕ)ϕx + bwith initial and boundary 
onditions
(3.3)

u|t=0 = u0 ∈ H1(Ω), ut|t=0 = u1 ∈ L2(Ω),

u = 0 on ST .By Theorem 2.1, the solution u exists, is unique and u ∈ W 1
2 (ΩT ), in par-ti
ular ux ∈ L2(Ω

T ). Given ux, we de�ne T (τ, ϕ) as a solution of the linearequation(3.4) βϕt − γϕxx = −τH ′(ϕ) − τBz′(ϕ)uxwith initial and boundary 
onditions
(3.5)

ϕ|t=0 = ϕ0 ∈ H1(Ω),

ϕx = 0 on ST .By Theorem 2.2, the solution ϕ exists, is unique and ϕ ∈ W 2,1
2 (ΩT ) ⊂ X .This shows that T (τ, ϕ) is well-de�ned.Continuity and 
ompa
tness of the map T (τ, ·). To show the 
ontinuitywe estimate the di�eren
e T (τ, ϕ1) − T (τ, ϕ2) in the norm of the spa
e X .First we estimate ‖(u1 − u2)x‖L2(ΩT ), and then ‖ϕ1 − ϕ2‖W 2,1

2
(ΩT )

.Lemma 3.1. Let ϕ1, ϕ2 ∈ X , and u1, u2 be solutions of
u1,tt − u1,xx = τBz′(ϕ1)ϕ1,x + b,

u2,tt − u2,xx = τBz′(ϕ2)ϕ2,x + b,with the same initial 
onditions (3.3)1 and with boundary 
onditions
u1 = 0, u2 = 0 on ST .Then the di�eren
e v = u1 − u2 satis�es the estimate(3.6) ‖vx‖2,∞ ≤ τC‖ϕ‖Xwhere ϕ = ϕ1 − ϕ2 and C depends on ϕ1,x.Proof. The di�eren
e v satis�es

vtt − vxx = τBz′(ϕ1)ϕ1,x − τBz′(ϕ2)ϕ2,x

= τB(z′(ϕ1) − z′(ϕ2))ϕ1,x + τBz′(ϕ2)ϕx.In view of the boundary 
onditions and estimate (2.3) we dedu
e that
‖vx‖2,∞ ≤ τ‖Bz′(ϕ1)ϕ1,x − Bz′(ϕ2)ϕ2,x‖2,1,



280 Z. KosowskiUsing the estimate
|B(z′(ϕ1) − z′(ϕ2))ϕ1,x| ≤ |Bz′′(ξ)| |ϕ| |ϕ1,x| ≤ C|ϕ| |ϕ1,x|where ξ depends on ϕ1, ϕ2, we get

‖B(z′(ϕ1) − z′(ϕ2))ϕ1,x‖2,1 ≤ C‖ϕ‖L∞(ΩT )‖ϕ1,x‖2,1.The estimate |Bz′(ϕ2)ϕx| ≤ C|ϕx| implies that
‖Bz′(ϕ2)ϕx‖2,1 ≤ C‖ϕx‖2,1.Hen
e,

‖Bz′(ϕ1)ϕ1,x−Bz′(ϕ2)ϕ2,x‖2,1 ≤ C‖ϕ‖L∞(ΩT )‖ϕ1,x‖2,1 + C‖ϕx‖2,1

≤ C‖ϕ1,x‖2,1‖ϕ‖L∞(ΩT ) + C(T )‖ϕx‖2,2

≤ (C‖ϕ1,x‖2,1+C(T ))(‖ϕ‖L∞(ΩT )+‖ϕx‖2,2).This yields inequality (3.6).Lemma 3.2. Let ϕ1, ϕ2 be solutions of the equations
βϕ1,t − γϕ1,xx = −τH ′(ϕ1) − τBz′(ϕ1)u1,x,

βϕ2,t − γϕ2,xx = −τH ′(ϕ2) − τBz′(ϕ2)u2,xwith initial and boundary 
onditions
ϕ1|t=0 = ϕ0, ϕ2|t=0 = ϕ0 in Ω,

ϕ1,x = 0, ϕ2,x = 0 on ST ,where u1, u2 are 
onstru
ted in Lemma 3.1. Then
‖ϕ1 − ϕ2‖W 2,1

2

≤ τC‖ϕ‖Xwhere ϕ = ϕ1 − ϕ2, and C depends on ϕ1,x.Proof. The di�eren
e ϕ = ϕ1 − ϕ2 satis�es
βϕt − γϕxx = −τ [H ′(ϕ1) − H ′(ϕ2)] + τB[z′(ϕ1)u1,x − z′(ϕ2)u2,x],

ϕ|t=0 = 0, ϕx = 0 on ST .In view of (2.4) and the vanishing initial 
onditions, it is enough to estimate
(3.7) ‖H ′(ϕ1) − H ′(ϕ2) + Bz′(ϕ1)u1,x − Bz′(ϕ2)u2,x‖2,2

≤ ‖H ′(ϕ1) − H ′(ϕ2)‖2,2 + ‖Bz′(ϕ1)u1,x − Bz′(ϕ2)u2,x‖2,2.Let v = u1 − u2. Then
|H ′(ϕ1) − H ′(ϕ2)| ≤ C(ϕ2

1 + ϕ2
2 + C)|ϕ1 − ϕ2|,

|Bz′(ϕ1)u1,x − Bz′(ϕ2)u2,x| ≤ |B(z′(ϕ1) − z′(ϕ2))u1,x| + |Bz′(ϕ2)vx|

≤ |Bz′′(ξ)u1,xϕ| + |Bz′(ϕ2)vx|

≤ C1|u1,x| |ϕ| + C|vx|



1D Fried�Gurtin model 281where ξ depends on ϕ1, ϕ2. The above implies
‖H ′(ϕ1) − H ′(ϕ2)‖2,2 ≤ C‖(ϕ2

1 + ϕ2
2 + C)(ϕ1 − ϕ2)‖2,2

≤ C‖ϕ2
1 + ϕ2

2 + C‖L4(ΩT )‖ϕ1 − ϕ2‖L4(ΩT )

≤ C‖ϕ2
1 + ϕ2

2 + C‖L∞(ΩT )‖ϕ1 − ϕ2‖L∞(ΩT )

≤ C(‖ϕ1‖
2
L∞(ΩT ) + ‖ϕ2‖

2
L∞(ΩT ) + 1)‖ϕ‖L∞(ΩT ).The estimate (3.6) yields ‖vx‖2,2≤C‖ϕ‖X . By the above estimates and (3.7),

‖ϕ1 − ϕ2‖W 2,1
2

(ΩT )

≤ τC((‖ϕ1‖
2
L∞(ΩT ) + ‖ϕ2‖

2
L∞(ΩT ) + 1)‖ϕ‖L∞(ΩT ) + ‖u1,xϕ‖2,2 + ‖vx‖2,2)

≤ τC((‖ϕ1‖
2
L∞(ΩT ) + +‖ϕ2‖

2
L∞(ΩT ) + 1)‖ϕ‖L∞(ΩT )

+ ‖u1,x‖2,2‖ϕ‖L∞(ΩT ) + ‖ϕ‖X )

≤ τC‖ϕ‖X = τC‖ϕ1 − ϕ2‖X .where the 
onstant C depends on ϕ1 (for small ‖ϕ1 − ϕ2‖L∞(ΩT )).Lemmas 3.1 and 3.2 show that the map T (τ, ·) : X → W 2,1
2 (ΩT ) is
ontinuous for any τ ∈ [0, 1]. Its 
ompa
tness follows from the 
ompa
tnessof the imbedding W 2,1

2 (ΩT ) →֒ X .Uniform equi
ontinuity. In the next step of the proof we prove that if X0is a bounded subset of X then the family of maps {T (·, ϕ)}ϕ∈X0
: [0, 1] → Xis uniformly equi
ontinuous.Let ϕ ∈ X0, ‖ϕ‖X ≤ M , and u1, u2 be solutions of (3.2), (3.3) 
orre-sponding to τ1, τ2 respe
tively. Let ϕ1, ϕ2 be solutions of (3.4) 
orrespondingto τ1, u1 and τ2, u2 respe
tively.The di�eren
e v = u1 − u2 satis�es

vtt − vxx = (τ1 − τ2)z
′(ϕ)ϕx,with vanishing initial and boundary 
onditions. In view of (2.3) we have(3.8) ‖vx‖2,2 ≤ ‖(τ1 − τ2)z

′(ϕ)ϕx‖2,1 ≤ |τ1 − τ2|C‖ϕx‖2,2.The di�eren
e ϕ = ϕ1 − ϕ2 satis�es
βϕt − γϕxx = −(τ1 − τ2)H

′(ϕ) − B(τ1z
′(ϕ)u1,x − τ2z

′(ϕ)u2,x),with vanishing initial and boundary 
onditions. The estimate (2.4) implies
‖ϕ‖

W 2,1
2

(ΩT )
≤ ‖(τ1 − τ2)H

′(ϕ) + B(τ1z
′(ϕ)u1,x − τ2z

′(ϕ)u2,x)‖2,2.Using the inequalities
|H ′(ϕ)| ≤ C|ϕ|3 + C,

|τ1z
′(ϕ)u1,x − τ2z

′(ϕ)u2,x| ≤ |(τ1 − τ2)u1,x| + |τ2z
′(ϕ)(u1,x − u2,x)|,



282 Z. Kosowskitaking into a

ount that u1 satis�es (3.2) for τ = τ1, and using Lemma 2.4we get
‖u1,x‖2,∞ ≤ C(‖τ1z

′(ϕ)ϕx‖2,1) + C2 ≤ τ1C‖ϕx‖2,1 + C2

≤ τ1C‖ϕx‖2,2 + C2where C2 depends on the initial 
onditions (3.3). Hen
e (3.8) and ‖ϕ‖X ≤ Myield
‖ϕ‖

W 2,1
2

(ΩT )
≤ |τ1 − τ2|(‖H

′(ϕ)‖2,2 + ‖u1,x‖2,2) + Cτ2‖vx‖2,2

≤ |τ1 − τ2|(C‖ϕ)‖3
L∞(ΩT ) + C + C‖ϕx‖2,2 + C‖ϕx‖2,2)

≤ C|τ1 − τ2|.By 
ontinuity of the imbedding W 2,1
2 (ΩT ) →֒ X , the above estimate showsthe desired uniform equi
ontinuity.Boundedness of the �xed point. In the next step we prove that thereexists a 
onstant M su
h that every solution of the equation T (τ, ϕ) = ϕ forany τ ∈ [0, 1] satis�es ‖ϕ‖X ≤ M.If ϕ is a �xed point of T (τ, ·) for some τ , then

(3.9)

utt − uxx = −τBz′(ϕ)ϕx + b,

βϕt − γϕxx + τH ′(ϕ) = −τBz′(ϕ)ux,

u|t=0 = u0 ∈ H1(Ω), ut|t=0 = u1 ∈ L2(Ω),

u = 0 on ST .

ϕ|t=0 = ϕ0 ∈ H1(Ω),

ϕx = 0 on ST .In virtue of the inequality (2.3),
‖ux‖2,2 ≤ C(‖τBz′(ϕ)ϕx + b‖2,1 + ‖u1‖2 + ‖u0,x‖2)

≤ C‖ϕx‖2,2 + C(‖b‖2,1 + ‖u1‖2 + ‖u0,x‖2) = C‖ϕx‖2,2 + Dwhere D = C(‖b‖2,1 + ‖u1‖2 + ‖u0,x‖2). This shows that(3.10) ‖ux‖
2
2,2 ≤ C‖ϕx‖

2
2,2 + D2.Multiplying (3.9)2 by ϕ and integrating by parts with respe
t to x yields

β
\
ϕϕt dx + γ

\
ϕxϕx dx + τ

\
H ′(ϕ)ϕdx = −τ

\
Bz′(ϕ)ϕux dx.Taking into a

ount that H ′(ϕ)ϕ ≥ Cϕ4 − Cϕ2, |Bz′(ϕ)| ≤ C, we get

β
\
ϕϕt dx + γ

\
ϕxϕx dx + τC

\
ϕ4 dx ≤ τC

\
ϕ2 dx + τC

\
|ϕux| dx.
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T
ϕ4 dx, the Young inequality yields

β

2

d

dt
‖ϕ(t)‖2

2 + γ‖ϕx(t)‖2
2 ≤ C‖ϕ(t)‖2

2 + C‖ϕ(t)‖2‖ux(t)‖2

≤ C‖ϕ(t)‖2
2 + C(1/δ)‖ϕ(t)‖2

2 + δ‖ux(t)‖2
2.Integrating with respe
t to t ∈ (0, T ] and applying (3.10) we get

β

2
‖ϕ(t)‖2

2 + γ‖ϕx‖
2
2,2

≤ (C + C(1/δ))

t\
0

‖ϕ(s)‖2
2 ds + δ‖ux(t)‖2

2,2 +
β

2
‖ϕ(0)‖2

2

≤ (C + C(1/δ))

t\
0

‖ϕ(s)‖2
2 ds +

β

2
‖ϕ(0)‖2

2 + δC‖ϕx‖
2
2,2 + δD2.

Choosing δ = γ/2C, after redu
ing the term δC‖ϕx‖
2
2,2, we get

β

2
‖ϕ(t)‖2

2 +
γ

2
‖ϕx‖

2
2,2 ≤ C

t\
0

‖ϕ(s)‖2
2 ds +

β

2
‖ϕ(0)‖2

2 + δD2.

Sin
e ϕ1,x = 0, ϕ2,x = 0 on ST , the integral Gronwall inequality shows thatfor t ≤ T ,
‖ϕ(t)‖2

2 ≤

(

‖ϕ(0)‖2
2 +

2δ

β
D2

)

(1 + ctect)where c = 2C/β. Consequently, ‖ϕ‖2,2 ≤ ‖ϕ‖2,∞ = ess sup ‖ϕ(t)‖2 ≤
C(T ) < ∞, so

γ

2
‖ϕx‖

2
2,2 ≤ C

t\
0

‖ϕ(s)‖2
2 ds +

β

2
‖ϕ(0)‖2

2 + δD2

≤ C‖ϕ‖2
2,2 +

β

2
‖ϕ(0)‖2

2 + δD2,thus
‖ϕx‖2,2 ≤ C(T ).Estimates (2.4) and (3.10) imply that

‖ϕ‖
W 2,1

2

≤ C(T )(‖−τBz′(ϕ)ux‖2,2 + ‖ϕ0‖2 + ‖ϕ0,x‖2)

≤ C(T )(C‖ux‖2,2 + ‖ϕ0‖2 + ‖ϕ0,x‖2)

≤ C(T )(C‖ϕx‖2,2 + C + ‖ϕ0‖2 + ‖ϕ0,x‖2)

≤ C(T )(C + ‖ϕ0‖2 + ‖ϕ0,x‖2) = M.Proof of the energy estimate. In this se
tion, we prove the estimate(1.13)1 from Theorem 1.



284 Z. KosowskiMultiplying (2.12)1 by ut and integrating by parts with respe
t to x( d
dx(z(ϕ)ut) = z′(ϕ)ϕxut + z(ϕ)uxt) we get\

ututt dx +
\
uxuxt dx = −B

\
z(ϕ)uxt dx +

\
but dx.Multiplying (2.13)1 by ϕt and integrating by parts with respe
t to x, wededu
e that

β
\
ϕ2

t dx + γ
\
ϕxϕxt dx +

\
H ′(ϕ)ϕt dx = −B

\
z′(ϕ)ϕtux dx.In view of d

dt(z(ϕ)ux) = z′(ϕ)ϕtux + z(ϕ)uxt, adding the above equalities,we arrive at the energy identity
(3.11) β

\
ϕ2

t dx +
d

dt

(

1

2

\
u2

t dx +
γ

2

\
ϕ2

x dx

+
1

2

\
u2

x dx +
\
H(ϕ) + Bz(ϕ)ux dx

)

=
\
but dx.We use the estimates H(ϕ) ≥ Cϕ4 − Cϕ2 (see (2.11)), z(ϕ) ≤ C|ϕ| + Cand the inequality ϕux ≥ −(ϕ2 + u2

x)/2 to 
on
lude that
(3.12)

1

2
u2

x + H(ϕ) + Bz(ϕ)ux ≥ Cu2
x + Cϕ4 − Cϕ2 ≥ Cu2

x + Cϕ4 − C.Furthermore, integrating (3.11) with respe
t to t yields
(3.13)

1

2
(‖ut(t)‖

2
2 − ‖ut(0)‖2

2) + β‖ϕt‖
2
2,2 +

γ

2
(‖ϕx(t)‖2

2 − ‖ϕx(0)‖2
2)

+

(

1

2

\
u2

x dx +
\
H(ϕ) dx + B

\
z(ϕ)ux dx

)∣

∣

∣

∣

t

0

=
\\

but dx dtfor any t ≤ T . In virtue of the Hölder and Young inequalities we get\\
but dx dt ≤

\
‖b(s)‖2‖ut(s)‖2 ds ≤ ‖b‖2,1‖ut‖2,∞ ≤ ‖b‖2

2,1 +
1

4
‖ut‖

2
2,∞.Hen
e, (3.13) yields, for any t ≤ T ,

1

2
‖ut(t)‖

2
2 + β‖ϕt‖

2
2,2 +

γ

2
‖ϕx(t)‖2

2 +
\
(Cu2

x(t) + Cϕ4(t) − C) dx

≤
1

4
‖ut‖

2
2,∞ +

1

2
‖ut(0)‖2

2 +
γ

2
‖ϕx(0)‖2

2

+
\(1

2
u2

x(0) + H(ϕ(0)) + Bz(ϕ(0))ux(0)

)

dx + ‖b‖2
2,1,so that

1

4
‖ut(t)‖

2
2 +

γ

2
‖ϕx(t)‖2

2,∞ + C‖ux‖
2
2,∞ + C‖ϕ‖4

4,∞ + β‖ϕt‖
2
2,2

≤
1

2
‖ut(0)‖2

2 +
γ

2
‖ϕx(0)‖2

2 + ‖b‖2
2,1 + C
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T
(1
2u2

x(0)+H(ϕ(0))+Bz(ϕ(0))ux(0)) dx. The above inequal-ity and the inequality ‖u‖2,∞ ≤ ‖ux‖2,∞ yield the estimate (1.13)1.Existen
e of the solution. For τ = 0, system (3.2), (3.3) has exa
tly onesolution, be
ause in this 
ase both independent linear equations have uniquesolutions. Thus the assumptions of the Leray�S
hauder's �xed point theoremare proven. Hen
e T (1, ·) has at least one �xed point ϕ ∈ X . Then the pair
(u, ϕ) is the solution of system (3.2), (3.3) for τ = 1, thus also for (2.12),(2.13). Theorem 1 is proved.4. Proof of Theorem 2. Let (u1, ϕ1) and (u2, ϕ2) be two solutions ofthe system (2.12), (2.13). Let v = u1 − u2 and ϕ = ϕ1 − ϕ2. The pair (v, ϕ)satis�es
(4.1)

vtt − vxx = Bz′(ϕ1)ϕ1,x − Bz′(ϕ2)ϕ2,x,

βϕt−γϕxx = −[H ′(ϕ1)−H ′(ϕ2)] − B[z′(ϕ1)u1,x−z′(ϕ2)u2,x],

v|t=0 = 0, vt|t=0 = 0, ϕ|t=0 = 0,

v = 0, ϕx = 0 on ST .In view of the the zero initial 
onditions, Lemma 2.4 yields
‖v‖2,∞ + ‖vx‖2,∞ + ‖vt‖2,∞ ≤ C‖Bz′(ϕ1)ϕ1,x − Bz′(ϕ2)ϕ2,x‖2,1.for any t < T . Taking into a

ount the regularity of z(·) we have

|z′(ϕ1)ϕ1,x − z′(ϕ2)ϕ2,x|

≤ |z′(ϕ1)ϕ1,x − z′(ϕ2)ϕ1,x| + |z′(ϕ2)ϕ1,x − z′(ϕ2)ϕ2,x|

= |(z′(ϕ1) − z′(ϕ2))ϕ1,x| + |z′(ϕ2)(ϕ1,x − ϕ2,x)|

≤ |z′′(ξ)(ϕ1 − ϕ2)ϕ1,x| + |z′(ϕ2)(ϕ1,x − ϕ2,x)|

≤ C(|ϕϕ1,x| + |ϕx|)where ξ depends on ϕ1, ϕ2. Thus, for t < T ,
‖v‖2,∞ + ‖vx‖2,∞ + ‖vt‖2,∞ ≤ C

t\
0

(‖ϕϕ1,x‖2 + ‖ϕx‖2) ds.Applying the Hölder inequality, we dedu
e that
t\
0

‖ϕϕ1,x‖2 ds ≤

t\
0

‖ϕ‖4‖ϕ1,x‖4 ds ≤ ‖ϕ‖4,2‖ϕ1,x‖4,2.The solution ϕ1 of problem (2.13) belongs to W 2,1
2 and ‖ϕ1‖W 2,1

2

≤ C(T ).The 
ontinuity of the imbedding Dx : W 2,1
2 → L4,2 yields

‖ϕ1,x‖4,2 ≤ C‖ϕ1‖W 2,1
2

≤ C.



286 Z. KosowskiApplying the inequality ‖ϕx‖2,1 ≤ C‖ϕx‖2,2 we dedu
e that(4.2) ‖v‖2,∞ + ‖vx‖2,∞ + ‖vt‖2,∞ ≤ C‖ϕ‖4,2 + C‖ϕx‖2,2.Multiplying (4.1)2 by ϕ and integrating by parts with respe
t to x, we get
β
\
ϕϕt dx + γ

\
ϕ2

x dx +
\
[H ′(ϕ1) − H ′(ϕ2)]ϕdx

= −B
\
(z′(ϕ1)u1,x − z(ϕ2)u2,x)ϕdx.The boundedness of z′′(·) yields

|B(z′(ϕ1)u1,x−z′(ϕ2)u2,x)|= |B(z′(ϕ1)−z′(ϕ2))u1,x|+ |Bz′(ϕ2)(u1,x−u2,x)|

≤C(|ϕu1,x| + |vx|).Taking into a

ount the inequality [H ′(ϕ1)−H ′(ϕ2)]ϕ ≥ C[ϕ2
1+ϕ2

2]ϕ
2−Cϕ2,we 
on
lude that

β

2

d

dt

\
ϕ2 dx + γ

\
ϕ2

x dx + C
\
[ϕ2

1 + ϕ2
2]ϕ

2 dx

≤ C
\
ϕ2 dx +

\
|B(z′(ϕ1)u1,x − z(ϕ2)u2,x)ϕ| dx

≤ C
\
ϕ2 dx + C

\
|ϕ2u1,x| + |vxϕ| dx.Hen
e, omitting C

T
[ϕ2

1 + ϕ2
2]ϕ

2 dx, we get(4.3) β

2

d

dt
‖ϕ(t)‖2

2 + γ‖ϕx(t)‖2
2 ≤ C‖ϕ(t)‖2

2 + C
\
(|ϕ2u1,x| + |vxϕ|) dx.By virtue of the Hölder inequality,

C
\
|ϕ2u1,x| dx ≤ C‖ϕ‖2

4‖u1,x‖2.Applying the estimate ‖u1,x‖2,∞ ≤ C, whi
h is true by (1.13), we dedu
ethat
C
\
|ϕ2u1,x| dx ≤ C‖ϕ‖2

4.In view of the interpolation inequality (2.6)2, the above inequality yields
C
\
|ϕ2u1,x| dx ≤ C(1/δ)‖ϕ‖2

2 + δ‖ϕx‖
2
2.Thus, if we set δ = γ/4 inequality (4.3) takes the form(4.4) β

2

d

dt
‖ϕ(t)‖2

2 +
3

4
γ‖ϕx(t)‖2

2 ≤ C‖ϕ(t)‖2
2 + C

\
|vxϕ| dx.The inequality (4.2) implies that for any t < T ,

‖vx(t)‖2 ≤ ‖vx‖2,∞ ≤ C‖ϕ‖4,2 + C‖ϕx‖2,2.Hen
e, applying the Hölder inequality we 
an estimate the last term in (4.4)as
C
\
|vxϕ| dx ≤ C‖ϕ(t)‖2‖ϕ‖4,2 + C‖ϕ(t)‖2‖ϕx‖2,2.



1D Fried�Gurtin model 287In view of the vanishing initial 
onditions and the above inequality, integrat-ing (4.4) with respe
t to t yields
‖ϕ(t)‖2

2 +
3

4
γ‖ϕx‖

2
2,2

≤ C‖ϕ‖2
2,2 + C

t\
0

(‖ϕ(t)‖2‖ϕ‖4,2 + ‖ϕ(t)‖2‖ϕx‖2,2) dt′

≤ C(‖ϕ‖2
2,2 + ‖ϕ‖2,2‖ϕ‖4,2 + ‖ϕ‖2,2‖ϕx‖2,2).Applying the interpolation inequality (2.7) again, we get

‖ϕ(t)‖2
2 +

3

4
γ‖ϕx‖

2
2,2 ≤ C(‖ϕ‖2

2,2 + C‖ϕ‖2
2,2 + 2‖ϕ‖2,2‖ϕx‖2,2)

≤ C(‖ϕ‖2
2,2 + ‖ϕ‖2,2‖ϕx‖2,2).Using the Young inequality we 
on
lude that

‖ϕ(t)‖2
2 +

3

4
γ‖ϕx‖

2
2,2 ≤ C(‖ϕ‖2

2,2 + C(1/δ)‖ϕ‖2
2,2 + δ‖ϕx‖

2
2,2)

≤ C‖ϕ‖2
2,2 +

γ

4
‖ϕx‖

2
2,2,where we have set δ = γ/4C.In view of the vanishing initial 
onditions, the integral Gronwall inequal-ity yields, for t ≤ T ,

‖ϕ(t)‖2
2 = 0.Hen
e, ϕ(t) = 0 for any t < T . Using (4.2) and the zero initial 
onditionin (4.1) we 
on
lude that v = 0. This shows that ϕ1 = ϕ2, u1 = u2. Theuniqueness is proved.
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