APPLICATIONES MATHEMATICAE
38,3 (2011), pp. 259-293

JAROSLAW L. BOJARSKI (Warszawa)

REGULARITY OF DISPLACEMENT SOLUTIONS
IN HENCKY PLASTICITY.
I: THE EXTREMAL RELATION

Abstract. The aim of this paper is to study the problem of regularity of
displacement solutions in Hencky plasticity. A non-homogeneous material
whose elastic-plastic properties change discontinuously is considered. We
find (in an explicit form) the extremal relation between the displacement
formulation (defined on the space of bounded deformation) and the stress
formulation of the variational problem in Hencky plasticity. This extremal
relation is used in the proof of the regularity of displacements.

In part II of the paper, we will prove that the displacement solution
belongs to the classical Sobolev space (if the stress solution belongs to the
interior of a set of admissible stresses, at each point). We will find the
regularity theorem for displacement solutions in composite materials whose
elastic-plastic properties may change discontinuously.

1. Introduction. The principal aim of this paper is to prove regular-
ity of displacement solutions in Hencky plasticity. Here, a non-homogeneous
(composite) material is considered, whose elastic-plastic properties change
discontinuously. The extremal relation between the displacement formula-
tion defined on BD({2) and the stress formulation of the relevant variational
problem is found (see (3.1), (3.2) and Section 2). This relation is used in the
proof of the regularity of solutions. The basic results of the first part of this
paper are presented at the end of the fourth section (Theorems 8 and 9).

In the second part of the paper, we prove that the displacement solution
belongs to the space LD({2) (if the stress solution belongs to the interior of
a set of admissible stresses, at each point). Moreover, under the aforemen-
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tioned assumption, the relaxed Dirichlet condition is satisfied exactly by the
displacement solution for the non-homogeneous material.

The study of the regularity of displacement solutions is significant for
understanding the appearance of cracks. If the set of admissible hydrostatic
stresses o is bounded from above (i.e., for some § > 0, 2?21 oy =tro <
0 < oo for every admissible o) the arising and increase of cracks is possible
in an elastic-plastic material. Indeed, it is sufficient to analyze the relaxed
Dirichlet condition (see [§], [9] and also [10]). Let us recall that in a model
of soil materials the set of admissible hydrostatic stresses is bounded from
above. Note that when locating cracks, the non-homogeneity of the elastic-
plastic potential is especially important (see [3]). Gold, a homogeneous metal
(which lacks micro-defects) is at the same time perfectly plastic.

In [I] (see also [4]) the existence of solutions for the nonlinear elastic po-
tential is proved in the space SBV (2) of special vector fields with bounded
variation (SBD(£2) of special vector fields with bounded deformation, respec-
tively). The authors assume that the potentials considered have nonlinear
behavior at infinity.

In [21] the problem of regularity of displacement solutions is investigated
in the case of an isotropic Hencky material using the von Mises yield criterion
(cf. [21, Lemma 2.2]). The proof of the main theorem of [2I] (Theorem 5.1)
is based on the relation between the displacement field and the associated
stress tensor (cf. formula (1.8) of [21]). However, the formula (1.8) describes
the relation between the displacement solution and the stress solution only in
the case when the space of admissible stress fields is given by the inequality
(>f =1 |0'£|2)1/2 < k (see the Prandtl-Reuss law of plasticity [25, formula
(2.10b)]). Therefore, these authors do not consider the Tresca yield criterion
or the yield criterion of soil material (where the set of admissible stresses
is a convex cone). Moreover, they do not consider bodies clamped at the
boundary.

Anzellotti and Giaquinta [3] study the local regularity of minimizers
of functionals defined on the space BV ({2). They obtain the regularity of
minimizers under the assumption that the normal integrand

(1.1) Q2 xR™" 5 (x,p) — j(z,p) € RU {+o0}

is of class C? with respect to p, and is continuous with respect to the first
variable. These authors do not consider boundary conditions.

Seregin [35] investigates the local continuity of stress and displacement
solution in a homogeneous Hencky material under the assumption of reg-
ularity of the volume forces. He considers the original problem only for
displacements which exactly satisfy the boundary condition. Therefore, the
relaxation of the displacement boundary condition is not studied.
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In [7] the problem of regularity of displacement solutions is considered
for the case of a non-homogeneous Hencky material whose elastic-plastic
properties may change discontinuously. If the stress solution is continuous
and belongs to the interior of the set of admissible stresses, then the regu-
larity of displacements solutions is obtained. However, the stress solution is
discontinuous (see [38]).

Liu [20] investigates the regularity of a weak solution of a quasi-linear
elliptic transmission problem with two subdomains. He assumes that the
interface is smooth and does not intersect the exterior boundary of 2. Only
elastic (or non-linearly elastic) problems are considered. Indeed, the relation
between stresses o and displacements u is given by

(1.2) o = k(z,|Vu|)Vu.
Moreover
(1.3) k(z,t) > M(t+1)P"2  for every t > 0,

where 1 < p < oo and M > 0 (see assumptions (R1) and (RR2)). Then
E(z,t) > M(t 4 1)7'* for some § > 0. Therefore

(1.4) k(z,t)t > Mt®  for every t > 1,

for some M; > 0 and 6 > 0. But this conflicts with the assumption that
admissible stresses o are bounded (except the hydrostatic part) in plastic-
ity. Moreover, in [26] the author obtained the existence of solutions for an
arbitrarily strong and steady force (the limit analysis is omitted).

In [14, 22, 23] 27, 30 31, 32, B3] the regularity of solutions of quasi-
linear (or linear) elliptic boundary transmission problems of a domain {2
(composed of a finite family of regular subdomains 2;) is studied. In each
subdomain §2; the coeflicients of the equations are either constant or smooth.

In [30, B1] the authors study transmission problems for elliptic operators
of order 2m with general boundary and interface conditions. They obtain
regularity and asymptotics of solutions in ordinary Sobolev spaces for non-
constant coefficient operators. In the case of two-dimensional domains, they
assume that the boundaries of subdomains are Lipschitz-continuous and are
smooth curvilinear polygons. In the case of three-dimensional domains, the
boundaries of subdomains are supposed to be smooth (except at one point).

In [33] the author investigates the regularity of solutions of interface
problems for the Laplacian in two dimensions. The regularity of the results is
independent of global bounds of the data. The data considered are constant
on subdomains and they could be interpreted as a diffusion term.

In [27] the transmission problems for the Laplace operator in a two-
dimensional domain are investigated. The regularity of the solutions ob-
tained is better than H'.
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The transmission problems for elasticity operators are studied in [22]
23, 132]. The domain considered is divided into polyhedral subdomains in
[22] 23]. Moreover, the author assumes that the growth properties of the
differential operator may vary from subdomain to subdomain.

In [16] the transmission problem in a domain composed of two polyhedral
subdomains (with a plane interface) is investigated. It is essential for the
proof that the energy densities satisfy certain growth properties.

In [28] the authors study the Sobolev regularity of the solution of the
transmission problem in a polygonal domain of the plane, with unilateral
boundary conditions of Signorini type on part of the boundary and Dirichlet
or Neumann boundary conditions on the remainder part.

In [13] the problem of regularity of solutions for a static plate is studied.

Kohn and Temam [24] solve the existence problem for an elastic-perfectly
plastic solid made of a homogeneous and isotropic Hencky material. To prove
that the functional of the total potential energy is weakly™ lower semicontin-
uous (l.s.c.) in the space BD({2), the method of relaxation of the kinematic
boundary condition is used (see also [36]).

The existence problem for an anisotropic elastic-perfectly plastic solid
made of a non-homogeneous Hencky material, with the Signorini constraints
on the boundary, is solved in [5]. The Signorini problem for an isotropic and
homogeneous body made of a Hencky material with the von Mises plastic
yield condition is solved in [39].

We show in [§] that the relaxation of the problems defined in [24] and [5]
is the l.s.c. regularization of the displacement energy (cf. [I7]). That is, the
relaxation given in [24] and [5] is the largest (l.s.c. in weak* BD({2) topol-
ogy) minorant less than the displacement energy functional of the original
problem.

In this paper we find explicitly the extremal relation between the dis-
placement formulation and the stress formulation of the variational problem
in Hencky plasticity. The dual problem is presented in [38], in the case where
the original (displacement) problem is defined on the space LD({2). But the
existence of solutions for the bidual problem is proved in the space BD({2)
(or U(2) ={u e BD(N) | divu € L?(2)}) and LD(2) C BD($2) (see [24],
[36], [5]). In [36] the extremal relation for a homogeneous body is consid-
ered; however, the definition of the scheme of duality is omitted (the spaces
Y and V* are not provided there, see Section 2). Moreover, in [36] the au-
thor studies the duality between the generalized stresses and strains but
does not derive the dual or bidual problem from the original problem, when
the original problem is defined on BD({2).

The extremal relation under consideration determines the relation be-
tween the displacement solution and the stress solution. It is a substitute
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for the elastic law in the theory of elasticity. Unfortunately, in the theory of
plasticity, the displacement formulation is relaxed. Therefore, we obtain only
a global relation between the displacement solution and the stress solution.

We consider any given yield criterion (von Mises, Tresca or yield criterion
of soil material) in both parts of this paper. However, we have to assume in
part IT that the stress solution belongs to the space W (£2,div) (see (3.7)).

In part IT we prove the regularity of displacement solutions. We do not
assume the continuity of the displacement field on the interface between
subdomains because the space BD({2) contains discontinuous functions. The
elastic-plastic potential is a normal integrand (see [I7, Chapter 8, p. 232] and
Definition 1); thus, this potential is a discontinuous function with respect
to the space variable in the case of a non-homogenized body composed of a
few components. Moreover, the yield criterion may change in a discontinuous
way, i.e., the yield criterion may jump on the interface between subdomains.

The problem of the regularity of displacement solutions has not been
discussed in the papers [3| B5] in the case of discontinuous elastic-plastic
properties. Moreover, the regularity of solutions in [21] was proved only for
the Mises yield criterion. Therefore the set of admissible hydrostatic stresses
is not bounded in [21].

2. Duality in convex optimization. In this section we introduce a
family of perturbations of the original problem which will be studied later
(cf. Chapter 3 of [I7]).

Let V and V* (Y and Y*) be two topological vector spaces placed in
duality by the bilinear pairing (-, -)v ((, )y, respectively). We shall assume
the existence of a continuous linear operator A from V into Y, with ad-
joint A*. Considering a function V' 3 v — F(v) + G(Av) € RU {400}, we
are concerned with the minimization problem

(2.1) (P) inf{F(v)+G(Av)|veV}

We shall also consider a function @ : V x Y — R U {400} such that
&(v,0) = F(v) + G(Av), and for every z € Y we shall consider the mini-
mization problem

(2.2) (P,) inf{®(v,z)|veV}

where &(v,z) = F(v) + G(A(v) + z) for every v € V and z € Y. The
problems (P,) are called perturbed problems of (P). Let &* be the conjugate
function of @ in the duality between V x Y and V* x Y™, given by

(2.3) @ (v*,z") =sup{(v*,v)y — F(v) — (2%, Av)y + (2", A(V) + z)y
—G(A(v)+z)|veV,zeY} = F'(v'— A"z") + G*(z").



264 J. L. Bojarski

The problem
(2.4) (P*) sup{—-9"(0,z") |z" € Y"}

is called the dual problem of (P) with respect to .
It is natural to associate the perturbed problems (v* € V*)

(2.5) (Py.) sup{—2*(v*,z")|z" € Y"}

with the dual problem (P*), and to determine the dual problem of (P*) with
respect to these perturbations; we easily arrive at the following problem
which will be called the bidual problem of (P):

(2.6) (P™)  inf{®™(v,0) | veV}
where ¢**(v,z) = F**(v) + G**(A(v) + z) for every v € V, z € Y and
(2.7) F*™(v) =sup{(v",v)y — F*(v¥) | vF € V*},

(2.8) G™(A(v) + z) = sup{(z", A(v) + z)y — G*(2z") | z" € Y*}.

3. Some basic definitions and theorems. Let {2 be a bounded open,
connected set of class C' in R™. The space of continuous functions with
compact support is denoted by C.. Let C*°(£2,R™) be the space of R™-
valued, infinitely differentiable functions. Moreover, the space of infinitely
differentiable functions equal to 0 at the boundary Fr {2 of (2 is denoted
by C§°(2). Finally, M, (£2,R™) is the space of R™-valued, bounded, regular
measures on §2, with the norm || - ||y, (0,rm)-

In the main part of this paper we will use one of the duality pairs (M., C.)
or (My,Cp), where M, is the space of regular Radon measures. Bilinear
forms will be denoted by brackets (-, -), and the scalar product of z,z* € R"
by z - z* or zz*. The scalar product of w and w* € R™*" is denoted by
w:wt = wijw;‘j. Let g = (g1,...,9m) € C(2,R™) and p = (u1, ..., fm) €
M (2, R™). Then §,g-p =g =20, gip I F 2 Y — RU {400},
then F* denotes its polar function F*(y*) = sup{(y*,y) — F(y) | y € YV}
and dom F' = {y € Y | F(y) < oo} is the effective domain of F (see [I7]). If
@ is a subset of Y, then Ig(-) stands for its indicator function (taking the
value 0 in @ and +oc outside), and If)(-) stands for its support function.

Finally, we need the following notation. Let V' be a metric space. Then
By (Z,r) is the closed ball in V' with center = and radius r. Furthermore,
cly(Z) stands for the closure of Z (with Z C V) in the topology of the
space V', while, analogously, clH.”(Z) is the closure of the set Z in the
norm || - ||. Similarly, int Z denotes the interior of Z. We will also consider
the spaces E™ of real n x n matrices and E7' of symmetric real n xn matrices.
In our paper we take ||[ej;][[en = 3275 |eij| and || - |lgp = [ - [[gn, where
leij] € E". By ® (®s respectively) we denote the tensor product (symmet-
ric tensor product, respectively). Let £°(£2, R™),, be the set of y-measurable
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functions from 2 into R™. If 7 C 2% is a linear topology in a vector space X,
then [X, 7] denotes the topological space and [X, 7]* the space dual to [ X, 7].
We define the following Banach spaces (see [24], [36], [37]):

(3.1) LD(Q)= {u € LY(2,R")

gij(u) = 2<8a:j + Bxi> el (Q),z,]_l,...,n},

(3.2) BD(2) = {ue L'(2,R") | g;;(u) € My(2), 4,5 =1,...,n},

with natural norms

(3.3) HuHLD—HuHLHrZH% M, \\u\\BD—!!u!\L1+Z\€zg v,
7.] ’-7

The space of rigid motions in R™ is denoted by Rg = {u € BD | e(u) = 0}.

PROPOSITION 1 (see [36]). Let BD(f2) and L'(Fr§2,R") be endowed
with the norm topologies. There exists a continuous surjective linear trace
~g of BD(R) into L' (Fr 2,R™) such that v5(u) = up o for allue BDN

C(2,R"). m

We define the spaces
(3.4) X =C.(2,R") x Ce(£2,E7) and Xo={(g,h) € X | g =divh},
endowed with the natural norm
(3.5)
Igllomn + Ihllegss = supilg@) e | = € 2} +sup{ )]z | = € 2}
for every g € C(§2,R") and h € C(§2,E?). Then BD({?2) is isomorphic to
the dual of [(X/Xo), | - lc(azn) + |- lo,zn] (see [36] and [57).

The topology o((X/Xo)*,X) = o(BD(2),C.(£2,R") x C.(£2,E?)) is
called the weak® BD topology. A net {us}scp C BD({2) is convergent to
uy € BD(£2) in the weak* BD topology if and only if for all (g,h) € X,

(3.6) Sg-(uo—u(;)dx—i—Sh:s(uo—u(;)—>0
9] n
(see [18, pp. 73-81]). Nets are also called generalized sequences (cf. [15
pp. 26-29]). For every ¢ € L'(Fr £2,R"), the set {u € BD(§2) | v5(u) = ¢}
is dense in the space [BD({2), weak* topology] (see [5, Proposition 2.5]). If
the space L!(Fr £2,R") is endowed with a Hausdorff topology, then the trace
operator v p is not continuous on [BD({2), weak™ topology].
In this paper we define the Banach space of measurable functions

(3.7) Wn(£2,div) = {o € L=(2,EY) | dive € L"(2,R")}
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endowed with the natural norm

o llwn(2,div) = ol Lo (@Er) + iV o || Ln (o rn
(cf. [36, Chapter 2, Section 7] and [5]). The distribution o : €(u), where
o € W"(£2,div), u € BD(£2), defined for every ¢; € C°(£2) by

(3.8) (o :e(u),1)pxp =— S(div o) -upydr — S o : (u®grady)dzr,

2 2
is a bounded measure on {2, and it is absolutely continuous with respect to
le(u)| (see [30]).

ASSUMPTION 1. Let {2 CC {21 be bounded open connected sets of class
C! in R™.

THEOREM 2 (cf. [36]). There exists a continuous, linear, surjective, open
map B from [W"($2,div), || - [lwn(@div)] onto [L=(Fr 2,R"), || -[|Le] such
that for every o € C(£2, E?), Bg(o) = o|lman - v, where v denotes the

exterior unit vector normal to Fr 2. Furthermore, for all u € BD({2) and
all o € W (£2,div), the following Green formula holds:

(3.9) Sa:s(u)+ S(diva)‘udx: S Bp(o) - -vg(u)ds.
9 9 Fr 2

In this paper, the Lebesgue and the Hausdorff measures on {2 and Fr {2
are denoted by dx and ds, respectively. Let Iy and Iy (It = I'1) be Borel
subsets of Fr (2 such that Iy NI} =0 and ds(Fr 2 — (I;UIY)) = 0.

We will consider an elastic-perfectly plastic body, occupying the given
set £2. Moreover, let K : 2 — 2% be a multifunction such that the set ()
denotes the elasticity convex domain at the point x € 2.

AssUuMPTION 2 (cf. [5]). K(z) is a convex closed subset of EY (for all
x € §2) and the following conditions hold:

(i) if z(z) € K(x) for da-almost every (dz-a.e.) z € 2, z € C(2,E})
and zji, 0 € W"(£2,div), then z(y) € K(y) for every y € {2;
(i) for every y € 2 and every w € K(y) there exists z € C(Q2,E?)
such that zj o € W"(§2,div), z(y) = w and z(x) € K(z) for every
x € (.
Conditions (i) and (ii) are equivalent to the condition that for every
ye L,
(3.10)  K(y) = {aly) | 2 € C(QED), 2 0 € W(82,div),
z(x) € K(z) for dz-a.e. x € §2}.
DEFINITION 1. A function j* : 2 x E? — R U {400} is called a convex
normal integrand if
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(i) the function E? 5 w* — j*(z,w™) is convex and l.s.c. for dz-a.e.
x € (2 B

(ii) there exists a Borel function j* : 2 x Ef — R U {400} such that
j*(z,) = j*(x,-) for da-a.e. x € 2 (cf. [I7, Chapter 8, p. 232]).

Moreover, let the following equality hold:

(3.11) {w* € E} | j"(z,w") < +oo} = K(x) for dz-a.e. x € £2.
We define
(3.12) j(z,w) = (x,w) =sup{w : w* — j*(z,w") | w" € El'}

for dr-a.e. z € {2 and for all w € E. The function j is a convex normal
integrand (cf. [I7, Chapter 8, Proposition 1.2]). Define jo, : 2 x E! —
R U {400} by

(3.13) Joo(®, W) =sup{w : w* — Iy (W") | w*" € EY}

for all z € 2 and w € E”.
Let f € L™(£2,R") and g € L*>([7,R"). In this paper, we consider the
following functional:

(3.14) BD(£2) > u+ F)\(u) + G(e(u)),

where

(3.15) Fa(u) = —AL(u) + Ig,@oy(w), L(u) = | f-udz+ | g vp(u)ds,
(P4 I

and kinematically admissible displacement fields C,(u®) are defined by
(3.16) C,(u’) ={ue BD() | Y, = u’ on Iy, u° € LY (I, R™)}.
The functional G : M,(£2,E}) — R U {400} is given by the expression

S j(z,p)dr if p € LY(2,ED), i.e. p is absolutely
(3.17)  Gi(p)=4 2 continuous with respect to dz,
+00 otherwise.

The formula (3.14) describes the total elastic-perfectly plastic energy of
a body occupying the given subset §2 of the space R™. This body is sub-
jected to volume forces f € L"(f2,R™) and boundary forces g € L*>°(I},R"™).
The constant 0 < A < +oo is the load multiplier (see [30, Chapter 1,
Sec. 4]). The body is clamped on Iy (see [5] and [36]). The functional
(z,e(u)(x)) — j(x,e(u)(x)) is the elastic-plastic potential, where z — u(x)
is a displacement field. Moreover, (z, o (z)) — j*(x, o(x)) is the dual elastic-
plastic potential, where z — o (x) is a stress field.



268 J. L. Bojarski

Let p € My(£2,E?). We recall that |p| is the total variation measure
associated with p, i.e. for every p-measurable subset {2 of (2,

(318) (D) = sup{§ o : |0 € O@RE, maxlloylow <1}
p = 2
2

Then || pllag, () = §, 1] The density of g with respect to || will be denoted
by du/d|p|. Let p = p,(z)dx + pg be the Lebesgue decomposition of p into
the absolutely continuous and singular parts with respect to dz.

4. The scheme of duality and the extremal relation in Hencky
plasticity. We consider the duality between the displacement formulation
(defined on BD) and the stress formulation of the variational problem in
Hencky plasticity. We present the basic results of the paper at the end of
this section. We consider the special case of the spaces Y and V below.

Let

(4.1) V =BD(£2), Y*=W"(,div).
and

(12) ¥ = V() = span(e(BD(2)), [{(2,EY)) = { € My(2,ED) |
Ju € BD(R2) and 3w € L' (2, E") such that p = e(u) + wdz}.

DEFINITION 2. Let p € Y and o € Y* = W"({2,div). Moreover, let
= e(u) + wdx, where u € BD(2) and w € L!(£2,E?). Then the measure
o : p is defined by the formula o : u = o : €(u) + o : wdz, where o : £(u)
is given by (3.8).

PROPOSITION 3. Let p € Y and o € Y*. Moreover, let p = e(u) +
wdr = e(uy) + widz, where u,uy € BD(§2) and w, w1 € L*(2,E). Then
o:eu)+o:wdr =0 :e(u)+ o : widr in the sense of equality of
measures.

The space W™(§2,div) is endowed with the topology o(W"(f2,div),
Y (£2)). Then Y (£2) is dual to W™ (£2,div), i.e., [W™(§2,div), o(W"(§2,div),
Y (£2))]* =Y (£2) (see [I5, Theorem V.3.9]). We say that a sequence {0} }ren
C W"(£2,div) converges to oy € W"(£2,div) in the topology o(W™(£2,div),
Y (£2)) if

(4.3) Vor:w— o0 w=(w,00)yinnea, YweY(£2),
Q Q
as k — +oo. The space Y (£2) is endowed with the topology o (Y (£2), W™ ({2,

div)). We say that a sequence {wy }ren C Y (£2) converges to wg € Y (£2) in
o(Y(02),W™(£,div)) if { , o : wi, — §,0 : wg for all o € W"(£2,div)).
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Let V* denote the space dual to BD({2):
(4.4) VHN2)=V*={(u",¢") € L"(2,R") x L=(Fr 2,R")},
where the duality between BD({2) and V*({2) is given by
@5) e eoar = | ¢ vpwds— u' - ude,
Fr 2 Q

The space BD({2) is endowed with the topology o(BD(£2),V*(£2)). More-
over, let V*(£2) be endowed with the topology o(V*(2), BD({2)). The lin-
ear operator € : [BD,o(BD,V*)] — [Y,o(Y, W"(§2,div))] is continuous (see
(3.9)). Then the explicit form of e* : W"(£2,div) — V* is

(4.6) (e(u),0)yxy- = | Bplo)yp(u)ds — |(dive)uds
Fr 9]
= <u,€*(0')>v><v*,

ie. e*(o) = (dive,Bg(o)).
In this paper we consider the original relaxed problem

(4.7) (RPy ;) find inf{F) g(u) + Gj(e(u)) | u € BD({2)},

where F\ g : BD(§2) — RU {+o0} is defined by

(4.8)

Fy\gr(u) = —)\< S f-ude+ S g -vp(u) ds) + S Joolx, (0° —y5(n)) @ v) ds.
9] I I

Here, jo is the relaxation of the Dirichlet boundary condition on Ij. The
elastic-plastic potential G; is given by the formula (3.17).

PROPOSITION 4. The dual potential G} : W"({2,div) — RU {+oo} de-
fined by

(4.9) Gi(o) = sup{g o -Gy ‘ e Y(Q)}
(p]

satisfies G (o) =\, j*(z, 0) dz for every o € W"(£2,div).
Proof. By (3.17) and [34, Theorem 3A and Proposition 2M], we have

(4.10) Gj(o) = sup{x[a :w — j(z,w)]dx ‘ w € Ll} = Sj*(a?,a)d:c. .
Q Q

DEFINITION 3. Define the bidual potential G7*: Y (£2) — RU {+oc} by
(4.11) Gt (w) = sup{s o:w—Gi(o) ‘ o€ W”(Q,div)}
Q
for every w € Y (12).
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THEOREM 5. The bidual potential G3* satisfies

o ) ) d(e(u)s
(412) G5 (e(w) = [ onen)do+ [ (. G ) dletu)
) ) e(u).l
for every u € BD(S2), where e(u), is the absolutely continuous part and
e(u)s the singular part of e(u) with respect to dx.

The component {, joo(d(e(u)s)/dle(u)s]) dle(u)s| characterizes disconti-
nuities of the field of displacements.

PROPOSITION 6. Let Fy\ r be given by (4.8); then the dual functional
(F\xgr)*: V*(22) = RU {+0c}, defined by

(Far)"(—€"(0)) =sup{(u, —€" (o)) ppxv+ — Fx r(u) [ u € BD(2)},
satisfies
(— | Bp(o)-uds ifdive =) in £,
Iy
. Bp(o) =g on I and
(4.13) (Far)*(—€*(0)) = Bp(o)(z) € K(z) - v(z)
for ds-a.e. x € Iy,

\ +00 otherwise
for every o € W™ (£2,div) (cf. (4.5), (4.6)).

In the above case — SFO Bp(o) -u’ds is the work on Iy, where u' is the
displacement field forced on the boundary I7.

PROPOSITION 7. The bidual functional (F g)** : BD(£2) — R U {+00}
defined by

(4.14)
(Far)™(u) = sup{(u, (u*, ")) ppxv+ — (FAR)" (0", ") | (u*, ") € V*},

where (F g)*(u*, ¢*) = sup{(u, (u*, ¢*))Bpxv* — FAr(u) | u € BD(£2)},
satisfies the equality (F g)**(u) = Fy r(u) for everyu € BD(S2) (cf. (4.8)).

THEOREM 8. The dual relazed problem (RPY ;) is
(4.15) find  sup{—(FyRr)*(—€"(0)) — Gj(o) | 0 € W"(£2,div)}
(cf. Propositions 4, 6 and Section 2). =
THEOREM 9. The bidual relazed problem (RFY’;) is
(4.16) find inf{(F\ gr)"(u) + G;"(e(u)) | u € BD(£2)}
(cf. Theorem 5, Proposition 7, formula (4.8) and Section 2). =

A maximizer of (RPy j) is a solution of the stress problem. Similarly, a
minimizer of (RPy) is a solution of the displacement problem.
Due to [17, Chapter 3] we have (RP}™") = (RF ).
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5. Additional assumptions and supplementary information. In
this section we state the remaining mathematical assumptions. Moreover, we
formulate the essential definitions and properties of the spaces considered.
We begin by formulating Assumptions 3 and 4.

ASSUMPTION 3. There exist £ > 0 and 1 > 0 such that
(5.1) 0<j"(x,w") <k, VYw"€ Bg:(0,r1), fordz-ae xc{2,

and j* is nonnegative on {2 x E”. Moreover, for every 7 > 0 there exists ¢
such that

(5.2) sup{g i (x,2") dx | 2* € LO(Q,ED), ||z* || < 7
02
and z*(x) € K(z) for dz-a.e. x € Q} < ¢p < 400.

That is, the dual elastic potential z* — |, j*(x,2*) dx is finite for every
z" € L*(£2,E?) such that z* is an admissible stress field. From (3.11) and
(5.1) we get Bgn(0,71) C K(z) for dz-a.e. x € 2.

DEFINITION 4 (see [20]). A Borel set C C R" is called a Caccioppoli set
if
(5.3) sup{S (div f) dz ’ fe Cl(029,R™), Hf(w)”Rn <1Vzxe !22} < 400

C

for all bounded open subsets {25 of R"™.

That is, the Hausdorff measure of the set FrC is finite (cf. (3.9)).

ASSUMPTION 4. Let I = Fr2NC, where C = clintC C {2; is a closed
Caccioppoli set and ds(Fr2NFrC) = 0.

PROPOSITION 10 (see [36], p. 255]). If u € BD({2,), then
(54)  e(w) = e(wyo +e(wlp, 5+ (AG0) — vh(w) @ v s,
where the inner trace v : BD(2) — L*(Fr2,R") and outer trace v% :
BD(; — 2) — LYFr 2,R") are given by the formulae v5(u) = R
foru € BD(2)N C(2,R"), and v%(u) = W o for u € BD(2, — 2)N
C(£21 — 2,R"™), respectively, and where ®; denotes the symmetric tensor
product: (p Qs v)ij = (piv; + pjvi) /2.

LEMMA 11 (cf. [8, Lemma 5], [5, Lemma 4.18] and [2, Theorem 3.1]).
If there exists a closed Caccioppoli set C C §1 (C = clintC) such that

I =Fr2nC, with ds(Fr 2 NFrC) = 0, then for all u € BD(£21) and all
o € W"((,div),

(55) | Brlogn) - (v8(w) —vp(w)ds = | o : [(vE(u) — v5(w)) @, v]ds,
Iy I

where we denote o : e(0)p o by o : [(YH(w) —v5(u) ®s V] ds. =
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REMARK 1 (see [0, Lemma 2.13]). For each o € W"({2,div) there exists
o1 € W ({2, div) such that o), = 0.

It is easy to obtain the following inequalities. By the formula (5.1), we
have
(5.6) cart||Wllgn — k < j(x,w) for dr-a.e. x € (2,
where the positive constant ¢, depends only on the dimension of E}. By
Appendix A and [I7, Chapter 8, Proposition 1.2], joo is a convex normal
integrand. Because of (3.11) and (5.1), we have, for all z € (2,
(5.7) car1||WllEr < Joo(, W).

The following example confirms the fact that the multifunction C which
satisfies Assumption 2 describes a composite material with a fluctuating
plastic yield condition.

EXAMPLE. We define a multifunction K4 on 24 = Brn (0, R4), valued

in E?, by

K . BE? (0, Rz) if 1 < O,

Azt @) = Bgp(0,Rs) if 2y >0,

where 0 < Ry < R3 < +00. We show that I 4 satisfies Assumption 2, where
KC is replaced by K4 and (2 is replaced by 24. Indeed, for every § > 0 there
exists a smooth function hs : R — [1, R3/Rs] such that hs(xz) =1 for z <0,
hs(z) = Rg/Ry for x > 6 and hs(z) € [1, R3/Rs] for x € (0,4). Then
ICA(xla s 7$n):{(y17 s 7yn2)h5(l‘1)|(y17 s 7yn2) € BE?(()? R2)> S (Oa 1)}

DEFINITION 5 (see [36] and [I8, Chapter 1, Sec. 6]). A net {us}sep C
BD(£2) converges to ug (in the topology (5.8)—(5.9)) if and only if
(5.8)  us—wug in || p(ern) for each p such that 1<p<g=n/(n—1)

and weakly in LY(£2,R"); if n =1 then ¢ = oo,
(5.9)  e(us) — e(ug) weak™ in M,(2,EL).

ProposITION 12 (cf. [5] and [8, Proposition 2]). The weak* BD({2)
topology and the topology (5.8)—(5.9) are equivalent on bounded subsets of
BD(£2). =

The injection of [BD({2), weak*| into [LP ({2, R™), weak topology] is con-
tinuous on bounded subsets of BD({2), where 1 < p < ¢ = n/(n — 1); if
n =1 then ¢ = oo.

For completeness we provide the following proof:

Proof of Proposition 3. By [36, Chapter 2, Lemma 7.1] there exists a
sequence {om tmen C C°(£2,E7) such that

(5.10)  om — o in ||-|lpr(eEr (n <p <o) and dive,, — dive in ||| L.
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By (3.8) we have

(5.11)  |[(divom) - up+om : (ue Vo) ds = {(dive,) - (u—u)pde
(0] 02

+ S om: (u—u)®@Ve)de + S[(divam) ‘wp+ oy (0 ® V)| de
2 Q

for every ¢ € C§°(£2). Since u,u; € BD(£2), we have u,u; € L™~ (0Q R?)
(see [36, Chapter 2, Theorem 2.2]). Therefore, (5.11) holds with o, replaced
by o (cf. (3.8)), and we obtain the conclusion. =

6. The auxiliary scheme of duality. In this section we define an aux-
iliary duality between the displacement formulation and the stress formula-
tion of the variational problem in Hencky plasticity (cf. Section 2). We prove,
similarly to [38], the existence theorem for the stress problem (see Theorem
14 for an elastic-perfectly plastic solid, made of a non-homogeneous Hencky
material) where the following condition is fulfilled:

(6.1) dro>0,Vz € 2 K(z) C Bgr(0,72).
Let

(6.2) V=[LD®),|- o], Y

[LY(2,ED), - 2 omm)

(cf. Section 2). Moreover, let

(6.3) V" =LD"(2)=[LD(Q2),|-|lLp]", Y* = [L(2,E}), o (L, L)),

The linear operator € : LD(£2) — L'(£2,E") = Y is continuous (cf. (3.1)).
Below, the following functional is considered:

(64) LD(Q) Su— F)\71(u) -+ GL]‘(&"(U)),

where F)1(u) = F)\(u) for every u € LD({2) and G j(e(u)) = Gj(e(u))
for every u € LD(2) (cf. (3.15) and (3.17)). Let v5(ug) = u® on Iy where
ug € LD(£2) (see [36, Chapter 2, Theorem 1.1]).

LEMMA 13 (cf. [38] and [36, Chapter 1, Lemma 2.2]). The dual problem
to

(65)  (Phy) find inf{Fy1(u) + G (e(w) |u e LD()},

(6.6) (Px;) find sup{—(Fx1)"(=€"(0)) = G7;(0) | o € L7(2,EY)},
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where
— | Bp(o)-u’ds ifdive = —Mf in 2,
(6.7) (Fap)'(—€*(o)) = To and Bg(o) = \g on I,
+o0 otherwise,
(6.8) G (o) =\ j*(x,0) da.

The trace Bg(o) on Fr 2 exists, since dive = —Af € L"(2,R™) (cf. Theo-
rem 2).

Proof. (i) First we prove (6.8). Because of (3.12), the function j is a
convex normal integrand. By [34, Theorem 3A and Proposition 2M] we get
(6.8), since L'(£2,E?) is a decomposable space and j(x,0) < 0 for dz-a.e.
x € 2 (j* is a nonnegative function).

(ii) We apply Lemma 2.1 of [36, Chapter 1] with v = ug € V = LD(2),

(6.9) (v5, W) LD*xLD = —x\(S f-ude+ S g-vg(u) ds), Yu € LD(£2),
2

In

and where B is the set of u in LD({2) such that v z(u) vanishes on I'y. We
deduce from the lemma that (F)1)*(—€*(0)) is equal to

(6.10)  Qu,(o)

(—€"(0),u0)LD*xLD + A(S f-updr + S g - vp(ug) ds>
9] I

if Qu(o) = 0 for every u € B, and to +oo if Qy, (o) # 0 for some u; € B.
Below we consider o € L*>((2,E?) such that Qu(o) = 0 for every u € B.
In Qu(o) we replace u by u € LDy = {u € LD(2) | v5(u) = 0 on Fr 2};
then

6.11)  (—0,e(@)pmoxp + A £-Tdz =0, Ve LDy(1),

(6.12) (—8*( ) LD*><LD+)\ f-ud x— /\f—E*(O'),ﬁ>LD*><LD:0

Q
Q
for every U € LDy(£2). By (3.9) and (6.11), {,(AMf + dive) - udz = 0 for
every u € C5°(£2,R") (cf. [5, formula (4.17)]) or in other words AMf = —dive
in the sense of distributions on 2. The trace Bz(o) on Fr 2 exists, because
div(e) = =Mf € L"(£2,R"™) (see Theorem 2). By the equality Qyu(o) = 0 for
every u € B, and by (3.9), we have

(6.13) Ozg()\f—l—diva')-udx—i—S(Ag—,@B(a))-vB(u)ds, Yu € B,
2 I
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because for every u € B, yg(u) = 0 on Ij. Therefore,
(6.14) 0=—|Bp(o) vpu)ds+ | g-vzu)ds, Vues,
Fl Fl

since div e = —Af. The trace 7 is a function onto L' (Fr £2, R"), so Bz (o) =
Ag on I. By (6.10) and (3.9) we obtain

(6.15)  (Fx1)"(—¢e"(a))

= (—0, e(up)) foon 1 + A(g f-ugdr + | g-vp(uo) ds)
N In

= S(/\f—i—diva')-uod:c— S Bp(o) -vg(ug)ds+ A S g -vg(ug)ds
2 Fr 2 n

=~ | By(o) -vp(uw) ds,
Io
where dive = —Af in 2 and Bg(o) =Agon I]. =
THEOREM 14 (see [38] and [36]). Suppose inf(P ;) is finite. Moreover,
assume that inclusion (6.1) holds. Then inf(Py ;) = sup(F% ;) and (P5 ;) has

at least one solution oo € W"(£2,div), where (P ;) is defined by (6.6), (6.7)
and (6.8).

Proof. The function
(6.16) LY2,E) 5 p s Gy i(e(u) +p) € RU{+oo}

is Ls.c. in the topology o(L'(§2, E?), L>°(£2,E?)), where u € LD($2). Indeed,
by (6.8) and [34, Theorem 3A and Proposition 2M], we get

(6.17) 1i(p) = sup{x p:odx— Sj*(:c,a) dx ’ o< LOO(Q,IEZ)}
Q Q
- Sj(.f,p)d.%', VpGLl(Q,E?)’
Q
since j** = j (cf. (3.17)). By the Mazur Lemma the function (6.16) is L.s.c.
in the norm | - |1, because the epigraph of (6.16) is closed in the norm

R x L(2,E) 5 (,p) — |2l + [Pl sz By (6.1) we have j(z,w) =
77 (2, w) < Cura||wlgn for every w € EY and for dr-a.e. x € {2, where the
positive constant ¢, depends only on the dimension of E}. Then dom G ; =
LY(£2,E?). By [17, Chapter 1, Corollary 2.5], the function (6.16) is contin-
uous over the entire space [LY(£2,E?), | - ||z1]. By [17, Chapter 3, Theorem
4.1] the proof is complete. =

7. Proofs of basic results. We consider the duality between the dis-
placement formulation and the stress formulation, defined in (4.7) and (4.15).
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Let us recall that the original relaxed problem (RP) ;) is defined in
(4.7). The elastic-plastic potential G; is given by (3.17). Moreover, the dual
potential G and the bidual potential G}* are defined in (4.9) and (4.11).

Below we derive an explicit integral representation of G;f* (see Theo-
rem 5). An explicit form of G} is given in Proposition 4. We denote by
e(BD)(S2) the set {p € M(2,E?) | Ju € BD(12),e(u) = u}.

DEFINITION 6. We define
(7.1) Wi(82,div) = {o € W"(£2,div) | Bg(o) = 0 on Fr 2},

(7.2) CSiv(12,EY) = C.(2,EY) N W' (§2,div).
We define auxiliary functionals:
(7.3) G*(o) = sup{g o m— Gy ( e s(BD)(Q)} Vo € Wi (2, div),

2
(7.4)

G (e(u)) = sup{g o :e(u) — G*(o) } oc W(?(Q,div)} Yu € BD(0).
2

Moreover, we define
(7.5)
Gfﬁ(a) = sup{s o:wdr —Gj(w) ‘ w € LI(Q,EZ)} Vo € C§, (2,EY),
2

(7.6)
G (e(u)) = sup{g o e(u) — G¥(o) ‘ oe cgiv(rz,Eg)} Yu € BD(12),
2
(7.7)
G* (o) = sup{S o:wdr —Gj(w) ‘W € E(LD(_Q))} Vo € C§, (2,E2),
(0]
(7.8)

GH#(e(u)) = sup{g o :e(u) — G (o) ‘ oc Cgiv(Q,Eg)} Yu € BD(12).
(p]

REMARK 2. The definition of spaces placed in duality requires that for
every o € Wi (£2,div), o # 0, there exist M = e(u) € e(BD) such that
fpo : M = {0 : e(u) # 0. But for every o € W§({2,div) such that
dive = 0 in £2, and for every M = e(u) € e(BD)({2),

(7.9) {o:e(w)=-|(dive) udz+ | Bg(o) vh(u)ds =0

Q Q Fr 2
(see (3.9), (5.5) and [19]). Therefore, the definition of the duality should be
given between the spaces e(BD)({2) and

(7.10) Wy (£2,div)/{o € Wi (§2,div) | dive = 0 in 2}
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or

(7.11) CGv(2,EY) /{o € C§; (2,EY) | dive = 0 in £2}.

For simplicity of proofs, we consider here only the pairs of spaces (e(BD)({2),
W§(92,div)) and (e(BD)(£2), C§,,(£2,EY)). Here (7.10) and (7.11) are the
sets of equivalence classes for the relation div(e; — o2) = 0.

We say that the net {oi}rex C C§,(§2,E}) converges to o in the
topology o(CS,, (2, E), LY(2,ED)) if §, 0% : wdz — §,00 : wdz for all
w € LY(02,ED).

LEMMA 15. Let f1 : C§,,(2,E}) — R be a linear functional, contin-
uous in the topology o(CS;, (2, ED), LY(£2,E)), such that for every oy €
C4, (92, E7) with dives = 0 in §2, we have fi(os) = 0. Then there exists
u; € LD(£2) such that
(7.12) filo)= o e(ly)dz Vo € C§, (2,E]).

Q

Proof. Since f1 is continuous in the topology o(CS,, (£2,EZ), L*(2,E")),
by Theorem V.3.9 of [I5] there exists m € L!(£2,E?) such that fi(o) =
(o0 :mdzx for all o € CF, (£2,E}). For every o, € C§,,(£2,E}) such that
divey = 0 in 2, we have fi(os) = {,0s : mdz = 0. Then by [29] and
Theorem 1.3 of [36, Chapter 2] there exists u; € LD(2) such that (7.12)
holds (cf. Proposition 1.1 of [36, Chapter 2]). m

DEFINITION 7 (cf. [I1]). A subset Hy of L£°(£2,R™),, is said to be
PCU-stable if, for any continuous partition of unity («ap, ..., aq) such that
g, ...,aq € C°(2,R), and for every zo,...,zq € Hy, we have Z?:o ;7
€ Hy.

LEMMA 16. We have

. . d(e(u)s
113) G (ew) = [iGe st do + §in (2. G ) dlefu.
) ) e(u).l
for every u € BD({2), where e(u), is the absolutely continuous part and
e(u)s the singular part of e(u) with respect to dx.

Proof. By Proposition 4, the proof of [I1, Theorem 4’| and formulae
(3.10), (3.11), we obtain (7.13) for every u € BD(f2) (cf. [5, Step 1 of
Lemma 4.11]). »

Let Q1 : C§;,(£2,E}) — RU {400} be defined by

(7.14) Qi(o) = igsf{af(a t+0,) | o5 € C5(2,EY) and dive, =0 in 2}.
PROPOSITION 17. For every o € C§;,(£2,EY) we have

(7.15) G* (o) = cly(ce 1) Q1(o),
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where Cla(og. 11)Q1(0) denotes the largest minorant less than Q1 and L.s.c.
in the topology o(CS (2,EY), L' (2,E")) (i.e., clo(ce, L1 Q1 is the Ls.c.
regularization of Q1 in o(CS,,, L")).

Proof (see [7, Proposition 11]). Step 1. By Definition 6, G (o) < G#(a’)
for every o € C5 (2,E?). Then Gj(e(u)) > G##(e(u)) > Gfé# e(u))
for every u € BD({2). Therefore, by (7.13), G;(e(n)) = G##(e(n)) =
Gfﬁ#(s(u)) for every u € LD(£2).

Step 2. By (3.9) we have
(7.16) G*(o) = sup{—x[(div o)+(diveoy)] - udz—Gj(e(u)) ‘ uELD(Q)}

Q
=G#(o +0y)

for every o,05 € C§, (2, E}) with dive, = 0 in {2.

Step 3. Suppose there exist o1 € Cg;, (2, E}) and a constant dy > 0
such that

(7.17) G#<0'1) +dp < CIU(CgiV,Ll) Q1(o1).

On account of Steps 1 and 2, it suffices to show that this assumption leads
to a contradiction.

The linear space M; = {o € C§,(2,E}) | dives = 0} is a closed
subspace of [CS, (2,E"), o(CS;, (2,E?), L' (£2,E?))]. Indeed, by the Green
formula (3.9),

(1.18) Mi= () {aecgiv(Q,Eg)
ueLD($2)

S o:e(u)dx =— S(diva) -udz + S Bg(o)-vp(u)ds = 0}.
Q Q Fr 2
Step 4. Let @1 : [CS,, (2,E), 0(CS,, LY)] — C5,,(2,E?)/ My be the
linear functional (the canonical homomorphism) such that M; = ker ®; =
{o € C§,,(2,E}) | 1(o) = 0}. Moreover, let C§,, (£2,E})/M; be endowed
with the strongest topology for which @, is continuous. Since M is closed
in o(CS;,, L), the set CS, (£2,E?)/M; is a Hausdorff topological space (cf.
[12, Chapter 1]). Therefore, the point (®1(a1), G¥(o1) + dg) is a closed
subspace of [Cg;, (2, E{)/M;i] x R. The epigraph of o — clyce  11)Q1(0),
defined by
(7.19)
epi Cla(Cfﬁv,Ll) Q1 ={(0,a) € C§, (2, EY) xR | cloce. L) Qi(o) < a},

is convex. Then
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(7.20)

~

A1={(7,0) €[Cq;, (2, E5)/Mi] xR | 3o, cly(cg, 11)@i(0) < a,P1(0) =0}

is a convex set (cf. [I2, Chapter 1]). Moreover A; is a closed subset of
[C4,, (92, EY) /M) x R, since for every o € C§, (£2,E}) and every o, € My,
cly(ce 11y Q1(0) = clyce 11)Q1(0 + 05). By the Hahn—Banach theorem,

there exists a closed affine hyperplane H which strictly separates 121\1 and
(®1(01), G¥(01) + &p). Let

(7.21)  H={(0,0) € [C4;,(2,ES)/Mi] xR | f2(a) + ba + ¢ = 0}

where b,co € R and fy : C§;, (2,E})/M; — R is a continuous linear func-

~

tional such that for every (o,a) € Ay,
(7.22) fg(@l(dl)) + b(G#(O'l) + 50) 4+ <0< fg(&) + ba + co.

Step 5. Now we consider the case b = 0. We obtain Gfﬁ(a) > 0 for every
o € C4,(£2, E7), since Gfé(a) = {,j"(z,0)dx for every o € C§,, (12, EY)
and j* is a non-negative function (cf. Proposition 4). Let

(7.23) h =|fa(P1(01)) + c2| > 0,

(7.24) d = max[1; G#(01) + 6o — inf{G¥ (o) | o € C5, (2, EM}]

and d = h(ZC/l\)*l. Then the functional

(7.25) [C§y(2,ED)/Mi]XR 3 (5,0) = fo(&)+d(a+d—G¥(o1)—do) +c2
strictly separates A; and (®1(01), G (1) + &0).

Step 6. By (7.22) and (7.25) there exist a continuous linear functional
f3:C§, (£2,E2)/M; — R and c3 € R such that

(7.26) f3(P1(o1)) + c3 > G#(O'l) +0p and f3(0)+c3<a

&,a) € A;. Therefore, the affine functional o — fy(o) + 3 defined
) = f3(P1(0)) strictly separates epi cly(ce 11)Q1 and

for all (
by fi(o
(7.27)  {(o,a) € C5,(2,E") xR | o € M1 + {01}, a = G (1) + &}

Moreover, M C ker f;. Since @1 is continuous in the topology o(CY,, LY
and f3 is continuous on C§; (£2,E})/M; it follows that f; = f3 0 @y is
continuous in the topology o (CS; , L') over the space C§; (£2,ED).

Step 7. Lemma 15 yields u; € LD(£2) such that fy(o) =, 0 : () dx
for every o € C§;, (12, E}), because M C ker f4.

Step 8. The l.s.c. regularization of Gfﬁ in the topology o(C4;, (2, E?),
e(LD(12))), denoted by cl(,(csiws(LD))GfL, is given by



280 J. L. Bojarski

(7.28)  cly(ce, e(LD)) G#(a) = sup{s o:e(u)dx — G?ﬁ#(s(u)) ’ ue LD}
Q
= sup{x o :e(u)dr — Gj(e(u)) ’ ue LD} = G* (o)
Q
for every o € C§;,(£2,EY}), because Gj(e(u)) = G##( (u)) for every u €
LD(£2) (see [I7, p. 15], [5, (4.36)] and Step 1). By (7.26), (7.28) and Step 7
of the proof, we obtain a contradiction. m

We say that anet {0, },er C C§;, (£2,E}) converges to g¢ in the topology
0(Chi, (2, E),e(BD(£2))) if
(7.29) {ore(w)— {op:eu) YueBD(W).

n 2

LEMMA 18. For every 7 > 0, the topology o(CS;, (£2,EZ), L' (22, E?)) is
stronger than o(CS;,(2,E}),e(BD(12))) over the set {o € C§ (2,E}) |
|divo|[pn@rn < T

Proof. Let {o;};er C {o € C4;,($2,EY) | ||div | 1norr) < T} be a net
convergent to & € C5, (2,E?) in the topology o(CS;, (£2,E?), L' (£2,E?)).
Then for every u € LD(£2), {,(6- — &) : e(u)dz — 0. By the Green
formula (3.9) we have {,div(e, — &) - udr — 0 for every u € LD(12).
The set LD(§2) is dense in [L™ =D (Q2,R™), || - || pa/cn-1], since CL(2,R")
is dense in L™/ ("= (2, R"™). Then
(7.30) S div(e; —&) -wdz — 0 VYwe LV D(2 R").

9]

Indeed, let w e L™/ (”*1)((2,]1%") and let § > 0. There exists a sequence
{Um }men C LD(£2) such that ||Q;,—W/||;n/m-1) — 0. By the Holder inequality

(7.31) ) | divie, —&)-w dx‘ < ‘ [ divie, — &) (¥ — ) dz:‘
(9} 2

n ‘ [ div(o, — &) -t dx’
(0]
and

(7.32) H div(a, —&) - (W —im) da:’ < ||div(er — &) |F — Tonl| pstnry
2
< 2?||v/‘7_ﬁm||Ln/(n—1) — 0 as m — 0.

There exists mo € N such that for all m > mg, [|W — Qx| pn/m-1 < 0/(47).
Moreover, there exist m > mg and 79 € T such that for every 7 > 79,

(7.33) ‘ [ divios - &) - s dx] <6/2
0

because lim,¢7 {, div(e, — &) - 0y, dz = 0 for all m € N.
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In view of (7.30), {, div(er — &) -udz — 0 for all u € BD(£2), because
BD(£2) ¢ LV"=D(2,R") (cf. [36, Chapter 2, Theorem 2.2]). By (3.9), the
net {o;}rer converges to o in o(C§, (2,E}),e(BD(£2))). =

PROPOSITION 19. Let A; = {o € Cqy(R2,E) | [[dive|pnorny <t}
For every o € C§,,(2,E}) and every t > ||div&||rn,

(7.34) G* (o) = clz Qi(o)

where clz Q1(°) is the l.s.c. reqularization of o — Q1(0) + I (o) in the
topology o(CS,,(2,E2), L*(2,EY)), and I3 (-) is the indicator function
Of A}.

Proof. Step 1. Suppose there exist o1 € C§,,(£2,E}) and constants t,
8o > O such that ¢t > ||div o1||z» and G (o1) +dg < clz, @1(o1). On account
of Steps 1 and 2 of the proof of Proposition 17, it suffices to show that this

assumption leads to a contradiction.
For every e(u) € e(BD(£2)) let

(7.35) Gfﬁt(e(u)) = sup{S o:e(u)— Gf(a) ‘ oc ﬁt}
and ?
(7.36) Gf*” 5(0)= GY (o) +15(0) Vo€ C§,(2,ED).

For every o € C§,,(£2,E}) let
(7.37)  cloos. e(LD)) Gﬁlﬁt (o) = sup{é)a ce(u) — G}%t(e(u)) ‘ ue LD}.
Then for every t > 0 such that ||divey|[z» < we have

(738) Cla(ccci

iv?

e(LD)) Gﬁ‘g{(al) = G*(01)
(cf. (7.28)). Indeed,

(7.39) sup{g o1 e(u) — GF(e(u)) ) uwe LD(2)}
2
= sup{ [ o1 : e(u) — GF# (e(w)) ‘ ueLD(9)}
Q

if t > ||diveq]|zn, since G#t is the supremum over all affine mappings
e(BD(2)) 3 e(u) — {,0 : e(u) + ¢(o), such that c(o) = —Gfé(a') and
o € A, (cf. (7.6)). By [8, proof of Proposition 13] and Proposition 17 the
proof is complete. u

PROPOSITION 20. For every u € BD({2) we have

G (e(n)) = G*#(e(u)).
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Proof. Suppose that there exist uy € BD({2) and ¢; > 0 such that
(7.40) G* (e(uy)) > GT¥# (e(uy)) + 461.

On account of the proof of Proposition 17, it suffices to show that this
assumption leads to a contradiction. There exists op € C§,, (§2,EY) such
that

(7.41) G (e(uy)) < { foo:eu) - G#(@)} + 6
2

(cf. (7.8)). Therefore, by Lemma 18, Proposition 19, the Green formula (3.9)
and [8 (4.49)] there exists kg > 0 such that

(742)  G*(e(wy)) < {— [(dives) - urde — el Ql(ag)} 6
(0]

< supsup{— S(div(a +0)) - uyde — Gf&(a +05)
2

o o

0,05 € C4,,(2,ED),

dive, =0 in Q} + 61 = GHF(e(uy)) + b1
By (7.40) we have a contradiction. m

LeMMA 21 ([5, Lemma 4.12]). The topology o(e(BD)(£2), W§(£2,div))
is equivalent to o(e(BD)(12), C4,($2,EL)) on || - ||m,-bounded sets from
e(BD)(12).

Proof. We show that
(743)  [elyyyy, Begon)(0:1), 0(e(BD)(€), W3 (£2,div))]

is a compact topological space. Let {ws}sep C €(BD)(§2) be a || - |lng, (2,En)
-bounded net. Then by Proposition 2.3 of [36] Chapter 2] there exists a
| - IBD(2)-bounded net {us}sep such that for every § € D, e(us) = ws.
Since BD(_Q) c LD, R") (cf. [36, Theorem 2.2, Chapter 2]), we
deduce that there exist a finer net {us, }aca C {us}sep and a function ug €
L (=1 (0 R™) such that

(7.44) S o:e(us,) =— S(div o)us, doe — — S(div o)ug dx
Q Q Q

for every o € W§(£2,div) (see (3.9)). Moreover, there exist a finer net
{u(gaﬂ }sep and py € M,(£2,EY) such that e(uguﬁ) — g in the topology
o(My(£2,E?), Co(£2, EZ)). The symmetric distributional derivative e(ug) of
up is equal to py. Thus ug € BD(2). Therefore, the topological space (7.43)
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is compact, since |le(us)||n, (g < 7 for every § € D and

(7.45)  lle(uo) oz = sup{ @+ e(uo) | € C5, (2, B2),
L

pig(@)| S1Vij € {1,...,n}, Vo € 2}

(cf. (3.3) and [36, Chapter 2, (2.1)]). The Hausdorfl topology o(e(BD)(£2),
C4(2,E7)) is weaker than o(e(BD)(£2), W (£2,div)). Therefore, these
topologies are equivalent on bounded sets in e(BD) (see [I8, Corollary
3.1.14]). =

Note that the set ClH,”MbBE(BD)(Q)(O,T) with the topology o(e(BD),
Wn(£2,div)) is not compact (cf. [5, Lemma 4.12]). Indeed, if 2 = (0,1)
and {wm, }men C €(BD)(0,1) such that wy, is the Dirac delta at the point
Ty = 1/m, then {wy, }men converges to dg, where Jp is the Dirac delta at 0.
But dg ¢ €(BD)(0,1), because 0 ¢ (0,1). The sequence {wy, }men converges
to 0 € e(BD)(0,1) in the topology o(e(BD)(0,1), Wi ((0,1),div))). More-
over, (Wi, 1(0,1))y xWo((0,1),div) = S(l) lwy, = 1 for every m € N, where 1(g )
is the constant function equal to 1 on the interval (0, 1).

THEOREM 22 (cf. Theorem 4.14 of [5]). G##(e(u)) = Gfﬁ#(s(u)) =
G**(e(u)) for every u € BD(£2).

Proof. The function G*™* is the ls.c. regularization of Gj¢pp) in the
topology o(e(BD), Wi (§2,div)). Moreover, if ||z, || 1 — 400, then G;(2,,)
— 400 (cf. (5.6)). Therefore, by (7.3), (7.4), (7.7), (7.8) and Lemma 21, we
find G7# = G**. =

PROPOSITION 23. We have, for every u € BD(£2) (cf. (4.9)),
(7.46) G(e(n)) = sgp{s o:e(u) - Gi(o) ’ o c Wi (£, div)}

(7
o [ d(eu),)
= [ i e()a) d + | oo <as W) dle(w)s].

n 9]
Proof. Step 1. We have Gj(o) > G*(o) for every o € W (£2,div),
since in the definition of G we take the supremum over a larger domain

(see (4.2), (4.9) and (7.3)). Then G < G** (i.c., G(e(u)) < G**(e(u)) for
every u € BD(f2)); see also Lemma 16 and Theorem 22.

Step 2. Define (A?j :e(BD)(2) — RU {400} by
(7.47) @j(e(u)) = sup{g o:e(u) — S j*(z, o) drx ‘ oc Cgiv(Q,E?)}.
Q Q

By Proposition 4, we have @j < é, since C§,, C W (£2,div). Since C§;, is
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PCU-stable (cf. Definition 7), by [11, Theorems 1 and 4] we get

(7.48) éj(e(u)) = sup{S o:e(u),dr — Sj*(a:,a) dx + S o:e(u)s
0 0 2

o€ C,,0(x) e K(x), Vo € Q}

= sup{ S [o:e(u), — " (x,0)] dx

2
. d(s(u)s) 4 n
+§2|:U d|5(u)S_I’C(x)(U)] d‘€(u)s| UeCle(Q,ES>}
i e(a)) da (s d(e(u)s) "
= Lol o+ § g (o GE 0 ) et

(see (3.10), (3.11), (7.13) and Theorem 22). =

Proof of Theorem 5. Step 1. The distribution o : €(u) is an absolutely
continuous measure with respect to |e(u)| and

(7.49) | Jwo e < llol o | lel die(w)

2 2
for every o € W"(§2,div), u € BD(£2) and ¢ € C.(2) (cf. [36, Chapter 2,
Lemma 7.3]). Then, by the Radon-Nikodym Theorem (for given u € BD({2)
and o € W"(£2,div)), there is a Borel-measurable function 7% : 2 — R
such that for every Borel subset (2, of 2,

(7.50) {o:eu)= |
2 2

e(u)]

since |e(u)| and o : e(u) are Borel measures.

Step 2. Let u € BD(§2). Moreover, let {2, and {25 be Borel subsets of
2 such that 2 = 2, U 2, 2, N 2s =0 and |e(u)|(2s) = 0 = |e(u)s|(£2),
where g(u), is the absolutely continuous part and €(u), the singular part of
e(u) with respect to dz. Similarly to [2, Theorem 3.1] we obtain 7% (x) =

o(x) : Z(‘zgﬁgz‘)(:v) for dz-a.e. x € (2,, where C(li(lzgﬁgzl) () = 0 for dz-a.e.

T e {x e 2]|e(u),(xr)=0}.

Step 3. Let us recall that sgn(z) = 1 if z > 0, sgn(z) = 01if z = 0
and sgn(z) = —1if z < 0. For given u € BD({2) and o € W"(£2,div) —
C;, (12, EY) we define a Borel-measurable function o, : 2 — E} by

o(x) for dx-a.e. x € (2,

(7.51) oulz) = Tu,a(x)[sgn<cm>](x) for |e(u)s]-ae. z € 12,
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where [ ( )is )] is the matrix whose ij-entry is sgn( £l|él(11)1))| ) Ifoe
CS (92, E7) then ow = o. Thus we obtain 7%7(z) = oy(x) : iﬁzgugl)(x) for

(dz + |e(u)s|)-a.e. © € £2. Here, by (7.51), the following function is defined:
BD(£2) x W™(£2,div) 3 (u,0) = oy € L2, EY) dot|e(u).|-

Step 4. If o, a? € W"(£2,div) and ¢!, % € C®(§2,R), then for every
Borel subset 2, of (2,

(752) (@' + P e(u)] = | @lot s e(u) + | ¥(0? : e(w)
.Qb Qb ‘Qb
= [ (plo +¢%0?) e(w) = | T ().
2 2

Step 5. For the given u € BD({2) and for
(7.53) Hy={o e W"(£2,div) | o(z) € K(x) for dz-a.e. z € 2}

there exists a smallest closed-valued measurable multifunction I™ such that
ou(xz) € I'(x) for every o € Hy and for (dz + |e(u)s])-a.e. x € 2 (see
[11] and [40]). Let Hy be given by (7.53) with W™(£2,div) replaced by
Wi (£2,div). Then for given u € BD({2) there exists a smallest closed-valued
measurable multifunction Ij' such that oy(z) € Ij'(z) for every o € Hy
and for (dz + |e(u)s|)-a.e. x € 2. Let us define

(7.54) ﬁil ={ou€ EO(QaRm)dw—Hs(u)s\ | o€ W"(£2,div),
ou(z) = o(x) € K(x) for dz-a.e. z € 2}
and let I:T(‘)‘ be given by (7.54) with W™ (£2,div)) replaced by W{§(§2,div).

By Step 4, H{' and Hy are PCU-stable sets, since K(z) is convex for every
x € §2. Because of [I1, Theorem 1] we obtain

(7.55) S ess sup [w : d(r—:(u)s‘)} dle(u)s]

Q. wel(z) d|€(u)8

+ S esssup [w: e(u), — j* (v, w)] dzx

2 wel(z)
> S ess sup |:W : d(s(u)s)] dle(u)s| + S esssup [w: e(u), — j*(z,w)] dx
2, well(z) d|€(u)5| Q well(z)

= sup{(gza ce(u) — (Szj*(x,a) dx ‘ oc WSL(.Q,CHV)}.
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Let the Borel-measurable function A : 2 — R U {+o0} be given by

ess sup [  dle(), )] for |e(u)s|-a.e. x € (2,
(7.56) h(z) =4 wers@l  dle(u)s]
esssup [w: e(u), — 7" (z,w)] for dz-a.e. x € (2.

wel(z)

Similarly, let hg : 2 — RU{+o00} be defined by (7.56), where I is replaced
by I'}*. For (dx + |e(u)s|)-a.e. x € 2, h(x) > ho(z), since I (x) C I (z).

Step 6. There exists an increasing sequence {28} <y of closed sets such
that (Jpo, 2F = 2, OF C Q2 if ky < ko,

1 1
(7.57)  VkeN, |e(w)(2—-02F) < = and dx(2-02F) < —
2k 2k’
since |e(u)| and dz are regular measures. Since the space R™ is normal, for

every QF = Ok C 2 there exists a continuous function £* : R” — [0, 1] such
that t|(2k =1and t“Rn 0 (cf. Theorem 1.5.10 of [18]). Therefore, we can

assume that there exists an increasing sequence {02%}.en of closed sets such
that (Joo, 2F = 2, Ok = Q1 C int Q%2 if ky < ko and condition (7.57)
holds.

Step 7. By Urysohn’s lemma [I8, Theorem 1.5.10] for every k € N there
exists a continuous function ¢, : R" — [0,1] such that t;or1 = 1 and

thrn—int ok+2 = 0, because Q1 = QL int 2%+2, There exists o > 0
such that

(7.58) dist(Fr 2%, Fr 0"1) = inf{||z — y|gn |z € Fr 2%, y e Fr 2511} > 20

and dist(Fr 252 Fr 283) > 2p, since £2 is bounded and %1 C int £2*2
for every ki < ko. Therefore, there exists a non-negative function J, €
C*®(R,[0,00)) such that (g, Jo(z)dz = 1 and J,(z) = 0 if [|z|z» > o.
The function #; : R” — [0,1], defined to be the convolution J, * tx(y) =
Sgn Jo(y — x)tp(2) dz, is smooth, tkIQk =1 and tk|Rn—thk+3 = 0 By (3.7),
for every k € N and every o € W"(Q div) such that o(x) € K(x) for dz-a.e.
z € 02, we have tpo € WH(2,div) and t;(z)o(z) € K(z) for dz-a.e. x € £,
because 0 € K(x) for all z € 2 (see (3.11), (5.1)). Then I (x) = I'(z)
for (dz + |e(u)s|)-a.e. x € 2F and for every k € N. By (7.56), h(z) = ho()
for (dz + |e(u)4])-a.e. z € 2% and for every k € N. Then h(z) = ho(x) for
(dx + le(u)s])-a.e. z € 2. From (7.55), (7.56) and Propositions 4 and 23 we
obtain (4.12).

The proof of Proposition 6 is based on the following result:
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LEMMA 24. For every o € W™(§2,div) we have

(7.59)  sup{= | Bp(e) - yp()ds = | joo(r, (u” = vp(w) @5 v) ds

Fo -FO
— | Bp(o)-u’ds if Bg(o)(x) € K(z) - v()
uc BD(Q)} = To for ds-a.e. x € Iy,
400 otherwise.

Proof. Let t € R"™; then for ds-a.e. z € Iy,
(7.60) Joo(z, (t @sv(x))) =sup{e : (t@sv(z)) |o € K(x) CE!}
=sup{(eg-v(z)) -t|o -v(r) e L -v(x)},

because for every & (such that & - v(z) € K(x) - v(z)) there exists & €
K(z) such that & - v(z) = & - v(z). The function Iy x R” 5 (z,t) —
Joo(,t) = joo(z, (t @5 v(x))) is a non-negative, convex, normal integrand
(i.e., conditions (i) and (ii) from Definition 1 hold ds-a.e. for j : I x R"
— R, cf. [I7, p. 232]). Indeed, by Theorem 26 from Appendix A, there exists
a multifunction K’ : Iy — 2% such that K (z) = K'(z) for ds-a.e. z € I}
and {(x,y) € [{ x E? | y € K'(x)} is a Borel subset of Iy x E”. Therefore,
Iy x Ef 3 (2,y) = I (y) € RU{+oc} is a Borel function. For every
r € Iy, EY 3y Iy (y) is Ls.c., since K(z) is a closed subset in E}. By
[17, Proposition 1.2, p. 237], joo : ToXE? — RU{+00} is a normal integrand.
Therefore, j, : [H xR™ — RU{+0o0} is a convex, normal integrand, because
2is C' and Iy x R™ 5 (z,t) — (z,t @5 v(x)) € I x E? is continuous. By
[34, Theorem 3A], since 7 is a surjection onto L (Fr 2, R"), we find

(7.61)  sup{ | Bp(e) - (= vp(w)ds = | juo(a, (0 = yp(w))) ds
Iy Io

~p(u) € Ll(FrQ,Rn)} — | By(o) - u’ds = RHS of (7.59). =
Iy
Proof of Proposition 6. As the space {(w,z)€ L' (£2,R") x L' (Fr £2,R") |
Ju e BD(£2), u=w, vg(u) =z} is PCU-stable, by Theorem 1 of [I1] and
by Lemma 24 we get

(7.62)  (Fxr)"(—€"(0))

- sup{ [(divo + M) -ude + | (Ag — By(o) - vp(u)ds
n In

+ | Bplo) - (0 = vp(u)ds — | joo(z, (u° = yp5() @5 v)ds
I Io
ue BD(Q)} — | By(o) - u’ds = RHS of (4.13). w
Io
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Proof of Proposition 7. Similarly to the proof of Proposition 6, we find

(7.63)  (Fam)*(u",¢)
| @ -ulds if u* = f,
_ ) p*(z) = —)g(x) for ds-a.e. x € I
and —p*(x) € K(z) - v(z) for ds-a.e. x € I,
+00 otherwise.
Then by (7.60) we have

(7.64)  (Far)"(u) = sup{(u, (0™, ¢"))BDxV* — S * - u’ds ’
Io

(U, %) e V¥, u* = X, " = —Ag on I7,
—¢*(x) € K(z) - v(x) for ds-a.e. x € Fg} = F) gr(u)
for every u € BD({2). m

PROPOSITION 25. If o1 € W™(£2,div) and o1(z) € K (x) for dz-a.e.
x € £2, then Bg(o1)(z) € K(z) - v(x) for ds-a.e. © € Fr 2.

Proof. Step 1. Let K1 : £21 — 2% be given by Ki(z) = K(z) for every
x € (2 and Ky(z) = E? for every x € 27 — {2 (cf. Assumptions 1 and 2). Let
g1 21 x E? — RU {400} be the normal integrand defined by

HW*H?EE if w* e Ky(z),
+o0 if w* ¢ KCq(z),

for every z € (21 and every w* € E? (cf. Theorem 26 from Appendix A and
Remark 1). The original potential j; : £2; X E — RU {+o0} is defined by

(7.65) jite.w) = {

(7.66) i, w) = sup{w : w* — ji (@, w") | w* € El}

for every w € E} and dz-a.e. x € (21. The functional G;, : M(£21,E}) —
R U {+o0} is given by (3.17) with j replaced by j;. Due to Proposition 4,

(7.67) G (o) = sup{ flo:w—ji(z, w)de | w e Ll(nl,Eg)}
w o)
= S jf(x,d) dzx
2

for every o € W"(§2,div). Let the bidual functional G;kl# :e(BD(f1)) —
R U {400} be defined by
(1.68)  GF(e(u) = sup{ [ o:e)-Gio)|oe ogiv((zl,Eg)}
(e
1
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for every u € BD(f2;). Because of Lemma 16,

(1.69) G (e(u)) = §j1<x,s<u>a>dx+§<ﬁ>oo( d(s(u)’)du |

) DU e,
for every u € BD(£2;). Moreover, define G, : e(BD(£2,)) — RU {400} by

(7.70) Gy (e(u)) = sup{ | o) @ (0) ‘ o e Wi, div)}
o O
for every u € BD({2;). By Proposition 23, éjl (e(u)) = G;#(e(u)) for every
u € BD(().
Step 2. Similarly to the proof of Theorem 5, for every u € BD(f21) and

o € W§(§21,div), there exists a Borel-measurable function 7% : 1 — R
such that for every Borel subset 2, of 21, {, o : e(u) = {, 7%7e(u)|.

Moreover, let oy, be given by (7.51). For the given u € BD({2;) and for
(7.71) th = {o € Wy (£21,div) | o(x) € K1(z) for dz-a.e. z € (21},
there exists a smallest closed-valued measurable multifunction Iy such that
ou(z) € I'5 (7) for every o € ngl and for (dx + |e(u)s|)-a.e. x € £2;. By
(5.5),
(772) | ™) = | o:e(w)= | BplojQ) - (VE(w) — vh(w)ds
Fr Fr Fr

for every u € BD(£21) and o € W ({21,div). Moreover, by Step 3 of the
proof of Theorem 5 we get | ,ou : e(u) = { ,7"7]e(u)| for every u €
BD(f21) and o € W (£2y, div).

Step 3. Let there exist @ € W ({2, div) such that o (x) € K(z) for dz-a.e.

x € 2 and By(o)(x) ¢ K(z) - v(z) for z € w C Fr 2 with ds(w) > 0. There
exists U € BD(f21) such that

(7.73) | Bp(8)- (VG@) —vh(W))ds >

Fr 2

sup{ | Bp(olo) (YB(E) —vh(8) ds| o € Chy. o(a) € Ku(e) Var € 21
7 "RQ

since v is a surjection on L!(Fr 2, R™). Then, by (7.72), we obtain

(7.74) | Fu:[(VB@) —v5(@) ®sv]ds >

Fr 2
sup{ | o [(/9@) — 75(@) @, v]ds| o € Csy 0 (z) € ki) Var € !21}.
7 "RQ
Hence I'§ (z)-v(z) € Ki(z)-v(z) for ds-a.e. z € w C Fr 2 and Ky (Z)-v(T) C

rg (z) - V(;E) for ds-a.e. T 6 Fr(? since C,, (121, E}) C Wy (£2,div) and by
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[5, Lemma 2.13] (see also (7.60) and Remark 1). Because of (7.55) we get

Gj, (e(u)) > G;‘ff’é(s(ﬁ)). Thus we have a contradiction (see Step 1). m

Now Proposition 4, Proposition 6 and Section 2 imply Theorem 8. More-
over, from Theorem 5, Proposition 7, formula (4.8) and Section 2, Theorem 9
follows.

Because of Lemma 13 and Proposition 25, the problems (RP;, j) and
(P} ;) are equivalent.

8. Appendix A. In this section we prove an auxiliary result.

THEOREM 26 (cf. [34, Theorem 1F]). Let {25 be a bounded, open set of
class C' in R™ and let the multifunction Ko : 29 — 255 satisfy the following
condition:

(8'1) ICO(y) = {Z(y) € ]EZ | RS Ct(ﬁ%Eg)’ Zjint 2, € Wn(Q2adiV)a
z(z) € Ko(x) for dz-a.e. x € (2}

for all y € 29, where t is a fized integer (t > 0). Moreover, let Ko(z) be a
convez and closed subset in E? for all x € {25. Then:

(i) for every § > 0, there is a closed set Ty C Q9 with dz(22— Tj) +
ds(Fr 2 — T5) < & such that the set {(z,w) € 29 x E? | z € Ty,
w € Ko(x)} is closed;

(ii) there is a closed-valued multifunction K} : 29 — 255 such that the
graph of K{, = {(z,w) € 2o x E? | w € K{(x)} is a Borel set in
29 x B, Ki(z) = Ko(z) for dz-a.e. x € 25 and K(z) = Ko(z) for
ds-a.e. x € Fr (2.

Proof. Step 1. Since {25 is bounded we have dx({22) < co. The boundary
Fr (2, is a closed, bounded subset of R" since {25 is of class C'. Hence
ds(Fr £29) < oc.

Step 2. Let {Cy,}men be an enumeration of all countably many closed
subsets of E?, complementary to open balls with rational centers and radii.
For each x € 25, Ko(z) is the intersection of all the sets C,,, containing .
Let S, = {93 € ﬁg | ’Co(SU)O(E?—Cm) #* (Z)} and S;n = ﬁg—sm = {Q? € ﬁg ‘
Ko(z) € Cy}. By [40] (see also [6, Theorem 7.1]) there exists a sequence
{zi}ien C C'(£29,E7) such that zji, o, € W"(§22,div) for every i € N and

(8.2) Ko(y) = clep{z(y) € E | 2 € {zi}ien}

for dz-a.e. y € (25 and for ds-a.e. y € Fr {2y (or Ko(y) = 0 for every y € (29).
Then by [34, Theorem 1B] the multifunction Ky is measurable. Therefore,
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Sy and S) are measurable sets for every m € N (cf. [34]) and

(8.3) graph of Ko = (] [(Sm x EZ) U (S}, x C)].

m=1
Fix § > 0. For each m, there exist compact sets w,, C S, and w/, C S/,
such that

dz(2y — (wm Uwl,)) < 6(27m+),
ds(Fr (25 — (wy Uw),)) < 6(27m+1)y,

since dx over {25 and ds over Fr {25 are regular measures. Let

(8.5) Ts = m (wm Uwy,).

m=1
Then Ty is a compact set with dz (22 — Ts) + ds(Fr 22 — Ts) < §, and we
have

(8.4)

(8:6) {(z,w) € 2oxE} |z € Ts,w € Ko(2)} = [ [(winxEZ)U(w), xCin)].
m=1

The latter set is closed, so (i) is established.

Step 8. For§ =m™', m =1,2,...,let T be the union of the correspond-
ing sequence of sets Ts. Then T is measurable with dz (25 —T)+ds(Fr 22—T)
=0, and the set {(z,w) € 2o xE" | z € T, w € Ko()} is a union of closed
sets. Thus (ii) is satisfied with K, equal to the restriction of Ko to 7. m
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