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ON ASYMPTOTICS OF THE MAXIMUM LIKELIHOOD
SCALE INVARIANT ESTIMATOR OF THE SHAPE
PARAMETER OF THE GAMMA DISTRIBUTION

Abstract. The maximum likelihood scale invariant estimator of the shape
parameter of the gamma distribution, proposed by the authors [Statist.
Probab. Lett. 78 (2008)], is considered. The asymptotics of the mean square
error of this estimator, with respect to that of the usual maximum likelihood
estimator, is established.

1. Introduction. Let a sample = (z1,...,2,) be drawn from the
gamma distribution I'(c,0) with an unknown shape parameter o > 0 and
an unknown scale parameter o > 0, whose density function has the form

w—le—u/o
o, 0) = ———,  u> 0.
Consider the problem of estimation of a.. One of the most popular estimators
is the well-known maximum likelihood estimator (ML-estimator) (e.g. [4,
Sections 9.3, 9.4, (6], [7], [8]). Let

p(z;a,0) = a“a<r<a>>"(f[1xj)“‘l exp(—i Zk)

be the corresponding likelihood function. The ML-estimators « and o, of
a and o, respectively, are determined by the equations

Ino+V¥(a) = (E:llnxj)/n, a—;xk/(na):(),
j= —
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where ¥ (a) = % InI"(«) = (InI'(«)) is the so-called Euler psi (digamma)
function. Namely, o} is the root of the equation

g(a) =T(x)
with respect to «, while
o = x
n - a;?
where
1 — 1 &
=lna—-V T(x)=lnT — — Inz;,, =T=— .
g(a) =Ina (), (x) =InZ njz::l nxj, T nk-lmk

Observe that the function g is strictly decreasing and takes values in
(0,00) (e.g. Theorem 1 of [2]). Therefore, the estimator « is well-defined
and unique.

Moreover,

(1) ET(z) = gn(a),
where
gn(a) =¥ (na) —¥(a) —lnn = g(a) — g(na).

It is well-known (e.g. [10, Section 3.1], [11, Section 6.4]) that the limit
distribution, as n — oo, of the random vector n'/?(a, — o, o — o) is normal
N(0, 17 (a, 7)), i.e. with zero mean vector and covariance matrix I~ («a, o),
where I(a, o) is the Fisher information matrix having the form

Hoo) = (El'/’(a) 1/0 )

/o ac?

This implies that the limit distribution of the random variable n'/?(a — )
is N'(0, k?(x)), where
(2) K% () = (¥/(a) = 1/a)™! = ~1/¢'(a).

Note that the estimator «, is scale invariant. The question arises: does
there exist a better scale invariant estimator of a? The positive answer is
given in [13]. Estimating the shape parameter «, one can consider o as a
nuisance parameter. Therefore, it is natural to apply the maximum likeli-
hood principle to the measure defined on the o-algebra of scale invariant
sets generated by the underlying gamma distribution. It is known (e.g. [9,
Subsection 3.2.2|, [12, Section 8.3]) that the density corresponding to this
measure, with respect to that generated by N(0,1) distribution, is given as
follows:

880 t"lp(tr;a, o) dt _ 212 (na) (D" 1:::22)"/2(1_[?:1 x;) !

1=

§o tts(tz)dt I(n/2)(I ()™ (35 wi)"™® ’

q(z;0) =
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where
s(z) = (2m) % exp (—1 i x%) )
2
k=1
The maximum likelihood scale invariant estimator (IML-estimator) o of «

is defined as o;* € argmax,.,q(z;«). By direct calculations one can find
that a* is the root of the equation

(3) gn(a) = T(x)
with respect to a. Therefore, the IML-estimator ;" coincides with that
based on the method of moments. Of course, the estimator a;* is scale in-
variant, well-defined and unique since the function g, is strictly decreasing
and takes values in (0,00) (see Lemma 1 of [13]).

It is worth noting that the scale invariance of the maximum likelihood
estimator of a shape parameter is a quite common property in the case when
the scale is also unknown. Indeed, consider the likelihood function

n
p(z;a,0) =0 " [[plo 250, 1),
j=1

where « is a shape parameter taking values in (a_, ay). Assume that

max p(z;a,0) = max max p(z;q,0).
a€(a—,ay),0>0 ac(a_,ay) 0>0

Let

o(x;a) € argmax p(z; o, 0).
o>0

Observe that for any A > 0,
P(Az;a,0) = A"p(z;a,0/N),

whence
o(A\x;a) = Ao(z; ).
Thus,
(a,00) € argmax p(x;a,0) = argmax p(x; o, o(z;a))
ac(a—,0q),0>0 ac(a—,oq)
n
= argmax ((&(z;0) " [ p(B(z:0) 2550, 1)).
a€(a—,aq) j=1

It is evident that o (Az) = o (), i.e. the estimator ¢} is scale invariant.
Therefore, it is reasonable to apply the method presented here also for other
distributions.

In [13] it is shown that the IML-estimator is better than the ML-estimator
in the sense that it has smaller bias and smaller variance. The main goal of
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this paper is to establish the asymptotics of the mean square error of o
compared to that of «.

The paper is organized as follows. Section 2 deals with the asymptotic
normality of the IML-estimator. The main result is established in Section 3
while all the auxiliary results are formulated and proved in the Appendix.

2. Asymptotic normality of the IML-estimator. As already noted,
the limit distribution of n'/?(af —a), as n — oo, is N'(0, k%(a)), where x2(a)
is defined by (2). Therefore, by Theorem 1.5 of [11, Section 5|, the limit
distribution of n'/2(g(a) — g(a)) is N (0,57 %(a)). Since g(a) = gn(a*),
the limit distribution of

n!2(ga(ay’) = g(a)) = n'2(g(a}") — g(@)) — n'Pg(nayy)
is also N(0, k7 2()).
Now observe that the well-known asymptotic formula

[e.e]

1 By,
(4) Q(U):%‘FZWa U — 00.

From (4) it follows that n'/2g(na) — 0 as n — oo. Therefore, applying the
Slutsky theorem we infer that the limit distribution of

n'2(g(a}") = g(a)) = n'?(g(na’) - g(na))
is again N (0, k~2(a)).

From (4) one can also obtain that for any given a and all sufficiently
large n we have (n'/2g(na))’ < 1. Let £ > 0 be given. From Lemma 2 in the
Appendix we get, as n — oo,

P(|n'g(na7) —=n'g(na)| > ) < P(lay" — a| > ¢)

_ P(n1/2‘a:;* _ Oé‘ > nl/QE) < cefnsz(W’(a)fl/a)/S = 0.
Thus, as n — o0,
n'/2(g(naj’) - g(na)) — 0
in probability. Again, the Slutsky theorem implies that the limit distribution
of
n'2(g(a;") = g(@)
is N(0, s~2()). Finally, applying Theorem 1.5 of [11, Section 5] leads to the

following result: the limit distribution of n'/?(a}* — ) is the same as that
of n'/2(a — @), i.e. N(0, K%(a)).
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3. Main result. Define

R: =E(af —a)?, R =E(a —a)%

THEOREM. If a sample x = (x1,...,2y) s drawn from a I'(c,0) distri-

bution, then
n*(Ry, — RyY) = D(a) +o(1), n— o,
where
3lg'(@) /o + 29" ()]
da(g'(a))?

Proof. Take anumber 1/3 < § < 1/2 and divide the sample space (0, co0)”

into X,, = X,, 5 and XS = (0,00)" \ X,,, where

(5) X, ={z:|a} —a] <n | —al <n7%}.

D(a) = — > 0.

By the Cauchy—Schwarz inequality,
n’E((a}, - a)’1x; (2)) < (En’(a}, — a)")(n*P(x € X))/,
In view of Lemmas 1 and 2 in the Appendix we obtain
n’P(z € X2) <n’P(laf — a| > n~%) + n?P(jai —a| > n~°)
= 7’L2P(nl/2]ozfZ —al > nl/?7%
+n2P(n'?|a —a| > n'?7%) -0, n— .

Write for a moment &, = nl/z(a;“l — ). By Lemma 1 and integration by
parts, for any v < ¥'(«)/8 we have

(o ¢] (e.)
Ee'6t = — | e dP(|g,| > u) = 1+ 2y | ue™ P(|&,| > u) du
0 0
o0
<1+4y S ue Y @8 gy < oo,
0

Since for any v > 0,
2t < 6722, z >0,
we deduce that for any 0 < v < ¥'(a)/8,
(6) E[n'2(a — a)]* = El&,|* < 7 2Ee"é < 0.

n
Therefore,
R2E((ay — )1y (2)) — 0, n— oo,

A similar reasoning with an application of Lemma 2 leads to
n?E((ay" — a)*1xg(2)) =0, 1 — oo

Thus, in order to prove the theorem it is enough to consider only the case
x € X, as n — 00, which we assume until the end of the proof.
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Applying the Taylor formula and formula (4) yields

(7) 9(ay") — glay,) = g(ay”) — gnlay’) = g(nay’)
= g(na) + ¢'(na)n(aly — a) + O(n %)
_ ﬁ _ O‘Qn;f‘ +O(n 172,

On the other hand, using the Taylor formula one can obtain

(8) glay?)—gleq) = o (ep) oy ~ap)+ L) (a7 — 02 £ Ol - o ).
Similarly,

) (0%) = 4/(0) + (o) 0, — ) + O(n ")

(10) §'(05) = 4"(a) + O(n ™).

By substituting (9) and (10) into (8), we have

(1) gl — glod)
= g (@)(o3 o)1+ A

2¢'(a)

9"(@)
g (@) (on =)+

(0" — o) + O(n_%)).

Comparing (7) and (11), we get

(12)  g'(a)(ay —as)(1+La(a) +O0(n %)) = -

where
g”(a) * kok * g”(a) * ko
Ln(a) = 29’(0[) [2(an - Oé) + ap = an] = 29/(a) [an —a+ Op — Oé].
From (12) it follows that
(13) of —af= oo lom 0,1

2na?g' (o) (1 + Ly («))

— w _ g"(a) o —ata —a p1-26
N 2na29/(a) (1 [ar, +a, ]) + O( )-

This can be rewritten as

*k o — Ak _|_ 1 o a;kz* - o g”(()()(a;* - OL)
G T T T Snag (@) 2na?g(a) | dnalg(a))?
_ g(@)(eg, — ) ~1-26
tnag(@ye o)

Therefore, we obtain

(14) Ap(a)(a) —a) = By(a)(a), — a) + Cpa) + O(n—l—%)7

n
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where o)
1 g («
Ap = )
D= i) T dnaly )P
Bue)=1- 20 o=
ma = dna(g'(a))?’ m = 2nag'(a)’
Set b, (a) = E(a — «). Applying the Taylor formula, we obtain
1
* * « * —
o(03) ~ 9(0) = o (@)(0 ~ o) + T (0 — 0)? + O ).
Further,
* o g//(Oé) * 36
(15) E(g(ar) = g(a)) = g/(a)bn(a) + == B, + O(n™).
On the other hand, by (3) and (1) we have
(16) E(g(ay,) — g(@)) = —g(na).
Comparing (15) and (16) and making use of (4) we get
1 i

2nag'(a)  2¢'()
Observe that from (14) it follows that
AL ()R = B(a)R;, + Ch(a) + 2B,()Cu(a)bn (@) + O(n~>7%),
or, by substituting (17),
AL(@) Ry = BR(a) Ry, + Cp(a) — 2By(@)C ()

— Bp(a)Ch(a) 9"(e) R + O(n*k%).

g'(a)
Therefore,
P « [ Ba(@) = Bp(a)Cr(@)g" (@) /g' ()
(18) n*(RY —R:) = 2R< 2 (a) —1>
Ch(@) — 2B, (a)C3 (@)
+n? A2 (a) +o(1).

Since the limit distribution of n'/?(a — ), as n — oo, is N(0, k%(a)), and
E[n?(a — a)]* < oo

(see (6)), by the moment continuity theorem (e.g. Theorem 4 of [5, Section 1,
§6]) we obtain

E[n'/?(a;, — a))* = #*(a) = —1/¢'(a), 1 — 0.
Thus,
(19) nRy, =—-1/g'(@) +o(1), n— oc.
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The proof is finished by substituting (19) into (18) and taking into ac-
count Lemma 3 below, formula (4) and the relations

" Bi(@) = Bu(a)Cn(@)g"(@)/g' (@) .\ _  3¢"(¢) 1 o
< () 1) = st~ e o
Ca(@) = 2By, (a)Ci(a) 1
1Y T rI) A
Appendix
LEMMA 1. If a sample x = (x1,...,xy) is drawn from a I'(a,0) distri-

bution, then for any z > 0 and any ¢ > 1 there exists N = N(z,c) such that
for alln > N,

P(n1/2|a; —a|>2) < ce™V'(@)2%/8,
Proof. Consider the random function (cf. [5, §23])

p(z;a+p6,1)

, B>-—-a.

Fix z > 0. Since

{log, — af > 2z} = {sup Z,(8) > sup Z,(B)} C {sup Z,(8) > Z,(0) = 1},
|B1>2 1B|<z |B]>2

we have

P(n'|a;, — o] 2 2) < P(sup Zu(8) 2 1),
BeB

where
B = (~a, —z/v/A] U [2/v/n,00).

From the Markov inequality, we obtain

P(sup Z,(8) > 1) < E(sup Z,(8))"/? = Esup Z}/*(3).
BeB BeB

BeB
Then
Esup Z\/?(8) < (Sup | P2 (w50, 1)p" 2 (us 0 + 8, 1) dU)n-

peB BeB |
Simple calculation yields

[ee]

I'a+3/2)
2 (u; o, 1)pt? (us 1) du = :
(S)p <’U,7CE, )p (uaa—i_ﬁ? ) U (F(Q)F(a+6))1/2

Let us investigate the properties of the function
I'a+u/2)
(F(e) (o +w))t/?

o(u) = u > —qQ.
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Clearly,
(20) (In o(u)) = % {w (a + ;‘) (ot u)} .

Since ¥(u) is increasing, it follows that o(u) is increasing in (—«,0) and
decreasing in (0, 00) with maximum equal to 1 at v = 0. Furthermore,
Ino(—u) <lnp(u), 0O0<u<a.
Indeed, the function g(u) = In p(u) — In o(—u) has p(0) = 0 and
1
0 (u) = 2[?(04—1—;) —|—W<oz—g> —W(a—i—u)—@(a—u)] >0

since the function ¥(a + z) + ¥(a — z) is decreasing because (¥(a + 2)
+¥(a—2)) < 0in view of ¥'(a + 2) < V(o — z) for z > 0 (V' (u) is

decreasing).
Hence,
)=o)
sup o(B) = o .
BeB vn
By the Taylor formula, for all sufficiently large n we obtain
" 2
z 0"(0) =z 1
21 — =1 - — .
(21) o Z) =1+ 52 S ko)

But from (20) it follows that

Therefore,
o' (u) = 9/(2“) [l[/( + ;L) —U(a+ u)] + Q(;) [;W’ (a + ;) — ¥ (a+ u)}
and 0 —i!’/’(a) o

Substitution into (21) yields

Q<\/Zﬁ> =1- W(;BZZ +o(n™h).

Thus, for any ¢ > 1 and all sufficiently large n we obtain

(sup Osopl/Q(u; Q, 1)p1/2(u; a+3,1) du)n

BeB |
/ 2 n
_ (1 _ V(@) O(n—1)> < oV @)/5,
8n

The proof is complete.
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LEMMA 2. If a sample x = (x1,...,xy,) is drawn from a I'(a, o) distri-
bution, then for any z > 0 and any ¢ > 1 there exists N = N(z,c) such that
foralln> N,

P( 1/2|a O[| > Z) < cef(W’(a)fl/a)zQ/S.

Proof. The method of establishing this result is similar to that of proving
Lemma 1. Consider the random function

a@ia+p8) _ In(e+B)IT, z)* 70 (F(a)" (5, @)™

P = @) Tt B (i 2 @ T(n) ([ 21
_ I(n(a+8)(I(@)" (T, )’
(Ia+ ) M(na) (i, w)"?
Then
T (T t)) il L) Wl N el
" (I'(a+B)2(L(na)l/2 (307 xi)mP/2
Therefore,
1/203y — (I(n(a+ 3)))"?
B0 = s By AT na) AT (@)
00 0o u U, a+8/2—1 (gt
. (S) (S) ((ull+---4)run)nﬁ/2€ (wrttun) goy . duy,.
The change of variables v1 = u1,...,Vp_1 = Up_1,Vp = U1 + - - - + u, yields
1/2( 3y — (I(n(a+ B)))?
B0 = (s 32T (na)) (T (@)
'Oo T T [U1 .. VU1 (v — 1 — -+ —vn_l)]o‘“Lﬁ/z_l
el e
e " du, . ..dvadvs.
The next change of variables v1 = V21, ..., Un_1 = UnZn_1 gives
1/2 — (F(n(a + ﬂ)))l/Q T Unaflefvn v
B2 = et By AT Py )
-S...S[zl...zn_l(l —Z1 — " —Zn_l)]a+’8/271d21...d2:n_1
A
_ (D(na+ B))V2(D(na)) 2
(I'(a+ B))2(I ()2
. S . S [21...2p-1(1—2p — -+ — zn_l)]a+ﬁ/271 dz1...dzp—1

A
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_ (D(n(a+ ) 2(I(na))'/? § otB/2-1g, 1_{1 25

(L(a+ @)2((a))m/2 27 )
17Z17"'7Zn72
S z;—):i_lﬂ/2_1(1 _ Zl e e — Z?’L—2 _ Zn_l)a-i-ﬁ/Z—l dzn_l
0

(I (n(a + B))*(I'(na)'/?
(e + @)L ()2 ™

where
A:{(zla"'vzn—l):zl >07"'7Zn—1 >07 21+t Zn—1 <1}

Now we calculate I,,. Observe that

a

S w(a—u)fdu=a’*MBly+1,24+1), y,z>-1,

0
where B(+,-) is the beta-function. Then
l—2z1——2zn_2
S zf:—_’_lﬁ/z_l(l — 2] — = 2y — zn,l)a'wm_ldzn,l
0
=(1—21— =2y 0)2P IBla+ 5/2,a + 3/2).
Therefore,
1 1—z
I, = B(la+(/2,a+ 5/2)Szf+ﬁ/2_1 dz S z§+ﬂ/2_1 dzy. ..
0 0
l—2z1——2p_3
S zﬁfgﬂ_l(l — 2] —r— Zp_3 — zn_g)zo”rﬁ*1 dzp—o.
0
Again,
l—21——2zn—3
S 22‘1‘5/2—1(1 o — e — 2y Zn_2)2a+ﬁfl dzp_o
0
=(1—21 — - — 2,321 B(a 4 5/2,2(c + 3/2)),

and we obtain
I, =Bla+8/2,a+ (/2)Bla+ 3/2,2(a+ (/2))

1 1—21
a+3/2—1 a+3/2—1
-Szl 27 4z S Zg / dzo . ..
0 0
l—z1——2p—4
a+3/2—1 3 36/2—1
S Zn—g/ (1 =21 — - — 2Zng — 2n_3)°%" B/ dzp—3.

0
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Repeating this calculation, we get
In = Bla+f3/2,a+ 3/2)Bla+ 5/2,2(a+ 3/2))
.Bla+8/2,(n—1)(a+ 3/2))

_ (Tt g2y
I'(n(a+3/2))
Thus,
p71/2(g) = (L0t HNAT(a+ B/ (Do) 2 50

(I'(+ B))™/2T (n(a + B/2)) (I ())n/2
Let us investigate the properties of the function

(a4 u/2)(T(n(a+ u)))Y @) (D (na))t/ 2n)
(I'(a +w)Y2(D () YV2(D (n(a +u/2))/n

Ap(u) =
Clearly,
1 1
InA,(u) =InIa+u/2) — ilnf’(a—l—u) - ilnf(a)
1 1
+ %lnf(n(a+ u)) + %lnf(na)

- % In(n(a +u/2)),

—_

(22) (i Au(w)) = 5 ¥(a+u/2) - % U(a+u) + % U (n(a+u)

~ 5 ¥(n(a+u/2)

1
= L loalat ) — gala -+ u/2)]
Since gn(u) is decreasing (see Lemma 1 of [13]), it follows that A, (u) is
increasing in (—a,0) and decreasing in (0, 00) with maximum equal to 1 at

u = 0. Furthermore,
InA,(—u) <InA,(u), 0<u<a.
Indeed, the function A, (u) = In A, (u) — In A, (—u) has A,(0) = 0 and

~ 1
Al (u) = 3 gn(a+u) + gn(o — u) —gn(a—i- g) —gn<a— g)] >0
since the function ((z) = gn(a + 2) + gn(a — 2) is increasing because

(gn(a+2)+gn(a—2)) > 0in view of g, (a+2) > gl (a—z) for z > 0 (g, (u)
is increasing).
Hence,

sup 409 = 30 ( 5.



ML-estimator of the shape parameter 45

Now observe that from (22) it follows that

a0 =25 gt ) =gt 3 )|
| (

A1) = Znlt) a—i-gﬂ

~—

g+ u) — gn

¢ 20 oy - 2, (ar )]
241w = 28 a0 o+ 5|

+ gt - yan(at )]

2
i A";u) [g;f(a +u) — igﬁi (04 + ;)]

Therefore,

1 1 _
AR (0) = 2<1 - 216_1>g7(zk D), k>1.

Since for all sufficiently large n (see (4)),

g V(a) = g* V() + O(n™Y),

by the Taylor formula we obtain, for all sufficiently large n,

z\ A”0) 22 oy g (a)z? _
An<\/ﬁ>_1+ 9 ;+O(TL 2)—1+T+O(TL 2).

Thus, for any ¢ > 1 and all sufficiently large n,

! _ 2 n ,
Esupzi/%ﬁ)s(l—“p (@) ~1/a)z +o<n—1>) < e W@ 18
B€EB &n

The proof is complete.
LEMMA 3. Foru >0, ¢'(u)/u+ 2¢"(u) > 0.
Proof. We use the method utilized e.g. in the proof of Lemma 1 in [3].
Consider the function
g'(u) 1 ¥(u)

7
alw) = £ o) = - -

20" (u), u>0.

From the integral representations |1, formula (6.4.1)]

N L |
(=L, ) = - |
0 0

t2€7’ut

1—et

dt,
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and the evident relations
o0 oo

1 1
—=\evat, —=\tedt,
u u

0 0

by the convolution theorem for Laplace transforms we get

[e.e]

q(u) = S e d(t)dt, wu>0,

0
where

2t2 o

d(t) = —t — d t > 0.
®) +1—e_t él—e—” v -
Differentiating yields
h(t)
dt)=—2=, t
( ) (et _ 1)27 > 07

where
h(t) = 3t(e® — &) — 2t%e! — (¢! — 1)? = (3t — 1)e® — (2% + 3t — 2)e! — 1.

Making use of the series representation for e, we obtain

S thk
k=3

where
cr =213k —2)+2 -k — 2K

Since ¢ > 0 for any k& > 3, we conclude that d’(¢) > 0, and therefore, for
any t > 0,
d(t) > lir% d(s) = 0.
S—

Thus, q(u) > 0 for any u > 0. The proof is complete.
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