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NONHOMOGENEOUS BOUNDARY VALUE PROBLEM FOR
A SEMILINEAR HYPERBOLIC EQUATION

Abstract. We discuss the solvability of a nonhomogeneous boundary
value problem for the semilinear equation of the vibrating string z(,y) —
Ax(t,y) + f(t,y,2(t,y)) = 0 in a bounded domain and with a certain type
of superlinear nonlinearity. To this end we derive a new dual variational
method.

1. Introduction. Throughout the paper, {2 will be a general open
bounded domain in R"™, with boundary I', assumed to be smooth. The aim
of the paper is to study the existence, in a finite interval [0, T], of a solution
of the following second order hyperbolic semilinear problem with Dirichlet
boundary condition:

xtt(t7y) - AI‘(t,y) + f(ta y7$(t7y)) =0,
(1) 2(0,y) = 2°(y), 2:(0,y) =z'(y), ye€ L,
z(t,y) = ult,y), (t,y)eX=(0,T)xI.

It is worth noting here that the nonlinearity f, generally, may drive the
solution of (1) to blow up in finite time [4], [10], [5], [1] (see also discussion
in 2] and [11]). We exclude such a case assuming hypothesis G4, which
imposes some bound on the growth of f at time 7. The importance of the
problem with control on the boundary can be seen in optimal control theory
(see e.g. [8]).

We shall study (1) by the classical variational method, i.e. we shall con-
sider (1) as the Euler-Lagrange equation of the action functional
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1 1
(2 Valt. ) = 5 )+ Flt () ) du

2(T,y)2 (y) dy,
0

where F,, = f, defined on some subspace of C ([0, T]; H?(£2)) discussed below.
The last integral in (2) relates to the fact that we consider initial conditions
instead of, as is usual in the calculus of variations, the two-point boundary
problem. In many papers (see e.g. [11] and the references therein) another
functional is considered, the so called energy functional, associated with (1),
to get some estimates for solutions of (1).

Our purpose is to investigate (1) by studying the critical points of the
functional (2). To this end we apply a new duality approach which is based
on ideas developed in [9]; however, we drop some unpleasant assumptions
appearing in [9], e.g. convexity of F'(t,y,-). As mentioned above, the func-
tional (2) is unbounded in C([0, T]; H?(§2)) and this is why we are looking
for critical points of J of min-max type. Our aim is to find a subset X of
C([0,T); H?(£2)) and study (2) only on X. The main difficulty in our ap-
proach is the construction of X. The one-dimensional case of (1) under the
convexity assumption of F'(¢,y,-) was described in [9].

The plan of the paper is as follows: in the Preliminaries we define all
objects we need later, give hypotheses we use and recall the linear case
from [6]; in the next section we prove auxiliary results; then the duality
theory is developed for our problem and necessary conditions for a minimizer
of J in X to exist are proved. In the last section we prove the existence of a
minimizer of J in X.

2. Preliminaries. Let £L={ge L'(0,T; H(2)) : g:€ L' (0, T; H°(2))},
20 € H?(02), ' € HY(£2) and let
Ut =C(0,T; H*(2)), U?=C([0,T];H (1))

and
T 2
Uz{:cecao,ﬂ;ﬂ%m) 9 ooy (@), 28 € c(0. 1 (%),
‘T(()? ) = xo(')a wt(oa ) = xl(')v m(tvy) = u<t7y)7 (ta y) €= X F}

Observe that each x € U has the derivatives 02z /0t?, 9%z /0y?, i =1,...,n,
for almost every (¢,y) € [0,T] x {2. Since we are looking for solutlons of (1)
in some subset of U, by a solution of (1) we mean = € U which satisfies (1)
almost everywhere. We shall consider £ with the norm

2 2 2
lglz = |9|L1(0,T;H1(Q)) + ‘gt’Ll(o,T;HO(Q)y
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U with the norm

jz]f = ’x\?}([o,ﬂ;m(o)) + ’xt%([o,T};Hl(Q)) + ’xtt%([o,:r];m(n))

and U', U? with the norms

2 2 2 2
l2lin = lzleqo ) 12loe = 12leqomm )
In our notation Theorem 2.2 from [6] has the following form:

THEOREM 1. Let g € £, u € H*(X), 2° € H? z' € H'. Then there
exists a unique solution T € U to
l’tt(t, y) - Al'(t, y) = g(ta y)7
(3) 2(0,y) = 2%(y),  @(0,y) =2'(y), y € 2,
:c(t,y) = u(tvy)7 (tvy) €,

such that
(4) %[ < B(lgle + [ulzs) + 2° m200) + 12 11(02),
(5) Zi|2 < D(lgle + [ulzs) + 2°] m200) + 12 51 (02))

with some B, D > 0 independent of g and with the compatibility conditions
_ .0 Ju _ .1
uli=0 = 2°|r, Gilt=0 = 2|

The fact that = € C([0,T]; H?(£2)) is explained in [6, pp. 153-154].
The solution T from the theorem may also be estimated by

(6) Z(t, e @) <12 ) |p2e) < TB S(up l9(T, e (0) + E,
T7€(0
(1) |zt ) STD sup |g(7,)|g1(o) + 4,
7€(0,T)

where ' = B(‘U|H2(2) + |CEO|H2(_Q) + ’x1|H1(Q)) and A = D(]u\Hz(E) +
|xO‘H2(Q) + |x1|H1(Q)) and we will just use these last estimates.
We assume the following hypotheses:

G1. There erists a function Z € C([0,T]; H?(£2)) such that F.(Z) € L

(F:r(h) = Fz(" ) h('v )))a put
I=[-E—-TB sup [Z(7,")|ly2),TB sup |Z(7,)|u20) + El,
7€(0,T) 7€(0,T)

G2. F is differentiable with respect to the third variable.

G3. F,(t,y,0) # 0 for a.e. (t,y) € (0,T) x £2; (t,y) — F(t,y,0) is
integrable on (0,T)x 2; Fy(t,y, ) is continuous in R for a.e. (t,y) €
(0,7) x £2.

G4. For x € U such that |x(t,-)|g2(0) € I for all t € (0,T), we have
Fo(eyz(-,9) € L, Fp(-,-,2(-,-)) € L*(Y), and
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(8) [Eu(ty - 2(t ) (o) < S(%P - 1Z(7, )20, t € (0,7T),
TE

F(t,y,z) > a(t,y)z + b(t,y),
for some a,b € L*((0,T) x §2) and all v € R.
CC. u e H*(X) and uli—o = 2°()|r, %lim0 = z'(")|r-

It is clear that the form of F, depends (locally) strongly on the function z.
Moreover, G4 guarantees that the functional (2) is bounded in the set X
defined below (see Lemma 2) and that solutions to (1) (if they exist) are
bounded (see Lemma 1). An example of F,, satisfying G1-G4 is given below.

EXAMPLE. Choose Fy(t,y,z) = a(t)(z® — (1/2)2*), 2° and 2! such that
|:U0|H2(Q) = 1/8 and ]:U1|H1(Q) =1/8,u=0 02=0mn), T =10<
a(t) < 1/3, a(:) € C3(0,T), z such that Supye(o,1) 12(t, )| 2() = 0.7 and
B =1.Then £ =1/4 and I = [-0.95,0.95], so |z(t, )| g2() € I means that
[z(t, ) [2() < 1 and thus [2(t,)|g10) < 1, [2(t, )| 120 < 1. Hence, for
those z(+, ),

[t Do) < la@)] e, )i g)le(t ) = 1/2]gig) < la(t)2 < 0.7

= sup |Z(t,")|g2()
te(0,T)

Moreover,
a(t)z’((1/6)x —1/10) > -1, =z € R, t€[0,1], y € (0, 7).

Since, for each t € [0,1], y € (0,7), x + a(t)x®((1/6)z — (1/10)) is convex
in R, the functional

T —

Sa 5((1/6)z — 1/10) dy dt
2

~ Ot

is convex in the space L2(0,T; L?(£2)) and has nonempty subdifferential for
x € L?(0,T; L?(£2)) (see the assumptions of Theorem 2).

Define X = {z € U : |(t,-)|g2(n) € I, t € (0,T)}. We shall consider the
functional J of (2) on
U ={z € C([0,T); H*(R)) : 9z/0t € C([0,T); H'(£2)),
2(0,-) = 2°(), 2(0,) = = ()}
Note that J is bounded on X (see also Lemma 2), thus we need to look

for a kind of “critical point” in X. To this end we shall consider the dual
functional, which will be investigated together with (2):
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T
9 Jppg) = =\ V F*(t,y, p(T — t,y) + divq(t,y)) dy dt
00
17 17
=5V Vet P dydt+ 5 p(T — t.y) dy dt
00 00
+ \ 2°)p(T,y) dydt — | ult,y)(a(t,y), v(y)) dy dt,
10 z
where v = (v1,...,1,) is the unit outward normal to I', F™* is the Fenchel-

Young conjugate to F' (h*(s*) = sup,{(s*,s) — h(s)}; see e.g. [3]) and

Jp:Up = {(p.q) : p € C([0,T]; H(42)), p/ot € C((0,T); HO(2)),
p(0,-) = z'(-), g € L*(0,T; Hy(2))} — R.
We will consider two kinds of relationship between the functionals J and
Jp on X: the Duality Principle and the Variational Principle. The former,
Theorem 3, relates the critical values of both functionals, while the latter,

Theorem 4, provides necessary conditions that must be satisfied by the so-
lution to problem (1).

3. The auxiliary results. Now we construct the sets on which J and
Jp will be considered. In view of the definition of X and Theorem 1 the
following lemma can be formulated:

LEMMA 1. There exist constants Cy, Cy, C3, Cy independent of x € X
such that
[vlpeo0.m2(2) < C2,  |Vt]poo 0,101 (2)) < Chs
[Vetl oo 0.102(02)) < C35 [AV|poo(0,102(02)) < Co,s
0| 20,1y x2) < Cu,
where v is the solution of the problem
Utt(ta y) - Av(t) y) = _F:B(ta Y, $(t, y)) a.ce. on (0’ T) X “Qv
(10)  v(0,y) =2"(y), w(0,y)=2'(y), yeL,
U(t7 y) = u(ta y)7 (t, y) €,
with x € X.
Proof. Fix x € X. Since x € U and by the assumptions on F (see G4),

it follows that F,(-,-,z(-,-)) € L. Hence by Theorem 1 and (6) there exists
a unique solution v € U of problem (10) satisfying

[v|gn < TBIFy(2)| g 0,111 (2)) + E-
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Taking into account G4 we get the following estimate for some €, indepen-
dent of x € X:

T|Fo(@)| Lo (0,m:m1(2)) < C-
Moreover, by (6) we get
vl 0,.m2(02)) < TB|Fo(@) |01 (0)) + E < BC+ E.
By (7),
[vt| oo (0,711 (2)) < TD|Fo()| Lo 0,011 (2)) +A < DC + A,
Since |Av|go(oy < |v]g2(0), we have [vi|peo,mm0(02)) < (BC + E) + C/T.
Hence, putting
Cy=BC+E, Ci=DC+A, C3=(BCH+E)+C/T,
Cy=TY?(3BC + E) + (BC + E) + C/T + (DC + A),
we obtain the assertion of the lemma.
PROPOSITION 1. For every x € X the relations
Tu(t,y) — AL(t,y) = —Fu(t,y, x(t, y)),
(11) 2(0,y) =2(y), T(0,y)=2'(y), yeL,
z(t,y) =ulty), (Ly) e,
imply that T € X.
Proof. Fix x € X. Since z € U and by the assumptions on F' (see G4),
it follows that F,(-,-,z(-,-)) € L. Hence by Theorem 1 there exists a unique

solution = € U of problem (11). Moreover, Zy — AT € L. Indeed, by G4, it
follows that
(12) [Ee(t, -zt ) o) < sup [2(t ) g20)-
te(0,T)
Further, by (6) we get |Z[;n < T'Bsupye(o,r) | Fu(t, - z(t, )| m1(0) + £. Now
by (12) it follows that
(13) Z|gn <TB sup [2(t,)|a20) + E.
te(0,T)
Hence
|%(t7 )’HQ(Q) <TB sup |§(t, )’HQ(Q) + B, te (OvT)
te(0,T)

So |Z(t, )| g2() € I, t € (0,T). Thus for every 2 € X there exists an T € X
satisfying (11). B B

Let H be the map assigning to x € X the solution € X of (11). Define

X = H(X).

COROLLARY 1. Ewvery {z,} C X has a subsequence converging weakly
in L2(0,T; H?(£2)) and H?((0,T) x £2) and strongly in L*(0,T; H(12)).
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Moreover, there is a subsequence {Tn;} of {xn} such that {Tn,1}, {Tny, )
i=1,...,n, (y= (y1,.-.,yn)) are strongly convergent in L*((0,T) x §2).

Proof. Let {x,} C X. Then by the above proposition each x,, is a so-
lution of problem (11). Hence by Lemma 1 the sequence {x,} is bounded
in H2((0,T) x 2), in L>(0,T; H*(£2)) and so in L?(0,T; H*(2)), {xn}
in L>®(0,T; HY(2)) and {xnu} in L°(0,T; H°(£2)). Therefore {z,} has a
weakly convergent subsequence in L?(0,T; H?(£2)) and in H?((0,T) x §2).
Since all z,; are bounded by the same constant, the above-mentioned subse-
quence converges strongly in L2(0,7T; H'(£2)). Moreover , Tny,y;s Tnty;s
i,j = 1,...,n, are also bounded in L?((0,T) x §2) by the same constant.
Hence there is a subsequence {z,;} of {z,} such that {z,+}, {Zn;y,}, i =
1,...,n, are strongly convergent in L?((0,T) x £2). =

Now we define the set on which the dual action functional will be con-
sidered. Define

Wy =W((0,T) x 2)
={peC((0,T); H (2)) : pr € C((0,T]; H*(2)), p(0, ) = =" ()}
and

W, =W, ((0,T) x £2)

= {q e L*0,T; H:(2)) : divg € L*(0,T; H*(2))}.

DEFINITION 1. We say that an element (p, ¢) € W} x W; belongs to X¢
provided that there exists € X such that for a.e. (¢,y) € (0,T) x {2,
(14) —p(T = t,y) — diva(t,y) = —Fa(t,y, x(t,y)) with q(t, y) = Va(t,y)

or else
(15) p(T —t,y) = z(t,y) with q(t,y) = Va(t,y).

REMARK 1. The definition of X% says that for each € X there exist
in X? two pairs of (p,q): one defined by (14), the other by (15).

We will use the sets
Xt={peW}!:(p,q) € X1, X§={qeW,:(p,q) € X"}

We observe that neither X nor X¢ is a linear space. Thus even standard
calculations using convexity arguments—the tool which is indispensable if
one wants to apply the variational approach—are rather difficult. What helps
us is a special structure of the sets X and X ¢ which despite their nonlinearity
makes these calculations possible.

Notice that the functionals J and Jp are well defined on X and X¢.



88 A. Nowakowski

LEMMA 2. There exist constants My, My such that, for all x € X,

T
(16) My <\ F(t,y,2(t,)) dydt < Mp.
0

Proof. The first inequality in (16) is a direct consequence of G4. By the
mean value theorem and G4 we have, for some 0 < 6 < 1,

F(t,y,x(t,y)) < F(t,y,0) + |x(t, y)| |[Fu(t, y, 0x(t,y))|
< F(t,y,0) + |z(t, )| o) Sup |Ee(t, - v(ts ) o)

SF(tayaO)+ sup |2(t7')|H2(Q){TB sup |2(t7)‘H2(_Q)+E}
t€(0,T) te(0,T)

Hence we infer the boundedness from above in (16). =

Now we may state the main result of the paper which is the following
existence theorem.

THEOREM 2. There exists T € X such that inf,cx J(z) = J(T). Assume
that the functional x +— Sg $o F(ty,z(t,y)) dydt is subdifferentiable at the

point T (the subdifferential in the sense of convex analysis is taken in the
space L2(0,T; L%(§2))). Then there exist (p,q) € X? such that

(17) Ip(F.) = inf J(z) = J(@)

The system (18)—(20) may be viewed as a system of Hamiltonian equa-
tions and its existence will be obtained with the aid of a duality theory.

REMARK 2. The system (18)—(20) is equivalent to (1). Indeed, as 7 € X
we have ¥ € U. Hence T satisfies the initial and boundary conditions.
Of course, by (18), Zu(t,y) = —p,(T" — t,y), and by (19), divVZ(t,y) =
divg(t, y). Putting both equalities in (20) we get (1). The converse implica-
tion is obvious.

4. Duality result. We shall construct a duality theory for the functional
Jp : X% — R. To avoid the calculation of the Fenchel-Young transform with
respect to a subset we introduce a perturbation functional defined on the
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whole space. Let J, : X4 x L2((0,T) x £2;R") — R be given by the formula

(D, ¢, v

Ot/ﬂ’ﬂ

= |\ F*(t,y.p(T — t,y) + div q(t,y)) dy dt
2

22 (y)p(T,y) dy dt +

N

T
S Sg|qty + v(t,y)|* dy dt
Q 00
1
2

T
V§1p(T =) dydt + \ ut,y)(a(t,v), v(y)) dy dt,
00N X

where u € H?(X) is the function occurring in (1), and v is the unit out-
ward normal to I'. It is clear that, for each fixed (p,q) € X?, Jp(p,q,-) is
well defined on L?((0,7) x §2;R™) and finite. We observe that .J, is convex
and lower semicontinuous in the third variable for a fixed (p,q) € X¢ and

Jp(p7 q, 0) = _JD(pv q)
We define a kind of Fenchel-Young transform (see e.g. [3]),

JF X' x X SR,

with respect to a duality pairing for the space Lo = L2((0,T) x £2;R") by

T
T (g, 2) = Séle{S V(Va(t,y),vt,y) dydt + § 2*(y)p(T, y) dy dt

0 2

T

1

= 5V Llatt) + ot )P dyde = Lt late ).y
00 b))

1 T T

+ 58 V(T =ty Pdydt — | | F*(t,y,pi(t,y) + diva(t,y)) dy dt.

00 00

Using the Fenchel-Young transform in Lo of the quadratic functional

l\D\H

qut y) +v(t, y)* dy dt
0N

(see [3]) we obtain

T q.2) = — |\ F*(t,y.p(T — t,y) + divg(t,y)) dy dt
2

T
-}
0
T T
+Sxxty )divq(t,y) dydt+§§a:typt —t,y)dydt
09 0
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17 17
+3 | §Iva(e y)]Zdydt+§S VIp(T —t,y)]? dy dt
00N 0
T
~\ Vault,p)p(T = t,y) dydt — | 2(T, y)a' (y) dy dt.

00 [0
We now provide two lemmas which will be used in the proof of the Duality
Principle.

LEMMA 3. Foranyz € X,
sup inf J (p,q,x) < J(z).
led peX
Proof. Fix x € X. There exists a pair (p®, ¢*) € X% such that

p*(T —t,y) = z(t,y) and Va(t,y) =q¢"(t,y).
Therefore, using the Fenchel-Young transform of the quadratic functional
T
1 2
v g S S lo(t, y)|* dy dt
09
in L2((0,T) x §2;R), we have

T T
1
inf{ V§ et )p(T = ty) dydt + = | | (T —ty]Qdydt}
reXil 45 200
1T
— §§§yxtty|2dydt
0
and
T
(21)  sup {S [ (t 9)(pu(T — t,3) + diva(t, ) dy dt
a€Xxs Lo o
T T
—\VF*(ty,pe(T — t,) + divg(t,y)) dydt} |V Pty 2t y) dy dt.
0 08

Hence we obtain the assertion of the lemma. =

LEMMA 4. For any (p,q) € X9,
) ” _
zlélf( Jp (pa q,fL’) - JD(]?, q)

Proof. As for any (p,q) € X% there is z € X such that Va(t,y) = q(t,y),
we have

T 1T 1T
VV(Valtv),atp) dydt — 5 |\ [Va(ty)Pdydt = 3 | | la(t9)[ dy dt
0 0 0

mbt,

(Fenchel-Young equality, see [3]). Hence from the definition of J# (p,q,z) we

get the assertion of the lemma. =



Nonhomogeneous boundary value problem 91

5. Duality and variational principles

THEOREM 3.

inf J(x) > sup inf Jp(p,q).
Inf J(z) L p(p,q)

Proof. By Lemmas 3 and 4, since

inf sup I(a,b) > sup inf I(a b),

a€Apep beB acA

we obtain
inf J(z) > inf sup Inf J# x
inl )2 ot sup it (.0.2)

> sup inf inf J (p,q,z) = sup inf Jp(p,q). =
qexd peX{ zeX gexg peXy

We state the necessary conditions, i.e. conditions which the minimizers
of the functional J over the set X should satisfy. We observe that due to
Corollary 1 it follows that a minimizing sequence of J over the set X may
be assumed to be weakly convergent in L2(0,T; H2(£2)) and H2((0,T) x £2)
and strongly in L2(0,T; H'(£2)).

THEOREM 4. Assume that inf,cx J(x) = J(T) for some T € H*((0,T) x
2) and that the functional x — Sg $o F(ty,z(t,y))dydt is subdifferen-

tiable at T (the subdifferential in the sense of convexr analysis is taken in

L%(0,T; L%(R2))). Then there exist p € X{ and ¢ € X such that for a.e.
(t,y) € (0,T) x 12,

(22) ﬁ(T —t, y) = f15(ta y),
(23) q(t,y) = VI(t,y),
(24) - ﬁt(T —t, y) - divq(tv y) + Fx(t’ Y, f(tv y)) =0

and J(T) = Jp(p,q)-

Proof. Let T € H?((0,T) x §2) be such that J(Z) = inf,jcx J(2?) and
let {(p?,¢’)} € X denote the sequences corresponding to {27} according to
the definition of X¢. We define —p,(T — t,y) = divg(t,y) — Fu(t,y, Z(t, y)),
with g given by q(t,y) = VZ(t,y), for a.e. (t y) € (0,T) x £2. It is clear that
(P, Q) is the limit of a sequence {(p?,¢?)} € X% By the definitions of .J, Jp,
relations (23), (24) and the Fenchel-Young inequality it follows that

I
ey

1_ _
] (2 - L+ P .0 v

— 2T, y)2' (y) dy dt
kP
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IN

T
_ _ 1
V2t )P(T — t.y) dydt + 5 | {[B(t.y)[* dy d
0] 0 £

L\DM—~

T
+ Y (vat ), at ) dydt — -\ | [a(t,y) | dy dt
2 00N

F*(t,y,p,(T — t,y) + divg(t,y)) dy dt

YW)p(T,y) dy — | ult,y)(@(t,y), v(y)) dy dt
)

NN

T T
— -\ Vit yPdydt+ -\ BT —t,y)2 dydt
0 0

IN

Jp(P,q). By Remark 1 there are two possible sequences

Therefore J(7)
C X4 corresponding to the sequence {7} with ¢/ = Va/, namely

{,d")}
(25) ¢ (ty) =Val(t,y), p(T—ty) =al(ty)

(26) —pl(T —t,y) = dive’ (t,y) — Fult,y,27(t,y)), ¢ (t,y) = Val (t,y).
First we investigate the convergence of both sequences. For the sequence
(25) we obviously see, by Corollary 1, that (possibly up to a subsequence)
] — 7 =P, Vol — VT = G. Therefore the system (22), (23), (24) is
satisfied.

In the case of the sequence (26) we have similarly ¢/ — § = VZ and
divg! — divg = AT in L?, possibly up to a subsequence. Moreover,
(27) —(=pl(T —t,y) — div g (t,)) = Fult,y, 2 (t,y)).
By G4 we know that {F,(t,y,27(t,y))} is bounded in L>(0,T; L*(£2)) and
so in L?((0,T) x £2). From (27) we infer that the sequence {p] + div¢’}
is bounded in L? and up to a subsequence it is also weakly convergent to
some Fy(t,y,Z(t,y)). Since 7 converges almost everywhere pointwise to Z,

it follows that {p] + div¢’} also converges almost everywhere pointwise to
F.(t,y,z(t,y)). We first investigate the convergence of {p’}. By (27) we get

—pH(T = t,y) = —Fu(t,y,7 (t,y)) + div e (¢, y).
Hence {p}} and consequently {p’} are bounded in L2. Therefore {pi} is
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weakly L? convergent to p, possibly up to a subsequence. We assume that
the subsequences has been selected and denoted by j. By Theorem 3, we
have

(28) J(@) = liminf Jp(p, ¢7).

We observe that in both cases liminf; .o Jp (p7,¢%) > Jp(p,q). Indeed, by
the properties of the sequence {¢’},

T
hmlnf( SS T —t,y)*dydt — %S S ¢/ (t, )| dy dt
00 00

J—00

N—

N =

T T
1 :
= lim inf S S |’ (T — t,y)|? dy dt — lim S S ¢ (t,y)|? dy dt
00 T %00

17 17
> SV VBT —ty)Pdydt — 2§ § [a(t,y)] dy t.
00 0n
Moreover, since {pi + div ¢’} converges pointwise, we have

J—00

T
(29)  lim (S \ P (t,y,p{(T = t,y) + div qj(t,y))>
09

T

=\ | F*(t, 4., 5.(T — t,y) + diva(t,y)) dy dt.
0

The inequality (28) implies equality, i.e. J(Z) = Jp(p,q). Since J(T) =
Jp(P,q), we have

T
30) N VPt y, (T — t,y) + diva(t,y)) dy dt
0N
T
1 2
F(ty 7(t,y) dydt: | | gt y) dy dt
0
1
y)z (y) dy

| Ivz(t,y) P dy dt -
02

2
1 2
3 |Z¢ (¢, )| dy dt

1T
:§H|p(T—t y)[> dydt +
0

O e g

|

2

+ V2 WB(T,y) dy — | u(t,v)(a(t, ), v(y)) dy dt.
0] b))

The functional z + SoT §o F(t,y,z(t,y)) dydt is convex in L? at T by the
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assumption of the theorem, and therefore by (24),

T T
VY F* (5T — ty) + diva(t,y) dydt + | | F(t,y,2(t,y)) dy dt
0 00

T

=\ | 2(t.9) (@, (T — t.y) + diva(t,y)) dy dt;
0N

similarly we get, by (23), the equality

L7 L 7 T
58S|§(t,y)\2dydt+§SS]Va:(ty\Qdydt SS Vz(t,y),q(t,y)) dy dt.
00 00 00
Hence from (30) we deduce that
L 7 T
S VBT —ty)Pdyde + H!wttyIQdyd | {@(t.y). 5T - t.y)).
00 202 00

Hence we obtain (22).

6. The proof of Theorem 2. By definition of X and Lemma 2, we
see that the functional J is bounded in X. We denote by {2’} a mini-
mizing sequence for J in X. By Corollary 1 this sequence has a subse-
quence, denoted again by {z7}, converging weakly in H2((0,T) x £2) and
strongly in L2(0,7T; H'(£2)), hence also strongly in L*((0,T) x £2) to an
element 7 € H2((0,T) x £2). Moreover, {27} is also convergent almost ev-
erywhere and the sequence {21} is strongly convergent in L2((0,T) x £2).
Hence liminf; .o J(27) > J(Z). Thus inf,ex J(2?) = J(Z). By Theorem 4
we know that T along with the corresponding P and § satisfies (22), (23),
(24) and thus equation (1) (see the Remark following Theorem 2). Since the
RHS of (1) for that T belongs to £, from Theorem 1 we infer that z € U
and so T € X. This finishes the proof of Theorem 2.
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