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GOODNESS-OF-FIT TESTS BASED ON
CHARACTERIZATIONS IN TERMS OF MOMENTS
OF ORDER STATISTICS

Abstract. Using characterization conditions of continuous distributions
in terms of moments of order statistics given in [12], [23], [6] and [7] we
present new goodness-of-fit techniques.

1. Introduction and preliminaries. Let (Xi,...,X,) be a sample
from a continuous distribution F'(z) = P[X < z|, z € R. There are many
methods for constructing goodness-of-fit tests (cf. [4], [20], [21]), including
methods using characterizations of distributions (cf. [2], [3], [8], [13]). We
give tests of fit based on characterizations of continuous distributions via
moments of order statistics (cf. [6], [7], [12], [23]). The tests presented are
asymptotic and they treat cases where the parameters of the distribution
must be estimated from the data. The proposed approach avoids the dif-
ficulty of determining for instance the number of classes, the number of
summands, or the window size, associated with some recommended tests
(x3-tests, data-driven Neyman'’s tests, tests based on entropy, etc.) (cf. [4],
[9], [5]). We present a family of tests depending on a parameter r > 0, the
order of a moment of a certain variable. The power of these tests depends on
r. In the case r = 1 we obtain tests discussed in previous papers [14]-[17].

2. Characterization conditions. Let (X1,...,X,) be a sample from
a continuous distribution F(z) = P[X < z], x € R, and let Xj.,, denote
the kth smallest order statistic of the sample. We use the following char-
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252 K. W. Morris and D. Szynal

acterizations of continuous distributions via moments of functions of order
statistics.

THEOREM 1 (cf. [23], [6], [7]). Let n, k, I be given integers such that
n >k >12>1. Assume that G is a nondecreasing and right-continuous
function from R to R. Then F(x) = G(x) on I(F) (the minimal interval
containing the support of F') and F is continuous on R iff

k—1)! 2k!
(21) m EGQZ (Xk;+1—l:n+1—l) - m EGl(Xk+1:n+1)
k!
+m+l+nf‘

THEOREM 2 (cf. [12]). Under the assumptions of Theorem 1, F(z) =
G(z) on I(F) and F is continuous on R iff

l (k4 Dln+1)!
BG (Xivnr) = S0y

(k+D)l(n—1+1)!
k—Dn+1+1)

Note that Theorem 2 is a consequence of Theorem 1, since (2.1) implies
F = G implies (2.2) implies (2.1).

(2.2)
EG*(Xpi1-tmi1-1) =

COROLLARY 1. X ~ F and F is continuous iff

(2.3) EF(Xs) — EF%(X) = %
or iff

2 9 1
(24) EF(Xs:2) = 3 EF*(X) = 3

We also need the following generalization of Theorems 2 and 1.

THEOREM 3 (cf. [12], [7]). Let (X1,...,X,) be a sample from a dis-
tribution F and assume that G is a nondecreasing and right-continuous
function from R to [0,00). Let n > k > 2 be given positive integers and r,
P, q given positive real numbers such thatp > 1, ¢ > 1, 1/p+1/q =1, and
s=p(q(k—1)—pr)/(p+q) is a nonnegative integer. Then F(x) = G(x) on
I(F) and F is continuous on R iff

Bk+rn—k+1)
B(k,n—k+1) ~’

i B(k+rn—k+1)
EGP (Xs+1:nfk+s+1) = B(S +1,n—k+ 1) ’

BEG™(Xpn) =
(2.5)
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where
1
B(a,b) = {t""'(1—t)""'dt, a>0, b>0,
0
is the Beta function, or iff
, s! or 2(k—1)! ,
(25 ) (TL —k+s+ 1)' EG <X5+1:n—k+s+1) - T EG (Xk:n)
rk+r)
'n+r+1)

COROLLARY 2. Taking k =n =2, s =0 in (2.5) and (2.5'), we have,
for givenr >0, p=(r+1)/r and X ~ F iff

2 1
2. EF"(X3.5) = EFt1(X) =
(2.6) (X2:2) 5 (X) 211
or iff
1

2.6/ EF"(X2.5) — EF'T(X) = .
(2.6") (X2:2) (X) 2+ r

The following statement will also be used.

REMARK. If X ~ F then

1 2 2

2. “EF"(X39)— — FEF'""(X)= ———— |
(2.7) r (X2:2) 1+ (X) r(1+7r)(2+7)

3. Goodness-of-fit tests based on Corollary 2

(A) Parameters of F' are specified. Let (X1,...,Xa,) be a sample from
F, where F' is continuous and strictly increasing. For r > 0 define

Y = FY7(Xa0) + FF7 (X)),
Z](r) = Fr(maX(ng_l,ng)), ] = 1, Lo, n.

Then Yl(r), e ,Y,Y) are i.i.d. and Z{T), cee Z{") are ii.d., and by (2.6),

EY™ — _2 2
7 2+’

, =1,...,n.
247 J

(r _
EZ" =
For

V=Y = F" (X)) + FH"(Xy), Z:=2") = F'(max(X1, X3)),

we have the following result.
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LEMMA 1 (cf. [15], [16]). The density function of (Y,Z) is given by
2
(L + )21/ (y — 22+ /my =1/

Frz(y,2) = AT <y <2 0< <,
0 otherwise,
and
2 2(1417)? 2
EY = —— VarY = =
24 T T 24?3 +2n) 247
2 2r(1
VarZ—=— " Coy(v.z)= 2+
2
(24 7r)2(1+7) (2+1)2(3 4 2r)
Now we define
Y(’”)
() J
W] - <Z(T)> ’ J 17 y
J
We see that
2
51 2 1
(3.1) pr = EW,") = () B ()
5T 24r\1
( 2(12+r)2 2r(21+r)
L (r)y 2+71)2(3+2r) (2+47r)2(3+2r)
(3.2) Y, =Var(W;"/) = o (147) 2 ,
(2+r)2(3+2r)  (2+r)2(+r)
o1 247)?(B+2r) ( r2(3+2r) —2r(1+7)?
" 2r2(1+r)? —2r(14+r)*>  21+4r)? )°
Write
®_ I
W= W

j=1
The CLT says that
V(Wi — ) 2V ~N(, 5,),
whence
33) DO i=nW" — ) S W — ) B VISV~ 2(2).

T
Simple algebraic evaluations allow us to write DT(E’T) in the form

po _ 2+ r2(3 4 2r)n v 2 2
nr 2(1 4 7)2 "

1= 1 —= 2 2
1 9 23 9 _Z(T)__Y(T)_— )
+(1+7r)2+7r)°(3+ r)n(r n T AT 0@
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Letting
Xg* :maX(ng,l,ng), jzl,...,n,
leads to
247203 +2r) (e 1 \?
OBPY F1H7(Xy,) —
& T G R
+(1 —I—r)(2+7“)2(3+2r)n
2
1l —— 2 — 2
_ Er *) 1+r _
% (rF (X3) 1—|—rF (X2n) r(1+r)(2+7')>
where
- 1 <&
r 1+T T *) — T
FI7(Xay) ZF F(Xn)_ﬁle(Xj)
J:
Set
2 2 2
A = BEDCLZ 40— (12 (34 20),
(3.4) (I+7)
1
A2 — AM)
T rP4r2—r41° "7
and write

S 1 2
(3.5) DO .= A§0>2n<F1+r(X2n)— ) ,

(3.6) D .= AaWnp

1l —— 2 = 2 2
< (LF (X - FF (Xam) — ),
r 147 r(1+7r)(2+7)
2
1
3.6)) DB .= A@op( Fr(X*) — F47(X,,) — .
(3.6) DR = A2 FTXG) ~ F (X — -
Now we note that (2.7) has the form
1 1 2
— EF"(Xo.9) — EFY" (X)) + EF'(Xy)) = —F———.
r (X2:2) 1—1—7'( (X1) + (X2)) r(14+r)(247r)
Letting
n_ 1 m L v .
R; —;Zj _I_—I—TYJ o J=1...n
we see that
ER\" =
j

and
1

(" _
Var R = e+ B 1)
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Put
® _ x50
R =~ R
j=1
Then by the CLT

1 -0 1 & 2
:(2+r)\/(1+r)<3+27~)n<—z,§>_—H Yn()——r >

r

B v ~N(©o,1),
which implies that
(3.7) DL ().
Similarly we prove that
(3.7) D ().
The following statements are consequences of (3.1)—(3.7).

PROPOSITION 1. Let (X1, ..., X2,) be a sample from an absolutely con-
tinuous distribution function F. Then

2n 2
1 - 2n D
(3.8) DO =40 — <§ F7(X;) — 2+r> = x*(1),

2n

1 1
(3.9) DI =4AD = (ZF > FUT(X;)

14—7’],:1

2n > b 9
) S0

9 n 1 2n n 2
/ (2) — g2 2 kY 1+ )
(39) Dnr _Ar n(]ler(Xj) 2]21F T(X]) 2—|—7“>

D

= X3(1),
(310) D) =D + D) 2 2(2),
where A&O), Agl), ASZ) are in (3.4).

COROLLARY 3. If r =1 then

2n

0 45 1 m\? p
Dq(ﬂ)zz‘% ZF2(Xj)_? = x*(1),
j=1
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n

2n 2
1 2 1 . 1 n\" b
DY = D@ =90 - < > F(X}) - 5 Y F(X;) - §) B2,
: p

j=1
DY) = DY + DI 2 x*(2).
We list the following special cases of distribution functions (cf. [1], [11])
for which Proposition 1 ((3.8)—(3.10)) applies.
(i) X ~ U(a, ) (uniform distribution),
Flz)=(z—a)/(f—a), a<z<p; a,feR.
REMARK. For X ~ U(0,1), F(z) = z.
(ii) X ~ Pow(a) (power distribution),
Flz)y=1-(1-z/a)*, 0<z<o 0<a<l
(iii) X ~ Exp(«) (exponential distribution),
F(z)=1—-exp(—azx), x>0; a>0.
(iv) X ~ W(a, 8) (Weibull distribution),
F(z) =1—exp(—az?), x>0, a>0, §>0.
(v) X ~ Parg(a, o) (single-parameter Pareto distribution),
Flz)=1-(c/z)*, z>0; a>0, 0>0.
REMARK. For X ~ Parg(a,1),
Fz)=1-(1/x)%, x>1; a>0.
(vi) X ~ Parr(«, ) (two-parameter Pareto distribution),
Flz)=1-(0/(x+0)%), x>0, a>0,60>0.
(vii) X ~ Log(a, 3) (logistic distribution),
F(z)=[1+exp(—(z —a)/B)]', —co<z<o0; a€R, f>0.
(viii) X ~ C(«, 8) (Cauchy distribution),

1 1
F(x) = > + Earctanx 7

(ix) X ~ N(p,0) (normal distribution),

reR; aeR, 5>0.

F(x)

L § GGt zER pER, 050
= e 20 , X ; , o .
oV2m a

(x) X ~ EV(a, B) (extreme-value distribution),

o) = exp (e -

o0

r—«

g

)), reR; aeR, 3>0.
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(B) Unknown parameters. Now we discuss some tests when parameters
are replaced by estimators.

PROPOSITION 2. Goodness-of-fit tests for F' € U(a, 3) are given by

1 1 2 2n \? p
DO = A0 — <7—————§ Xu4%L”———J B2,
20\ (B, — @, )1+" j:l( I ) (1)

- 1/1 1 -
B =AW (1 S -

n r (ﬁn - an) j=1
2n 2
— 1 - — 1 (Xj _ an)l—i-r o 2n >
1+T (/Bn _&n)1+r j=1 T(1+T)(2+T)
D
= x*(1),

2 1
D®) =A@ = CT———XXW—@Y

(Bn — @n)" j=1

1 2n n 2D
_ X _an 1+r > 21’
ey L E ) B

DY) = D) + D) = x*(2),

where A&U), Agl), AP are in (3.4), and @, = min(Xy,...,Xa,), B, =
max(Xq,...,Xo,).

COROLLARY 4. Goodness-of-fit tests for F € U(0, 3) are given by

1/ 1 & on \? p
DO =A® —( — Y xlr 2(1
nr T 277/ }1_’_7”.]21 ] 2+T _)X<)7
1 1 n 1 2n
D) =AM = ( (X5 — ————— N xr
rﬁn ; ’ (1+7)Bn GLtr ; J

2n 21)2
~Ee) S0

n 2n 2

~ 2/1 1 n D

D@ =A@ = N "(x7yr xir 21

nr T n Z;( ]) 2,61+TZ j 247 _)X()a
DY = DY+ B L (),

where A, AL AP are in (3.4) and B, = max(X1,..., Xa).

The proof of Proposition 2 for » = 1 was given in [14] and [15]. The
case r > 0 can be established similarly (cf. [16]). Moreover, theoretical con-
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siderations concerning the variance of max(Xy, ..., X2,) and evidence from
simulations lead us to conjecture the following statement.

PROPOSITION 3. Goodness-of-fit tests for F' € Pow(«) are given by

2n a 1+7r 2
~ 1 X\ 2n D
DQ:A@Z£§:Q_<_EQ > ‘2+J =X,

j=1

- w5 (-5

Di) = D) + D) 2 x*(2),
where A, AL AP are in (3.4), and @, = max(Xy,..., Xap).

In what follows we use a theorem on the asymptotic effect of substituting
estimators for parameters in tests proposed in (A).

THEOREM 4 (cf. [18], [19]). Let T,y = To(X1, ..., Xn; An), where Ap =
A (X1,...,X,) is an estimator of a parameter X of the distribution of X,
and let T,, = T,,(X1,..., Xn; A) (here T,,, X and \,, may be vectors). Sup-
pose that:
(i) For each A,

T,

ﬁ(xn _)\) D N0, V),

Vii Vo
V pu—
< Vor  Vao )
and Vay is nonsingular.

(ii) There is a matrix B, possibly depending continuously on A, such
that

where

VT, = VAT, + Byt (A — A) + 0,(1).
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(iii) X, is asymptotically efficient.
Then
VnT, 2 T* ~N(0,Vi; — BV, B).
Note that (ii) is satisfied when T, is differentiable in A, and then
) 0
B = nhi%oE [aTn] .

For our purposes we need the following consequence of Theorem 4.

THEOREM 5 (cf. [16], [17]). Let (Xi,...,X2,) be a sample with an ab-
solutely continuous distribution function F(x;X) differentiable with respect
to the m x 1 vector X. Set

™ ™
7 (50) - ()
Z) Z5 ()

where
@ les ™ _ 1y
v = ST (XGA) 2 = = ST,
j=1 Jj=1
and
X7 =max(Xg;-1,Xz;5), j=1,...,n
Wrrite
_ —— /7"
W’V(Lr) — Wy(br)()\Qn) = <A(T)),
Zn
where

YO = v N), 20 =2 (X)),
Suppose that F' is such that the MLE in 18 “reqular” in the sense that
V2n (Aan — A) 2 N(0,771),

where T = Z(\) is the expected information matriz for X based on a single
observation, and let F(X;) := F(X;;X2p). Then

Vi (W — ) B W ~ N0, 2,),

and
(3.11) DO = 40 1 L §ﬁ1+r(x4)— 2n \’
T - (14 r2A0K, 20\ 24

= x*(1),
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n 2n
N 1/1<N ~ 1 ~
12) DWW =AM Z [ 2N (X — FHr(x.
(3 ) nr T n\r Z ( ]) 1 4+ Z ( J)
j=1 j=1
2n 2 D o
- = 1
7“(1+7“)(2+r)> — ()
~ 9 1/ ~
(3.12)) D@ = A®) -—< Fr(XY)
1—(1—7)24A%K, n JZ‘; ’

2n 2
1 ~ n D
= F1+r X _ 2 1
PSP ) S
(313) D = D) + D) = x*(2),
where 5,1 = X, — B.(2T)"'B., p, is in (3.1), X, is in (3.2), A, 4D,
AP are in (3.4), and

1
B, = 2< + r) d, K.=d71I'd,,
T

where
OF(X; A
dT:E<FT(X;)\)%) ism x 1.
Proof. We apply Theorem 4 with T;, = é”) — . It is known from

Section 3 that
Vi (Wi — ) 2 N(0, 2,),
and by Theorem 4,

(3.14) V(W — p) 2 N(0, 5,),
which implies
(3.15) M= (WD = ) S W = i) 2 53(2),

where X,y = X, — 1B, 7" 'B, and

oT,, v(r) RNl
G N

OX OX
Now
B AR OFMT (X A) i OF(X;A)
B =2 =2(1+7)EF (X,)\)ia)\i
and L
oz OF" (X1 A) OF (XT3N
EZ—" —F L2 — pEFTH (XN ——— L1
N s " (X152 =55,
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But since X7 has probability density function 2F (x; X) f(z; ), we have

AR OF (z; A) or oy
E = 2 | Fr(a; 0) S f(a A da = E .
oa = 2 VE @) ar = SN de = 7 BT
It follows that B]. = d,b]. where
F(X;
d.=F FT(X;)\)M , b =2[147r 7]
OA
and
(816) L=, - bd T 'db, = T, 2K, [r(l Oy e
Now write i
A [ 1T 0
T 1+ 1
and consider U, = A(W,\") — p,). Then
o) - 1
Ui= |- " = |-2| }
Zn - lirY” —W

and from (3.14) and (3.15),
N =nU! (AX,1A)"'U,.
Now from (3.16),
AXY 1A' =AY, A" — 2K, (Ab,)(Ab,).

But
Ab. =2(1+7r)[1 0],
and one finds that AX,; A’ simplifies to
21— (2+7)2(3 +2r) K, /AY 0
0 7’2/1451) ’
It then follows that
1 = DY + DY = DY,

which proves (3.13).
Finally, (3.11) and (3.12) follow from the fact that since

\/ﬁUn 2) N(Ov AErlAl)a

L] DN, 2(1 = (24 1)2(3 + 27)) K, JA©)
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and

— - )
\/ﬁ[zﬁl VIO ZN(0, r2/AM).

r+1" (I+r)(2+T)
To establish (3.12'), consider

S = 200 — S VI = /WL

where o’ = [—1 1]. Then
1 —~
Vil = ] = VAT - ) 2 N0.2)
2+
where
2 / / 1 12 1 1 2
o= Y ja=aX,a—-=-K,lab]" = — - K.(1-r)".
2 AP 2

Thus

2
1 D
SnT_ 2 217
n( 2—|—7") O-nr_)X()

which proves (3.12).

NoTE. Since d, and Z may depend on A, K, may also depend on A.

In this case li(lor), 137(127) and lA)n?}) also depend onA)\, and cannot be used as
test-statistics. But if K, = K,.(A) is replaced by K, = K, (A2,) the resulting

statistic satisfies 155102(3\2”) LA x?(1), and similarly for 137(3) and ZADT(E’T) This
follows because

1—(24+7)2@B+2r)K,.(\)
1— (24 7)2(3 4 2r) K, (An)

DY) (Ran) = DIY(N)

nr

and
1—(2+7r)20B+2rK.(\) P

1— (24 7)2(3 4 2r) K, (A2n)

. >~ P
since A9, — A

COROLLARY 5 (cf. [17]). If r =1 then

2n 2
~ 45 1 1 ~ 2 D
(3.17) Dﬁﬂ):—~7-—<§ FQ(Xj)—§n> = x3(1),
i=1

n 2n 2
(1 (2 1 ~ o 1 ~ 1
3.18) DWW =D® =90 - < § F(X})— § F*(X;) = 3 n)

3.19) DY =D® + pW B \2(9)
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Now we present tests based on Theorem 5 and Corollary 5 for special
distributions.

1°. Let F' € Exp(a), i.e. F(z) =1—e " f(x) = ae”**. We see that

Ja
dr(a) = EFT(X) Z—a = E(l — eiaX)TXefaX
=« S (1- e_‘m)r:ce_zaz dr = « S <Z(_1)j (7") e—jam)xe—mz de
0 0 =0 J
- 20 () g
— (7 +2)2

and
771 = a2

) i(_”j O v

we obtain K, = S2. Therefore we have

Then letting

PROPOSITION 4. Goodness-of-fit tests for F' € Exp(«) are given by

5O _ (2+7)2(3+2r)
" (T4r)2(1 = (24 17)2(3 4 21)S2)
1 2n m 2 D
o 1— —aian X 1+r 2 1
x%(;( ey - 22 ),
DY) = (1+r)(2+7)%3+2r) ( }: e~ @2 X7)r
2n 2
1 P 2n D
_ 1— OtanJ i+r = 2 1
1—1—7";( ¢ ) r(l—l—r)(?—i—r)) =X,
B 2(1+7)(2+7)%(3+2r)
32—+ 1 — (1= 1)2(1+7)(2+7)2(3 + 2r)S2
% l i(l _ ef&anj*)r _ 12271(1 _ 670627,, )1+r _ n 2
n \ 4 2 4 247r
j=1 j=1
D
= X*(1),

=~ =~ =~y D
DY = DR + D) = x*(2),
where As«o), As«l), A,(«Q) are in (3.4), and Qzy, = 1/ Xop,.
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REMARK. If r is a positive integer then
. S 1
S () L
JZ:;( ) i) (G +2)?

Numerical evaluation of K,

r 0.001 0.010 0.050 0.10 0.20

K, 0.06241 0.06162 0.05826 0.05439 0.04761
T 0.25 0.30 0.40 0.50 0.60

K, 0.04464  0.04190 0.03705 0.03292 0.02937
T 0.70 0.75 0.80 0.90 1.00

K, 0.02630  0.02492 0.02364 0.02132 0.01929
T 1.25 1.50 1.75 2.00 2.50

K, 0.015212 0.012190  0.009907  0.008150  0.005692
T 3.00 3.50 4.00 4.50 5.00

K, 0.004117 0.0030650 0.0023361 0.0018172 0.0014383

2°. Let F € W(a, ), i.e. F(z) =1 — exp(—az?), f(z) = afaPle—o=”
We see that

oF x oF zlnx
90 af (z), VR f(z).
Hence we have
a oo
drlo) = BE'(X) 50 = [ (1 = exp(=aa”))" - *(x) da
0
1 o0

d
=) (1) <r> —— \ zPa(j + Z)Qxﬁfle*(jﬁ)mﬁ dx
].ZO j)j+2 (S)

7=0
where X; ~ W((j + 2)e, ), and
, oF T »rInz
d.(8) = EF"(X) 5 = §)(1 — exp(—az?)) 3 () dx
_ ajzo(— )7 (;) — EX]InX;

But for X ~ W(a, 3) we have
EXP =ap S g2P=1e=0e” gy 1/a,
0

EXPInX =ap S 2PV ng e’ dp = S Iny — Ina)ye ¥ dy
0 0

1
af
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17 In o
= — Inye ™ Ydy — —
o §y ye v dy - 7
:L(oxoeylnydy—i—osoeydy)—ln—a
af \ g 5 af
1
= (1= =a),

where v = — {7 e7¥Iny dy (cf. [22, 3.711.2]) is the Euler constant. Moreover,

o0

EXPIn%X =ap S 22612 g e’ g

o

= %Og(lny Ina)?ye™¥ dy
:aiﬁ;:s]oe Yyln?ydy — 2;;3 S e yylﬂydy+ln;a
:%52}:6 Yyln®y dy — 2;23 (1—7)"‘1226?
:aimog VIn?ydy + Qﬁzoﬂoeylnydy

- 2;;3 (L
:7(8]@3/111 ydy—%’y—%i%( ’V)""%
:%52[ —Ina)? +—2—1

where the formula

T 1
| e n®ade = 1"(1) =92 + 67r2 (cf. [22, 3.714.1))
0

has been used. Thus

1 1
EX/=——— EX’WmX;=————[l—v—Ina(j+2
7oa(j+2) i X =Gty el 2))
EXP X, = —— [0y —maG+2)2+ ™ — 1
PR ey 6
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Hence
o) = i (M) pxs L
e ; Y <j>j+2 1T
> (T 1 Jé;
d.(8) = aZ(—1)ﬂ <]> P EX]InX;
1 — (T 1
=52 7 (%) gzt -7 - mati+2)
l—-y—Ina (T 11 = (Y In(+2)
a 3 JZO( ) (J) (J +2)? 5j20< ) (J) (J +2)?
A s, -7

where
o .
S\ In(j+2)
T, = E -1 .
: =) <J> (J+2)?
Moreover, we have

1/a? EXPInX
I= 8 2 5
EXPInX 1/8*4+ aEX’In*X

_ 1/a? Q—B[l—’y—lna]
‘L—lﬂu—v—m #[(1—v—lna>2+w2/6ﬂ
1_6 {az(w2/6+ (1-y—Ina)?) —af(l—v- lna)]
2 —af(l —y—1Ina) ﬂQ
(cf. [10, p. 256]). Therefore

d. = <% (1=~ _élira)& - TT]>

K.=dI'd, =8>+ % T2
m

and

Thus we have
PROPOSITION 5. Goodness-of-fit tests for F' € W(a, 3) are given by
(2+7)2(3 +2r)
(1+ 2{1— (24 r)2(3+2r)[S2 + 5T2]}

2n 2
~ 3 2

By -

247
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D = (1 )24 7234 20) 2 (3000 = exp(-ian (X))

n -
=1
LS50 (g X =l "2
— — exp(—a A S
1+7r ~ P <y r(l+7)(2+7) X ’

2(1+7)(2+7)%(3+ 2r)

D@ —
T — e L= (L= 2L )2+ )23+ 2n) [SE + 7]

1 . A * AQ T

x — (Zu — exp(—aan (X))

Jj=1

1 S v 327:, 1+r n ? D 9

5 Z(l - eXP(—OQan ) o1y = x(1),

j=1

B = B + DY 2 (2.

where )
Gon = 20/ zn:Xon
i=1
and Bgn 1s obtained by numerical solution of the equation
d g
%LG <2n/;xi , 5) =0
for

2n 2n
Lon(a,8) =2nIlna+2nlnp + (8 — 1)Zlnxi —aZx?.
i=1 i=1

Numerical evaluation of K,

T 0.001 0.010 0.050 0.10 0.20

K, 0.08062 0.07939  0.07423 0.06838 0.05840
T 0.25 0.30 0.40 0.50 0.60

K, 0.05414  0.05028  0.04360 0.03805 0.03340
T 0.70 0.75 0.80 0.90 1.00

K, 0.02949  0.02776  0.02617 0.02333 0.02088
T 1.25 1.50 1.75 2.00 2.50

K, 0.016113 0.012698 0.010188  0.008302  0.005729
T 3.00 3.50 4.00 4.50 5.00

K, 0.004122 0.003065 0.0023411 0.0018285 0.0014551

3°. Let F € Parg(a,0), i.e. F(z) =1— (0/x)%, f(z) = ac® /x>
We consider first the case when ¢ is known, which frequently occurs in
practice. Since Y = In(X /o) ~ Exp(a), Proposition 4 yields
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PROPOSITION 6. Goodness-of-fit tests for ' € Parg(a,o) when o is
known are given by

ﬁ(o) o (2—'—7’)2(3—1—27")
(L4 )2 (1= (2+7)2(3+ 2r)S2)
1 /& on \2 p
a 1_ 7(/1\2»,13/} 1+7r 2 1
X2n<;( € ) 2+r> = x" (1),
n
PW = (1 +n@+r2E+20) = (23 (1 — ey
nr n rj:1
1 & om 2,
o 1_ —aganj 1+r 2 1
T (e r(1+r)(2+7')> — ),
j=1
PO _ 2(1+7)(2+7)2(3+27)
2 —r 4+ 1= (1 =1)2(1+7)(2+7)%(3 + 2r)S?
1 n 1 2n n 2
— 1— 7&2,13/; r_ 1— —Qon Y \1+7r _
(e gy ey )
j=1 j=1
D
= x3(1),

B = BY + DY 2 (2.

where
2n
% . 1 1 X
Y/ =max(Ys;1,Y2;), Jj=1,...,n, =— = In <—])

When both ¢ and « are unknown we cannot apply Theorem 5 since this
is a situation where the MLE are not regular. But then we can use

PROPOSITION 6a. Goodness-of-fit tests for F' € Parg(«, o) when o and
o are unknown are given by
(2+7)2(3 +2r)
(14+7r)2(1—(24+7r)2(3+2r)S2)

1 n =z o 2n 2 D
X 1 —&2an 1+7‘_ 2 1
2n<j:1( € ) 2+r> x*();

By -

2 1/1 <« 5 o
DY) =1 24723 42r) ==Y (1—e %)
o= 1AN)@2+r) @B +2r) o 2 ) (L—e 7)
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(2) _ 2(1+7)(2+7)%(3+2r)
D = r4r2—r+1—(1-=r)2(14+r)(2+7)23+2r)S?

n 2n 2
]. = 1 =
1
=1 =1

D

= x*(1),
N = 200D
BY —BY + D 2 2)

where

Y; =0(X;/62n), Y; =max(Ya;_1,Ys;), j=1,...,n,
2n
~ . 2 1 ~
O'Qn:mln<X1,...,X2n), l/agn: %;h’l(Xj/Ugn)
Proof. This follows from the fact that v2n (Gon — 0) L 0 because then

D& _p P, 0,i=0,1,2.
4°. Let F' € Parr(a,0), i.e

Then

o (L) w(-L). 2oty
ga  \z+06) "\zxe) 8~ g\

8_F
oo

- _°§°<1_ <xi9>a>T(xie>a(azfgja+l In <xi9> d

G ) -

S ()i () )
()1

0
Z( S (j+2)a— llnydy
=0

d.(a) = EF"(X)

| e

| e

1)’

Q
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and
d,(0) = BF"(X) ‘?)—1; - —Og (1 - (;,;ie)a)% £2(2) da
=51+~ (55a) ) ()
=% Jio“”j () oromrmers — 55
where

> i(r 1
Sra =2 (1) <;> GG Dat1)

Moreover, we have

a  _0
T =ala+ 1) +2) | )7 +]
atl  o?

Hence

S2 n 25,Sra
ala+2) a+1 re
= a(a+2)(S, + (a+1)S,4)* + S2.

K, = K.(a) :=ala+1)*(a+ 2)(

Referring to the Note following Theorem 5, we then have

PROPOSITION 7. Goodness-of-fit tests for F' € Parr(«, 6) are given by

50 _ (2+7)°(3 +21)
T (1 +1)2(1— (24 7)2(3 4 2r) K, (Q2n))
2n n Qan\ 147 2
xi<z<1—<Lﬂ> > - 2n>
2n \ & X; + 03, 24T
gXQ(l)v

_ 1/1
DN =1 +7r)(2+7)%3+2r) - (;
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PO _ 2(1+7)(2+7)2(3+2r)
a (

Drir P4 rZ—r+1—(1-r)20+7r)(2+7r)23+2r)K,.(Q2,)

1/ & . Gan\ T
(025

n =1 X* 4+ 0y,

1 2n <1 ( §2n > a2n> 1+T n > 2

24 1 Xj +(/9\2n 2+

~

B = DY + DY 2 x*(2),

where
2n
Gon =20/ > (X, /0o, + 1)
i=1
and é\gn is obtained by numerical solution of the equation

2n
C%LG <2n/;ln(fvi/9 + 1)’9> -0

2n
Loy (a,0) = 2nlog o + 2nalogf — (a + 1) Zlog(% +90).
i=1
NoTE. Taking into account that OF /00 can be written in the form

61 a F F 1+1/
we get

d,(0) = —5EF’"<X>[<1 — F(X)) — (1 - F(X))1e]

1
(0%

:—gsyT( )dy‘i‘gsyT(l—y)lH/ady

Q

B «9[ (T +7)( 2+7~)

and we can use in the tests the quantity

+B(1+7(2 +oz)/oz)},

K, = K.(0) = 52 +a(a+ 1) W*”(afrl G +7’)1(2+7’)

—B(1+r, (2+a)/a)) .
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5°. Let F' € Log(«, (), i

r) =1/t en (-5 )}, |
o 552 [ om(-52)] -3

Hence OF OF
T —
%:_f(x)a 8_5:_ 3 f(ZE)
Therefore
d-(a) = EF"(X;a, 3) W
1 o0
=3 \ Fr(@)F(z)(1 - F(2))f(x)ds
1¢ ) 1
_ = 1+r —
= Béy W9y == 5 +9)
and
d,(8) = EF"(X;a, B) aF();;ﬂa’ 2
_ _% (yl-l-r o y’l"+2) In 1 g dy

=

Note that
: 1
"lnydy = —
éy Y= T e
and
1 1 o) r 1
y " In(1 —y)dy 1—2)"Inzdz = — —1J<>
Jo it =y =1 -2) >0 () g
Thus

1 1
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B 2r +5 1 1+7\ 1
B +2(r +3)° _BZ ( >(y‘+2>2
_ 2r +5 _l

- Br+2)2(r+3) 5°

Moreover, we have

1 [1 0 _ 0
123_52[0 1+7r2/3]’ Ilz?’ﬁQ[o 3/(3+7r2)]'

Therefore

1
K,=d.I'd, =
d, d 3 (r+2)2(r+3)2
3 % +5 2
1 — 2 ).
X[ +3—|—7r2<(7“+2)(7'+3) (r+ )(T+3)Sl+>]

Thus we have

PROPOSITION 8. Goodness-of-fit tests for F' € Log(a, 3) are given by
1

1—(1+7)24YK,

2n ~ —(14r) 2
1 X‘—Oéz 2n D
j : 1 o ]A n _ 2 1
X2”< < +exp< &} >> 2+7"> —x )

DY = AP

j=1 2n
D) = AW l(lz (1 +exp(_w>)
nAr j=1 ﬁ2n
2n ~ —(14r) 2
1 X, — Qo 2
_ 3 <1+exp<_aA70<2>> _ —n>
1+r3 Bon r(L+7)(2+7)
D
= x*(1),
~ 2 1/ X5 —ao,\\ "
D@ = A® o (Z (1 + exp(—JA—2)>
1 - (1 - T)QAT Kr n j:]- /827'1
2n ~ —(14r) 2
1 X; — Qo n D
_Z 1 g e — 21
2 (rem(-25)) i) S
Jj=1 n

DY) = DY) + DY 5 x2(2),
where A&O), A&l), A are in (3.4), and Ay, an are obtained by numerical
solution of the equations

8LQn o 8LQn
da  0p

=0
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for

2n
LG(a’ﬂ)——innﬁ——Z —a)—2;1n<1+e}<p<_xiﬁ—04>>.

Numerical evaluation of K,

T 0.001 0.010 0.050 0.10 0.20

K, 0.08319  0.08196  0.07676 0.07085 0.06074
r 0.25 0.30 0.40 0.50 0.60

K, 0.05640 0.05246  0.04561 0.03990 0.03510
T 0.70 0.75 0.80 0.90 1.00

K, 0.03104 0.02924  0.02758 0.02461 0.02205
r 1.25 1.50 1.75 2.00 2.50

K, 0.01702  0.01340  0.01073 0.008714  0.005963
T 3.00 3.50 4.00 4.50 5.00

K, 0.004245 0.003120 0.0023536 0.0018147 0.0014255

6°. Let F' € C(a, ), i.e.

11 T—a _B 1
F(:C)_i—}—;arctan( 3 )a 110(33)—7r 32+ (z—a)?
We see that 25 = — f(z) and g—g =52 f(z).
Hence
d-(a) = EF"(X) Z—Z = —E<% + % arctan Xﬁ_ a>rf(X)
=— i S <—+ arctan(m_a>)T ! 55 dT
R AV 7)) o =)
1, 1 1 ¢, 14 cos(2my — )
:—ﬁéy cos27r<y—§> dy:—ﬁéy 5 dy
1 ¢ 1, em¥
=—— {1 —cos2my)dy = — S (~1)! T d
ﬂé cos 2my) 27rﬁ;( ) ). [S)y Yy
RS (2m)
__gz:: M2+ 1+7)
and
dr(ﬁ)ZEFT(X)Z—I;:—E<%+%arctan<Xﬁ_a>>TXﬁ_af(X)
B 1 T /1 1 tan T — ¢ " -« dx
__W2—62_Sm<§+;arcan 5) 3 (1+( a)z)z
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1 1 1
= _—ﬁgyrtanw<y— 5) cos 7r<y— 5) dy
0

1} 1 1 ¢
= ——Syzstw(y— —> dy = —Sy2s1n27rydy
0

3

21 5 21
1 — (2m)%+1 ,

- r+275+1 d
3 Z:: SeTE Sy Y
1 i": (2m)2+1
p j=0

2]—1—1) (27 +2+7)
Hence ) ;

. (27_‘_)23
2 (Y mpirmn

1
] . (271_)23'71
- 2 Ve

_ 10
1:%2[0 1}

and taking into account that

we have
g i
27 = 2]—1—14—7‘)(2])'
> (2m)2i -1 2
(R aem) |
Thus we get

PROPOSITION 9. Goodness-of-fit tests for F € C(«, 3) are given by
1 1

1—(1+7240%K, 2n

2n ~ 1+r 2
1 1 .Xj — Qop 2n D o
X ( g (5 + ;arctan (,\7 31, = x“(1),

j=1 /8271

~ 11 (1 1 X7 —aan\\"
Dﬁllr) :AS})E<; E <§+;arctan <JT2>) >
j=1 n

2

2n ~ 1+r 2
1 1 1 X, — Qo 2n
1—#7’1‘221 (2 — an( Ban )) r(1+r)(r—|—2)>

= x*(1),

DO — A

r
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~ 2 1/ /1 1 X7 —agm\\"
Dﬁfr) = Ag) OFE <Z <— + — arctan <]A72>>
1—(1-r2AYK, 7 2 7 B3

j=1 2n
2n ~ 1+r 2
1 1 1 X; — aop
- <— + —arctan (%)) - > 2 X2 (1),
2 j=1 2 Q 52n U

B = B + DY 2 ()

where As«o), AS}), A are in (3.4), and Qsz, and an are obtained by solving
numerically the equations

aL2n o aL2n -0
da 08
for
2n
Lop(@, 8) = Y (—=Inm+In 3 — [ + (z; — ))).
i=1

Numerical evaluation of K,

r 0.001 0.010 0.050 0.10 0.20
K, 0.05058 0.04988 0.04693 0.04354 0.03765
r 0.25 0.30 0.40 0.50 0.60
Ky 0.03508 0.03274 0.02862 0.02513 0.02217
r 0.70 0.75 0.80 0.90 1.00
Ky 0.01964 0.01851 0.01746 0.01558 0.01395
r 1.25 1.50 1.75 2.00 2.50
K, 0.010718 0.008374 0.006639 0.005331 0.003553
r 3.00 3.50 4.00 4.50 5.00
K, 0.002457 0.001751 0.0012810 0.0009577 0.0007298
7°. Let F € N(u,0), i.e.
1 C_ew? _ (e
F(x) = S e~ 207 dt, f(z)= e 2T .
V2ro oV 2T
Note that
O pw), 2L IE
— = —f(x — = x
o " o2 202
Now we use the probability function
2 ¢ 2
erfz:—Se_y dy, zé€eR.
ﬁ 0
Then
1 1 T— WU
F(x) ==+ —erf —>
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Hence

i) = BF(X) 5 = ~EF"(0)f(X)

T /11 e\ 1 eew?
- _ 4+ Zerf S d
_Soo (2 2% (Jf)) 2102 )

oo

1 2
= 1+erf2)e % dz
2r\2 o 78 ( )

_ _Nﬁ i (T) OSO (exf 2)ie27" dz

30‘]700

1 T 2
= — — erfz =227 4z
21+rﬁ0- or 27‘(‘0’ <]) S

1 oo r o0
= (erf 2) 202" 4,
T wm;@]) I

as
00

S (elrfz)QjHe*Qz2 dz=0, j=0,1,2,...,

— o0
and

dT(O-Q) — EFT(X) 8TF — _EFT(X) X — H

2

T /101 — " — 1 s )2
= — S S e (IZE rh e HE da
2 2 ov2 202 2702

— 00

o

1
= — m S (1+erf2)r 67222 dz

S S (erfz)ze*QZ2 dz

1+r o2

21+T7T()‘2 Z < ) S erf z)jze_Qz2 dz

— 00

T 1 T < . 2
= — — . erf 2)% 12722 4z
2247\/3r0%  2mo? ]2 <27 - 1> (S)( !
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as zerf z is an even function. Hence

d. — 1 —1—2\/2/7TW1T
T_21+T\/7_TO' 2\/3;0 \/770 Wo, |7

where

Wi, = i <27:7> OSo(erf Z)Qje*QZ2 dz,

j=1 0
> r T . 2
Wo, = Z <2j N 1) S (erf z)2j+1ze*22 dz.
j=1 0
Using the fact that

0 202

1 2 2 o9/ oy 2
Kr=722(1+r>ﬂ[<1+2\/;wlr> +E<2\/§ )}

PROPOSITION 10. Goodness-of-fit tests for N(u, o) are given by
1
1-(1+7r)2AYK,

2n ~ 2
1 X — o 2n
% quprr J ny\
2n < , ( Ton ) 2+ r)

11:02[1 0 }

we get

DY = AP

j=1
D
= x*(1),
—~ 1 N2n
D — 4wl ( qsr( >
o Z =
i < M2n> B 2n >2
= Oan r(l+7r)(2+r)
D
= x*(1),
o (55
1-(1- T)QAQ)KT n\i3 O2n
1 2n X, //Z n 2 D
ot Lt Jj— M2n ) 2(1
2 ]Zl ( 8271 2 4 — X ( )7

D) = DY) + D) = x*(2),

279
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where A&O), A&l), AS«Q) are in (3.4), and

2n

~ = - 1 —
Lon = Xon, ain = % Z(Xj - in)Q-

=1

Numerical evaluation of K,

r 0.001 0.010 0.050 0.10 0.20
K, 0.07944 0.07824 0.07319 0.0674736 0.0577260
r 0.25 0.30 0.40 0.50 0.60
K, 0.0535579 0.0497855 0.0432499 0.0378199 0.0332698
T 0.70 0.75 0.80 0.90 1.00
Ky, 0.0294272 0.0277282 0.0261587 0.0233603 0.0209498
r 1.25 1.50 1.75 2.00 2.50
K, 0.0162222 0.0128211 0.0103097 0.0084138 0.0058144
T 3.00 3.50 4.00 4.50 5.00
K, 0.0041813 0.0031037 0.0023642 0.0018401 0.0014586

8°. Let F € EV(a, B), i.e.

Then

fla) = 5

1
g

oF _
da

oF

36 =

F(x):exp(—exp(—x_a)>, aeR, >0,

B
exp(—e T e B = % F(z)In ﬁ
%m@mm@
%m@@mF@mm—mnmy

Here we use the following integrals:

1

0

where

whence

S:npfl(—lnx)qfl In(—Inz)dr = 2 (¥(q) —Inp), p>0,q¢>0,
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Then
dAa%:EF%X)%S::%&P*”@ﬁthiﬂ@dm
1o 1o 11
=Gy =G
and similarly
d.(3) = BF"(X Qg—;Tp“¢ 0 F(2)) In(— In F(2)) () da
1
%éyl (—Iny)In(—Iny)dy = % (2—:7") (1-— In(2+17))

Hence

d — 1 -1
"B+ r)2 |[1-y—In@2+r)]|"
Using the fact that
I—1_6ﬁ2 (1-7)? +7T2/6 -y
w2 1-— 1

we get

Thus we have

PROPOSITION 11. Goodness-of-fit tests for F' € EV(«a, 3) are given by
1
1—(1+7r)24%K,

2n ~ 2
1 Xj — Q2p 2n
x%(gexp<(l+r)exp<—432n >>_2+7">
D
= x*(1),

~ 1 X — Qo
DW = AW = ( Zexp(—?" exp( 3 2 >)
2n

DO — 4O

T
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DO — 4@ 2 1 <§: < ( X; - a2n>>
= - exp| —rexp| ———=——
nr r 1— (1 _ T)2A7(»2)Kr n =~ Ban

2n * ~ 2
1 X — a9y
- = exp(—(1+r)exp<— ;2 >>— n ) 2>X2(1),
2 ﬁQn

B = B + DY 2 )

where A&O), Agl), AP are in (3.4), and aa, and @n are obtained by solving
numerically the equations

OLow _ OLan _
da 08
for
2n T; — Q 2n
L2n(aaﬁ>:_2nlnﬁ_zexp<_ - ) __(XQH_OC)'
i=1 s p
Numerical evaluation of K,
r 0.001 0.010 0.050 0.10 0.20
K, 0.08062 0.07942  0.07436 0.06863 0.05882
r 0.25 0.30 0.40 0.50 0.60
K, 0.05462  0.05081 0.04418 0.03867 0.03403
r 0.70 0.75 0.80 0.90 1.00
K, 0.03010 0.02836  0.02675 0.02388 0.02140
r 1.25 1.50 1.75 2.00 2.50
K, 0.016533 0.013022 0.010427 0.008470 0.005792
T 3.00 3.50 4.00 4.50 5.00

K, 0.004120 0.003024 0.0022775 0.0017534 0.0013752

Acknowledgements. The authors are grateful to the referee for a num-
ber of useful suggestions and comments.
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