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GOODNESS-OF-FIT TESTS BASED ON
CHARACTERIZATIONS IN TERMS OF MOMENTS

OF ORDER STATISTICS

Abstract. Using characterization conditions of continuous distributions
in terms of moments of order statistics given in [12], [23], [6] and [7] we
present new goodness-of-fit techniques.

1. Introduction and preliminaries. Let (X1, . . . ,Xn) be a sample
from a continuous distribution F (x) = P [X ≤ x], x ∈ R. There are many
methods for constructing goodness-of-fit tests (cf. [4], [20], [21]), including
methods using characterizations of distributions (cf. [2], [3], [8], [13]). We
give tests of fit based on characterizations of continuous distributions via
moments of order statistics (cf. [6], [7], [12], [23]). The tests presented are
asymptotic and they treat cases where the parameters of the distribution
must be estimated from the data. The proposed approach avoids the dif-
ficulty of determining for instance the number of classes, the number of
summands, or the window size, associated with some recommended tests
(χ2-tests, data-driven Neyman’s tests, tests based on entropy, etc.) (cf. [4],
[9], [5]). We present a family of tests depending on a parameter r > 0, the
order of a moment of a certain variable. The power of these tests depends on
r. In the case r = 1 we obtain tests discussed in previous papers [14]–[17].

2. Characterization conditions. Let (X1, . . . ,Xn) be a sample from
a continuous distribution F (x) = P [X ≤ x], x ∈ R, and let Xk:n denote
the kth smallest order statistic of the sample. We use the following char-
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acterizations of continuous distributions via moments of functions of order
statistics.

Theorem 1 (cf. [23], [6], [7]). Let n, k, l be given integers such that
n ≥ k ≥ l ≥ 1. Assume that G is a nondecreasing and right-continuous
function from R to R. Then F (x) = G(x) on I(F ) (the minimal interval
containing the support of F ) and F is continuous on R iff

(2.1)
(k − l)!

(n− l + 1)!
EG2l(Xk+1−l:n+1−l)−

2k!
(n+ 1)!

EGl(Xk+1:n+1)

+
(k + l)!

(n+ l + 1)!
= 0.

Theorem 2 (cf. [12]). Under the assumptions of Theorem 1, F (x) =
G(x) on I(F ) and F is continuous on R iff

(2.2)
EGl(Xk+1:n+1) =

(k + l)!(n+ 1)!
k!(n+ l + 1)!

,

EG2l(Xk+1−l:n+1−l) =
(k + l)!(n− l + 1)!
(k − l)!(n+ l + 1)!

.

Note that Theorem 2 is a consequence of Theorem 1, since (2.1) implies
F = G implies (2.2) implies (2.1).

Corollary 1. X ∼ F and F is continuous iff

(2.3) EF (X2:2)− EF 2(X) =
1
3

or iff

(2.4) EF (X2:2) =
2
3
, EF 2(X) =

1
3
.

We also need the following generalization of Theorems 2 and 1.

Theorem 3 (cf. [12], [7]). Let (X1, . . . ,Xn) be a sample from a dis-
tribution F and assume that G is a nondecreasing and right-continuous
function from R to [0,∞). Let n ≥ k ≥ 2 be given positive integers and r,
p, q given positive real numbers such that p > 1, q > 1, 1/p+ 1/q = 1, and
s = p(q(k− 1)− pr)/(p+ q) is a nonnegative integer. Then F (x) = G(x) on
I(F ) and F is continuous on R iff

(2.5)
EGr(Xk:n) =

B(k + r, n− k + 1)
B(k, n− k + 1)

,

EGpr(Xs+1:n−k+s+1) =
B(k + r, n− k + 1)
B(s+ 1, n− k + 1)

,
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where

B(a, b) =
1�
0

ta−1(1− t)b−1 dt, a > 0, b > 0,

is the Beta function, or iff

(2.5′)
s!

(n− k + s+ 1)!
EGpr(Xs+1:n−k+s+1)− 2(k − 1)!

n!
EGr(Xk:n)

+
Γ (k + r)

Γ (n+ r + 1)
= 0.

Corollary 2. Taking k = n = 2, s = 0 in (2.5) and (2.5′), we have,
for given r > 0, p = (r + 1)/r and X ∼ F iff

(2.6) EF r(X2:2) =
2

2 + r
, EF r+1(X) =

1
2 + r

or iff

(2.6′) EF r(X2:2)− EF 1+r(X) =
1

2 + r
.

The following statement will also be used.

Remark. If X ∼ F then

(2.7)
1
r
EF r(X2:2)− 2

1 + r
EF 1+r(X) =

2
r(1 + r)(2 + r)

.

3. Goodness-of-fit tests based on Corollary 2

(A) Parameters of F are specified. Let (X1, . . . ,X2n) be a sample from
F , where F is continuous and strictly increasing. For r > 0 define

Y
(r)
j = F 1+r(X2j−1) + F 1+r(X2j),

Z
(r)
j = F r(max(X2j−1,X2j)), j = 1, . . . , n.

Then Y
(r)
1 , . . . , Y

(r)
n are i.i.d. and Z

(r)
1 , . . . , Z

(r)
n are i.i.d., and by (2.6),

EY
(r)
j =

2
2 + r

, EZ
(r)
j =

2
2 + r

, j = 1, . . . , n.

For

Y := Y
(r)
1 = F 1+r(X1) + F 1+r(X2), Z := Z

(r)
1 = F r(max(X1,X2)),

we have the following result.
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Lemma 1 (cf. [15], [16]). The density function of (Y,Z) is given by

fY,Z(y, z) =





2
r(1 + r)z1−1/r(y − z1+1/r)1−1/(1+r)

,

z1+1/r ≤ y ≤ 2z1+1/r, 0 ≤ z ≤ 1,

0 otherwise,

and

EY =
2

2 + r
, VarY =

2(1 + r)2

(2 + r)2(3 + 2r)
, EZ =

2
2 + r

,

VarZ =
r2

(2 + r)2(1 + r)
, Cov(Y,Z) =

2r(1 + r)
(2 + r)2(3 + 2r)

.

Now we define

W
(r)
j =

(
Y

(r)
j

Z
(r)
j

)
, j = 1, . . . , n.

We see that

µr = EW
(r)
1 =

( 2
2+r

2
2+r

)
=

2
2 + r

(
1
1

)
,(3.1)

Σr := Var(W (r)
1 ) =




2(1+r)2

(2+r)2(3+2r)
2r(1+r)

(2+r)2(3+2r)

2r(1+r)
(2+r)2(3+2r)

r2

(2+r)2(1+r)


 ,(3.2)

Σ−1
r =

(2 + r)2(3 + 2r)
2r2(1 + r)2

(
r2(3 + 2r) −2r(1 + r)2

−2r(1 + r)2 2(1 + r)3

)
.

Write

W
(r)
n =

1
n

n∑

j=1

W
(r)
j .

The CLT says that
√
n (W (r)

n − µr) D→ V ∼ N(0, Σr),

whence

(3.3) D(3)
nr := n(W (r)

n − µr)′Σ−1
r (W (r)

n − µr) D→ V ′Σ−1
r V ∼ χ2(2).

Simple algebraic evaluations allow us to write D(3)
nr in the form

D(3)
nr =

(2 + r)2(3 + 2r)n
2(1 + r)2

(
Y

(r)
n − 2

2 + r

)2

+(1 + r)(2 + r)2(3 + 2r)n
(

1
r
Z

(r)
n −

1
1 + r

Y
(r)
n − 2

r(1 + r)(2 + r)

)2

.
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Letting
X∗j = max(X2j−1,X2j), j = 1, . . . , n,

leads to

D(3)
nr = 2

(2 + r)2(3 + 2r)
(1 + r)2 n

(
F 1+r(X2n)− 1

2 + r

)2

+ (1 + r)(2 + r)2(3 + 2r)n

×
(

1
r
F r(X∗n)− 2

1 + r
F 1+r(X2n)− 2

r(1 + r)(2 + r)

)2

where

F 1+r(X2n) =
1

2n

2n∑

j=1

F 1+r(Xj), F r(X∗n) =
1
n

n∑

j=1

F r(X∗j ).

Set

(3.4)
A(0)
r =

(2 + r)2(3 + 2r)
(1 + r)2 , A(1)

r = (1 + r)(2 + r)2(3 + 2r),

A(2)
r =

1
r3 + r2 − r + 1

A(1)
r ,

and write

D(0)
nr := A(0)

r 2n
(
F 1+r(X2n)− 1

2 + r

)2

,(3.5)

D(1)
nr := A(1)

r n(3.6)

×
(

1
r
F r(X∗n)− 2

1 + r
F 1+r(X2n)− 2

r(1 + r)(2 + r)

)2

,

D(2)
nr := A(2)

r 2n
(
F r(X∗n)− F 1+r(X2n)− 1

2 + r

)2

.(3.6′)

Now we note that (2.7) has the form

1
r
EF r(X2:2)− 1

1 + r
(EF 1+r(X1) +EF 1+r(X2)) =

2
r(1 + r)(2 + r)

.

Letting

R
(r)
j =

1
r
Z

(r)
j −

1
1 + r

Y
(r)
j , j = 1, . . . , n,

we see that

ER
(r)
j =

2
r(1 + r)(2 + r)

,

and

VarR(r)
j =

1
(1 + r)(2 + r)2(3 + 2r)

.
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Put

R
(r)
n =

1
n

n∑

j=1

R
(r)
j .

Then by the CLT

(2 + r)
√

(1 + r)(3 + 2r)n
(
R

(r)
n −

2
r(1 + r)(2 + r)

)

= (2 + r)
√

(1 + r)(3 + 2r)n
(

1
r
Z

(r)
n −

1
1 + r

Y
(r)
n − 2

r(1 + r)(2 + r)

)

D→ V ∼ N(0, 1),

which implies that

(3.7) D(1)
nr

D→ χ2(1).

Similarly we prove that

(3.7′) D(2)
nr

D→ χ2(1).

The following statements are consequences of (3.1)–(3.7′).

Proposition 1. Let (X1, . . . ,X2n) be a sample from an absolutely con-
tinuous distribution function F . Then

D(0)
nr = A(0)

r

1
2n

( 2n∑

j=1

F 1+r(Xj)−
2n

2 + r

)2
D→ χ2(1),(3.8)

D(1)
nr = A(1)

r

1
n

(
1
r

n∑

j=1

F r(X∗j )− 1
1 + r

2n∑

j=1

F 1+r(Xj)(3.9)

− 2n
r(1 + r)(2 + r)

)2
D→ χ2(1),

D(2)
nr = A(2)

r

2
n

( n∑

j=1

F r(X∗j )− 1
2

2n∑

j=1

F 1+r(Xj)−
n

2 + r

)2

(3.9′)

D→ χ2(1),

D(3)
nr = D(0)

nr +D(1)
nr

D→ χ2(2),(3.10)

where A(0)
r , A(1)

r , A(2)
r are in (3.4).

Corollary 3. If r = 1 then

D
(0)
n1 =

45
4
· 1

2n

( 2n∑

j=1

F 2(Xj)−
2n
3

)2
D→ χ2(1),
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D
(1)
n1 = D

(2)
n1 = 90

1
n

( n∑

j=1

F (X∗j )− 1
2

2n∑

j=1

F 2(Xj)−
n

3

)2
D→ χ2(1),

D
(3)
n1 = D

(0)
n1 +D

(1)
n1

D→ χ2(2).

We list the following special cases of distribution functions (cf. [1], [11])
for which Proposition 1 ((3.8)–(3.10)) applies.

(i) X ∼ U(α, β) (uniform distribution),

F (x) = (x− α)/(β − α), α < x < β; α, β ∈ R.
Remark. For X ∼ U(0, 1), F (x) = x.

(ii) X ∼ Pow(α) (power distribution),

F (x) = 1− (1− x/α)α, 0 ≤ x ≤ α; 0 < α ≤ 1.

(iii) X ∼ Exp(α) (exponential distribution),

F (x) = 1− exp(−αx), x > 0; α > 0.

(iv) X ∼W(α, β) (Weibull distribution),

F (x) = 1− exp(−αxβ), x > 0; α > 0, β > 0.

(v) X ∼ ParS(α, σ) (single-parameter Pareto distribution),

F (x) = 1− (σ/x)α, x > σ; α > 0, σ > 0.

Remark. For X ∼ ParS(α, 1),

F (x) = 1− (1/x)α, x > 1; α > 0.

(vi) X ∼ ParT(α, θ) (two-parameter Pareto distribution),

F (x) = 1− (θ/(x+ θ)α), x > 0; α > 0, θ > 0.

(vii) X ∼ Log(α, β) (logistic distribution),

F (x) = [1 + exp(−(x− α)/β)]−1, −∞ < x <∞; α ∈ R, β > 0.

(viii) X ∼ C(α, β) (Cauchy distribution),

F (x) =
1
2

+
1
π

arctan
x− α
β

, x ∈ R; α ∈ R, β > 0.

(ix) X ∼ N(µ, σ) (normal distribution),

F (x) =
1

σ
√

2π

x�
−∞

e−
(t−µ)2

2σ2 dt, x ∈ R; µ ∈ R, σ > 0.

(x) X ∼ EV(α, β) (extreme-value distribution),

F (x) = exp
(
− exp

(
−x− α

β

))
, x ∈ R; α ∈ R, β > 0.
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(B) Unknown parameters. Now we discuss some tests when parameters
are replaced by estimators.

Proposition 2. Goodness-of-fit tests for F ∈ U(α, β) are given by

D̂(0)
nr = A(0)

r

1
2n

(
1

(β̂n − α̂n)1+r

2n∑

j=1

(Xj − α̂n)1+r − 2n
2 + r

)2
D→ χ2(1),

D̂(1)
nr = A(1)

r

1
n

(
1
r
· 1

(β̂n − α̂n)r

n∑

j=1

(X∗j − α̂n)r

− 1
1 + r

· 1

(β̂n − α̂n)1+r

2n∑

j=1

(Xj − α̂n)1+r − 2n
r(1 + r)(2 + r)

)2

D→ χ2(1),

D̂(2)
nr = A(2)

r

2
n

(
1

(β̂n − α̂n)r

n∑

j=1

(X∗j − α̂n)r

− 1

2(β̂n − α̂n)1+r

2n∑

j=1

(Xj − α̂n)1+r − n

2 + r

)2
D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),

where A
(0)
r , A(1)

r , A(2)
r are in (3.4), and α̂n = min(X1, . . . ,X2n), β̂n =

max(X1, . . . ,X2n).

Corollary 4. Goodness-of-fit tests for F ∈ U(0, β) are given by

D̂(0)
nr = A(0)

r

1
2n

(
1

β̂1+r
n

2n∑

j=1

X1+r
j − 2n

2 + r

)2
D→ χ2(1),

D̂(1)
nr = A(1)

r

1
n

(
1

rβ̂rn

n∑

j=1

(X∗j )r − 1

(1 + r)β̂1+r
n

2n∑

j=1

X1+r
j

− 2n
r(1 + r)(2 + r)

)2
D→ χ2(1),

D̂(2)
nr = A(2)

r

2
n

(
1

β̂rn

n∑

j=1

(X∗j )r − 1

2β̂1+r
n

2n∑

j=1

X1+r
j − n

2 + r

)2
D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),

where A(0)
r , A(1)

r , A(2)
r are in (3.4) and β̂n = max(X1, . . . ,X2n).

The proof of Proposition 2 for r = 1 was given in [14] and [15]. The
case r > 0 can be established similarly (cf. [16]). Moreover, theoretical con-
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siderations concerning the variance of max(X1, . . . ,X2n) and evidence from
simulations lead us to conjecture the following statement.

Proposition 3. Goodness-of-fit tests for F ∈ Pow(α) are given by

D̂(0)
nr = A(0)

r

1
2n

( 2n∑

j=1

(
1−

(
1− Xj

α̂n

)α̂n)1+r

− 2n
2 + r

)2
D→ χ2(1),

D̂(1)
nr = A(1)

r

1
n

(
1
r

n∑

j=1

(
1−

(
1−

X∗j
α̂n

)α̂n)r

− 1
1 + r

2n∑

j=1

(
1−

(
1− Xj

α̂n

)α̂n)1+r

− 2n
r(1 + r)(2 + r)

)2
D→ χ2(1),

D̂(2)
nr = A(2)

r

2
n

( n∑

j=1

(
1−

(
1−

X∗j
α̂n

)α̂n)r

− 1
2

2n∑

j=1

(
1−

(
1− Xj

α̂n

)α̂n)1+r

− n

2 + r

)2
D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),

where A(0)
r , A(1)

r , A(2)
r are in (3.4), and α̂n = max(X1, . . . ,X2n).

In what follows we use a theorem on the asymptotic effect of substituting
estimators for parameters in tests proposed in (A).

Theorem 4 (cf. [18], [19]). Let T̂n = Tn(X1, . . . ,Xn; λ̂n), where λ̂n =
λ̂n(X1, . . . ,Xn) is an estimator of a parameter λ of the distribution of X,
and let Tn = Tn(X1, . . . ,Xn;λ) (here Tn, λ and λ̂n may be vectors). Sup-
pose that :

(i) For each λ,

√
n

(
Tn

λ̂n − λ

)
D→ T ∼ N(0,V ),

where

V =
(
V11 V12

V21 V22

)

and V22 is nonsingular.
(ii) There is a matrix B, possibly depending continuously on λ, such

that √
n T̂n =

√
nTn +B

√
n (λ̂n − λ) + op(1).
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(iii) λ̂n is asymptotically efficient.

Then √
n T̂n

D→ T ∗ ∼ N(0,V11 −BV 22B
′).

Note that (ii) is satisfied when Tn is differentiable in λ, and then

B = lim
n→∞

E

[
∂

∂λ
Tn

]
.

For our purposes we need the following consequence of Theorem 4.

Theorem 5 (cf. [16], [17]). Let (X1, . . . ,X2n) be a sample with an ab-
solutely continuous distribution function F (x;λ) differentiable with respect
to the m× 1 vector λ. Set

W
(r)
n :=

(
Y

(r)
n

Z
(r)
n

)
=
(
Y

(r)
n (λ)

Z
(r)
n (λ)

)
= W

(r)
n (λ),

where

Y
(r)
n =

1
n

2n∑

j=1

F 1+r(Xj ;λ), Z
(r)
n =

1
n

n∑

j=1

F r(X∗j ;λ),

and
X∗j = max(X2j−1,X2j), j = 1, . . . , n.

Write

Ŵ (r)
n = W

(r)
n (λ̂2n) =

(
Ŷ

(r)
n

Ẑ
(r)
n

)
,

where

Ŷ (r)
n := Y

(r)
n (λ̂2n), Ẑ(r)

n := Z
(r)
n (λ̂2n).

Suppose that F is such that the MLE λ̂2n is “regular” in the sense that
√

2n (λ̂2n − λ) D→ N(0, I−1),

where I = I(λ) is the expected information matrix for λ based on a single
observation, and let F̂ (Xj) := F (Xj ; λ̂2n). Then

√
n (Ŵ (r)

n − µr) D→W ∼ N(0, Σr1),

and

D̂(0)
nr = A(0)

r

1

1− (1 + r)2A
(0)
r Kr

· 1
2n

( 2n∑

j=1

F̂ 1+r(Xj)−
2n

2 + r

)2

(3.11)

D→ χ2(1),
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D̂(1)
nr = A(1)

r

1
n

(
1
r

n∑

j=1

F̂ r(X∗j )− 1
1 + r

2n∑

j=1

F̂ 1+r(Xj)(3.12)

− 2n
r(1 + r)(2 + r)

)2
D→ χ2(1),

D̂(2)
nr = A(2)

r

2

1− (1− r)2A
(2)
r Kr

· 1
n

( n∑

j=1

F̂ r(X∗j )(3.12′)

− 1
2

2n∑

j=1

F̂ 1+r(Xj)−
n

2 + r

)2
D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),(3.13)

where Σr1 = Σr −Br(2I)−1B′r, µr is in (3.1), Σr is in (3.2), A(0)
r , A(1)

r ,
A

(2)
r are in (3.4), and

Br = 2
(

1 + r

r

)
d′r, Kr = d′rI−1dr,

where

dr = E

(
F r(X;λ)

∂F (X;λ)
∂λ

)
is m× 1.

Proof. We apply Theorem 4 with Tn = W
(r)
n − µr. It is known from

Section 3 that √
n (W (r)

n − µr) D→ N(0, Σr),

and by Theorem 4,

(3.14)
√
n (Ŵ (r)

n − µr) D→ N(0, Σr1),

which implies

(3.15) ηn = n(Ŵ (r)
n − µr)Σ−1

r1 (Ŵ (r)
n − µr) D→ χ2(2),

where Σr1 = Σr − 1
2BrI−1Br and

Br =
[
E
∂Tn
∂λ

]
=
[
E
∂Y

(r)
n

∂λ
E
∂Z

(r)
n

∂λ

]′
.

Now

E
∂Y

(r)
n

∂λi
= 2E

∂F 1+r(X;λ)
∂λi

= 2(1 + r)EF r(X;λ)
∂F (X;λ)

∂λi

and

E
∂Z

(r)
n

∂λi
= E

∂F r(X∗1 ;λ)
∂λi

= rEF r−1 (X∗1 ;λ)
∂F (X∗1 ;λ)

∂λi
.
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But since X∗1 has probability density function 2F (x;λ)f(x;λ), we have

E
∂Z

(r)
n

∂λi
= 2r

�
F r(x;λ)

∂F (x;λ)
∂λi

f(x;λ) dx =
2r

1 + r
E
∂Y

(r)
n

∂λi
.

It follows that B′r = drb
′
r where

dr = E

(
F r(X;λ)

∂F (X;λ)
∂λ

)
, b′r = 2[ 1 + r r ]

and

(3.16) Σr1 = Σr −
1
2
brd
′
rI−1drb

′
r = Σr − 2Kr

[
(1 + r)2 r(1 + r)
r(1 + r) r2

]
.

Now write

A =
[

1 0
− r

1+r 1

]

and consider Un = A(W (r)
n − µr). Then

Un =

[
Y

(r)
n

Z
(r)
n − r

1+rY
(r)
n

]
− 2

[ 1
2+r

1
(1+r)(2+r)

]
,

and from (3.14) and (3.15),

ηn = nU ′n(AΣr1A′)−1Un.

Now from (3.16),

AΣr1A
′ = AΣrA

′ − 2Kr(Abr)(Abr)′.

But
Abr = 2(1 + r)[ 1 0 ]′,

and one finds that AΣr1A′ simplifies to
[

2(1− (2 + r)2(3 + 2r))Kr/A
(0)
r 0

0 r2/A
(1)
r

]
.

It then follows that
ηn = D̂(0)

nr + D̂(1)
nr = D̂(3)

nr ,

which proves (3.13).
Finally, (3.11) and (3.12) follow from the fact that since

√
nUn

D→ N(0, AΣr1A′),

we have
√
n

[
Y

(r)
n − 2

2 + r

]
D→ N(0, 2(1− (2 + r)2(3 + 2r))Kr/A

(0)
r )



Goodness-of-fit tests 263

and
√
n

[
Z

(r)
n −

r

r + 1
Y (r)
n − 2

(1 + r)(2 + r)

]
D→ N(0, r2/A(1)

r ).

To establish (3.12′), consider

Snr = Ẑ(r)
n −

1
2
Ŷ (r)
n = α′Ŵ (r)

n

where α′ = [− 1
2 1 ]. Then

√
n

[
Snr −

1
2 + r

]
=
√
nα′[Ŵ (r)

n − µr] D→ N(0, σ2
nr)

where

σ2
nr = α′Σr1α = α′Σrα−

1
2
Kr[α′br]2 =

1

A
(2)
r

− 1
2
Kr(1− r)2.

Thus

n

(
Snr −

1
2 + r

)2/
σ2
nr

D→ χ2(1),

which proves (3.12′).

Note. Since dr and I may depend on λ, Kr may also depend on λ.
In this case D̂(0)

nr , D̂(2)
nr and D̂

(3)
nr also depend on λ, and cannot be used as

test-statistics. But if Kr = Kr(λ) is replaced by K̂r = Kr(λ̂2n) the resulting

statistic satisfies D̂(0)
nr (λ̂2n) D→ χ2(1), and similarly for D̂(2)

nr and D̂
(3)
nr . This

follows because

D̂(0)
nr (λ̂2n) = D̂(0)

nr (λ)
1− (2 + r)2(3 + 2r)Kr(λ)

1− (2 + r)2(3 + 2r)Kr(λ̂2n)

and
1− (2 + r)2(3 + 2r)Kr(λ)

1− (2 + r)2(3 + 2r)Kr(λ̂2n)
P→ 1

since λ̂2n
P→ λ.

Corollary 5 (cf. [17]). If r = 1 then

D̂
(0)
n1 =

45
4
· 1

(1− 45K1)
· 1

2n

( 2n∑

j=1

F̂ 2(Xj)−
2
3
n

)2
D→ χ2(1),(3.17)

D̂
(1)
n1 = D̂

(2)
n1 = 90

1
n

( n∑

j=1

F̂ (X∗j )− 1
2

2n∑

j=1

F̂ 2(Xj)−
1
3
n

)2

(3.18)

D→ χ2(1),

D̂
(3)
n1 = D̂

(0)
n1 + D̂

(1)
n1

D→ χ2(2).(3.19)
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Now we present tests based on Theorem 5 and Corollary 5 for special
distributions.

1o. Let F ∈ Exp(α), i.e. F (x) = 1− e−αx, f(x) = αe−αx. We see that

dr(α) = EF r(X)
∂F

∂α
= E(1− e−αX)rXe−αX

= α

∞�
0

(1− e−αx)rxe−2αx dx = α

∞�
0

( ∞∑

j=0

(−1)j
(
r

j

)
e−jαx

)
xe−2αx dx

=
1
α

∞∑

j=0

(−1)j
(
r

j

)
1

(j + 2)2 ,

and
I−1 = α2.

Then letting

Sr =
∞∑

j=0

(−1)j
(
r

j

)
1

(j + 2)2

we obtain Kr = S2
r . Therefore we have

Proposition 4. Goodness-of-fit tests for F ∈ Exp(α) are given by

D̂(0)
nr =

(2 + r)2(3 + 2r)
(1 + r)2(1− (2 + r)2(3 + 2r)S2

r )

× 1
2n

( 2n∑

j=1

(1− e−α̂2nXj )1+r − 2n
2 + r

)2
D→ χ2(1),

D̂(1)
nr = (1 + r)(2 + r)2(3 + 2r)

1
n

(
1
r

n∑

j=1

(1− e−α̂2nX
∗
j )r

− 1
1 + r

2n∑

j=1

(1− e−α̂2nXj )1+r − 2n
r(1 + r)(2 + r)

)2
D→ χ2(1),

D̂(2)
nr =

2(1 + r)(2 + r)2(3 + 2r)
r3 + r2 − r + 1− (1− r)2(1 + r)(2 + r)2(3 + 2r)S2

r

× 1
n

( n∑

j=1

(1− e−α̂2nX
∗
j )r − 1

2

2n∑

j=1

(1− e−α̂2nXj )1+r − n

2 + r

)2

D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),

where A(0)
r , A(1)

r , A(2)
r are in (3.4), and α̂2n = 1/X2n.



Goodness-of-fit tests 265

Remark. If r is a positive integer then

Sr =
r∑

j=0

(−1)j
(
r

j

)
1

(j + 2)2 .

Numerical evaluation of Kr
r 0.001 0.010 0.050 0.10 0.20
Kr 0.06241 0.06162 0.05826 0.05439 0.04761
r 0.25 0.30 0.40 0.50 0.60
Kr 0.04464 0.04190 0.03705 0.03292 0.02937
r 0.70 0.75 0.80 0.90 1.00
Kr 0.02630 0.02492 0.02364 0.02132 0.01929
r 1.25 1.50 1.75 2.00 2.50
Kr 0.015212 0.012190 0.009907 0.008150 0.005692
r 3.00 3.50 4.00 4.50 5.00
Kr 0.004117 0.0030650 0.0023361 0.0018172 0.0014383

2o. Let F ∈W(α, β), i.e. F (x) = 1− exp(−αxβ), f(x) = αβxβ−1e−αx
β

.
We see that

∂F

∂α
=

x

αβ
f(x),

∂F

∂β
=
x lnx
β

f(x).

Hence we have

dr(α) = EF r(X)
∂F

∂α
=
∞�
0

(1− exp(−αxβ))r
x

αβ
f2(x) dx

=
∞∑

j=0

(−1)j
(
r

j

)
1

j + 2

∞�
0

xβα(j + 2)βxβ−1e−(j+2)αxβ dx

=
∞∑

j=0

(−1)j
(
r

j

)
1

j + 2
EXβ

j ,

where Xj ∼W((j + 2)α, β), and

dr(β) = EF r(X)
∂F

∂β
=
∞�
0

(1− exp(−αxβ))r
x lnx
β

f2(x) dx

= α
∞∑

j=0

(−1)j
(
r

j

)
1

j + 2
EXβ

j lnXj .

But for X ∼W(α, β) we have

EXβ = αβ

∞�
0

x2β−1e−αx
β

dx = 1/α,

EXβ lnX = αβ

∞�
0

x2β−1 lnx e−αx
β

dx =
1
αβ

∞�
0

(ln y − lnα)ye−y dy
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=
1
αβ

∞�
0

y ln ye−y dy − lnα
αβ

=
1
αβ

(∞�
0

e−y ln y dy +
∞�
0

e−y dy
)
− lnα

αβ

=
1
αβ

(1− γ − lnα),

where γ = − � ∞0 e−y ln y dy (cf. [22, 3.711.2]) is the Euler constant. Moreover,

EXβ ln2 X = αβ

∞�
0

x2β−1 ln2 x e−αx
β

dx

=
1
αβ2

∞�
0

(ln y − lnα)2ye−y dy

=
1
αβ2

∞�
0

e−yy ln2 y dy − 2 lnα
αβ2

∞�
0

e−yy ln y dy +
ln2 α

αβ2

=
1
αβ2

∞�
0

e−yy ln2 y dy − 2 lnα
αβ2 (1− γ) +

ln2 α

αβ2

=
1
αβ2

∞�
0

e−y ln2 y dy +
2
αβ2

∞�
0

e−y ln y dy

− 2 lnα
αβ2 (1− γ) +

ln2 α

αβ2

=
1
αβ2

∞�
0

e−y ln2 y dy − 2
αβ2 γ −

2 lnα
αβ2 (1− γ) +

ln2 α

αβ2

=
1
αβ2

[
(1− γ − lnα)2 +

π2

6
− 1
]
,

where the formula
∞�
0

e−x ln2 xdx = Γ ′′(1) = γ2 +
1
6
π2 (cf. [22, 3.714.1])

has been used. Thus

EXβ
j =

1
α(j + 2)

, EXβ
j lnXj =

1
α(j + 2)β

[1− γ − lnα(j + 2)],

EXβ
j ln2 Xj =

1
α(j + 2)β2

[
(1− γ − lnα(j + 2))2 +

π2

6
− 1
]
.
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Hence

dr(α) =
∞∑

j=0

(−1)j
(
r

j

)
1

j + 2
EXβ

j =
1
α
Sr,

dr(β) = α

∞∑

j=0

(−1)j
(
r

j

)
1

j + 2
EXβ

j lnXj

=
1
β

∞∑

j=0

(−1)j
(
r

j

)
1

(j + 2)2 [1− γ − lnα(j + 2)]

=
1− γ − lnα

β

∞∑

j=0

(−1)j
(
r

j

)
1

(j + 2)2 −
1
β

∞∑

j=0

(−1)j
(
r

j

)
ln(j + 2)
(j + 2)2

=
1
β

[(1− γ − lnα)Sr − Tr],

where

Tr =
∞∑

j=0

(−1)j
(
r

j

)
ln(j + 2)
(j + 2)2 .

Moreover, we have

I =
[

1/α2 EXβ lnX
EXβ lnX 1/β2 + αEXβ ln2 X

]

=
[

1/α2 1
αβ [1− γ − lnα]

1
αβ [1− γ − lnα] 1

β2 [(1− γ − lnα)2 + π2/6]

]
,

I−1 =
6
π2

[
α2(π2/6 + (1− γ − lnα)2) −αβ(1− γ − lnα)
−αβ(1− γ − lnα) β2

]

(cf. [10, p. 256]). Therefore

dr =
( 1

αSr
1
β [(1− γ − lnα)Sr − Tr]

)

and

Kr = d′rI−1dr = S2
r +

6
π2 T

2
r .

Thus we have

Proposition 5. Goodness-of-fit tests for F ∈W(α, β) are given by

D̂(0)
nr =

(2 + r)2(3 + 2r)
(1 + r)2

{
1− (2 + r)2(3 + 2r)

[
S2
r + 6

π2T 2
r

]}

× 1
2n

{ 2n∑

j=1

(1− exp(−α̂2nX
β̂2n
j ))1+r − 2n

2 + r

}2
D→ χ2(1),
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D̂(1)
nr = (1 + r)(2 + r)2(3 + 2r)

1
n

(
1
r

n∑

j=1

(1− exp(−α̂2n(X∗j )β̂2n))r

− 1
1 + r

2n∑

j=1

(1− exp(−α̂2nX
β̂2n
j ))1+r − 2n

r(1 + r)(2 + r)

)2
D→ χ2(1),

D̂(2)
nr =

2(1 + r)(2 + r)2(3 + 2r)
r3 + r2 − r + 1− (1− r)2(1 + r)(2 + r)2(3 + 2r)

[
S2
r + 6

π2T 2
r

]

× 1
n

( n∑

j=1

(1− exp(−α̂2n(X∗j )β̂2n))r

− 1
2

2n∑

j=1

(1− exp(−α̂2nX
β̂2n
j ))1+r − n

2 + r

)2
D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),

where

α̂2n = 2n
/ 2n∑

i=1

X β̂2n
i

and β̂2n is obtained by numerical solution of the equation

d

dβ
L2n

(
2n
/ 2n∑

i=1

xβi , β

)
= 0

for

L2n(α, β) = 2n lnα+ 2n lnβ + (β − 1)
2n∑

i=1

lnxi − α
2n∑

i=1

xβi .

Numerical evaluation of Kr
r 0.001 0.010 0.050 0.10 0.20
Kr 0.08062 0.07939 0.07423 0.06838 0.05840
r 0.25 0.30 0.40 0.50 0.60
Kr 0.05414 0.05028 0.04360 0.03805 0.03340
r 0.70 0.75 0.80 0.90 1.00
Kr 0.02949 0.02776 0.02617 0.02333 0.02088
r 1.25 1.50 1.75 2.00 2.50
Kr 0.016113 0.012698 0.010188 0.008302 0.005729
r 3.00 3.50 4.00 4.50 5.00
Kr 0.004122 0.003065 0.0023411 0.0018285 0.0014551

3o. Let F ∈ ParS(α, σ), i.e. F (x) = 1− (σ/x)α, f(x) = ασα/xα+1.
We consider first the case when σ is known, which frequently occurs in

practice. Since Y = ln(X/σ) ∼ Exp(α), Proposition 4 yields
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Proposition 6. Goodness-of-fit tests for F ∈ ParS(α, σ) when σ is
known are given by

D̂(0)
nr =

(2 + r)2(3 + 2r)
(1 + r)2(1− (2 + r)2(3 + 2r)S2

r )

× 1
2n

( 2n∑

j=1

(1− e−α̂2nYj )1+r − 2n
2 + r

)2
D→ χ2(1),

D̂(1)
nr = (1 + r)(2 + r)2(3 + 2r)

1
n

(
1
r

n∑

j=1

(1− e−α̂2nY
∗
j )r

− 1
1 + r

2n∑

j=1

(1− e−α̂2nYj )1+r − 2n
r(1 + r)(2 + r)

)2
D→ χ2(1),

D̂(2)
nr =

2(1 + r)(2 + r)2(3 + 2r)
r3 + r2 − r + 1− (1− r)2(1 + r)(2 + r)2(3 + 2r)S2

r

× 1
n

( n∑

j=1

(1− e−α̂2nY
∗
j )r − 1

2

2n∑

j=1

(1− e−α̂2nYj )1+r − n

2 + r

)2

D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),

where

Y ∗j = max(Y2j−1, Y2j), j = 1, . . . , n,
1
α̂2n

=
1

2n

2n∑

j=1

ln
(
Xj

σ

)
.

When both σ and α are unknown we cannot apply Theorem 5 since this
is a situation where the MLE are not regular. But then we can use

Proposition 6a. Goodness-of-fit tests for F ∈ ParS(α, σ) when α and
σ are unknown are given by

̂̂
D(0)
nr =

(2 + r)2(3 + 2r)
(1 + r)2(1− (2 + r)2(3 + 2r)S2

r )

× 1
2n

( 2n∑

j=1

(1− e− ̂̂α2nŶj )1+r − 2n
2 + r

)2
D→ χ2(1),

̂̂
D(1)
nr = (1 + r)(2 + r)2(3 + 2r)

1
n

(
1
r

n∑

j=1

(1− e− ̂̂α2nŶ
∗
j )r

− 1
1 + r

2n∑

j=1

(1− e− ̂̂α2nŶj )1+r − 2n
r(1 + r)(2 + r)

)2
D→ χ2(1),
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̂̂
D(2)
nr =

2(1 + r)(2 + r)2(3 + 2r)
r3 + r2 − r + 1− (1− r)2(1 + r)(2 + r)2(3 + 2r)S2

r

× 1
n

( n∑

j=1

(1− e− ̂̂α2nŶ
∗
j )r − 1

2

2n∑

j=1

(1− e− ̂̂α2nŶj )1+r − n

2 + r

)2

D→ χ2(1),
̂̂
D(3)
nr = ̂̂

D(0)
nr + ̂̂

D(1)
nr

D→ χ2(2),

where

Ŷj = ln(Xj/σ̂2n), Ŷ ∗j = max(Ŷ2j−1, Ŷ2j), j = 1, . . . , n,

σ̂2n = min(X1, . . . ,X2n), 1/ ̂̂α2n =
1

2n

2n∑

j=1

ln(Xj/σ̂2n).

Proof. This follows from the fact that
√

2n (σ̂2n − σ) P→ 0 because then

D̂
(i)
nr − ̂̂D(i)

nr
P→ 0, i = 0, 1, 2.

4o. Let F ∈ ParT(α, θ), i.e.

F (x) = 1−
(

θ

x+ θ

)α
, f(x) =

αθα

(x+ θ)α+1 .

Then
∂F

∂α
= −

(
θ

x+ θ

)α
ln
(

θ

x+ θ

)
,

∂F

∂θ
= −x

θ
f(x).

Hence

dr(α) = EF r(X)
∂F

∂α

= −
∞�
0

(
1−

(
θ

x+ θ

)α)r(
θ

x+ θ

)α
αθα

(x+ θ)α+1 ln
(

θ

x+ θ

)
dx

= − α

θ

∞�
0

(
1−

(
θ

x+ θ

)α)r(
θ

x+ θ

)2α+1

ln
(

θ

x+ θ

)
dx

= − α

θ

∞∑

j=0

(−1)j
(
r

j

)∞�
0

(
θ

x+ θ

)jα+2α+1

ln
(

θ

x+ θ

)
dx

= − α
∞∑

j=0

(−1)j
(
r

j

) 1�
0

y(j+2)α−1 ln y dy

=
1
α

∞∑

j=0

(−1)j
(
r

j

)
1

(j + 2)2 =
1
α
Sr,
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and

dr(θ) = EF r(X)
∂F

∂θ
= −

∞�
0

(
1−

(
θ

x+ θ

)α)r
x

θ
f2(x) dx

= −1
θ

∞�
0

x

(
1−

(
θ

x+ θ

)α)r(
αθα

(x+ θ)α+1

)2

dx

= −α
θ

∞∑

j=0

(−1)j
(
r

j

)
1

(j + 2)((j + 2)α+ 1)
= −α

θ
Srα,

where

Srα =
∞∑

j=0

(−1)j
(
r

j

)
1

(j + 2)((j + 2)α+ 1)
.

Moreover, we have

I−1 = α(α+ 1)2(α+ 2)

[
α
α+2

θ
α+1

θ
α+1

θ2

α2

]
.

Hence

Kr = Kr(α) := α(α+ 1)2(α+ 2)
(

S2
r

α(α+ 2)
+

2SrSrα
α+ 1

+ S2
rα

)

= α(α+ 2)(Sr + (α+ 1)Srα)2 + S2
r .

Referring to the Note following Theorem 5, we then have

Proposition 7. Goodness-of-fit tests for F ∈ ParT(α, θ) are given by

D̂(0)
nr =

(2 + r)2(3 + 2r)
(1 + r)2(1− (2 + r)2(3 + 2r)Kr(α̂2n))

× 1
2n

( 2n∑

j=1

(
1−

(
θ̂2n

Xj + θ̂2n

)α̂2n
)1+r

− 2n
2 + r

)2

D→ χ2(1),

D̂(1)
nr = (1 + r)(2 + r)2(3 + 2r)

1
n

(
1
r

n∑

j=1

(
1−

(
θ̂2n

X∗j + θ̂2n

)α̂2n
)r

− 1
1 + r

2n∑

j=1

(
1−

(
θ̂2n

Xj + θ̂2n

)α̂2n
)1+r

− 2n
r(1 + r)(2 + r)

)2

D→ χ2(1),
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D̂(2)
nr =

2(1 + r)(2 + r)2(3 + 2r)
r3 + r2 − r + 1− (1− r)2(1 + r)(2 + r)2(3 + 2r)Kr(α̂2n)

× 1
n

( n∑

j=1

(
1−

(
θ̂2n

X∗j + θ̂2n

)α̂2n
)r

− 1
2

2n∑

j=1

(
1−

(
θ̂2n

Xj + θ̂2n

)α̂2n
)1+r

− n

2 + r

)2

D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),

where

α̂2n = 2n
/ 2n∑

i=1

ln(Xi/θ̂2n + 1)

and θ̂2n is obtained by numerical solution of the equation

d

dθ
L2n

(
2n
/ 2n∑

i=1

ln(xi/θ + 1), θ
)

= 0

for

L2n(α, θ) = 2n logα+ 2nα log θ − (α+ 1)
2n∑

i=1

log(xi + θ).

Note. Taking into account that ∂F/∂θ can be written in the form

∂F

∂θ
= −α

θ
[(1− F (x))− (1− F (x))1+1/α],

we get

dr(θ) = −α
θ
EF r(X)[(1− F (X))− (1− F (X))1+1/α]

= −α
θ

1�
0

yr(1− y) dy +
α

θ

1�
0

yr(1− y)1+1/α dy

=
α

θ

[
− 1

(1 + r)(2 + r)
+B(1 + r, (2 + α)/α)

]
,

and we can use in the tests the quantity

Kr = Kr(α) := S2
r + α(α+ 1)2(α+ 2)

( −Sr
α+ 1

+
1

(1 + r)(2 + r)

−B(1 + r, (2 + α)/α)
)2

.
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5o. Let F ∈ Log(α, β), i.e.

F (x) = 1
/[

1 + exp
(
−x− α

β

)]
,

f(x) =
1
β

[
exp
(
−x− α

β

)]/[(
1 + exp

(
−x− α

β

))2]
=

1
β
F (x)(1− F (x)).

Hence
∂F

∂α
= −f(x),

∂F

∂β
= −x− α

β
f(x).

Therefore

dr(α) = EF r(X;α, β)
∂F (X;α, β)

∂α

= − 1
β

∞�
−∞

F r(x)F (x)(1− F (x))f(x) dx

= − 1
β

1�
0

y1+r(1− y) dy = − 1
β(r + 2)(r + 3)

,

and

dr(β) = EF r(X;α, β)
∂F (X;α, β)

∂β

= − 1
β

1�
0

(y1+r − yr+2) ln
y

1− y dy

= − 1
β

[ 1�
0

(y1+r − yr+2) ln y dy −
1�
0

(y1+r − yr+2) ln(1− y) dy
]
.

Note that
1�
0

yr ln y dy = − 1
(1 + r)2 ,

and
1�
0

yr ln(1− y) dy =
1�
0

(1− z)r ln z dz = −
∞∑

j=0

(−1)j
(
r

j

)
1

(j + 1)2 .

Thus

dr(β) = − 1
β

[
− 1

(r + 2)2 +
1

(r + 3)2

−
(
−
∞∑

j=0

(−1)j
(

1 + r

j

)
1

(j + 1)2 +
∞∑

j=0

(−1)j
(
r + 2
j

)
1

(j + 1)2

)]
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=
2r + 5

β(r + 2)2(r + 3)2 −
1
β

∞∑

j=0

(−1)j
(

1 + r

j

)
1

(j + 2)2

=
2r + 5

β(r + 2)2(r + 3)2 −
1
β
S1+r.

Moreover, we have

I =
1

3β2

[
1 0
0 1 + π2/3

]
, I−1 = 3β2

[
1 0
0 3/(3 + π2)

]
.

Therefore

Kr = d′rI−1dr = 3
1

(r + 2)2(r + 3)2

×
[
1 +

3
3 + π2

(
2r + 5

(r + 2)(r + 3)
− (r + 2)(r + 3)S1+r

)2]
.

Thus we have

Proposition 8. Goodness-of-fit tests for F ∈ Log(α, β) are given by

D̂(0)
nr = A(0)

r

1

1− (1 + r)2A
(0)
r Kr

× 1
2n

( 2n∑

j=1

(
1 + exp

(
−Xj − α̂2n

β̂2n

))−(1+r)

− 2n
2 + r

)2
D→ χ2(1),

D̂(1)
nr = A(1)

r

1
n

(
1
r

n∑

j=1

(
1 + exp

(
−
X∗j − α̂2n

β̂2n

))−r

− 1
1 + r

2n∑

j=1

(
1 + exp

(
−Xj − α̂2n

β̂2n

))−(1+r)

− 2n
r(1 + r)(2 + r)

)2

D→ χ2(1),

D̂(2)
nr = A(2)

r

2

1− (1− r)2A
(2)
r Kr

· 1
n

( n∑

j=1

(
1 + exp

(
−
X∗j − α̂2n

β̂2n

))−r

− 1
2

2n∑

j=1

(
1 + exp

(
−Xj − α̂2n

β̂2n

))−(1+r)

− n

2 + r

)2
D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),

where A(0)
r , A(1)

r , A(2)
r are in (3.4), and α̂2n, β̂2n are obtained by numerical

solution of the equations

∂L2n

∂α
=
∂L2n

∂β
= 0
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for

L2n(α, β) = −2n ln β − 1
β

2n∑

i=1

(xi − α)− 2
2n∑

i=1

ln
(

1 + exp
(
−xi − α

β

))
.

Numerical evaluation of Kr
r 0.001 0.010 0.050 0.10 0.20
Kr 0.08319 0.08196 0.07676 0.07085 0.06074
r 0.25 0.30 0.40 0.50 0.60
Kr 0.05640 0.05246 0.04561 0.03990 0.03510
r 0.70 0.75 0.80 0.90 1.00
Kr 0.03104 0.02924 0.02758 0.02461 0.02205
r 1.25 1.50 1.75 2.00 2.50
Kr 0.01702 0.01340 0.01073 0.008714 0.005963
r 3.00 3.50 4.00 4.50 5.00
Kr 0.004245 0.003120 0.0023536 0.0018147 0.0014255

6o. Let F ∈ C(α, β), i.e.

F (x) =
1
2

+
1
π

arctan
(
x− α
β

)
, f(x) =

β

π
· 1
β2 + (x− α)2 .

We see that ∂F
∂α = −f(x) and ∂F

∂β = −x−αβ f(x).
Hence

dr(α) = EF r(X)
∂F

∂α
= −E

(
1
2

+
1
π

arctan
X − α
β

)r
f(X)

= − 1
π2β

∞�
−∞

(
1
2

+
1
π

arctan
(
x− α
β

))r 1
(
1 +

(
x−α
β

)2)2 dx

= − 1
πβ

1�
0

yr cos2 π

(
y − 1

2

)
dy = − 1

πβ

1�
0

yr
1 + cos(2πy − π)

2
dy

= − 1
2πβ

1�
0

(1− cos 2πy) dy =
1

2πβ

∞∑

j=1

(−1)j
(2π)2j

(2j)!

1�
0

yr+2j dy

=
1

2πβ

∞∑

j=1

(−1)j
(2π)2j

(2j)!(2j + 1 + r)

and

dr(β) = EF r(X)
∂F

∂β
= −E

(
1
2

+
1
π

arctan
(
X − α
β

))r
X − α
β

f(X)

= − 1
π2β2

∞�
−∞

(
1
2

+
1
π

arctan
x− α
β

)r
x− α
β

dx
(
1 +

(
x−α
β

)2)2
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= − 1
πβ

1�
0

yr tanπ
(
y − 1

2

)
cos2 π

(
y − 1

2

)
dy

= − 1
2πβ

1�
0

y2 sin 2π
(
y − 1

2

)
dy =

1
2πβ

1�
0

y2 sin 2πy dy

=
1

2πβ

∞∑

j=0

(−1)j
(2π)2j+1

(2j + 1)!

1�
0

yr+2j+1 dy

=
1

2πβ

∞∑

j=0

(−1)j
(2π)2j+1

(2j + 1)!(2j + 2 + r)
.

Hence

dr =
1

2πβ




∞∑
j=1

(−1)j (2π)2j

(2j)!(2j+1+r)

−
∞∑
j=1

(−1)j (2π)2j−1

(2j−1)!(2j+r)


 ,

and taking into account that

I−1 = 2β2
[

1 0
0 1

]

we have

Kr =
1

2π2

[( ∞∑

j=1

(−1)j
(2π)2j

(2j + 1 + r)(2j)!

)2

+
( ∞∑

j=1

(−1)j
(2π)2j−1

(2j + r)(2j − 1)!

)2]
.

Thus we get

Proposition 9. Goodness-of-fit tests for F ∈ C(α, β) are given by

D̂(0)
nr = A(0)

r

1

1− (1 + r)2A
(0)
r Kr

· 1
2n

×
( 2n∑

j=1

(
1
2

+
1
π

arctan
(
Xj − α̂2n

β̂2n

)1+r

− 2n
2 + r

))2
D→ χ2(1),

D̂(1)
nr = A(1)

r

1
n

(
1
r

n∑

j=1

(
1
2

+
1
π

arctan
(
X∗j − α̂2n

β̂2n

))r)

− 1
1 + r

2n∑

j=1

(
1
2

+
1
π

arctan
(
Xj − α̂2n

β̂2n

))1+r

− 2n
r(1 + r)(r + 2)

)2

D→ χ2(1),
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D̂(2)
nr = A(2)

r

2

1− (1− r)2A
(2)
r Kr

· 1
n

( n∑

j=1

(
1
2

+
1
π

arctan
(
X∗j − α̂2n

β̂2n

))r

− 1
2

2n∑

j=1

(
1
2

+
1
π

arctan
(
Xj − α̂2n

β̂2n

))1+r

− n

r + 2

)2
D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),

where A(0)
r , A(1)

r , A(2)
r are in (3.4), and α̂2n and β̂2n are obtained by solving

numerically the equations

∂L2n

∂α
=
∂L2n

∂β
= 0

for

L2n(α, β) =
2n∑

i=1

(− lnπ + lnβ − ln[β2 + (xi − α)2]).

Numerical evaluation of Kr
r 0.001 0.010 0.050 0.10 0.20
Kr 0.05058 0.04988 0.04693 0.04354 0.03765
r 0.25 0.30 0.40 0.50 0.60
Kr 0.03508 0.03274 0.02862 0.02513 0.02217
r 0.70 0.75 0.80 0.90 1.00
Kr 0.01964 0.01851 0.01746 0.01558 0.01395
r 1.25 1.50 1.75 2.00 2.50
Kr 0.010718 0.008374 0.006639 0.005331 0.003553
r 3.00 3.50 4.00 4.50 5.00
Kr 0.002457 0.001751 0.0012810 0.0009577 0.0007298

7o. Let F ∈ N(µ, σ), i.e.

F (x) =
1√
2π σ

x�
−∞

e−
(t−µ)2

2σ2 dt, f(x) =
1

σ
√

2π
e−

(x−µ)2

2σ2 .

Note that
∂F

∂µ
= −f(x),

∂F

∂σ2 = −x− µ
2σ2 f(x).

Now we use the probability function

erf z =
2√
π

z�
0

e−y
2
dy, z ∈ R.

Then

F (x) =
1
2

+
1
2

erf
(
x− µ
σ
√

2

)
.
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Hence

dr(µ) = EF r(X)
∂F

∂µ
= −EF r(X)f(X)

= −
∞�
−∞

(
1
2

+
1
2

erf
(
x− µ
σ
√

2

))r 1
2πσ2 e

− (x−µ)2

σ2 dx

= − 1

2r
√

2πσ

∞�
−∞

(1 + erf z)re−2z2
dz

= − 1

2r
√

2πσ

∞∑

j=0

(
r

j

) ∞�
−∞

(erf z)je−2z2
dz

= − 1
21+r
√
π σ
− 1

2r
√

2πσ

∞∑

j=1

(
r

j

) ∞�
−∞

(erf z)je−2z2
dz

= − 1
21+r
√
π σ
− 1

2r−1
√

2πσ

∞∑

j=1

(
r

2j

)∞�
0

(erf z)2je−2z2
dz

as
∞�
−∞

(erf z)2j+1e−2z2
dz = 0, j = 0, 1, 2, . . . ,

and

dr(σ2) = EF r(X)
∂F

∂σ2 = −EF r(X)
X − µ

2σ2 f(X)

= −
∞�
−∞

(
1
2

+
1
2

erf
(
x− µ
σ
√

2

))r
x− µ
2σ2 ·

1
2πσ2 e

− (x−µ)2

σ2 dx

= − 1
21+rπσ2

∞�
−∞

(1 + erf z)rze−2z2
dz

= − 1
21+rπσ2

∞∑

j=0

(
r

j

) ∞�
−∞

(erf z)jze−2z2
dz

= − r

21+rπσ2

∞�
−∞

(erf z)ze−2z2
dz

− 1
21+rπσ2

∞∑

j=3

(
r

j

) ∞�
−∞

(erf z)jze−2z2
dz

= − r

22+r
√

3πσ2
− 1

2rπσ2

∞∑

j=1

(
r

2j + 1

)∞�
0

(erf z)2j+1ze−2z2
dz
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as z erf z is an even function. Hence

dr =
1

21+r
√
π σ

[ −1− 2
√

2/πW1r

− r
2
√

3π σ
− 2√

π σ
W2r

]
,

where

W1r =
∞∑

j=1

(
r

2j

)∞�
0

(erf z)2je−2z2
dz,

W2r =
∞∑

j=1

(
r

2j + 1

)∞�
0

(erf z)2j+1ze−2z2
dz.

Using the fact that

I−1 = σ2
[

1 0
0 2σ2

]

we get

Kr =
1

22(1+r)π

[(
1 + 2

√
2
π
W1r

)2

+
2
π

(
r

2
√

3
+ 2W2r

)2]
.

Proposition 10. Goodness-of-fit tests for N(µ, σ) are given by

D̂(0)
nr = A(0)

r

1

1− (1 + r)2A
(0)
r Kr

× 1
2n

( 2n∑

j=1

Φ1+r
(
Xj − µ̂2n

σ̂2n

)
− 2n

2 + r

)2

D→ χ2(1),

D̂(1)
nr = A(1)

r

1
n

(
1
r

n∑

j=1

Φr
(
X∗j − µ̂2n

σ̂2n

)

− 1
1 + r

2n∑

j=1

Φ1+r
(
Xj − µ̂2n

σ̂2n

)
− 2n
r(1 + r)(2 + r)

)2

D→ χ2(1),

D̂(2)
nr = A(2)

r

2

1− (1− r)2A
(2)
r Kr

· 1
n

( n∑

j=1

Φr
(
X∗j − µ̂2n

σ̂2n

)

− 1
2

2n∑

j=1

Φ1+r
(
Xj − µ̂2n

σ̂2n

)
− n

2 + r

)2
D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),
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where A(0)
r , A(1)

r , A(2)
r are in (3.4), and

Φ(x) =
1√
2π

x�
−∞

e−t
2/2 dt,

µ̂2n = X2n, σ̂2
2n =

1
2n

2n∑

j=1

(Xj −X2n)2.

Numerical evaluation of Kr
r 0.001 0.010 0.050 0.10 0.20
Kr 0.07944 0.07824 0.07319 0.0674736 0.0577260
r 0.25 0.30 0.40 0.50 0.60
Kr 0.0535579 0.0497855 0.0432499 0.0378199 0.0332698
r 0.70 0.75 0.80 0.90 1.00
Kr 0.0294272 0.0277282 0.0261587 0.0233603 0.0209498
r 1.25 1.50 1.75 2.00 2.50
Kr 0.0162222 0.0128211 0.0103097 0.0084138 0.0058144
r 3.00 3.50 4.00 4.50 5.00
Kr 0.0041813 0.0031037 0.0023642 0.0018401 0.0014586

8o. Let F ∈ EV(α, β), i.e.

F (x) = exp
(
− exp

(
−x− α

β

))
, α ∈ R, β > 0,

f(x) =
1
β

exp(−e−x−αβ )e−
x−α
β =

1
β
F (x) ln

1
F (x)

.

Then
∂F

∂α
=

1
β
F (x) lnF (x),

∂F

∂β
=

1
β
F (x)(− lnF (x)) ln(− lnF (x)).

Here we use the following integrals:

1�
0

xp−1(− lnx)q−1 ln(− lnx) dx =
Γ (q)
pq

(ψ(q)− ln p), p > 0, q > 0,

where

ψ(q) =
Γ ′(q)
Γ (q)

, ψ(q + 1) =
1
q

+ ψ(q), ψ(1) = −γ,

whence
1�
0

y1+r(− ln y) ln(− ln y) dy =
1

(2 + r)2 (1− γ − ln(2 + r)).
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Then

dr(α) = EF r(X)
∂F

∂α
=

1
β

∞�
−∞

F 1+r(x) lnF (x)f(x) dx

=
1
β

1�
0

y1+r ln y dy = − 1
β

1
(2 + r)2

and similarly

dr(β) = EF r(X)
∂F

∂β
=

1
β

∞�
−∞

F 1+r(x)(− lnF (x)) ln(− lnF (x))f(x) dx

=
1
β

1�
0

y1+r(− ln y) ln(− ln y) dy =
1
β
· 1

(2 + r)2 (1− γ − ln(2 + r)).

Hence

dr =
1

β(2 + r)2

[
−1

1− γ − ln(2 + r)

]
.

Using the fact that

I−1 =
6β2

π2

[
(1− γ)2 + π2/6 1− γ

1− γ 1

]

we get

Kr =
1

(2 + r)4

[
1 +

6
π2 ln2(2 + r)

]
.

Thus we have

Proposition 11. Goodness-of-fit tests for F ∈ EV(α, β) are given by

D̂(0)
nr = A(0)

r

1

1− (1 + r)2A
(0)
r Kr

× 1
2n

( 2n∑

j=1

exp
(

(1 + r) exp
(
−Xj − α̂2n

β̂2n

))
− 2n

2 + r

)2

D→ χ2(1),

D̂(1)
nr = A(1)

r

1
n

(
1
r

n∑

j=1

exp
(
−r exp

(
−
X∗j − α̂2n

β̂2n

))

− 1
1 + r

2n∑

j=1

exp
(
−(1 + r) exp

(
−
X∗j − α̂2n

β̂2n

))
− 2n
r(1 + r)(2 + r)

)2

D→ χ2(1),
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D̂(2)
nr = A(2)

r

2

1− (1− r)2A
(2)
r Kr

· 1
n

( n∑

j=1

exp
(
−r exp

(
−
X∗j − α̂2n

β̂2n

))

− 1
2

2n∑

j=1

exp
(
−(1 + r) exp

(
−
X∗j − α̂2n

β̂2n

))
− n

2 + r

)2
D→ χ2(1),

D̂(3)
nr = D̂(0)

nr + D̂(1)
nr

D→ χ2(2),

where A(0)
r , A(1)

r , A(2)
r are in (3.4), and α̂2n and β̂2n are obtained by solving

numerically the equations

∂L2n

∂α
=
∂L2n

∂β
= 0

for

L2n(α, β) = −2n ln β −
2n∑

i=1

exp
(
−xi − α

β

)
− 2n

β
(X2n − α).

Numerical evaluation of Kr
r 0.001 0.010 0.050 0.10 0.20
Kr 0.08062 0.07942 0.07436 0.06863 0.05882
r 0.25 0.30 0.40 0.50 0.60
Kr 0.05462 0.05081 0.04418 0.03867 0.03403
r 0.70 0.75 0.80 0.90 1.00
Kr 0.03010 0.02836 0.02675 0.02388 0.02140
r 1.25 1.50 1.75 2.00 2.50
Kr 0.016533 0.013022 0.010427 0.008470 0.005792
r 3.00 3.50 4.00 4.50 5.00
Kr 0.004120 0.003024 0.0022775 0.0017534 0.0013752
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