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TWO HEDGING POINTS POLICY FOR AN
UNRELIABLE MANUFACTURING SYSTEM

Abstract. This paper deals with an unreliable manufacturing system in
which limited backlog is allowed. An admissible production policy is de-
scribed by two decision parameters: upper and lower hedging points. The
objective is to find the optimum hedging points so as to minimize the long
run average expected cost under an additional condition. The condition ex-
presses a constraint for the limiting probability of the event that the system
stays at the lower hedging point, which corresponds to a limit of backlog.
The cost consists of two parts: holding inventory cost and shortage cost.
The optimum hedging points are determined.

1. Introduction. The paper deals with a version of unreliable manufac-
turing system with an average cost criterion discussed in [2] and [4]. In both
papers the production policy was described by one decision parameter, the
so-called hedging point. In the model considered here the production policy
is described by two decision parameters: upper and lower hedging points.
By means of such a policy we are able to consider a production system in
which a limited backlog is allowed. In [2] the total inventory can be negative,
which corresponds to unlimited backlog, while in [4] no backlog is allowed.
So we discuss a model which in a sense combines both situations.

The model may be described in the following way. The system has two
states: “up-state” and “down-state”. If the system is in the up-state, it can
produce continuously over time at a rate u € [0,7], r > 0. If the system is
in the down-state it cannot produce. The time interval between failures is
random and modelled by an exponentially distributed random variable with
parameter \,, while the repair time is an exponentially distributed random
variable with parameter A4y. The demand rate, say v, is constant, so the
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product is continuously depleted at the demand rate. If the demand cannot
be satisfied it causes a shortage. So the corresponding inventory process can
take positive as well as negative values. Both kinds of state are limited: the
positive states are limited by an upper hedging point z; and negative ones
by a lower hedging point —z5. Both 21, 2o are treated as decision variables.
The lower hedging point —z9 makes the shortage of size up to zy allowed
and backordered. The shortage of size over zo is lost forever. (Issues relat-
ing to production systems with limited backlog have attracted considerable
attention in [5]-[7].) In the model discussed here positive inventories are
assessed a cost at a rate of ¢ dollars per unit commodity per unit time,
while negative inventories are assessed a similar cost of ¢~. The case that
the demand during the stockout period is lost is stressed in a different way.
There is an additional constraint for the limiting probability of the shortage
of size over z9. The constraint is discussed in Section 4.

The paper is organized as follows. In Section 1 the mathematical descrip-
tion of the inventory process and the corresponding optimization problem
are given. The limit distribution of the process is obtained in Section 3. An-
other formulation of the optimization problem is presented in Section 4. The
solutions of the problem for all cases considered are obtained in Sections 5
and 6.

2. Inventory process. Mathematical description. The description
of the model is similar to that given in [2] and [4]. Let &,,n, be random
variables describing the nth up-time and nth down-time of the system. We
assume that {£,}, {n.} are two sequences of mutually independent ran-
dom variables, &, are ii.d., n, are iid. and P{{, < 2} = 1 — e %,
P{n, < x} =1 —e 2 for x > 0. We specify the model more precisely
in (a)—(d) below.

(a) Let

() = { 1 if the system is up at time ¢,
0 if the system is down at time ¢.

(b) Let z1 > 0, 22 > 0 be the hedging parameters, X, (¢) be the inventory
level of the product at time ¢, and u(t) be the production rate at time ¢. So

u(t) = {% € [0,7] i % )
The process is modelled as follows:
X,,(t) = max(—z2,Y(t)), t=>0,
where

%y(t) =u(t) —v, Y(0)=yo € [—22, 2],

and v is a constant such that 0 < v < 7.
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(c) Following [4] assume that an admissible production policy is of the
form
r if I(t) =1 and X,,(t) < 21,
Uz 2o (t) =< v if I(t) =1 and X,,(¢) = 21, t>0.
0 ifI(t)=0.

The corresponding inventory process denoted by X, ,(t) can be described
as follows:

(i) When I(t) =1 and X, ,,(t) < 21 the process will increase with rate
r — v as time is going on.
(ii) When I(t) = 1 and X, ,,(t) = 21 the process will keep state z; until
the system breaks down.
(iii) When I(t) = 0 and X, .,(t) > —z2 the process will decrease with
rate —v as time is going on.
(iv) When I(t) = 0 and X, ,,(t) = —z2 the process will keep state —zy
until the system starts over.

For convenience assume that at ¢ = 0 the system is in the up-state. A
sample path of X, ., is given in Figure 1.

Fig. 1. Sample path of X, .,

Briefly X, ., may be written in the following form:

XZl,Zz (0) =Y € [_227 Zl]v
X (t) = [XZLZQ (Ton) + (r —v)(t = Tan)] A 21, Top <t < Topyu,
oz (X1 20 (Tong1) — v(t — Tong1)] V (—22), Topy1 <t < Topgo,

where

Ton =& +nm+o+m+...+&+0,  Tont1 =Ton+&g1, =m0 =0,

and n =0,1,2,...; we use the notation: a Ab = min(a,b), a Vb = max(a,b).
Observe that in the case zo = 0 the process is identical with that con-
sidered in [4]. For z9 = oo it coincides with that considered in [2].
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(d) In this model, similarly to [2], the cost connected with the states of
the process X, ., is given by the function g : R — R™ such that

cte  ifz>0,

) 9() = { —c z ifx<O.
where ¢™ > 0 denotes the unit holding cost and ¢~ > 0 the unit short-
age (penalty) cost. Note that the cost function does not distinguish the
state —z9. But in this model this state differs from other shortage states.
The parameter zo denotes the backlog limit. So if the process occupies the
state —z9 then the demand is lost. This fact should be stressed in the model.
In the literature we find two methods: one is to add an additional penalty
cost, the other is to add an additional constraint. We choose the second way.
So in this model a constraint for the limiting probability of the state —zs is
added.

The hedging parameters z; and zo are considered as decision variables.
The problem is formulated as the following optimization problem.

2.1. Optimization problem

PROBLEM 1. Let € € [1,0). Find z; > 0, 2z > 0 such that
T

) 1
1) Glersza) = fim, 7B | (e (8

is minimal under the condition
(2) lim P{X,, .,(t) = —22} =¢.
t—oo

REMARK 2. It may happen that for some ¢ the set of admissible pa-
rameters z1, zo is empty. In that case Problem 1 does not make sense. In
Section 4 we discuss condition (2) more precisely and rewrite the optimiza-
tion problem in a different form (Problem 11).

In view of Remark 2, in the next sections we use the following definition.
DEFINITION 3. Problem 1 is well defined for e if
{z1>0,20>0: tlim P{X, () = —z} =¢} #0.
—00

3. Limit distribution of the inventory process. A sample path of

the process X, ., is given in Figure 1. So it is clear that if we put yo = —22
then
(2) XZl,ZQ (t) + 22 = XZ1+22,0(t) with X21+Z2,0(0) =0.

This relation allows us to find the limit distribution of X, ,(¢) provided we
know the limit distribution of X, 4., 0.
A sample path of X, g with z = 21 + 27 is given in Figure 2.
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Ztz,

Fig. 2. Sample path of X, 1., 0

Let
Py zp{n} = tlgglo P{X, .,(t) =z},
o limy oo Pl < X, 4, (1) < 2+ 62}
faz(w) = lim - 5;1 - ;
P21722{_Z2} = tliglo P{thzz(t) = _Z2}~

—zy <z <z,

By (2) we have the following result.
PROPOSITION 4.
1. PZ1,Z2{21} = PZl"t‘ZQ,O{Zl + 22}7

2. le,zz(x) = le-i-zg,O(':C + Z?)a —2o <z < 21,
3. le,zz{_'z?} = P21+22,0{0}'

The limiting distribution of the process X, has been calculated by
B. Liu and J. Cao [4]. Following their paper let

3) o= gl g
v r—uv
and moreover let
T Ad Ad r Ad
TS WS AL A W v i T WS W
(4) . v
a4:a1—a2:<;—1>)\u+)\d.

REMARK 5. Note that a > 0, a; > 0, a2 > 0 and also a4 > 0, 8 > 0,
because r > v > 0.

The two lemmas below give some additional relations between the pa-
rameters.

LEMMA 6. aza + aqy = 0.
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Proof. We have
asa + agy = (1 —a1)a + (a1 — a2)(a — )
=a—aa; +aa; —aay — Ba; + Paz = (1 —ag)a+ (az — a1)f
_ Ay ﬁ_(ﬁ_) Ad ‘>\u —0. =
A+Ag v v A+ Ag 7=
LEMMA 7. If a = then a; =1 and a3 = 0.

Proof. The assumption o = A\g/v = § = A\, /(r —v) means that A\gr =
(Mg + Ay)v and so /v = (Ay + Ag)/Ag- Hence a3 =1 and a3 =0. m

By Theorem 3.2 of [4] and Lemma 7 we have the limit distribution for
the process X .

THEOREM 8 ([4, Theorem 3.2]).
1. If a =g, then

(@) feol@) =~ #0<z<z
(b) Poofz} = T,
© Pt} = 1

2. If a+# 3, then

(a) faol(z) = WY o) if 0<z<z,

a — Pe= %
B az’y
(b) szo{z} - o — ﬁe_’yZ’
aq”y
P, = _
(C) 70{0} as + a— fe 7

Theorem 8 together with (2) and Proposition 4 gives the limit distribu-
tion of the process X, ., (t) = X, 12,,0(t) — 22.

THEOREM 9. Put s = z1 + 29.
1. If a =0, then

a2
Pz z = s
(a) 1, 2{Z1} 1+ as
(b) far,e0 () = 7 s if —20 <z < 21,
_ M
(C) P21,22{_22} " 1tas
2. If a+# 3, then
as”y

(a) Pz ofz} = o G
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a 5
(0) Foronli) = =) i <<,
. aq”y
(C) le,ZQ{_ZQ} — a3 + o — 56—_75 .

4. Condition (2) of Problem 1. Put as before s = z1 + 2.
(i) Consider the case v = a — f = 0 and put

aq
h = .
1(8) 1+as
By 1(c) of Theorem 9,
. a4
Jim PG, (0) = =22} = Prya{22} = T = I (s).

In this case the definition of a4 and Lemma 7 imply that
AN M
M+ A A+ Mg

which means that the function h(s) is strictly decreasing on [0, c0) with

as=a1 —ay=1— >O,

Ay . :
max h(s) = h,(0) = S inf hy(s) = slg& hy(s) = 0.
(ii) Consider the case 7y = o — 3 # 0. Now put
. a4y
hy(s) = a3+ —a — 56_78'

By Remark 5 we have a4 > 0, hence h, is strictly decreasing on [0, c0)
because k. (s) = —asy*Be™7/(a — Be”7%)? < 0. So

U

>\u+)\d

max hy(s) = hy(0) = a3 + as =

(ii) If v = o — B > 0 then

inf hy(s) = lim h,(s) = a3z + a4% =0

by Lemma 6.
(ii)” If v = a — 3 < 0 then by (3) we have
. . r Ad VAy )‘d(v - T)
nf hy(5) = lim hy(s) = a3 R WIS T 5 WS W RO WS Yy
_ Au Aa(r —v)A\y _ Au <1 B g) S 0.

Now we collect the results obtained. For brevity, we denote by D,
{#z1 >0, 20 > 0: P, .,{—22} = ¢} the set appearing in Definition 3.



320 R. Rempata

ProprosITION 10.
1.If y=a— >0 then

(a) for e € [1, A/ (Au + Aag)) the set D, is empty,
(b) for € € [Au/(Au+ Xa),0) there exists exactly one s = h;'(e)
€ [0,00) such that D = {z1 > 0,29 > 0: 21 + 22 = s}.

2. If y=a— <0 then
(a) for

56[1L>u[ dy & 0)
’)\u"i‘)\d )\u+)\d /8 )\u_‘_Ad’
the set D, is empty,

(b) for
66{ A Au o« Au >
)\u—l-)\d’)\u—l—)\d ﬂ Au+ A

there exists exactly one s =h' () € [0,00) such that D = {z >0,
20 >0: 21+ 22 = s}.

3. Problem 1 is well defined for € = hy(s) with s € [0,00). For all
parameters y the function h(s) is strictly decreasing on [0, 00).

The case a < (3 needs some comment. The quantities 1/\; and 1/X,, de-
note the mean down-time and the mean up-time of the system, respectively.
So 1/a = (1/A\g)v is the total depletion in the mean down-time. Similarly
1/8 = (1/A\y)(r — v) is the total production in the mean up-time. Hence
a < ( implies that the total depletion in the mean down-time is greater
then the total production in the mean up-time. This is the reason why the
system cannot stay in the shortage state —zo with small probability as fol-
lows from the second part of 2(a).

4.1. Another formulation of the optimization problem. Proposition 10
allows us to consider the two hedging points optimization problem in the
following form:

PROBLEM 11. For given s > 0 find 21, 22 such that

T
. 1
(1) Gulen,2) = i 7.8 § (X (0)
is minimal under the condition
(2) 2120, 29>0, 21+ 2 =s5.

For fixed hedging points 21, 2o the limit distribution of X, ., is given in
Theorem 9. Using this distribution and the theory of regenerative processes
([1, Chap. V]) we have
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Z1

Gs(21,22) = S () foy20(x) dx + T 21 Py, 2y {21} + ¢ 22 Py 2y {—22}.

22
The subscript s denotes that in Problem 11 the constant s € [0, 00) is treated
as a parameter.

Put 0 o
A=—c S Tfoz(r)de, B=ct S T f2 2 () d,
—2z9 0
C=ctxP, ,{n}, D =c %P, ,{—2}.

Then G4(z1,22) = A+ B+ C+ D.
In Sections 5 and 6 we calculate A, B, C', D and solve Problem 11 for
the cases v =0, v > 0 and v < 0.

5. Optimal solution for the case v = o — § = 0. In this case a =
Ad/v = Ay/(r —v) = B and so (cf. Lemma 7) the constants (4) defined in
Section 3 are

v Ad r v
5 ==, = — :17 :O’ = — :1——
(5) a2 PR W Wt as ay =ay — ay "
By Theorem 9 putting zo = s — z; we have
: 1
A=-— =— —21)?
¢ _Sz;cl—i-as 2 ¢ 1—1—043( %
T o 1 o
B=c" S =—c" 22,
0 1+ as 2 1l4os
ag _ a4
“Tras 1—}—ozs(5 21)
Hence
G ) a c_( )2+C+ 2+agc+ +a4c_( )
21,8 —21) = —(s—z —z z s—z1)|.
s\Vh ! 1+as| 2 ! 2 a a !
It is convenient to define two auxiliary functions.
(a) Put
c” 5 ¢t 5 ageT asc”
f(zl):7(s—zl) +721+ 21+ (s—#) forz >0.

Note that f(z1) = Gs(z1,s — 21)(1 + as)/a for z; € [0, s]. Clearly,

asct  agc”

fl(z1)=cz1+c 21 —c s+ — for z; > 0.
o
(b) Put moreover
F(s) = ‘ - e T for s > 0.

s
c” +ct « c” +ct
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By (5),
(6) F(s) =wis+wy with wy =

c 1 (r—wv)c —wct
—_—, Wy = — -
c+ct’ ar ¢ +ct

It is easy to see that for z1 € [0, ],

) if 21 < F(s) then Gy is decreasing,
if z1 > F(s) then Gj is increasing.

Observe that 0 < wy < 1 and sgn(wsy) = sgn((r —v)c™ —ve™). Hence we

consider two cases (cf. Figures 3 and 4).

(i) ¢ /et >wv/(r—v). In this case there exists s* > 0 such that F'(s*) = s*.
Sos < F(s)fors < s*and 0 < F(s) < s for s > s*. Hence by (7) the solution
of Problem 11 takes the form

T if s < 5%, « J0 if s < 5%,
Zl_{F(s) if s > s*, Z2_{S—F($) if s > s*.

In brief, z; = min(s, F'(s)) (cf. Figure 3) and 25 = s — 27.

Fig. 3. 2] = min(s, F(s))

(i) ¢~ /et < w/(r —wv). This time let s* be such that F(s*) = 0. Then
by (7) the solution of Problem 11 takes the form (cf. Figure 4)

z ,l,’/g
>0
/0
7= 1S o ®

Fig. 4. 2] = max(0, F(s))
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. 0 if s < s*, sl if s < s,
L7 F(s) if s > s*, 27 \s—F(s) ifs>s*

In brief, z{ = max(0, F(s)) and 25 = s — 2].
Now we collect the results obtained.

5.0.1. Solution of Problem 11 for v = 0. Let F(s) be given by (6) for
s > 0. Suppose that a = j.

(i) If ¢ /¢t > v/(r —v) then the optimal hedging points are: 2z} =
min(s, F'(s)) and z5 = s — 2} for s > 0.
(ii) If ¢ /¢t < v/(r —v) then the optimal hedging points are: z} =
X

i
max(0, F(s)) and 25 =s — z{ for s > 0.

REMARKS. Note that = 8 implies that the total depletion in a mean
down-time is equal to the maximum total production in a mean up-time.
Recall that the inventory process decreases with rate —v and increases with
rate 7 — v and ¢~ denotes the unit shortage cost and ¢* the unit holding
cost. Hence in the case o = 3 the optimal solution depends on the relation
between the cost fraction ¢ /¢ and the rate fraction v/(r — v).

6. Optimal solution for the case v = o — 3 # 0. We recall that in
this case a = \g/v # A\ /(r —v) = 3, and so by (4),

A
m=lap Al a=t ay=l-a=1-_ay#0,
r—ov
as = a1 — ag = as.

By Remark 5, we have a > 0, 8 > 0, a1 > 0, as > 0, a4 > 0. Lemma 6
states that

aza + agy = 0,
which implies that
(9) sgn(ag) = sgn(l — a1) = sgn(—7).
By the second part of Theorem 9, G4(z1,22) = A+ B+ C + D where

; a1p a1 0
A= — S ¢ x— ) gy = o _UAPT ym S ze'* dx

— —s _ —s
. a — (e a — (e .

YT
N
a — [Bes 2

e alﬂ’y 'yzl{ 1 e 1% e % }
c——e — = — ;

T a— e 2
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21

B = S ctx ﬂ e 1A S ze dx

e—v(zl—x) dr = C+ a167
o — fPes

o — [Be s
z
— c+ﬂe_7zl ﬁ (yz —1) '
o — Be= s 2 0

o — fe7s ¥ ¥ Y
a7y aqry -
C: + —; _D = — |C Z9.
S Bee (a3 + o ﬁe—vs> 2
Putting zo = s — 21 we have
1 —Y8 o771 —y5 o721 —¥8 o721
A=c _abr el = 2 ¢ vs + S vz1 — c 26
a— e 72 72 72 gl
a1 87y e TR eS8 e s e 8
=c - s+ z1 — ;
‘ <1—-6e‘75{ T T T T }
Boet_ P [ym 1 e
a—pfer 2 4 P
vary
C=ctzgg —————— because as = (v/1)aq).
e Py ( 2 = (v/r)ay)
By Lemma 6, asa + a4y = 0, hence we have
asy _ _aza —agfe” ¥ +aqgy
D= _ — = s—z
<a3 + - _ﬁe_%)c (s—z1)=c T ( 1)
agfe 7" ( )
= — s—z
o — Pe s !
a1v0 c az e 8 c az e 8
= — . s+ . 21 -
a—pPeT" | m gl ai g
Therefore
Gs(z1,8 — 1)
=A+B+C+D
a1y L P — — =S — oS —o—S
= —c e s+c e Z1—¢C e
a — /86_75 72 |: ’7 7 1
n I Ao A, cTasy _.s . coagy _.
+cTyzy —cm e 7 4 21— e s+ e 2.
T3 ax a
We can show that the coefficient —481_ . 1

o= BT 2 is strictly positive.
LEMMA 12. We have

1
ﬂ-—2>0 for s > 0.

p@Z@_&ﬂsv



Two hedging points policy 325

Proof. Indeed,

' a1y Brye® ay3%e”7*
= - . = - <0
P = e T e ey
because a; > 0. Hence for s > 0 we have
a3 .
. — >0 ify>0,

p(s) > limp(s) ={ ay ~ 77

0 ifvy<0. =

For the discussion of Problem 11 it is convenient to define for z; > 0 an
auxiliary function f(z1) in the following way:
~ .2 —
fz1) = (¢ +ch)e 7 + <c‘e‘75’y +ety+ S ;U + 28 e‘“’S)zl
r al

- <nys to 428 ’ys) e 7 —ct.
a1

Then f(z1) = Gs(z1,s — 2z1)/p(s) for z1 € [0, s]. It is easy to see that

+ —
fl(z1) = —y(c +ch)e ™ + 7<c_e_78 TR LR e_“*s).

B ai
Put
c—<1+@) c+(1+l;>
(10) F(s) =wie P+wy where w;= Tcaj’ Wy = ppe
Then
(11) f(z1) =0 ifand onlyif e 7 = F(s);
(12) if y>0then f'(z1)>0 ifandonlyif e 7% < F(s);
(13) if y <0then f'(z1)>0 ifandonlyif e %> F(s).

We discuss the coefficients wy, we more precisely.

First we show that

1—ay _ Ad
14 =14 " _ 24
(14) w1 + wa +a1(c—+c+)(c c )\u>
In fact by (10) we have
1 _as YU
15 =1 AN S
(15) w1 + w2 +C_+C+<C a1+c T‘,B)

1 az [ _ YU o oaq
=1 — t— =)
+c_+c+ ap <c e r3 a3>
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So by the definition of v, a, 8 and the equality

al rAg

az (v —1)Ag+ vy

one can get

A A
B as rf a3 r Au as
r—uv
(v—"T)Ag + VA,
B R (s B T
¢ te Au a3 ¢ +ct
r—uv
ot v =Mt o (r =) rAd
r v(v =1y (v—="r)Ag+ vy
:c*—chﬁ

Together with (15) and the equality as/a; = (1 — ay1)/a1 this yields (14).
By a simple calculation (using the definitions of aj,y, @ and (3) one can
see that

c 1 c V( Ay + Ag)
16 = - —_ = . 0
(16) e ap ¢ +ct rAd -
ct <1 + —w>
r3 ct (r—v)( A+ Ag)
17 = = . 0.
(17) b c +ct c +ct T Ay ~

6.1. The case v = a— (3 > 0. In this case by (9) we have a; > 1. Hence
by (16)—(17), 0 < wy < 1 and wy > 0. Note moreover that by (14),

F(0) :wl—}—wg:lﬂ—ﬁ(c_—ﬁ'i—j)
and so
(i) 0 < F(0) < 1if ¢ /et > Ag/Ay, and
(i) F(0) > 1if ¢ Jet < A/
We discuss cases (i) and (ii) more precisely.

6.1.1. Solution of Problem 11 in case (i): v > 0 and ¢~ /¢t > A\g/ M.
Consider the problem of minimizing Gs(z1,s — z1) for z; € [0, s] with s > 0.
The relation z; € [0, s] means that

(18) 1> e 7 > e,
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The inequalities F/(0) < 1 and lims_.oo F(s) = wy > 0 (cf. (17)) imply (cf.

Figure 5) that there exists s* > 0 such that F(s*) = ¢~7*" and F(s) < e *

for s € [0,5%), F(s) > e for s € [s*, 00). Hence by (12), f/(z1) > 0 if and
only if e77%1 < F'(s). So by (18) the solution of Problem 11 is the following
(cf. Figure 5):

s for 0 < s < 5%,
19 2z = 1.~ 25 =5— 2.
(19) 1 ——InF(s) fors > s*, 2 1
v
z
]
S
© % -
<0
24
p@
i >0
|
s* s

Fig. 5. ¢ 7% = max{e_vs,ﬁ(s)}
6.1.2. Solution of Problem 11 in case (ii): v > 0 and ¢~ /¢t < Ng/Ay.
As before, the relation z; € [0, s] gives
1>e 7 > e 75,

The inequality F(s) > 1 implies that there exists s* € [0, 00) such that
F(s*) =1 provided wy < 1 (cf. Figure 6). By (12) in this case

0 for 0 < s < s,
2 * _ 1 ~ X o *‘
(20) “1 ——InF(s) fors > s*, 2=sTA
Y
z
e
>
1 ‘&J
NS %
|
1 >0
|
|
|
|
l
s* s

Fig. 6. e 7% = min{1, F(s)}
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If wy > 1 then F(s) > 1 on [0,00), hence by (12) we obtain
(21) 21 =0, 2z5=s.
6.1.3. A special case with v > 0 and s — co. Observe that if s — oo

(hence by Proposition 10, £ — 0) then F(s) — wy. Therefore (21) means
that

2] — 0 provided wy > 1.

Recall that

Yo
()
YT T
So by (3),
ct (r—v)( Ay + Ag)
Wy = . .
c”+ct Ay
Hence (19) and (20) imply that if wy < 1 then
. 1 1 (™ +chriy,
z1—>—;1nw2:)\d o 1nc+(r—v)()\u+)\d)'
v r—w

In this special case we obtain formulas (5) and (7) from [2].

6.2. The case vy = a — 3 < 0. In this case by (9) we have a; < 1. Hence
(16) and (17) imply that w; > 0 and wy > 0. Note that this time it may
happen that w; > 1. Note moreover that as before

~ 1-— aq _ )‘d
F(0) = 1+ (et
(0) = w1 + wy +a1(c_—|—c+)<c & )\u>
and so a1 < 1 means that
(i) 0 < F(0) < 1if ¢~ /et < Ag/Au, and
(i) F(0) > 1if ¢ /et > A/
We discuss cases (i)" and (ii)” more precisely.

6.2.1. Solution of Problem 11 in case (i): v < 0 and ¢~ /et < Mg/ M.
Observe that in this case there exists s* > 0 such that F/(s*) =1 and F(s) < 1
for s < s*, F(s) > 1 for s > s*. Moreover F(s) = wie™ " +wy < e 7%
because F(0) = wy +wy < 1 and so w; < 1. Hence (13) and the constraint

1 < e 7% < e77 imply that the optimal solution is of the following form
(cf. Figure 7):

0 for 0 < s < s*,

*

21 = N

1~ (Y
——InF(s) fors>s*, 2=5TA
Y
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*

|

|

:

s s
Fig. 7. e 71 = max{l,ﬁ(s)}

6.2.2. Solution of Problem 11 in case (ii)": v < 0 and ¢~ /¢t > Ng/A\y.
In this case either F(s) > e~ 7%, and hence by (13),

* *
21 =8, 29 =0,

or there exists s* > 0 such that F(s*) = e, F(s) > ¢* on [0, s*] and
F(s) < e 7 on (s* 00), hence (cf. Figure 8) by (13),
s for 0 < s < s*,

* * *
2 = 25 =8 — 2].

1. ~
——InF(s) for s> s*,
~

=,

2 < f>0
%©
1,//

<0

I
|
i
|
1
s*
Fig. 8. ¢ 71 = min{e_’ys,ﬁ(s)}

Note that the last formula is true if there exists s* > 0 such that F/(s*) =
wie” " 4wy = e 7", which is true if wa /(1 —wy) > 1.

7. Final remarks. We have obtained an optimal two hedging points
policy for a version of the unreliable manufacturing system discussed in [2]
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and [4]. In the proof we essentially use the limit distribution obtained in [4].
In the special case v > 0 and s — oo the solution of the problem reduces to
formulas (5) and (7) of [2].

We should remark that another direction of development of the prob-
lem investigated in [2] for multiproduct models is presented in [3] and the
references therein.
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