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REGULARITY OF DISPLACEMENT SOLUTIONS
IN HENCKY PLASTICITY.
II: THE MAIN RESULT

Abstract. The aim of this paper is to study the problem of regularity of
displacement solutions in Hencky plasticity. Here, a non-homogeneous mate-
rial is considered, where the elastic-plastic properties change discontinuously.
In the first part, we have found the extremal relation between the displace-
ment formulation defined on the space of bounded deformation and the stress
formulation of the variational problem in Hencky plasticity.

In the second part, we prove that the displacement solution belongs to
the appropriate Sobolev space (if the stress solution belongs to the interior
of a set of admissible stresses, at each point). Then we deduce a regularity
theorem for displacement solutions in composite materials.

1. Introduction. The principal aim of this contribution is to prove
the regularity of displacement solutions in Hencky plasticity. Here, a non-
homogeneous body is considered whose elastic-plastic properties change dis-
continuously.

The regularity of displacement solutions is investigated in [10] for an
isotropic Hencky material with the von Mises yield criterion. The elastic-
plastic problems with the Tresca yield criterion or the yield criterion of soil
material are not investigated. Moreover, the authors of [I0] do not consider
bodies clamped on the boundary.

Anzellotti and Giaquinta [I] study functionals defined on the space BV ({2).
They obtain the regularity of the minimizers under the assumption that the
normal integrand {2 x R™™ 3 (x,p) — j(z,p) is of class C? with respect
to p, and is continuous with respect to the first variable.
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In [6l 12, [14] the authors study the regularity of solutions of quasi-linear
(or linear) elliptic boundary transmission problems in a domain {2 (composed
of a finite family of regular subdomains §2;).

In the first part of this paper, we have found the extremal relation be-
tween the displacement formulation (defined on BD(£2)) and the stress for-
mulation of the variational problems in Hencky plasticity (cf. [4]). In the
second part, we prove that the displacement solution belongs to the space
LD(£2) (if the stress solution belongs to the interior of a set of admissible
stresses, at each point). Moreover, under the above mentioned assumption,
the relaxed Dirichlet condition is satisfied exactly by the displacement solu-
tion.

We consider all the standard yield criteria (von Mises, Tresca or the
yield criterion of soil material). However, we have to assume that the stress
solution belongs to the space W (£2,div) (see (2.4)).

We do not assume the continuity of the displacement field on the inter-
face between subdomains, because the space BD(§2) contains discontinuous
functions (see (2.2)). The elastic-plastic potential is a normal integrand (see
[8, Chapter 8, p. 232] and Definition 1), so it is a discontinuous function with
respect to the space variable for the case of a non-homogenized body (com-
posed of a few components). Moreover, the yield criterion may change in a
discontinuous way, i.e., it may jump on the interface between subdomains.

The study of the regularity of displacement solutions is significant for the
understanding of appearance of cracks.

2. Some basic definitions and theorems. Let {2 CC {21 be bounded,
open ({2 = int £2), connected sets of class C! in R".
We define the following Banach spaces (see [11], [16], [17]):

(2.1) LD(2)={ue LY(2)" | 2e;(u) = (Oui/0xj + du;/0x;) € L*($2),
i,j=1,...,n},
(2.2) BD(2)={ue LY()" | eij(u) € Mp(2), i,5=1,...,n},

with the natural norms

(2:3) HuHLD—HuHLlJrZIIEu M, Hu\IBD—HUHL1+ZH€u )b,

7.7 7.7

There exists a continuous surjective linear trace yp from [BD(£2), ||| D]
into [L'(Fr £2)", || - || z1] such that yp(u) = up g for all u € BD N C(2)"
(see [16]).

A net (generalized sequence) {us}s ¢ p C BD({2) is convergent to ug €
BD(2) in the weak* BD topology if {, g-(up—us) dz+{,h : e(ug—us) — 0
for all (g, h) € C.(£2,R")xC.(£2,E?) (see [9, pp. 73-81]). The trace v is not
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continuous on [BD(S2), weak* topology] if the space L!'(Fr )" is endowed
with a Hausdorff topology (or a Tj-topology, see [2], [9], [16]).
In this paper we define the Banach space of measurable functions

(2.4) Wn(£2,div) = {o € L=(2,EY) | dive € L"(£2)"}

endowed with the natural norm ||o|[yyn(,div) = ||| Lo (0,Er) +1|div o || Lr(o)n
(see [16, Chapter 2, Section 7] and [2]).

AssUMPTION 1 (cf. [2]). Let K : 2 — 255 be a multifunction such that
for all x € 2, K(z) is a convex closed subset of E? and:

(i) if z(z) € K(x) for da-almost every x € 2, z € C(2,E) and 2, €
Wn(£2,div), then z(y) € K(y) for every y € §2;

(ii) for every y € 2 and every w € K(y) there exists z € C(2,E?)
such that zi, o, € W"(§2,div), z(y) = w and z(z) € K(x) for every
x € §2.

DEFINITION 1. A function j* : 2 x E? — R U {co} is called a convez
normal integrand if

(i) E? 5 w* — j*(z,w") is convex and ls.c. for dz-a.e. z € 2,

(ii) there exists a Borel function j* : 2 x Ef — R U {oo} such that
Jj*(z, ) = j*(x,") for dr-a.e. x € 2 (cf. |8, Chapter 8, p. 232]).
Moreover, let
(2.5) K(z) ={w* € E} | j*(z,w") < o0} for dz-a.e. x € (2.
ASSUMPTION 2. There exist k,r; > 0 such that j*(z, w*) < k for every

w* € DBgn(0,71) and dz-a.e. x € 2, and j* is non-negative on (2 x [EY.
Moreover, for every 7 > 0 there exists ¢z such that

(2.6) sup{ | (2.2 da | 2 € L®(Q,ED), ||z |1~ <7
Q
and z*(z) € K(z) for dz-a.e. z € Q} < ¢p < 00.
That is, the dual elastic potential z* — o J"(x,2")dx is finite for every
z" € L*°(£2,E?) that is an admissible stress field.

We consider an elastic-perfectly plastic body, occupying the given set 2,
with the elasticity convex domain K(x) (at all x € 2). We define

@7  jlew) =7 (@, w) = supfw : w' — (2, w") | w* € EI}

for dz-a.e. x € {2 and for all w € EY. This function j is a convex normal
integrand (cf. [§]). Let joo : £2 X E — RU {oc} be defined by

(2.8) Joo(, W) = sup{w : W* — [y (w") | w* € E{}
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for all x € 2 and w € E?. Let f € L™(2)" and g € L>(I)" be the volume
and boundary forces. We consider the functional of total energy

(2.9) BD(£2) > u [Py;](u) = Fy(u) + Gj(e(u)),
where

(2.10) Fx(u) = -AL(w) + Io,@woy(w), L(w) = | £ udr+ | g vp(u)ds,
9] I,

and Cy(u®) is the set of kinematically admissible displacements,
(2.11)  Cy(u’) ={ue BD() | ()|, = u’ on Iy, u° € LY (1p)"}.

The elastic-plastic energy G, : M(2,E?) — R U {oo} is given by G;(p) =
oz, p)deif pe LY(02,E?) (i.e., p is absolutely continuous with respect
to dx) and G;(p) = oo otherwise.

Formula (2.9) describes the total elastic-perfectly plastic energy of a body
occupying the given subset (2 of the space R™. The constant A > 0 (A < o)
is the load multiplier (see [16, Chapter 1, Section 4]).

ASSUMPTION 3. Let It = Fr2NC, where C = clintC C (2 is a closed
Caccioppoli set and ds(Fr 2N FrC) =0 (cf. [4, (5.3)]).

3. Regularity of displacement solutions. In this section we state our
main result that the displacement solution belongs to the space LD({2) (if
the stress solution belongs to the interior of a set of admissible stresses,
at each point). The proof is given in Section 5. Here, u’ = 0 on I} is
assumed. Moreover, it is not assumed that the set K(x) is bounded for any
z € (.

The original problem (P ;) defined in [4, (6.5)], where u’ = 0 on I, is
connected with the limit analysis problem (P ;)ar:

(31) (Py,)ap find inf{xjoo(x,s(u))dx ue LD(R),
2

vp(u) =0 on [y, L(u) = 1}

(see (2.8), (2.10) and [, (3.13)]). The formula (P ;) describes the total
elastic-perfectly plastic energy of a body occupying (2. The limit analysis
problem (Pp;)ar is significant for the study of coercivity of the elastic-
perfectly plastic energy (Py ;) (see Proposition 14). The bidual relaxed prob-
lem (RP}Y) defined in [4, (4.16)] with u’ = 0 on Iy is connected with the
limit analysis problem
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(3.2) (RF;;)aL find inf{ S Joo(x, —yp(u) @sv)ds + Sjoo(:v,s(u)a)dx
Iy 0

- (, de(u)s u
§ e ey ) e

The functional [P} ;] is defined by
(3:3) W"(dew) 20— [Py;](0) = —=(F\1)"(=e7(a)) = Gi (o),

where (Fy1)* and G7 ; are given in [4, (6.7) and (6.8)].

A maximizer of [P* ;1 is a solution of the stress problem. Similarly, a
minimizer of (RP}%) is a solution of the relaxed displacement problem. Due
to [4, Lemma 13 and Proposition 25| the dual problem (given by [P} ) and
the relaxed dual problem (RP ;) (cf. [4, (4.15), (4.10), (4.13) and (7.62)])
are equivalent.

ASSUMPTION 4. There exist A, > 0 and o, € C(2,E?) N W"(£2,div)
such that Bg(oy,) = Arg on I and o). () € K(x) for every x € (2.
Moreover, let L(u) = L(u+ u) for every u € LD({2) and u € LD({2) with
e(d) =0 in 2, if ds(Ip) = 0 and inf(Py ;) az = oo

u e BD(2), L(u) = 1}.

By Assumption 4 the boundary force g € L ()" is a regular function.
We define the function [RP{%] : BD(£2) — RU {+oc} by

(3-4) [RPY51(n) = (Fa )™ (u) + G5 (e(u)),
where
(3.5) (F,\jR)**(u)E—)(Sf-udx—i— S g-’yB(u)ds)
N I
] ool (00 — () @, w) ds
I

and

ok . . d(E(U)s)
(3.6) Gy (e(w) =V j(z,e(0)a) dz + | Joo | 2, ————7 | dle(u)s]

e (Sﬂ : (5;7 ( dre<u>s|> :

for every u € BD(£2) (cf. [4, (4.8), (4.12), (4.16) and (7.64)]). Here, [ RP}%]
describes the relaxed total elastic-perfectly plastic energy.

AssUMPTION 5. There exist o, € W"(£2,div), where [P}  [(Aror) =
sup{[ Py, ;1(o) | o € W"(£2,div)} < oo and 0 < Ap < inf(Pp;)ar (cf.
(3.3)).

AssUMPTION 6. inf{[Py, ;|(u)|u€ BD(2)} =sup{[F5, ;|(o)|0o €
Wn(£2,div)}, where Ap, satisfies Assumption 5 (cf. [4, Theorem 14]).
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The relaxed limit analysis problem (ﬁ07j) AL 1s defined by:

(3.7)  (Po,)ap find inf{ [ oo, w) da
Q
w e LY (2,ED), S o :wdr = 1}.
Q

Here, the infimum is taken over the set {w € L'(£2,E?) | {, 0 : wdz =1}
where o, satisfies Assumption 5.

Due to (3.3), Assumption 5 and [4, (6.7), (6.8)], we obtain div o = —Af
in 2 and Bg(or) = Agon I1. If w = e(u) and u € LD(2)NC,(u°), where
u’ = 0, then

(3.8) SO'L:wdx: So-L:s(u)daz:—S(divaL)-ucm
2 02 2
+ | Bplow) -yp(a)ds = | M udz+ | Ag-vp(u)ds
Fr2 9} I
(see [4, (3.9)]). Therefore, directly from (3.1) we get inf (P ;) ar, >inf (ﬁ(),j)AL.
That is, (Pyj)ar is a stronger limit analysis problem than (Pp ;)ar.

ASSUMPTION 7. For every 7 > 0 there exists d7 > 0 such that
(3.9) 7" (@, W) — 3" (2, w)| < 0pllwi — wal[er
for dr-a.e. x € 2 and for all wi,wj € K(z) with ||wi||gs, [|[w5||g: <7

The main result of this paper is the following criterion of regularity of
displacement solutions.

THEOREM 1. Let 0 < A\p, < A, < inf (ﬁQJ’)AL. If Assumptions 4-7 hold,
then every minimum u € BD({2) of [RP” ;] belongs to the space LD({2)
and yg(a) =0 on Iy (c¢f. (3.4) and (3.7)).

4. Coercivity of elastic-plastic energy. We now study the coercivity
of [Py ;] (cf. Proposition 14). Here, the elastic-perfectly plastic potential j
satisfies only (2.5), (2.7) and Assumptions 1-2. In this section, we always
assume that Assumptions 1-3 are fulfilled, and Assumption 4 holds if it is
stated explicitly. We do not assume that the set K(x) is bounded for each
x € (.

The original problem (P, ;), defined in [4, (6.5)], is connected with the
limit analysis problem (P j)ar for the case when u® = 0 on I (see Sec-
tion 3). Similarly, (RP}%), defined in [4, (4.16)] with u’ = 0 on Iy, is con-
nected with the relaxed bidual limit analysis problem (RF§%)ar (cf. Sec-
tion 3).
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We consider the spaces

(1) Y(@) = {M e M,(@2,E) |

Ju e BD(Ql), E(ﬁ)|§ = M, ﬁ\(h*ﬁ = 0},
(4.2)  C(R2,E7)nW"(2,div) = {o € C(2,E}) | o), € W(£2,div)}.
Let s(u)@ = M, where u € BD({2;) and w5 = 0. Moreover, let o) €
Wn(£21,div) where o) = o (see [4, Remark 1]). Then we define
(4.3)

(M, o) ytwn(oa) = | o1:e(w) = o :e()jo— | Bplo) vj(w)ds
n 2 Fr 2

(cf. |3, Lemma 5 and Remark 1|, [4, (3.8), (5.4) and (5.5)]).

REMARK 1. We should consider duality between Y (£2) and [C(£2,EZ)N
Wn($2,div)]/{o € C(2,E?) | dive = 0 in {2} or another quotient space.
To simplify the proofs, the definitions (4.1)—(4.3) are considered. We do
not obtain a contradiction, since we do not use the Hausdorff property of
o(Wn(£2,div), Y(£2)) and o(C (2, E?) N W"($2,div), Y(£2)).

The space BD({2) is isomorphicio A={ue BD() | Up o :E}
Moreover, A is isomorphic to Y!(£2) via A > u e(u)p € Y'(0).
The Banach spaces [BD(2), | - ||zp] and [Y1(£2), ]| - HMb(ﬁ)] are isomorphic
(cf. [2, Proposition 4.24]). Each closed ball cljj.|(By1(0,7)) (in Y!) is com-
pact in the topology o(Y!(£2); C(£2,E2) N W™(£2,div)), where clj.; denotes
the closure in the norm of BD(f2) (see |2, Proposition 4.23|). The space
[c15p (BBD(0,7)), weak® BD({2) topology| is homeomorphic to the space
[Clj 5 (BBD(0,7)), 0(Y1(£2); C(£2,EZ) N W"(£2,div))] for every r > 0 (cf.
[2, Proposition 4.25]).

We say that a net {Ms}sep C Y'(£2) is convergent to My € Y!(£2) in
the topology o (Y1 (), W"(£2,div)) if
(4.4) <(M5 — MQ), U>Y1XW”(Q,div) —0 Voe WH(Q, diV).

PROPOSITION 2. Each closed ball cly.,, (By1(0,7)) (in YY(£2)) is com-
pact in o(Y'(2),W(£2,div)). If n = 1 then L™ =D (2)" shoud be replaced
by L*°(12) in the proof below.

Proof. Step 1. Let {e(us)glsep C Y'!(£2) be bounded in the norm
|| - ||Mb(§)' Then {us|n}sep C BD(S2) is bounded in || - [|pp. There exists a
continuous injection of BD(£2) into L™/ (=1 ()" (see [16, Chapter 2, The-
orem 2.2|). Thus {us|o}sep is a bounded net in L (=1 Therefore, there

exist a finer net {us, }aca C {us}sep and a function u; € LV =D(Q)"
such that
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(45) (e(us,), O)yixwn(adv) = — | (dive) - ug, de — — | (dive) - uy do
Q Q

for every o € W™ (£2,div), since dive € L™(£2)". Moreover, there is a finer net
{ug%} and a measure p; € Mj(£2,E7) such that {, ¢ : s(u(gaﬁ) —{oe
for every ¢ € CL(£2,E?). The symmetric distributional derivative e(uy) of
u; is equal to py, since C2(£21,E}) € W"(§21,div). Then u; € BD(12)
and 5(115%)@ converges to E(ﬁl)lﬁ in o(Y!(2), Wn(£2,div)), where u; €
BD({2), U)o =uy in 2 and ﬁ1‘917§ =01in 2 — 2.

Step 2. The net {s(ua)@}éep C Y! is contained in C].”,HMb(Byl(O,T)).
Then

(4.6) H€(1~11)‘§||Mb < Sug{limgsup(g(ué)’0->Y1><Wn(917div) |
oc
0 lo(@) g <1, Vo€ 2} <r. m

THEOREM 3. The topologies o(Y'(£2);C(£2,EZ) N W™(£2,div)) and
o(YL(£2), Wn(£2,div)) are equivalent on each closed ball L), (By1()(0,7)).

Proof. The topology o(Y1(£2); C(£2,E?) N W"(§2,div)) is weaker than
o(YL(2), W(£2,div)). Moreover, o(Y'(£2); C(2,E?) N W"(§2,div)) is a
Hausdorff topology and [cl”,HMb (By1(0,7)),0(Y!($2), W™ (£2,div))] is a com-
pact topological space. Among all Hausdorff topologies, compact topologies
are minimal (see [9, Corollary 3.1.14]). m

LEMMA 4. The functional L : [BD(82),| - |lep] — R is continuous (see
(2.10)).

Proof. The trace vg : [BD(2), |- lsp] — [L*(Fr ), | - ||11] is continu-
ous (cf. [16, Chapter 2, Theorem 1.1]). Moreover, BD(£2) > u+ {,f-udz €
R is continuous in || - |pp (see [16, Chapter 2, Theorem 1.2]). m

LEMMA 5. If ds(Ip) > 0, then for every g € L>(I1)",f € L™(£2)" there
exists & € W™ (£2,div) with dive = —f in 2 and Bg(6) =g on 1.

If ds(Iv) = 0, then for every g € L>®(I1)",f € L™(2)" (such that for
every u € LD(£2) and @ € LD({2) with e(d) = 0 we have L(u) = L(u+10))
there exists o9 € W™(£2,div) with diveg = —f in 2 and Bg(6y) = g on
Fr £2.

Proof. Step 1. Let jp : £2 x E" — R be defined by
(4.7) Jm(z, W) =sup{w : w* | w*" € EZ, [w*|gn < m}.

Then j]\m is a normal integrand for every m € N. We have 3m(x,w) >
mcy ||Wlgn for every m € N, x € £2 and w € EY, where ¢, depends only on
the dimension of the space E} (cf. definition of the norm [ - [|gz).
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Step 2. Let ds(Ip) > 0. For every u € LD(S2) such that yg(u) = 0
on I, there exists ¢ > 0 such that {, [|e(u)||lg» dz > "|Jul|;p(). Then

(18)  inf { ;Z}m(x,s(u)) dz ‘ ~5(w) =0 on Iy, lulrp = 1} > meac.

We take mo € N such that sup{|L(u)| | u € LD(2),|[ullLp@) = 1} <

mocnc®; then inf{ (Plf 1(u) | u € LD(2)} > —oo (cf. (2.9)). Therefore,
sJmg

(P7~ ) has a solution (see [4, Theorem 14 and Lemma 13]).

sJmg

Step 3. Let ds(I) = 0. Then, for every u € LD(£2), there exists ¢® > 0
such that

(49) | le)ley do > Cinf{lju+ Wlpge) | T € LD(R), e(@) = 0}.
7
We have

(4.10) igf{gfm(x,e(u))dx u € LD(£2) and
2

inf{||u+ L) | Te LD(2), e(T) = 0} = 1} > men .
This yields the second part of this lemma (cf. Step 2). m
We define a subspace GLD(§2) of L'(2,E") x L*(Fr )" by
(4.11) GLD(2) ={(w,z) | Fu e LD(R), (w,z) = (e(u),yg(0n))}.
Let O : L(2, E") x LY(Fr £2)" — RU {400} be given by

(112)  Bx(w,vp(w) = A | g yp(u)ds + | juola w) d
I n
+ S I{‘YB(U)®SV=0}(_’YB(U) ®s V) ds
Iy
for w € L'(£2,E}) and u € LD(£2) (note that v5(LD(2)) = L*(Fr Q)").
The restriction of @y to GLD(S2) is equal to ©y. Let W"(£2,div) and

LY (£2,E") x LY(Fr2)" be vector spaces placed in duality by the bilinear
pairing

(4.13) (o, (W,p))a = Sa:wdw— S Bp(o) - -pds
2 Fr2
for o € Wn(£2,div),w € LY(2,E?) and p € LY(Fr2)". In view of the
duality we obtain
(4.14)  6F (o) = sup{(o, (W, 75(w)))2 — Or(W,vp(w)) |
(w,yp(u)) € L' x L'}
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for every o € W"(£2,div), and

(4.15) B (w, v 5(w)) = sup{(a, (w, 5 (w))s — O (@) | & € W(22,div)}
for every w € LY(£2,E?) and u € LD(2). Moreover, due to the duality

between W"(£2,div) and GLD({2), we define @f and Qf# : GLD(£2) —
R U {+o00} by

(4.16) ©F (o) = sup {{o,(e(u), v5(u)))2 — Ox(e(u), y5(u))}
(e(w),yp(w))€GLD(2)

for o € W"(£2,div), and
(4.17) 67" (e(u), vp(w))

= sup{(o, (e(w), 7 5(w))2 — 6F (o) | & € W"(2,div)}.
Similarly to [2, (4.62)], we obtain

PROPOSITION 6. We have

(4.18) 67 (o) = | js(@,0) dz + | Iop,(0)-rg} () ds
Q n
for every o € W™ (£2,div). If A, satisfies Assumption 4, then
(4.19) é)ﬁ#(w,'yB(u)) = -\ S g -vyp(u)ds+ Sjoo(:r,w) dx
n Q
+ | oo, —yp(0) @5 v) ds
Io

for every w € LY(£2,E?) and u € LD(£2) (see [3, Proposition 7]).

LEMMA 7 (see [3, Lemma 6]). For every o € W"(S2,div) we have éf(a)
> Qf&(a). Moreover, éj\##(s(u),vB(u)) < @j\##(s(u),'yB(u)) for every
(e(u),vp(u)) € GLD(£2).

LEMMA 8 (cf. [3, Lemma 8|). Let A\, satisfy Assumption 4. For every
u € LD(S2) such that yg(u) =0 on Iy, we have

(420) O (e(w), v5(w) = O (e(u), v5(w) = O, (£(w), 75(w)).
LEMMA 9 (see [3, Lemma 9]|). For every o € W"(£2,div) and every
os € W"(£2,div) such that diveos = 0, we have Qf(a) = 8#(0’ +0o).
We say that the net {oy; }wex CW™(£2, div) converges to og € W™(£2, div)
in
(421)  o(W(2,div) LN, ED) % {p € Y (@yno | @i, = 0},
if (o, (W,p))2 — (00, (W,p))2 for every (w,p) € L'(2,EZ) x L' (Fr 2)"
such that pjr, = 0 (note that Y'(2)p = vp(LD(R2)) @, v).
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LEMMA 10. Let f: Wn(§2,div) — R be a linear functional, continuous
in the topology (4.21), such that f(as) = 0 for every os € W"(§2,div)
with dives = 0 in 2. Then there exists uw € LD(S2) such that for every
o € W(£2,div), we have f(o) = (o, (e(Q),v5(1)))2 and v5(A) =0 on Iy
(cf. (4.13)).

Proof. Tt is a modification of the proof of [3l Lemma 10]. By [7, Theorem
V.3.9] there exist m € L'(£2,E?) and 4 € BD({2) such that vz(d) = 0
on Iy and f(o-) = (o,(m,vg(0)))s for all ¢ € W"(£2,div). For every
o1 € C(21,E) N W™(£21,div) such that dive; = 0 in 21, we have (o0,
(m,vp(1)))2 = 0 (since oy, € W"(£2,div)). Then by [I6, Chapter 2,
Proposition 1.1, Theorem 1.3], [4, (5.5)] and [I3], there exists u € LD({2)
such that the conclusion of this lemma holds. m

Let @ : W™(£2,div) — R U {400} be defined by
(4.22) Qo) = inf{éi(a +o;) | os € W'(§2,div) and dive,s = 0}.

PROPOSITION 11. Let A, satisfy Assumption 4. For every o € W™ (£2,div)
we have

(4.23) @,7\%(0') = cli4.01) Q(o),
where cliy21) @ denotes the largest minorant which is less than Q and is

l.s.c. in the topology (4.21) (i.e., cly.21) Q is the l.s.c. regularization of Q in
(4.21)).

Proof. We prove the proposition in the same way as [3, Proposition 11|,
with Cgiy (£2,E?) and the topology [3, (4.12)] replaced with W™ (2, div) and
(4.21). =

PROPOSITION 12 (see [4, Proposition 19]). Let Az = {o € W"(£2,div) |
[divel|lp < kY and let \, satisfy Assumption 4. For all & € W™(£2,div)
and all k > ||div &||» we have
(4.24) 67 (6) = cla_Q(5),
where cla. Q is the l.s.c. reqularization of the function o — Qo) + Ia, (o)
in the topology (4.21) and I4_(-) is the indicator function of Aj.

Proof. We argue as for [3, Proposition 13|, replacing Cyiy (2, E?) with
Wn(£2,div). In the proof, we use the topology (4.35) of [3]. =

If ds(I'p) = 0 and oo > inf (Py;)ar, > 0 then for every u,u € LD({2)
such that e(@) = 0 in 2, we have L(u) = L(u+ 1) (cf. (2.10)).

PROPOSITION 13. Let 0 < A, <inf (P j)ar, where A, satisfies Assump-
tion 4. Moreover, let (Pfjajoo]* be equal to [P ; |, where f is replaced by
fs (cf. (2.10), (3.3), [, (6.6)]). Then there exists a sequence {&m}tmen C
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Wn(§2,div) such that Bg(oy) = A\g on I for every m € N and |\ f +
divey,|n — 0. Here, op(x) € K(x) for dz-a.e. x € 2 and every m € N.
Moreover, if u® = 0 on I, then (P;%Z”ﬂ* has a mazimum in W"(£2,div),
for each m € N.

Proof. Let u’ =0 on Iy. Then 0 < inf{[Py, ;. ](u) | u € LD(£2)}, since
Ar < inf (Pyj)ar (see (2.9), (2.10) and (3.1)). In view of Lemma 5, there
exists & € W"((2,div) such that dive = —f in {2 and Bz(d) = g on I].
Then, by the Green formula [4, Theorem 2| and Proposition 12, there exists
0 < kg < 400 such that

(425 0< inf ([P 5. ](w)

= —sup{ S )\ra : e(u) dr — S ﬁB()‘Ta) "YB(U-) ds
] Fr2

~65,(e(w), yp() | e LD(2)}
= —@fi (\o) = — ClAka Q(A\0),

where u’ = 0 on I}. Therefore, by (4.18), there exists a net {o}er C
Wn(§2,div) such that Bg(oy) = \g on I, oi(x) € K(z) for dz-a.e. © €
2 and every t € T, and ((oy — \0), (W,p))2 — 0 for every (w,p) €
LY(2,E) x L' (Fr 2)™ with p|r, = 0. Then, by the Green formula [4, (3.9)],
§oMf +divey) - udz — 0 for every u € LD(£2) with yg(u) = 0 on Ij.

Due to (4.25) and Proposition 12 the net {||div o¢||zn }ter is bounded by
ks < +o0o. The set {u € LD(§2) | vg(u)|, = 0} is dense in (L (=D (),
| - || po/n—p], because C§(£2)" is dense in L™ =D (£2)". The space QN
(Bra (0, | \fl|pn + k5)), o (L™, L) is compact and L"™(£2)™ endowed
with the topology o(L"(£2)",{u € LD(£2) | vg(u), = 0}) is a Hausdorff
space. Then

(4.26) VOf +divey) - wdz — 0 vw e LY D),

Q
since among all Hausdorff topologies compact topologies are minimal (see [9]
Corollary 3.1.14|). Therefore, by the Mazur lemma, there exists a sequence
{om}men C W™(£2,div) such that Bg(om) = \rg on I, o (z) € K(2x) for
dz-a.e. x € £2 and every m € N. Moreover, [|A.f +divon|pnopn — 0. =

The following criterion of coercivity of [ Py ;] is formulated for any elastic-
plastic potential j (which satisfies (2.5), (2.7) and Assumptions 1-2).

PROPOSITION 14 (cf. [2] and [16]). Assume that X\, satisfies Assump-
tion 4, where A, is replaced by \,. If inf (Poj)arL > A > A > 0 then
inf{[ Py, j](u) | u € LD(£2)} > —oco. The converse holds in the following
form: if inf{[ Py, ;|(u) | w € LD(§2)} > —oo, then inf(Py ;) ar > Ar. More-
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over, if inf(Py;)ar > A > Ar > 0 then any sequence {Wy, tmen C BD(£2)
such that

(4.27) inf{||lum, +2z|gp | z € BD(£2) and e(z) = 0} — +o0

satisfies limpy, oo (F), (um) + Gj(e(uy,))) = +oo (cf. (2.10)).

Proof. Step 1. Let inf (Pyj)ar > Ar > A > 0. By Proposition 13
there exist sequences {0 }men C W"(§2,div) and {ry fmen C R such that
lomllLe < rm, BB(0m) = Arg on I and o (x) € K(z) for dz-ae. x € £2.
Moreover, [[Af + div o | pnom — 0. Then, by (2.6), we obtain

(4.28) inf{— [(~divon) ude —X | g vp(u)ds
(9} I
+ iz, e(u)) de ‘ u e LD(2), vp(u) = 0 on Fg}
2
= inf{ — S o e(u)de + Sj(x,e(u))dm ‘
2 2
ue LD(R), v5(u) =0 on Fg}

> —sup{ S O Wdxr — Sj(x,w)dx ’ w € Ll(Q,E’;)}
Q Q
= - Sj*(:):,am)dx > —¢p,, > —00  Vm €N,
Q
Step 2. 1f ds(I'y) = 0, then for every m € N and every u € LD({2) such

that e(u) = 0 in {2, we have L_y; 1 (1) = 0 where

u) = S(—divam) cudx + A, S g-vp(u)ds

n In
for every u € LD({2). Indeed, if L_ 4, 5 .(u) # 0 and e(u) = 0 in £,
then (4.28) is not bounded from below, where j is replaced by joo.

Step 3. Let {(fm, Em) tmen C L™(£2)" x L®(I1)" and Ly g, (W) = 0for

every (m,u) € N x LD(£2) with e(u) = 0 in {2, where L g,, is defined by

(4.29). Moreover, suppose [, — folln(o)n — 0 and [|Em — ollzoe(ryyn — 0.
Then Lz - (u) = 0 for every u € LD({2) such that e(u) =0 in £2.

(4.29) L_giyvo,. Xrg(

Step 4. We define a continuous linear function
(4.30)  W™(£2,div) 3 o +— D4(0)
= (=dive,Bg(o)rn) € L™ (£2)" x L>=(I1)",
where the spaces W™ (§2,div), L™(£2)"™ and L*°([})" are endowed with the

norms || - [lwn(@div), || - loe and || - [[z. Let 01,02 € W"(Q div) and
L_givo, Br(o)r (u) 0 = L_givon, Bs(2) (u) for every u € LD(£2)
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with e(a) = 0 in (2. Then, for all a,b € R, o3 = ao; + bos satisfies the
equality L_givoy, B5(0s) 1, (u) = 0 for all u € LD(S?2) such that e(u) = 0
in 2.

Let {a,,} C W"(£2,div) with |G, — &ollwn(@,av) — 0. Moreover, sup-
pose L_giy o, Bs(om)ir, (u) = 0 for every m € N and every u € LD({2) such
that e(u) = 0 in (2. Then, by the continuity of &, we obtain
L_diveo, Ba(oo)r, (u) = 0 for every u € LD(£2) such that e(u) = 0 in £2.

Step 5. There exists a closed (in || - [y (2,aiv)) Subspace W7 (§2,div) of
W (42,div) such that for every o € W7 (£2,div) we have L_ 4 5, Bs(@)r, (u)
= 0 for every u € LD({2) with e(u) = 0 in 2. Moreover, by Lemma 5, for
every (f,8) C L™(£2)" x L°°(I)" such that Ly g(ﬁ) =0 (if e(u) = 0, for
i € LD(R2)), there exists & € W(£2,div) and @,(5) = (£, ).

In view of Steps 3 and 4, (PQWVf( 0,div) 18 a continuous linear functional de-
fined on the Banach space [W7'(£2,div), ||-[[wn (2,div)]- Moreover, @,y (0 div)
is a surjection on the Banach space

(4.31) {(f,g) € L"(2)" x L>=(I")" | L¢, g(u) =0 Vu € LD(£2), e(u) = 0}
endowed with the norm || - ||zn X || - || oe.

Step 6. Let ds(Ip) > 0. By the first part of Lemma 5, @, is a surjection on
the Banach space L™(£2)™ x L>°(I1)". Then, in view of the interior mapping
principle [7, Theorem I1.2.1], there exist open balls int Brn(o)xreo(r)(2;7a)
C L™($2)" x L*°(I1)" and int Byyn(,qiv)(0,75) C W (£2,div) such that

int Brn()x (1) (2, 7a) C Pa(int By (o qiv)(0,75)).
There exists 7. > 0 (1, <7e < 00) such that —z € @, (int By (0,qiv) (0,7¢))-
Then int Brn(gyxree(1)(0, (1a/2)) C Pa(int Byn(o.qiv)(0,7c)), since @, is
linear and r. > 7.

Step 7. By Step 5 and the interior mapping principle [7], there exist open
sets int B(4 31)(0,7,) (a ball in the space (4.31)) and int Byn (0 div)(0,73) C
WP (£2,div) with

(4.32) int B(4.31)(0,7) C Pa(int Byyp(0.div)(0,75))-

Step 8. Let {0 }men be as in Step 1. Then \,.g = Bg(omA,/\) on I7,
A + div(emAr /X)) | Ln () — 0 and o, € K() for da-ae. x € £2.

If dS(F()) = 0, then L—diva'm, Xrg(ﬁ> =0 = Lxrﬂ Xrg(ﬁ) for all u €
LD(f2) with e(u) = 0 in {2 (see Steps 2 and 3). Therefore, there exists
a sequence {0y }tmen C W"(£2,div) such that Bg(o,,) = 0 on I and
div(a,m (A — A) /) = —=Af —div(epmA-/N) in 2 for every m € N. In
view of (4.32) we can assume that || |wn(0,div) — 0 as m — oo, because
[|div &z (2)» — 0 and @, is a linear function.
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Similarly, if ds(Ip) > 0, then there exists a sequence {o'm }men such that
Bgr(om) =0on I, div(em (A — Ar)/Ar) = =M f —div(e, A /) in 2 for
every m € N and |G lwn(0,aiv) — 0 as m — oo. Therefore, by (4.28),

(4.33) inf{ ~Lyg, negw) + | j(z,e(u)) do ‘
° ue LD(S2), yg(u) =0 on Fg}

> inf { =L g5,/ 0@+ O = M) [ i, e(w)) da |
2

u € LD(2), vyg(u) =0 on F} + inf _L—diva'm)\r/xr, /\Tg(u)

) i e(w)) da ‘ u e LD(2), vp(u) = 0 on Fg}
Q
> = = M) (@, om) dz — (M) TN | (2 o) d
Q Q
for allm € N (in both cases). There exists mg € Nwith ||6"m, || oo (2)n < 71 (cf.
Assumption 2). Then — {, j*(z, 0, ) dz>—k dz(2) and — {, j*(x, o, ) dz
> —cy,,, > —00, where dz(§2) is the Lebesgue measure of (2.

Step 9. In view of Definition 1, joo > j. Since inf{[Py, ;|(u) | u €
LD(£2)} > —oo, it follows that inf{[Py ;_](u) | u € LD(£2)} > —oco and
inf (Poj)ar > Ar. In the case when A, > 0, the last part of the proposition
follows from the first part with ). replaced by (A, + A.)/2. If A\, = 0, the
last part follows directly from Definition 1 and Assumption 2. =

In view of Definition 1, Assumption 2 and the fact that (2 is bounded,
the following result holds.

THEOREM 15 (see [3, Theorem 18]). Assume that u® = 0 and A, satisfies
Assumption 4. If 0 < A\, < A\, < inf (Pyj)ar, then the l.s.c. reqularization of
(4.34) BD(£2) 3uw [RPy, j|(u) = F\ (u) + Gj(e(u)) € RU {oo}
in the weak™ BD(§2) topology is BD({2) > u+ [RP{” /](u) € RU {+oc},
i.e., [RP* ] is the largest l.s.c. minorant less than (4.34).

COROLLARY 16. Let u® = 0 on Iy and let \s be the supremum of all A,
satisfying Assumption 4. Then min(As, inf (Py ;) ar) =min(As, inf (RFJ%) ar)
(cf. (3.1) and (3.2)).

Proof. Suppose min(Ag,inf (Pp j)ar) > . We have inf (Poj)aL > N if
and only if inf{[PX’jN}(u) | u € BD(2)} > 0. By Theorem 15, the Ls.c.
regularization of u — [PXJ.OJ (u) € RU{oo} in the weak* BD({2) topology
equals [RP;:’;OJ. Then inf{ [RP;;OO](u) | w € BD(£2)} > 0. Therefore,

inf (RP3%)aL > A m
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5. The proof of regularity of displacement solutions. In this sec-
tion it is proved that every minimum of [ RP}” ] belongs to the space LD({2)
(if the criterion of regularity of displacements is satisfied, cf. Theorem 1). Be-
low u’ = 0 on I'y. Moreover, it is not assumed that the set X(z) is bounded
for each = € 2.

The functional BJ' : Y'(2) — RU {cc} is defined by
(5.1) B (e(w)m) = —Mow, (e(w)jg, v5(W)2 — A | Bp(or)vh(u) ds
Iy
+ S Tyt e :0}(—713(‘1) ®s v)ds + S j(z,e(u))dx
Io N
if up € LD(£2) and ug _p =0, and Bi’f(s(u)@) = 400 otherwise. By
(2.9) we have IB%f\’f(f—:(u)@) = Fi(up) + Gj(e(u)n)) if up € LD({2) and
u _ = 0. The extension Y(12) of Y1(£2) is given by

(5.2)
Y'(2) = {(z. —vj(u) ®; v) € span(e(BD(2)), L' (2,EL)) x Y (D) |
Jw € L'(0,E?), Fu € BD(12) such that z = w dz + (1)
and vh(u) ®, v = 75(T) ®, v}

(cf. [4]). The bilinear form between Y!(£2) and W™(£2, div) is given by

(5-3) {(z,—vB() @sv), o= oz~ | Bplo) vj(u)ds

Q Fr
for o € W"(£2,div) and (z, —v5(uw)®.v) € Y1(12). A net {M,}rer € Y (2)
is convergent to My in U(Yl(ﬁ),W”(Q? div)) if (M, o)1 — (Mjy, o)1 for
all o € W"(§21,div). The extension of B&’f on the space Y1(2) is

(5.4) By (z,—vp(w) @ v)
= Mz, —vp(w0) ®;v),00)1 = A | Bplor)vp(u)ds
I
+ S I{'yB(u)®SV = 0}(—’73(11) ®s ’/) ds + S j(ﬁ?, Z) dx
Iy 2

if z = wdz+e(u) with (w, u) € L (2, E?) x LD(£2), and ﬁi’f(z, —vp(u)@,v)
= +o00 otherwise.

Because of the duality between Y!(2) and W"(2,div), we obtain

(5:5)  (B)# (o) = sup{(o, (e(u) 0, v5())2 — BY (e(w)p) |
uc BD(.Ql), un S LD(.Q), umrﬁ = 0}
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for every o € W"({2,div), and
£
(5.6) (B (e(w)p)
= sup{ S o:e(u)— S Bg(o)-vyh(u)ds — (Bg\’f)#(a) o< W"(Q,div)}
7 0 Fr (2
for every u € BD({2;) such that g, _p=0.

Similarly, by the duality between Y(2) and W" (42, div) we define func-
tionals (B&’f)# and (Bf\’f)## :Y(2) - RU {400} by

(5.7) (E&f)#(a') = sup{ S o:zdr — S Bp(o)-vg(u)ds
Q Fr 2

- @i’f(z, —vp(n) ®; v)

ze LN2,E), ue LD(Q)}
for o € W"(42,div), and

(5.8) (B (2, —vh(u) @, v)

Esup{ga;z_ | 53(0)-713(11)@—(@;’%#(0))ae W”(Q,div)}.
(0] Fr 2

PROPOSITION 17. The eaplicit form of (B}")# is

5.9  BH*(0) = |j(@.0+r0L)dx
(9]

+ | Ioiror|Bpoiror) —rg} (0 + AoL) ds
In
for every o € W”(NQ, div). If \p, satisfies Assumption 5, then (Ei’z)##(s(u),
—~vL(u) ®sv) = Bi’i(s(u), —vL(u) ®sv) for every u € LD(R2) such that
~vE(u) =0 on I.

Proof. By [15, Theorem 3A| and formulae (5.4), (5.7), we have

(5.10) (ﬁi’f)#(a) = sup { S(a’ +Aop):zdx
9]

— | Bplo+rar) - vp(w)ds+ | Bp(A\ar) - vp(u)ds
Fr I

- S Hypwew = o} (—vp(n) ®s v)ds — S](SE,Z) dx ‘
) 0

z =w + e(u), where w € L'(£2,E”) and u € LD(Q)}
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= sup{ S(O’—i—)\UL) cwdr — Sj(m,w)da: ‘ w € Ll(Q,E?)}
Q Q

+sup{ = | Bulo+ o) vpwds+ | Ag-ypu)ds |
Fr? I

~p(u) € L' (Fr2)" and v5(u) = 0 on Fg},

which yields (5.9) for every o € W"(£2,div), because v is a surjection on
LY(Fr 2)".

The space W"(£2,div) is PCU-stable, so by [5, Theorem 1| we get, for
every u € LD({2),

(5.11) (ﬁ&’i)##(s(u), —yg(u) ®sv) = sup{ S(a +Aror) :e(u)ds

Q
— Sj*(:c,o’—i—)\Lo'L)d:c — S Brlo+ Apor) -vg(u)ds
0 Io
— | Bplo +Aor) - vp(Wds — | I, (0ir,00) —rg}(0 + ALoL) ds

Fl Fl
o€ W"(02,div), Bg(o+ A\ror)(x) € K(z) - v(x) for ds-a.e. x € Fr 2

—)\L(SO'LZE(U_)d.T— S Bgrlor) -~vp(u)ds

— =

2 Fr2
=2 (Joriede— | Ba(on) - vh(u)ds+ | g vh(u)ds
(7 Fr2 I
+ | doo(w, —v(0) @5 v) ds + | j(2,e(w)) da
1) 02

(see [4, Proposition 25|, [4, (7.60)] and formulae (2.5), (2.6)). =

LemMMA 18 (see [3, Lemma 6]). For every o € W"(£2,div) we have
(B # (o) > (BY )# (o) and for every M € Y'(R2) we have (BLF)##(M) <
(BLEY##(M), since Y'(2) C Y ().

LEMMA 19 (cf. |3, Lemma 8|). If A\ satisfies Assumption 5 then, for
every u € LD(£2) such that v};(u)r, = 0, we have

¢ f

(512)  (B},)**(e(u), —yp(u) ®sv) = (BY,)** (e(u), —yp(u) @5 v)

£
= (B}, )(e(u), —vp(u) @ v).
LEMMA 20 (see [3, Lemma 9]). For every o € W"(§2,div) and every
o, € W™(§2,div) such that dives=0, we have (B&’f)#(a):(ﬁf\’f)#(a—ko-s).
If there exists ro > 0 (re < +o0) such that for every z € 2, K(z) C

Bgn(0,72), and if 0 < A\p < A < inf (P ;) 4z and Assumption 4 holds, then,
by Proposition 14 and [4, Theorem 14|, Assumptions 5 and 6 hold.
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PROPOSITION 21. If Assumptions 5 and 6 hold, then inf{IB%i’i (M) | M e
OV — infdRIE V1D
Y (92)} =inf{By (M) [ Me Y (2)}.
Proof. By formulae (5.7), (5.9), (3.3), [4, (6.7) and (6.8)] and Assump-
tion 5, we get
¢ L .y
(5.13)  sup{~B} (M)M € Y'(2)} = (B},)*(0)
= [P, | Owor) = mf{—[P;, ,](0) | o € WP (2,div)}.
Moreover, by Assumption 6 and (5.1), we obtain
(5.14)  inf{-[P5, ;1(o) | o € W"(£2,div)}
= sup{—[Py,, ;1(u) | u € BD(2)} = sup{~B}! (M)|M € Y'(2)}. =

Let us recall that the L.s.c. regularization of the functional B in the topol-
ogy 7, denoted by cl; B, is the largest 7-l.s.c. minorant less than B.

COROLLARY 22. If Assumptions 5 and 6 hold, then, by Proposition 21,

inf{cl, y1 (@) wn(o.div) By (M) | M € Y (12)}

= inf{cl, g1 (@) wr (o)) Bay (M) | M € Y (@)},

because 0 € W"(£2,div). =
Consider the following problem:
(5.15) (Py;) find inf{Bf(M) | M e Y'(©2)}.
The limit analysis problem (Poj)ar, defined in (3.7), is connected with
(Pxj)-
DEFINITION 2. Suppose that U is a locally convex space, U* its topo-

logical dual, (-, )y the bilinear pairing over U x U* and ¢ a mapping of U
into RU{oo}. If (1)) < oo then we denote by dP(1)) (where ¢ € U) the set

(5.16) (" €U [Voe U, (0— v, ¢")u+2(¥) < D(0)}-
In the proof below, Assumptions 5, 6 and 7 hold.

Proof of Theorem 1. Step 1. Let u be a minimum of [RP5} .]. By The-
orem 15 and formulae (2.9), (2.10), (3.4), (3.5), (3.6), (5.1), the functional
[RPSY ] is the Ls.c. regularization of B&i in the weak® BD({2) topology.
Let u; € BD(f21) with uyo =u and u;, 5 = 0. Then

(G-17) ey @)W (@.div)) B, (5(61)@)

1nf{cl (@)W (2,div)) Iﬁ%z\’i (M) | M € Y(12)}
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(cf. Corollary 22l. For every M € Y!(£2) we have Bi\’i (M) = Eg\’i (M), so for
every M € Y(92),
'7f ™ "f
Cla(Yl(ﬁ),Wn(Q,div)) IB%Z\L (M) > Cla(?l(ﬁ),Wn(Q,div)) BiL (M).

The restriction of the measure E(ﬁl)@ to the open set {2 is denoted by
e(11)|n- Because of (5.17) and Corollary 22, the point e(ﬁl)@ = (e(m)0,

—~yL (1) ®sv) € Y($2) is a minimum of the function cl o(F1(@ ) @ divy) B J f
on Y!(£2). By Definition 2 we get 0 € d(cl o (V1(@). W (2,div) )( ( 1), ),
where 0 € W"(£2,div). Then (s(ﬁl)@) € 8(C10(Y1( )W (2, dw))B fy# (0)

(see |8, Chapter 1, (Egrollary 5.2]). By (5.7) we have e(u) = (e (ul)m,
—~vL(a) ®sv) € 8(15%2\’2)#(0). Then by Definition 2 we get

(518)  ((e(Tin)n, —vB(T) @5 v), 0 = 0)1 + (B]))F(0) < (B];)* (o)
for every o € W"(£2,div) (cf. (5.3) and (4.3)).

Step 2. If 0 < A2 < inf (ﬁo,j)AL then, by (3.7), (5.4) and Assumption 2,
we have inf{IB%g:’;’f(M) | M € Y!(£2)} = 0. Moreover, sup{—IB%f\";’f(M) | M e
G0N — (Bt Gk
Y'(2)} = (By")#(0). Therefore, (BY)#(0) = 0.

Step 3. There exists A1 such that A < A\ < inf (ﬁo,j)AL- By Step 2 we
have (Bg\"l"’f)#(O) = 0. Then by (5.9), Mior(z) € K(z) for dz-a.e. x € £2. By
(2.5) and Assumption 2 we get

Al — A
(5.19) BE? <)\LO'L(.%'), 1/\ LT1> C IC(.T})
1

for dz-a.e. x € (2.

Step 4. Due to Assumption 3, I7 = Fr2NC, where C = clintC C )
is a closed Caccioppoli set and ds(Fr22 NFrC) = 0. Let O, = 2, — C.
Then ds(Iy — (Fr 2N Or,)) = 0 and ds((Fr 2N Or,) — 1) = 0. We define
I =Fr 2N 0Or,. Then for every ¢t € N there exists an open set (2] such that
Q2 C O, 2, CC (21, dz(£2) < 1/2t and {z € I} | v5(0;1)(z) # 0} C 2
for ds-a.e. x € Fr {2

Step 5. Suppose the singular part (e(u1)|)s of the measure e(uy)) is
not 0 or ds({z € I}, | v5(01)(z) # 0}) > 0. Then there exists ¢ > 0 such
that ||(e(01)0)slmv, + SF(; |(v5(01) ®sv)(2)||gn ds > (. Therefore, for every
t € N there exist open sets 2/ CC 2 and 20 = Qf U 2, CC 2 such
that the Lebesgue measure of 2Y (equal to dz(£2Y)) is less than 1/t and
H("‘f(ﬁl)mg’)sHMb + SFé H(’yIB(ﬁl) ®@s V) ()| ds > %C. The existence of the
sequence {2 }+cn satisfying the above conditions follows from the regularity
of the measure (1))
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Then for every t € N there exists ¢, € C3(21,E?) such that P20
=0,
A1 — AL

(5.20) (@) lgr < =51 Vo€ 2,
2\
and
1 A=A
~ I/~ 1 L
(621 ()0 —vh(E) 9 ) ey > 7C5E

since [((@1) gy )slln, + §py | (v (1) @5 ) () [ley ds > 3¢, and

(5.22) Hé'(ﬁl)mgHMb = SUP{<€(ﬁ1)|QQ=§5>Mb x C(Qg,Eg)|
@ € CH(20,E") and Vo € 27, Vi, j € {1,...,n}, |gi;(z)] < 1}
(cf. definition of || - ||g» in Section 2 and [4} (3.18)]).

Step 6. By Assumption 7 there exists § > 0 such that

~if ~if A — A
(5.23) By, )" (yq) — (BY,)(0)] < 527/\17“1%(9? ne)
M—AL 1
gAL— AL, 2
=0T
for every t € N, since ¢, (z) + Apor(z) € K(z) for dr-ae. x € (2 and

o+ Aror € L(2,Ey) (cf. (5.20), (5.19)). By (5.18) we get

(5:24)  {(e(@)j2, —vB(W1) @4 v), oyt < [BLY)* (@yy0) — BL)#(0)

for every t € N. Then, due to (5.21) and (5.23), we have a contradiction,

because 5)‘12;?L 7“1% —0ast— 00. m

Due to (3.7), we have proved the regularity result if the stress solution
belongs to the interior of the set of admissible stresses, dx-almost everywhere
on (2.
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