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SHIFT INVARIANT OPERATORS AND
A SATURATION THEOREM

Abstract. The properties of shift invariant operators @)}, are proved: It is
shown that ) has polynomial order r iff r is the rate of convergence of Qy,.
A weak saturation theorem is given. If f is replaced by @Qpf in the weak
saturation formula the asymptotics of the expression is calculated. Moreover,
bootstrap approximation is introduced.

1. Introduction. This paper is a continuation of our earlier research
[Dz2], [Dz4]. Let us present the results by means an example. We prove them
for a general shift invariant operator @ (see [Dz4]). Let

1 for—1/2<2z<1/2, _{1—|3:| for |z| < 1,
F(z) = {O elsewhere, Glz) = 0 elsewhere.

For h > 0 we define an operator @h by
Qnf(a) =Y\ F(u—k)f(hu) duG(z/h - k)

EEZR
| (k+5)h
=> - | fw)duG(z/h—k).
k€Z " (k—.5)h
We say that an operator ) has poly@vomial order r if Q(P) = P for all
polynomials P with deg P < r. Note Q = @1 has polynomial order 2. For
fews
Qui—1 1
h? 8’
where the convergence is weak in L%(R). Let f(x) = sin’z. In Fig. 1 we
show both f”/8 and (Qnf — f)/h? for h =1/8.
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Fig. 1

We call this phenomenon the weak saturation theorem (see for instance
Theorem 3.2 of [Dz2]). Now replacing in the above formula f by Qpf we
prove that

Qn(@nf) (@) — Quf(z) = (Quf—f [ (@)
2 =0 T )@ =
uniformly for x € R provided f is sufficiently smooth. In Fig. 2 we picture

both f”/8 and (Qn(Qnf) — Qunf)/h?* for h = 1/8.
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Fig. 2

[

We see that replacing f by a sample @h f (we call it a bootstrap) smooths
the limit. In the last section we use this procedure to increase the rate of
approximation. Application of this procedure is called bootstrap approrima-
tion. Let Ty denote the convolution operator, i.e. Ty f = H * f. Recall that
Q@ has polynomial order » = 2. Then for any N > 0 there is a function H
such that the operator

Ty 0Qf (@) = 3 | F@)F(u—a)du(Hy +G)(z - a)
acZd Re
has polynomial order (4N — 1). The function H will be constructed later.
Consider the adjoint operator ()} given by
Qnfuw) =\>_ G(a—k)f(ha)ds F(u/h— k).

R keZ



Shift invariant operators 269

& (ALY - I,

uniformly for u € R, provided f is sufficiently smooth (see Fig. 3).

We have

[
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Fig. 3
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The last result was stated without proof in [Dz2, Lemma 3.2]. It gives an
appropriate tool for proving the central limit theorem for the square error
of multivariate nonparametric estimators based on shift invariant operators
(for definition see [Dz4]).

Let us introduce standard notation. For 8 = (f1,...,4) where 3; > 0,
and 1 < p < oo, set

Bl :=Bi+ ...+ Ba  BL=01 Bal, [P(x) =P =2

1/p 8|f8|f
|f|r,p = ||Dﬁf||p, ||f||p = |f|p , D/Bf - ———
gzz:r (Rxd ) dx ... 9z
For p = o0,
I flloe = sup [f(2)], |flroo = sup sup |Df(x)].
r€ERY z€R4 |B|=k
Define also

1fllowry = = sup sup 1D f ()],
K |6|<k

where K is a compact ball or K = R%. The Fourier transform of f is
Fla) = § f(t)e2mit= dy.
Rd
Set F'(z) = F(—x). The convolution is defined by
frgla) =\ f(t)gla —t)dt.
Rd

We use the Sobolev spaces WF = WF(R?), 1 < p < oo (see [M]). For
p=o00 we can take the k-times differentiable bounded functions with com-
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pact support, C’é’“ , and define W% = Wk (R?) to be the closure of C’é’“ in the
norm || - || ok (ray- This is the space of functions whose derivatives up to order
k vanish at infinity.

The paper is organized as follows: in Section 2 we define shift invariant
operators and formulate the main results. In Section 3 and 4 we give the
proofs of the stated theorems. In Section 5 we introduce bootstrap approxi-
mation, i.e. methods of increasing the rate of convergence of a shift invariant
operator. This method was proposed in [Dz3] for the orthogonal projection
in the box spline case.

2. Shift invariant operators. Following the notation of [JM], let £%°
denote the space of functions which decay exponentially fast, i.e. there are
constants C' > 0 and 0 < ¢ < 1 such that for all z € R?,

G(x)| < Cq,
where |z|? = z - z, the scalar product in R?. For
(1) F,.Ge&™
consider the shift invariant operators [Dz4]
2) Qf(w) = § K(z,y)f(y) dy,
Rd
where
(3) K(z,y)= ) Fly—a)G(z—a).
aezZd

Moreover, for h > 0 define
(4) Qnr=0pr0Q o0y,

where
onf(x) = f(z/h).

It is known [BHR, (4) Proposition, p. 63|, [LC], [BDR] that r is the rate of
convergence of a local box-spline operator @ if and only if () has polynomial
order r. Below we generalize that theorem. Recall that an operator @ has
polynomial order r if Q(P) = P for all polynomials P with deg P < r.

THEOREM 2.1. Let @ be shift invariant. Let r > 1. The following con-
ditions are equivalent:

(i) @ has polynomial order r.
(ii) For all 1 < p < oo there is a constant C' = C(p,r,Q) > 0 such that
Jor all f € Wy,

() 1@nf = fllp < CR|flrp-
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The implication (i)=(ii) was proved in [Dz4]. The remaining details,
together with the proof of the corollary below, will be given in the next
section.

COROLLARY 2.1. Let QQ be shift invariant. Let v > 1. Assume that Q)
has polynomial order r, G € C™ and DPG € £> for all |3| < n. Then for
all 1 < p < oo there is a constant C = C(p,r,Q,n) > 0 such that for all
feW, and || < min{n + 1,7},

1D°Qnf — DO fllp < CH 1| |,
Theorem 2.2 below was proved in [Dz4] (see also [BD3| and [BD4]).

THEOREM 2.2. Let @ be shift invariant of polynomial order r > 1. Then
Jorall 1 <p<ocoand f €W,
p
d:U) dt.

Qnf—1f p_X (78

hr
0,14

6 1i
(6)  Jirn,

> a1 L Dof() Q") (x)—a")
|B|=r

A similar result was recently proved for p = cc.

We also have a generalization of Blu—Unser’s theorem, i.e. the estimate
of the error of approximation by an asymptotic constant:

THEOREM 2.3. Assume that Q has polynomial order r > 0. Let 1 <
p < oo. Then there is a constant C > 0 such that for all f € W;H(Rd),

H% < Chlflrs1p

i

[0,1]

P 1/p
> G DOQUN) o) do)dr)
|B|=r
The proof will be given in a forthcoming paper.

We say that G satisfies the Strang—Fiz conditions of order r (briefly
G € SF(r)) if for all || < r,

(7) D?G(a)=0, «acz\ {0},
and G(0) # 0 (see [SF]). The following is known [LC]:

THEOREM 2.4. If a shift invariant operator QQ has polynomial order r > 1
then G € SF(r). Moreover

e T 0, 0< <r,
(®) DY@F)(0) = D(G + F)(0) = 4
1, pg=0.
A simple poof will be given in Section 4.
Z. Ciesielski [C] proved the saturation theorem for spline operators.
The saturation theorem was also shown for quasi-projections in [Dzl1]. The
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new concept of weak saturation was introduced for orthogonal projections
in [BD2]. It turns out that for the shift invariant operators we also have a
weak saturation theorem.

THEOREM 2.5. Assume that a shift invariant operator (Q has polynomial
order r > 1. For every f € W3 we have the weak saturation formula:

9) %HDQJC as h — 0T,
weakly in L?(RY), where

Dﬁf —
(10) Dof = Z B(G « F)(0).

(2m
|B|=r
If additionally G € SF(r + 1), then for all f € W]
(11) %HDQ]" as h — 0%
in LP norm provided 1 < p < oco. For all |B| =,
1 ~0

12 PP = DYGF)(0) a.e.
(12) Q-1 = Gy DUGEI0) e

The poof will be given in Section 4.
Another approach to the asymptotic formula, different from the one pre-
sented in Theorem 2.2, is motivated by (9). We prove

THEOREM 2.6. Assume that a shift invariant operator Q has polynomial
order r > 1. Then for all f € W3,

Jim |G pop| = tim | S pg
1 ~
= @y FO° 2 Zﬁ'DﬁG “

aeZ\{0} " |Bl=r

The proof will be given in Section 4 together with the proof of Theo-
rem 2.5. A similar result for box-spline operators was proved in [Dz3, The-
orem 5.1].

The following result was stated for box-spline operators in [Dz2, Lem-
ma 3.2] without proof. Let Q* be the adjoint operator to Q.

THEOREM 2.7. Assume that a shift invariant operator Q has polynomial
order r > 1, and Q* has polynomial order 1. For f € Wy N W, we have

(13) Qh(Qh{LZ— th(x) _ Qh(erf —-f) () — Dof(x) as f — 0",
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uniformly for x € R%. Moreover

Qr(@Qnf—1)

(14) -

(u) = Dof(u) as f— 0,

uniformly for u € R,

The proof will be given in Section 4.

3. Proof of Theorem 2.1. (i)=-(ii). For 1 < p < oo this follows from
[Dz4, Lemma 1.1]. The case p = oo follows easily from the lemma below.

LEMMA 3.1. Let Q be shift invariant. Let P, be the Taylor polynomial
of degree k — 1 of a function f at the point x. There is C' such that for all
feck,

(15) sup |Qn(f — Po) ()] < Ch*|f1c0,

z€ERI
where

|flk,00 = sup sup [D?f(z)].
xCR4 |B|=k

Proof. By Taylor’s formula there is C' > 0 independent of f such that
Qn(f = P)(@)] < CR¥ flioe D (§ 1a/h = ylFql=ldy) g/
a€zZd R4
< Ch*|flk00- ®
(ii)=-(i). In this implication we use only the estimate (5) for p = co. By
induction on k, 0 < k < r, we prove that
(16) QU =07 for |8l <k

Let k = 0. Take f € C§ such that f(0) = 1. Define fi(x) = f(z —t). Let
1 stand also for the function constantly equal to 1. Then

[(@r1 = 1)) < [(@nfe — f)(B)] + |Qn(fe = D)(B)].
By Lemma 3.1 and assumption (ii) for p = oo,
[(@Qr1 = 1)(@)] < Ch'[filr00 + Chlfil1,00-
Since Qn,(1)(t) = Q(1)(t/h), for all t € R? and 0 < h < 1 we have
[(QL—=1)(t/h)| < Ch.
Choosing t = hx we get Q1(x) = 1 for all z € R?.
Assume (16) is true for £ < r — 1. We prove it for k+ 1. Fix [0| = k + 1.
Take f € Cf such that for |5| =k + 1,

0 otherwise.
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Let P; be the Taylor polynomial of degree k + 1 of f; at t. Then
(QnPr — P) ()] < [(Qufe — f) ()| + |Qn(fe — P)(t)].

By Lemma 3.1 and assumption (ii) for p = oo,

(QnPr = P)(t)] < Ch| filroo + CH* 2| felnoo
By induction if 0 < || < k + 1 then
(17) Qul- —1°() = Qh- —1)°(¢/h)

p19] )(t/h)(—t)P~0
- 2 (s)er
=3 h5|< ) (t/h)° (=)~ + WAQ(1%)(t/h)

0<6<

= WPQUP)(t/n) — 1°(t) = WP\@D° — 17)(t/h).

Thus
B
@r-ro0 - Y 2O -0
|B|=k+1 '
= S PH@D - 1) (/)

Thus for all ¢t € R?,

1

S

Choosing t = hax we obtain Q[]® = []°, which finishes the proof. =
Proof of Corollary 2.1. Fix z. If |3| < min{r,n + 1} then
DQuf(x) — D f(z) = D’Quf(x) — D Py(x) = DPQu(f — Pr)(x).

But

QY — [P)(t/h)\ < Ont .

1
DOQu(f = Pe)() = 375 Qu(f = Pa) (),
where QQ is the shift invariant operator of polynomial order r — |3], given
by
Qufw) =Y | f(hy)Fly — ) dy DPG(z/h — o).
a€Zd Rd

Lemma 1.1 in [Dz4] for 1 < p < oo and Lemma 3.1 for p = oo finish the
proof.

4. Other proofs

Proof of Theorem 2.4. Note that if f € L?(RY) then the sum in the
definition of Qf converges in L?(R?) norm. Thus



Shift invariant operators 275

Cjﬁ”(y) = hd@(hy) Z (Jl/hf % p)(a)e—%ihy.a_

a€czd

Moreover assume that f\ € L? has compact support C C [0, N ]d. Conse-
quently, for 0 < h < 1/N and z € [0,1)% we have the periodic function

=
o~

S Pz = a)f((z — a)/h) = F()F(=/h).

A
Its Fourier expansion is ), cza(01/nf * F)(a)e 2™ Taking z = hy we get
(cf. [BD2, Lemma 2.3])
(18) Qnf(y) = Glhy) S Flhy — a)fly — a/h)
aezd

for almost every y. Thus if 0 < h < 1/N then

T 712
Rd
e I — 2 G X i
:SQG*FEZ?:) 1' Loy |G +hi) P(ha) >‘f( 2 da.

c sezd\{0}

By (5) the last expression is uniformly bounded by |f|2, for A > 0 and

any f, provided J?has compact support. Consequently, both expressions in
large brackets are bounded. Thus we get (7) and (8). m

The following lemma is taken from the proof of [M, Lemma 7, p. 29].
LEMMA 4.1. Let K be a compact ball. If for each m € N,
9(2)] < Cn(L+ |z[)™™  for x € RY,
then
(20) D G+ )Gy < oo for all k.

a€czd

LEMMA 4.2. Let r > 1. Let K be a compact ball. Let ¢ satisfy the as-
sumption of Lemma 4.1 and ¢ € SF(r). Then

(21) Z M Z Z 3 Dﬁgi)

aezd\{0} h aezZ\{0} ' |B|=r

uniformly in K as h — 07.

Proof. Let



276 K. Dziedziul

By Taylor’s formula for F,, at 0 and since ¢ € SF(r), we infer that there is
a point 6, such that 0 < [0,| < h and

Fo(n) = PFalle)
7!
Then
d(he+a)* 1 , )
Z L — Z |D" Fo(0a)]
aezd\ {0} ez {0}
2
= Z Z —Dﬁqb ax—i—a)
aezZN\{0} " |Bl=r

If 0 < |04 < h — 0 then for the finite choice of a € Z9,
DP¢(0ax + a) = D’4(a)
uniformly for z € K and || = r. From Lemma 4.1,
S IDPA( + ) [Zoge, < o0,
aezd\ {0}
Consequently, we get (21). =
Proof of Theorem 2.5 and 2.6. (9)—(10) are proved for orthogonal pro-

jections and cardinal interpolation in [BD1], [BD2]. Let us outline the proof.

Assume that f € Wy is such that fhas compact support. By (18) and
Plancherel’s formula we get (9)-(10). By density we get (9)-(10) for all
fews.

By Lemma 4.2, Theorem 2.4 and (19) we get Theorem 2.6, namely for

f such that J?has compact support,
2

. Qnf—f B
(22) h{%ﬁ T Dqf - A(f),
where
@) A = O Y |3 506
aczZd\{0} " |8|=r

By density this implies that (22) holds for all f € Wj.
Now if G € SF(r 4+ 1) then applying (7) we get

(24) A(f) =0,

Thus we obtain (11) for p = 2.

Now we prove (12). Let f € C’(’;H and P, be the Taylor polynomial of f
at x of degree r. Note that

16}
v 2 f o) = Pl(y) — P (y).
|Bl=r
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Consequently, by (13),

B
(25)  Qu(PL - P ( > 2 ﬁ) (2)
|B]="
Bf(r T
i S 2@ o —apyemy = T 2@ qps 19y aym).
|B|=r p |B|=r sl

Since Qx(Pr~Y) = Pr=! we get
(26) ‘ Qh{”— / —Dof

W PO | Qu(PE— Y@

hr hr — Dq f(x) )

From Lemma 1.1 of [Dz4] there is C' = C(p, r) > 0 such that for all f € C§+,

1Q1(f = PD)(@)llp < CA™ | flrs1,p-
Thus if p = 2, from (22), (24), (26) and the above inequality we have

‘ Qn(P; — P Y)(x)

h'f’
Consequently, by (25),

Bf(x —
> 2@ - 1)/ - s DG PO

= o(1).

2

_DQf

=o(1).
2

Since Q[]? —[]? is a periodic function an application of the Fejér-Mazur -
Orlicz theorem (see [Dz4]) gives

ﬁ T
| ZDf”(QW)(t)—tﬁ—

2
dtdx = 0.
|
R2 [0,1]¢ " |B|=r o

Dﬂ@ﬁ)(m)

(2mi)"

Since f € Cyt! is arbitrary we get (12). To prove (11) it is sufficient to
consider f € C5. By (12) and (25),

Qnf—f
hr

.

By [Dz4, Lemma 1.1] (see above) we get (11) for f € Cjt!. A density
argument finishes the proof. =

—Dqf

Qn(f =Pi)(z) | Qn(Py — Py ()
hr hr

_|Quls — PD)(@)
hT

— Dof(x)

| :
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REMARK. It is not true that in (12) the functions Q[}® —[]? are constant
for all € R?. Consider the following example:

. 1—Jz| if0<]|z] <1
1 ifo<z<l, B _ )
Flz) = {0 otherwise, Glo) = { 1 if =1,

0 otherwise.
The operator @ corresponding to F,G has polynomial order » = 1, since
> kez G(x — k) =1 for all z € R. But

A o= {5, Tt

Consequently, (12) is not true for all  and (11) does not hold in sup norm.

Proof of Theorem 2.7

STEP 1. We prove the theorem for f € W3 such that

supp f C [N, N]¢ =C.
Obviously [|? feLfor |G| < r. Then from the Riemann—Lebesgue theorem
(see [SW]), f € W[ . Let
Kn(a,y) = h™ K (z/h,y/h).

By Plancherel’s theorem,

§ (o) DLW ZIW g, | ) W I,

R4 R4
where for fixed x € Rd,
27)  [Ku(@,))Nt) = F(ht) Y e ™ 'G(x/h — o) € L*(RY).
aeczd
We split the last integral into integrals over C and R%\ C. Using (18) and

the fact that J?has compact support we get, for sufficiently small & > 0 and
all y € C,

(28) Qul(y) = Gl P Fly)  ae.
Consequently,

Qnf(y) - F(y)

VB, N y) === dy
C
BT é(hy)ﬂhy}ff(y) — /W g,
c
= S Kh(xvy) TY’hf(Z;l)r_ f(y) dy - Qh <%> (-’E);

Rd
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where
Typf=opoTyooyy, Tyvf=Yxf, Y=Gx+F
Note that Y € £ (see Lemma 5.1 below).
By (8), for all |3] < r,
Ty ([P)(x) = | (x = 9)’Y(y) dy
R4
= > (?) 2P0 (=)l Y (y) dy
0<5<8 Rd
> () (a) Pro=re
2 N ’
0<6<p
and for || =r,
sy (LY ps
B =1+ (55 ) DT O)

By a similar argument to that in (17),
(- = 2))(0) = W = )/ = 101 ) DT o)

Thus if P] is the Taylor polynomial of degree < r of f at = then by (10),

B f(x N
@) TPDe) = B o) + g 0 1 2 DoF )
|Bl=r '

= f(x) + W Do f(x).
Now by a similar argument to that in [Dz1, Theorem 2.23],
Ty, f —
(30) % — Dof

uniformly in R?. For the convenience of the reader we give the argument. It
is sufficient prove this for f € Cg“. Let

f(y) = P (y) + Re(y),
where P is the Taylor polynomial of degree r at x. By (29),

Tynf(x) — f(x) _ Tyn(Pp + Re)(2) — f(2)

N=IE) Dot o - Dof()
. TY,h(Rm)(x>

h" ’
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where 5
DP {6,
Ro(y)= > #(Z/—w)ﬁ-
|Bl=r+1

It is sufficient to estimate the last expression for any |3| = r + 1:

1
i ) Y (@ = 9)/W)DP f(0r)(y — 2)° dy
R4
1 5
< flrstoo 7 V1Y (@ —y)/WlI(y —2)°| dy
R4
1
< flsroe 2 § VG)1(2)7] dy
Rd
< Cﬂh|f|r+1,oo-
We get (30) for f € Cgt?, and by density for all WZ,. Consequently, from (30)
and (5),
T, f —
Qh(iy’h]fr f) — Dqf

uniformly in R%. Now consider the second integral. Since the function

’ Z G(x/h_a)627riha~y < Z q\m/h—a| < C

aczd a€Zd

is uniformly bounded, (18) and (27) imply that for 0 < h < 1/N,

| Fowrm W =S

RA\C

dy‘

aczd
1 < < ~
<C > Voo |Glhy + ) F(hy + 8)F(hy) f(y)| dy
sezd\{0} C
1 = < ~
:CS( > F|Y(h@/+5)|>|F(hy)f(y)|dy-
C Nsezd\{o}

9

We use the fact that F' = F'. From Schwarz’s inequality,
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1 ~
S Py +0)]
§€Z4\{0}

~

Glhy + 6)[2) 2 F(hy + 0)[2) /2
<n( y CmEOD) Ty by
sezd\{0} sezd\ {0}

From the assumption on @ and @Q* and Theorem 2.4 we see that G € SF(r)
and F' € SF(1). By Lemmas 4.1 and 4.2,

Y(hx +6
3 ( )

sezd\{0} '

‘—>0 as h — 0T,

uniformly for x € C. This finishes the first step.

STEP 2. Assume that f € WJ and [|°f € L'(RY) for |8| < r. Thus
f € WZ. We use the e-approximation of f defined by

Ty Flx) if ||z < 1/e

F(z) = {f(sc) i ,

<) 0 otherwise.
Note that the functions f. satisfy the conditions of Step 1. Moreover f.
converges to f in W/ as € — 0, since

sup [D°f.(z) - DPf()| < C | [FF(t)dt.
weRe lel>1/e

The triangle inequality and the estimate (5) give (13).

STEP 3. If f € W5 N C’(’)€ for k large enough then the Riemann—Lebesgue
theorem shows that [|® fe L'(R?) for |3| < r. Note that these functions are
dense in f € W3 N W/ . This finishes the proof. The proof for Qj is quite
similar. =

REMARK. We can easily prove convergence in the L? norm in formu-
la (13) for local operators, i.e. under the assumption that both F' and G have
compact support. We believe that the same is true for all our operators.

Generally @ does not transform all sequences weakly convergent in the
Hilbert space L?(R?) to sequences converging in the L? norm, since it would
be compact.

5. Bootstrap approximation. Now we generalize Theorem 4.1 of
[Dz3]. For simplicity we consider the shift invariant operators @ which are
orthogonal projections.

We say that the integer translates of G are [? stable (see [JM]) if there
is C' > 0 such that for all sequences a = {a,} € [?,

Cllalliz < |G+ allz,



282 K. Dziedziul

where the semi-discrete convolution %' is defined as follows:
G+ a= Z aoG(- — ).
a€zZd
If f is a continuous function then
G+ f= f(@)G(—a)
a€ezd

We say that a sequence b = {b,} decays exponentially fast if there are
C >0 and 0 < g < 1 such that

lbo| < Cql®l for all @ € Z.
From [JM, Theorems 3.3 and 3.4] we get

THEOREM 5.1. Let G € £*. Then the following conditions are equiva-
lent:

(i) the integer translates of G are 1% stable,
(ii) for all € € RY,
Y lGE+a)f >0,
aczd
(iii) for all ¢ € RY,
(€)= Y G*Gla)e®™€ >0,
aczd
(iv) there is a function G* € €% such that
GG (a) =00 foralaeZl

Moreover

G*(x) = Z boaG(z — ),
a€Zd
and the sequence b = {b,} decays exponentially fast.

By [JM, Theorem 3.2] we know that if G € £ and the integer translates
of G € £ are I? stable then

(31) Ig(§) = Y 1GE+a)?  forall £ € R,
aezd
which gives equivalence of (2) and (3). Moreover ([JM, Theorem 3.4])
(32) I (x) Z bae?™ % =1  for all z € R%.
aczd

Note that if the integer translates of G € £ are [? stable then we can
construct the fundamental function @4 corresponding to G by

() = G x G*(z).
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By definition, condition (iv) from the above theorem and (32) we get
|G()]?

He(x)

and since Il is even, so is @g. Also Theorem 5.1(iv) yields @¢(a) = oo

for a € Z°.
Let us formulate an easy technical lemma.

(33) bo(z) = GO =

LEMMA 5.1. (i) If f,g € £ then fxg € E® and f * g is continuous.
(ii) If a f € £ sequence b decays exponentially fast then f*' b e E.
(iii) If f,g € €= and f € SF(r1), g € SF(r2) then f g € SF(r1 + r2).

Proof. (i) Note that
lz —yl+ |yl > |2/2| + |y/2].
Consequently,
@) < C | g ¥lgvlay < C | ¢#2qW/2 ay < og*2.
Rd Rd
To prove that f * g is continuous we use the L' modulus of continuity.

We prove (ii) by the same arguments as (i). To calculate (iii) we apply
Leibniz’s formula. =

Let N > 0. Define ¥y = &g % ... * ®g. From Lemma 5.1, Theorem 5.1,
—_——
(31), (33) we get N
LEMMA 5.2. Fiz N > 0. If the integer translates of G € £ are [? stable

then the integer translates of both @g € £ and ¥ = Wy € E> are I? stable.

Moreover there is a fundamental function @y corresponding to ¥ such that
5 @) (@e)N

34 by = =

(34 YT My

where
Iy (x) = Z W U ()™,
aezd
Proof. By definition of the fundamental function @y and since ¥ is even
we get (34). Stability follows from (34), (33), (31) and Theorem 5.1(iii). =

Note that if the integer translates of G are [? stable then we can construct
the orthogonal projection

Pfx)=Y_ | f(w)G*(u-a)duG(z - a).
a€Zd Ra
Let Ty denote the convolution operator, i.e. Ty f = H * f .
Let us formulate the main theorem which generalizes Theorem 4.1 of [3].
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THEOREM 5.2. If the integer translates of G € £* are 12 stable and an
orthogonal projection P has order r > 0 then for any N > 0 the operator

Thy o Pf(z) = Z Sf(u)G*(u—a)du(HN*G)(x—a)

a€Z® R4
has order r(4N — 1), where

. o $)2N-1 . )
Hy =42 = (#e)™ ™ , o ly(z) = Z W s W(a)e?™ T,
@G HW 4
a€Z
To prove this theorem we need two lemmas. The first is de Boor—Ron’s
formula [BR, Lemma 2.8]. It was proved for compactly supported functions

but the proof works in our situation for G € £°°.
LEMMA 5.3. If G € &% and p is a polynomial then
G «' p is a polynomial & G* p=G *p.
The second lemma is taken from [LC]:

LEMMA 5.4. Let G € £ and suppose G is continuous. Then G €
SF(r) < there is c € R such that for all |3| < r, [|? —cG*'[|% is a polynomial
of degree < || — 1.

Proof of Theorem 5.2. By definition the orthogonal projection P has
polynomial order r > 0. Thus G € SF(r) by Theorem 2.4. Consequently,
&g € SF(2r) by (33). By Lemma 5.1, Hy € SF(r(4N —2)), Hy * G €
SF(r(4N —1)) and Hy * G € €.

Let p be a polynomial of total degree (4N — 1)r. Then p x G* is a poly-
nomial of the same degree. Then from Lemma 5.4 (by Lemma 5.1, Hy * G
is continuous) Hy * G ¥ (p * G*) is a polynomial of the same degree. By
Lemma 5.3 and the definition of @y,

Hy %G+ (G*xp) = Hy G xG* xp =y *p.

Since ¥ € £ and ¥ € SF(4Nr), by Lemmas 5.3 and 5.4 (Py is continuous)
we have @y xp = Oy ' p. But Py is a fundamental function, i.e. Py () = da
for all a € Z¢. Thus we have a polynomial @y *' p which is equal to p on Z.
Consequently, @y *' p = p. This finishes the proof. =

The proof of Theorem 5.2 is similar to the proof of [Dz3, Theorem 4.1].
In [Dz3] we take N = 1, H = &, which implies that T o P has polynomial
order 2r. No matter what approach we use, the operator Q) = Ty, o P is
shift invariant. Thus we can apply earlier results. For example let N = 1,
H = &g. By Theorem 2.5,

th LA Z 2D%G(0) as h — OF
|8=2r
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in LP norm since G+ H € SF(3r). This was announced in [Dz3, Theorem 4.2]

for p = 2.
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