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REGULARITY OF SOLUTIONS IN PLASTICITY.
I: CONTINUUM

Abstract. The aim of this paper is to study the problem of regularity
of solutions in Hencky plasticity. We consider a non-homogeneous material
whose elastic-plastic properties change discontinuously. We prove that the
displacement solutions belong to the space LD(£2) = {u € L'(2,R") |
Vu+ (Vu)T € LY(£2,R™*")} if the stress solution is continuous and belongs
to the interior of the set of admissible stresses, at each point. The part of
the functional which describes the work of boundary forces is relaxed.

1. Introduction. The principal aim of this contribution is to prove
a theorem on regularity of displacement solutions in Hencky plasticity (see
Theorem 21). We consider a non-homogeneous material whose elastic-plastic
properties change discontinuously. We prove that the displacement solutions
belong to the space LD({?2) if the stress solution is continuous and belongs
to the interior of the set of admissible stresses, at each point. The part of
the functional which describes the work of boundary forces is relaxed.

In [1] (resp. [5]) the existence of solutions for the relevant integral func-
tional is proved in the space SBV (£2) of special vector fields with bounded
variation (resp. SBD(£2) of special vector fields with bounded deformation).
Those authors assume that the potential has nonlinear growth at infinity.

In [17] the problem of regularity of displacement solutions, in a homo-
geneous Hencky material with the von Mises yield criterion, is investigated.
The proof of the main theorem of [17] (Theorem 5.1) is based on the relation
between the displacement field and the associated stress tensor (cf. formula
(1.8) of [17]). But the formula (1.8) describes the relation between the dis-
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placement solution and the stress solution only in the case when the space
of admissible stress fields is given by the inequality (3 7';_, |O’£|2)1/ 2<k
(see the Prandtl-Reuss law of plasticity [19, formula (2.10b)]). Moreover,
the authors do not consider bodies clamped on the boundary (or on part of
the boundary).

Seregin [22] investigates the local continuity of the stress and displace-
ment solution in a homogeneous Hencky material under the assumption of
regularity of the volume forces. He considers the problem only for displace-
ments which satisfy the boundary condition exactly. Therefore, there is no
study of the relaxation of the displacement boundary condition.

Anzellotti and Giaquinta [3] study the local regularity of the minimizers
of the functionals defined on the space BV ({2). They obtain the regularity
property of the minimizers under the assumption that the normal integrand

(1.1) 2 xR 3 (z,p) — j(z,p) € RU{+oo}

is of class C? with respect to p, and is continuous with respect to the first
variable. They do not consider boundary conditions.

In [10] the problem of regularity of solutions for a static plate is studied.

Kohn and Temam [18] solve the existence problem for an elastic-perfectly
plastic solid made of a homogeneous and isotropic Hencky material. To prove
that the functional of the total potential energy is weak™® lower semicontin-
uous (l.s.c.) in the space BD({2), they use the method of relaxation of the
kinematic boundary condition (see also [23]).

The existence problem for an anisotropic elastic-perfectly plastic solid
made of a non-homogeneous Hencky material, with the Signorini constraints
on the boundary, is solved in [6]. The Signorini problem for an isotropic
homogeneous body made of a Hencky material is solved in [26].

2. Some basic definitions and theorems. Let {2 be a bounded, open,
connected set of class C' in R™. The space of continuous functions with
compact support is denoted by C.. Let C*°(§2,R™) be the space of R™-
valued, infinitely differentiable functions. Moreover, the space of infinitely
differentiable functions equal to 0 at the boundary Fr {2 of (2 is denoted
by C§°(2). Finally, M ({2, R™) is the space of R™-valued, Radon, bounded,
regular measures on (2, with the norm || - [y, (2rm)-

We will use the duality pairs (M, C.) or (My, Cp), where M, is the space
of regular measures. Duality pairings will be denoted by (-, -), and the scalar
product of z,z* € R™ by z - z* or zz*. The scalar product of w, w* € R"*"
is denoted by w : w* = wijw;‘j. Let g = (g1,...,9m) € C(£2,R™) and
po= (1, i) € Mp(92,R™). Then §, g-p = S g =370 § gipi- IEF
Y — RU{+o0}, then F* denotes its polar function F*(y*) = sup{(y*,y) —
Fly) |lye Y}and domF = {y € Y | F(y) < oo} is the effective domain
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of F' (see [12]). If Q is a subset of Y, then Ig(-) stands for its indicator
function (taking the value 0 in @ and +oo elsewhere), and I()(-) stands for
its support function.

Finally, we need the following notations. Let V be a metric space. Then
By (Z,r) is the closed ball in V' with center = and radius r. Furthermore,
cly(Z) stands for the closure of Z C V in the topology of the space V;
analogously, clj;(Z) is the closure of the set Z in the norm || - ||. Similarly
int Z denotes the interior of Z. We will also consider the spaces E™ of real
n x n matrices and EJ of symmetric real n x n matrices. We set ||[e;;]||g» =
>oij=1leijl and || - [[gz = | - [|[gn- We denote by @ (resp. ®;) the tensor
product (resp. symmetric tensor product). Let £°(£2,R™), be the set of
p-measurable functions from §2 into R™. If 7 C 2% is a linear topology in a
vector space X, then [X, 7] denotes the topological space and [X, 7]* is the
space dual to [X,7]. We define the following Banach spaces (see [18], [23],
24]):

(21) LD(2) = {u € LY(02,R")

_ 1 8uz a’LLj 1 .
€ZJ(U)_2<8$]+8$Z> GL(‘Q)a 179_17"'771‘}7
(2.2) BD(2)={ue LY(2,R") | e;(u) € My(2), 4,5 =1,...,n},

with the natural norms

n n
(23)  ullzp = lulp+)_ lleg@lp,  ullsp =l + e (),
1] 0,
Moreover, Rg = {u € BD({2) | e(u) = 0} denotes the space of rigid motions
in R".

PROPOSITION 1 (see [23]). Let BD(2) and L'(Fr2,R") be endowed
with the norm topologies. There exists a continuous surjective linear trace
~B from BD(82) into L'(Fr 2,R") such that yp(u) = W, o for all u €

BDNC(2,R"). m
We define spaces
(2.4) X =C.(2,R") x C.(£2,EY), Xo={(g,h) e X|g=divh},
endowed with the natural norm
(2.5)  llgllc(ern + Ible@wEn
= sup{[|g()|[r [ z € £2} + sup{[[h(z)||g; | = € 2}

forg € C(2,R") and h € C(£2,E?). Then BD({2) is isomorphic to the dual
of [X/Xo, |- le@zm) + 1 - lle(e,em] (see [23] and [24]).
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The topology o((X/Xo)*,X) = o(BD(£2),C.(£2,R™) x C.(£2,EZ)) is
called the weak™ BD topology. A net {us}sep C BD({2) is convergent to
ug € BD({2) in this topology if and only if for all (g,h) € X,

(2.6) Sg-(uo—u(;)dx—i—Sh:s(uo—u(;)—>0

Q Q
(see [13, pp. 73-81] and [11, pp. 26-29]). For every ¢ € L!(Fr £2,R"), the set
{u e BD(£2) | vg(u) = ¢} is dense in the space [BD({2), weak* topology]
(see [6, Proposition 2.5]). Then the trace operator g is not continuous
on [BD(£2), weak* topology] if the space L!(Fr§2,R") is endowed with a
Hausdorftf topology (or a Th-topology, see [13, Chap. 1, Sec. 5] and [23]).

DEFINITION 1 (see [23] and [13, Chap. 1, Sec. 6]). A net {us}sep con-
verges to up (in the topology (2.7)-(2.8)) if
(27) uws—uy in||-[[zrrn) Vpsuch that 1 <p <g=n/(n—1)

and weakly in LI(£2,R") (if n =1 then ¢ = o0),
(2.8)  e(us) — e(up) weak* in M,(£2,EY).

PROPOSITION 2 (cf. [6]). The weak® BD(S2) topology and the topology
(2.7)-(2.8) are equivalent on bounded subsets of BD(S2).

Proof. Every bounded net {us}sep in BD contains a finer net, conver-
gent in (2.7)-(2.8) (see [23]). Then cl.,, B(0,7) is a compact set in (2.7)-
(2.8) and in the weak™ BD topology. Moreover, the weak* BD topology is
weaker than the (2.7)-(2.8) topology, and among all Hausdorff topologies,
compact topologies are minimal (see [13, Corollary 3.1.14]). m

The injection of [BD({2), weak*] into [LP(£2,R"), weak topology] is con-
tinuous on bounded subsets of BD({2), where 1 <p <g=n/(n—1) (¢ = o0
ifn=1).

We define the Banach space of measurable functions
(2.9) wn(2,div) = {o € L=(2,E}) | dive € L"(2,R")}
endowed with the natural norm

lollwn(@.div) = llollLe(2,Er) + |div e | norn
(cf. [23, Chapter 2, Section 7] and [6]). The distribution o : e(u), where
o € W™(£2,div), u € BD(12), defined (for every ¢ € C2°(£2)) by

(2.10) (o :e(u),1)p'xp = — S(diva) ~upy dr — X o (u®grady) dx,
19 o}
is a bounded measure on 2, and it is absolutely continuous with respect to
le(u)] (see [23]).
ASSUMPTION 1. Let 2 and £2; be bounded open connected sets of class
C' in R™. Moreover, let 2 CC §2;. =



Regularity of solutions in plasticity 341

THEOREM 3 (cf. [23]). There exists a continuous, linear, surjective, open
map Bp from [W"(£2,div), || - [lwn(@,div)] onto [L*(Fr 2,R™), ||+ ||Le] such
that for every o € C(2,E"), Bp(o) = Op - V, where v denotes the
exterior unit vector normal to Fr {2. Furthermore, for all u € BD(S2) and
all 0 € W™ (£2,div), the following Green formula holds:

(2.11) S o:e(u)+ X(divo-) ‘udr = S Bp(o) - vp(u)ds.
0 0 Fr 2

REMARK 1 (see [6, Lemma 2.13]). For all & € W™({2,div) there exists
o1 € Wn({2y,div) such that oy = 0.

3. Auxiliary theorems and spaces. In this paper, the Lebesgue and
Hausdorff measures on {2 and Fr {2 are denoted by dx and ds, respectively.
Let Iy and Iy (I1 = I'1) be Borel subsets of Fr (2 such that Iy NI} = ()
and ds(Fr {2 — (IyUI1)) = 0. We will consider an elastic-perfectly plastic
body, occupying the given set (2. We first introduce some functions. Let
K : 2 — 2E¢ be a multifunction.

ASSUMPTION 2 (cf. [6], [8, p. 401] and [15, p. 19]). For every y € {2,
(81)  K(y) = {2(y) |z € C(TEL), 2 0 € W(2,div),
z(z) € K(x) for dz-a.e. x € £2}.
Moreover, for all x € 2, K(z) is a convex and closed subset in E?. u

The set K(x) is the elasticity convex domain at the point z.

Let 0 75 Ky C ’CQ be convex closed subsets in E7'. Moreover, let 0= Ql U
!22, !21 ﬂQg = (), Qg int (22 (interior with respect to £2) and (21 = clint !21
Then the multifunction Ky, defined by KCs(z) = Ky if z € 2y and Ks(x) =Ko
if z € (2, satisfies Assumption 2. From (3.1) we see that if z(z) € K(z) a.e
in 2 and z € C(2,EY), Zjinc o € W"(§2,div) then z(z) € K(x) for every
x € f2.

AsSUMPTION 3. There exists 1 > 0 such that Bgn(0,71) C K(z) for

every x € (2. Moreover, there exist @ > 0, [g;;] € L>®(2,E") and a;; €
L>(,R) for i,5,k,l € {1,...,n} such that

n

(3.2) Z aijrl(T)wijwy > 5”[1”;}]”%)?’
i,j, k=1

(3.3) 7%(z, [w]) = Z aijri () (wi; — ¢ij () (wiy — qri(2)) + I ([wy;])
0,4,k =1

for dz-a.e. € 2 and for every [w};] € EJ. m
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We define
(34  jlo,w) = (@ w) = sup{w : W' — j*(z,w) | w* € BI}

for dz-a.e. x € {2 and all w € E”. By Assumption 3 there exists k > 0 such
that

(3.5) enr1||wllge —k <j(z,w) for dz-ae. x € £,

where the positive constant ¢, depends only on n (cf. definition of the norm
| - [[gn in Section 2). Define joo : £2 x Ef — RU {+o00} by

(3.6) Joo(m, W) = sup{w : w* — Iy (W") | w" € E{}
for x € 2 and w € E”. Because of Assumption 3 we have
(3.7) cnr1||Wllgr < joo(z, W),  Vz € 2,

where the positive constant c,, depends only on n.
Let f € L™(£2,R") and g € L*>([1,R"). In this paper we consider the
functional

(3.8) BD(2) 3 u— AF(u) + Gj(e(u)),

where

(3.9) AF(u) = =AL(w) + Ie,oy(w), L(w)=|f-ude+ | g-yp(u)ds,
02 Iy

and define the subset C,(u") of BD(2) by
(3.10) Cu(u’) ={ue BD(2) |vp(u)p, =u’ on Iy, u’ € L' (I, R™)}.
The functional G; : M (2, EY) — R U {400} is given by

§pi(z,p)de if p e LY(02,ET), ie. p is absolutely
(3.11) Gj(p) = continuous with respect to dx,

400 otherwise.

The expression (3.8) describes the total elastic-perfectly plastic energy
of a body occupying the given subset {2 of R™. This body is subjected to
volume forces f € L™(£2,R") and boundary forces g € L*°([1,R™). The
constant A > 0, A < oo is the load multiplier (see [23, Chap. 1, Sec. 4]). The
set Cy(u) consists of the kinematically admissible displacement fields for
the body clamped on Iy (see [6] and [23]).

PROPOSITION 4 (see [23, p. 255]). If u € BD({2), then
(312)  e(u)=e(u)jo +e(w) g _g+ (15W) —yh(w) @, vds,

where the inside trace ~vE : BD(Q) — LY(Fr 2,R") and outside trace v§ :
BD(; — 2) — LYFr2,R") are given by the formulae v5(u) = g 0
for u € BD(2) N C(2,R"), and v§(u) = g o foru € BD(f2 — 2) N
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C(£21 — 2,R™), respectively, and where @5 denotes the symmetric tensor
product: (p ®sv)ij = (piv; + p;vi)/2.

DEFINITION 2 (see [16]). A Borel set C C R™ is called a Caccioppoli set
if sup{§,div fdz | f € Cj({2,R"), | f(z)]zn < 1 Vz € 25} < oo for all
bounded open subsets {25 of R".

REMARK 2. For every o € W"({2,div) and u € BD({2) the distri-
bution o : e(u) is a regular measure on (2;. Then there exist sequences
{025} ken and {025} pew of subsets of 2 such that

3.13 AP =0FcFrcf=imtNl, VkeNl,
( c c 0 0

(3.14) if k1 < ko then QF1 C QF2 C QF c O,
(3.15) lo:e(n)|(258 — Q8 <1/k, VEkeN.

Moreover, by Urysohn’s Lemma [13, Theorem 1.5.10], for every k € N, there
exists a continuous function vy, : 21 — [0, 1] such that 9y (z) = 1 for z € £2*
and Yp(x) = 0 for x € 21— Q5. Then for every ¢ € C.(f21) we have
$pe o 0o s e(u) = limy.oo §, Yrpo : €(u) (cf. 2, Theorem 3.1]).

LEMMA 5. If there exists a closed Caccioppoli set C C 21 (C = clintC)
such that I's = Fr 2NC, with ds(Fr 2 NFrC) =0, then for allu € BD({2)
and all o € W"((2y,div),

(3.16) | Br(o0)- (V5 (W) —vE(W) ds = | o : [(VB(w) —vE(w) @, v] ds,
I I

where we denote o : e(u)p o by o : (79 (n) — 75 (u)) @5 v] ds.

Proof. Step 1. We prove that Bp(o)n) = —63(0‘91_[—2) on Fr {2 for

every o € W(21,div). Indeed, for every f € L!(Fr £2, R") there exist u; €
LD(£2) and ug € LD(f2; — 2) such that yg(u;) = vyp(uz) = f (cf. [23,
Chapter 2, Theorem 1.1]). By (2.11) and [23, Chapter 2, Lemma 2.2] we get

(3.17) | [o:e(u)+ (dive) - uldx
U1 -0)

— | Bslo1g,_n) + Bs(o)0)] - vB(u0) ds
Fr
= S o:e(u)dr + S (dive) -udz
.Ql »Ql
for every (u,o) € LD(£2;) x W"(£2y,div). Therefore, for every (f,o) €
LNFr Q,R™) x W™(21,div), i 0[Bp(0)0, _5) + Br(o)0)] - fds = 0.
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Step 2. Let u; € BD({21) and u, |, _p = 0. By Proposition 4 and (2.11),

SO’ 6111
9]

(dive) -uy dx = S o (v5(u) @5 v)ds.
Fr 2

+ 1
2
Replacing {2 by 21 — {2, we get
(3.18) | Be(o0)-(B)—vE)ds = | o:[(vB(u)—vh(u) v ds
Fr 2 Fr 2

for u € BD(§21). Let X¢(z) = 1 if x € C and X¢(x) = 0 otherwise. Then,
for every u € BD(§21), Xcu € BD(§21) and we get

(3.19) | Brle)(v8(w) —vp(w)ds = | Br(o)(v8(Xen) — vp(AXew)) ds

CNFr 2 o
- S o [(vE(u) — vh(u) ®s v]ds. =
I

ASSUMPTION 4. Let It = Fr2NC, where C = clintC C {2 is a closed
Caccioppoli set and ds(Fr 2NFrC) =0. m

Let p € My(§2,E?). We recall that |p| is the total variation measure
associated with p, i.e. for every p-measurable subset {2 of {2 we have

l(£2) = sup{§s@ : | ¢ € Co(2,EY), maxi;(llpijllc(e) < 1}. Then
4]l (2) = §; 1] The density of g with respect to |u| will be denoted by
dp/d|p|. Let p = pqo(x) dx + ps be the Lebesgue decomposition of p into
absolutely continuous and singular parts with respect to dzx.

4. The scheme of duality in Hencky plasticity. In this section we
define the duality between the displacement formulation and the stress for-
mulation of the variational problem in Hencky plasticity (cf. [12, Chapter 3]).
We prove (similarly to [25]) the existence theorem for the stress problem (see
Theorem 7) for an elastic-perfectly plastic solid, made of a non-homogeneous
Hencky material, where the following condition is fulfilled:

(4.1) Jry >0,V € 2 K(x) C Bgr(0,72).
Let
42)  V=ILDW),] o), Y =[LY2ED, | o oEm)
(cf. [12, Chapter 3]). Moreover, let
(4.3) V*=LD*(2)=[LD(Q),||-|lzp]", Y*=[L®(2,E]),0(L>, LY.

The linear operator € : LD(2) — LY(2,E") =Y is continuous (cf. (2.1)).
Below, the following functional is considered:

(4.4) LD(2) 5 u— AF(u) + G;(e(u)).
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Let vp(ug) = u on Iy where ug € LD(S2) (see [23, Chapter 2, Theorem
1.1]).

LEMMA 6 (cf. [25] and [23, Chapter 1, Lemma 2.2]). The dual problem
of
(4.5) (Py) find inf{\F(u) + Gj(e(u)) |ue LD(£2)}
18
(46) () find sup{—(AF)'(=€* (@) — Gi(0) | & € L=(2,ED)},
where
—§r,Be(o) u’ds ifdive = —Mf in 2

(4.7)  (AE)*(—e"(0)) = and Bp(o) = Ag on I,
400 otherwise,
and
(4.8) Gi(o) = Sj*(x,a) dz.
2

The trace Bp(o) € L (Fr 2,R") exists (cf. Theorem 3). Moreover, e*(o) =
(dive, Bg(o)), where the bilinear pairing between V' and €*(Y™*) is given by

(4.9) (U, 6"(0))ywer(y) = — V(dive)ude + | Bg(o)ys(u)ds.
Q Fr 2
Proof. (i) First we prove (4.8). Because of (3.3), the function j is a convex
normal integrand. By [21, Theorem 3A and Proposition 2M] we get (4.8),
since L!(£2, E?) is a decomposable space and j(z,0) < 0 for dz-a.e. x € {2
(j* is a non-negative function).
(ii) We apply Lemma 2.1 of [23, Chapter 1] with vg = ug € V = LD(£2),

(4.10) (08, WL xip = —/\< {fudet | g-vp(w ds), Vu e LD(12),
Q n

and where B is the set of u in LD({2) such that yp(u) vanishes on Iy. We

deduce from this lemma that (AF})*(—e*(o)) is equal to

(411)  Quy(0) = (—€* (o), u0)LpxLD + A( {foupde+ | g-vp(u) ds)
n I
if Qu(o) =0 for every u € B, and to +o0 if Qu, (o) # 0 for some u; € 5.
Writing Qu(o) = 0 with u replaced by u € LDy = {u € LD(f2) | vyg(u) =0
on Fr 2}, we see that
(412)  (—o,e(@))poxpr + A | £ Td =0,
Q
(4.13) <_5*(U),G>LD*><LD + A S f-udx = <)\f - E*(O'), ﬁ>LD*><LD =0
N
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for every u € LDy(£2). By (2.11) and (4.12) we obtain {,(AMf + dive) -
udx = 0 for every u € LDy({2), or in other words Af = —div o in the sense
of distributions on 2. The trace Bp(o) on Fr (2 exists, because dive =
=M € L™(£2,R") (see Theorem 3). In the case when Qu(o) = 0 for every
u € B, by (2.11), we have

(4.14) 0= {(\e—Bs(0) v(u)ds, Vueh
Iy
because dive = —\f and vp(u) = 0 on [ for every u € B. The trace vp

is a function onto L!(Fr 2, R"), hence Bg(c) = Ag on I. By (4.11) and
(2.11) we obtain

(415)  (AF1)*(—€"(9))
= (—0o,e(ug)) ooy L1+)\<Sf uoda:—kxg-'yg(uo)ds)
2 In
= (M +dive)-ugdz— | Br(o) va(u)ds+ A | g vp(uo)ds
2 Fr 2 I

— | Bs(o) - v(uo) ds. =
Io

THEOREM 7 (see [25] and [23]). Suppose inf(Py) is finite. Moreover, as-
sume that inclusion (4.1) holds. Then inf(Py) = sup(Py) and (Py) has at
least one solution og € W"(§2,div), where (P5) is defined by (4. 6) (4.8).

Proof. The function
(4.16) LY2,EY) > p+ G j(e(u) +p) € RU{+oo0}

is L.s.c. in the topology o (L' (£2, E?), L*>°(£2, E?)), where u € LD(2). Indeed,
by (4.8) and [21, Theorem 3A and Proposition 2M] we get

(417) G3*(p) = sup{ S p:odx— S (x,0 d:c‘cr € L>(12, E”)}
02 9]

= S](Ct?,p)dl‘, VpELl(Q,Eg),
02
since j** = j (cf. (3.11)). By the Mazur Lemma the function (4.16) is l.s.c.
in the norm || - || 1, because the epigraph of (4.16) is closed in the norm R x
LY2.ED) 5 (2.p) = |21+ [Pl 13- By (4.1) we have j(a, w) —j* (v, )
< Curol|wl|gn for every w € EY and dz-a.e. x € {2, where ¢, > 0 depends
only on n. Thus dom G; = L*(£2,E?). Because of [12, Chapter 1, Corollary
2.5, the function (4.16) is continuous on the whole space [L!(£2, E?), ||-||11].
By [12, Chapter 3, Theorem 4.1] the proof is complete. m
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5. The scheme of duality for the relaxed functional. In this sec-
tion we define the functional of energy, where the work of boundary forces
is relaxed. We find the dual problem and show the existence theorem.

Let the condition (4.1) be satisfied. Moreover, let

(5.1) AFy(u) = — (gf-uda:+ | g-yB(u)ds)
%) n
+ § rllva(@E ds + Io, o) (w)
Iy
for every u € LD(£2), where | - ||£. is the Euclidean norm in R™.

DEFINITION 3 (cf. [8]). A subset Hp of £°(£2,R™), is said to be PCU-
stable if for any continuous partition of unity (ay, ..., aq) such that ag, ...,
ag € C®(§2,R), and any zo, ..., zq € Hy, the sum Z?:o o;Z; 1s in Hy.

LEMMA 8. The dual problem to the relazed formula
(5.2) (P, find nf{AF,(u) + Gj(e(w) |u € LD(®2)},
18
(5:3)  (PL,) find sup{—(AE,)*(—e"(0)) — Gi(o) | o € L¥(2, ED)},
where

§, 1850y (A& = BB(0))ds — § 1, Br(o) -u’ds
(5.4) (A\F.)*(—€"(0)) = if dive = =Xf in §2,
400 otherwise,

and G} is given in (4.8). Here BE(0,7) is the closed ball in the space R™,
endowed with Buclidean norm | - ||£..

Proof. In view of the proof of Lemma 6, it suffices to show (5.4) for
o € Y*. Since LD(S?2) is PCU-stable, by [8, Theorem 1] we obtain

(5.5)  (AF)*(=€%(0)) = 181161‘13{@, —€5(0))vxer(v) — AFr(u)}

= sup{S(divcr)uda:— X ,@B(a)'yB(u)ds—l—)\(Sf-ud:U
N

ueV * o Fro
+ [ g vp)ds) = § rivs I ds — Io,w) (W) |
Fl Fl

= sup { S[diva + Mudz + S (Mg — Bp(o))yp(u)ds
ueV * o I
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— § v ds = [ [B(0) - v8(0) = Lzerrz—wy (Y5(w)) ()] ds}
n Io

= Ijpernjoe_gy(dive) du+t | Tpe,)(Ag—Bs(0)) ds— | Ba(o) - u’ds. »
(0} I I

THEOREM 9. Suppose inf(Py,) is finite. Moreover, assume that inclu-
ston (4.1) holds. Then inf(Py,) = sup(P},) and (F5,) has at least one
solution oo € W"(£2,div), where (P5,) is defined by (4.8), (5.3) and (5.4).

Proof. Similar to that of Theorem 7. u

6. Regularity of displacement solutions. In this section it is proved
that the displacement solutions of the relaxed functional belong to the space
LD(£2) (cf. Theorem 21). In this section we assume that u® = 0 on Iy.
Moreover, we do not assume that the set () is bounded for any z € 2.

The functional [Py, is defined by the expression

6.1)  WHR,div) 30— [Py, |(0) = —(AF)"(=€"(0)) - Gj(o),
where (AF})* and G are given by (5.4) and (4.8). We define
(6.2)  Y'02)={M c M(2,E?) | Ju; € BD(£2y),

e(u) g =M, uyp 5 =0}

The bilinear pairing between M € Y!(£2) and o0 € W™({2,div) is introduced
below. Let €(u) = M, where u € BD(f21) and uj, _g = 0. Moreover, let
o1 € W"({2,div) where 0| = o (see Remark 1); then we define

(6.3) (M, 0)y1xwn(0div) = S o1 :e(u)

o e(ug— | Br(o) vhu)ds
Fr 2

I
Q= Jl

(cf. formulae (2.10), (3.12) and (3.16)).

REMARK 3. The definition of spaces in duality requires that for every
o € W™(£2,div), o # 0, there exists M = e(u) € Y!(§2) such that
(6.4) Vo:M={o:em)- | Bs(o) vh(u)ds #£0.

2 2 Fr 2
But for every o € W"(£2,div) such that dive = 0 in {2, and for every
M =e(u) € YY),
(6.5) S o:e(u) — S o (vE(u) ®@sv)ds = — S(diva) ‘udr =0
N Fr 2 2

(see (2.11) and (3.16)). Therefore the duality should be defined between the
spaces Y1(£2) and W"(92,div)/{o € C(£2,E?) | diveo = 0}. To simplify the
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proofs, the previous definition, given by (2.9) and (6.3), is considered here.
We do not get a contradiction, since we do not use the Hausdorff property
of the topology o(W™(£2,div), Y1(£2)).

We define the subspace Cgi, (£2, E?) of W"(£2,div) by

(6.6) Caiv(2,E}) = {0 € C(2,E}) | oy, € W"(£2,div)}.
We say that a net {Ms}sep C Y'(£2) is convergent to My € Y! in the
topology o(Y1(£2), Caiv (2, E?)) if (Mg — Mo, o)y 1 xwn(0,div) — 0 for all
o c Cdiviﬁ, E"). Similarly, a net {Ms}scp C Y! is convergent to My
in o(Y'(2), W"(£2,div)) if (Ms — Mo, 0)y1xwn(gdv) — 0 for all o €
W (£2,div).

The space BD({2) is isomorphic to A = {u € BD({21) [ uj, _5 = 0} (cf.
Assumption 1). Moreover, A is isomorphic to Y!(£2), and the isomorphism
is given by the formula
(6.7) {ue BD() vy 5=0}=A3ur—e(u);c Y ()

The Banach spaces [BD(£2), || - | sp] and [Y!(£2), || - I, (2] are isomorphic
(cf. [6, Proposition 4.24]). Each closed ball clj.(B(0,7)) (in Y!) is compact
in the topology o(Y'(2), Cqiv(£2, EZ)), where cl denotes the closure in the
norm of BD({2) (see [6, Proposition 4.23]). The space [cl|.,, (Bsp(0,72)),
weak* BD(f2) topology] is isomorphic to [cl,,(Bsp(0,72)),0(Y'(£2),
Caiv (2, E2))] (cf. [6, Proposition 4.25]).

PROPOSITION 10. Every closed ball clj.,, (B(0,72)) (in YL(02)) is com-
pact in the topology o(Y'(2), W™(£2,div)). For n = 1, L "=D(0Q,R") is
replaced by L>®(82,RY) in the proof below.

Proof. Step 1. Let {e(us)gtsep C Y!(2) be a bounded net in the
norm || - |y, ). Then {usotsep C BD(£2) is a || - | pp-bounded net.
There exists a continuous injection of BD(£2) into L™ =D (2, R") (see [23,
Chapter 2, Theorem 2.2]). Hence {uso}sep is a bounded net in L/ (n=1),

Therefore, there exists a finer net {us, taca C {us}sep and a function
u; € L™= (02,R") such that

(e (u5,), )y (i = — | (dive) - ug, dz — — | (dive) - do
9] N
for every o € W"(42,div), since dive € L"(£2,R™). Moreover, there exists a
finer net {u(gaﬁ} and a measure 1 € M(£2, E}) such that {, ¢ : e(ugaﬁ) —

§o @ p for every ¢ € C3(£2, E™). The symmetric distributional derivative
e(ur) of uy is equal to py, since Cj(£21, EY) € W"(£2,div). Thus u; €
BD({2) and e==:(u(5%)|(—2 converges to (uy)| in o(YL(2), W"(§2,div)), where

u; € BD(f4), uyp =g in 2 and ﬁllﬂrﬁ =0in 1 — 2.
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Step 2. The net {e(us) 5}sen C Y () is contained in a closed, bounded
ball c1||,HMb(B(O, r9)). Then for every 6 € D,

(6.8)  lle(us)pll, = sup{(e(us), o)y rxwn (0, div)l
o€ C(1,ED), lo(@)lg, <1, Vz € 2} <ro.
By (6.3) we get [[e(u1) 5]lm, < r2. Then e(uy); € L, (By1(7)(0, 72)). =
THEOREM 11. The topologies o(Y1(2),Cai(2,E?)) and o(Y'(92),
W"(§2,div)) are equivalent in every closed ball C1H~IIMb(BY1(§) (0,72)).
Proof. The Hausdorff topology o(Y!(£2),Caiy(£2,E?)) is weaker than

o(Y1(2), Wn(£2,div)). Moreover, among all Hausdorff topologies, compact
topologies are minimal (see [13, Corollary 3.1.14] and Proposition 10). =

AsSUMPTION 5. There exists o7, € Caiv(£2,E?) such that [P}, ](or) =
sup(Py,) < oo, Bp(or) = Ag on I and or(x) € K(x). Moreover, there
exists dp > 0 such that dist(op(z), FrK(z)) = inf{|jor(z) — z[|g. | z €
FrC(z)} > &g for every = € £2. u

By Assumption 5 the boundary force g € L (I, R™) is a regular func-
tion.

Define T} : Y!(§2) — R U {+oc} by
(6.9) Tr(e(m)g) = | Brlor) - vhw)ds— | or:eu)

Fr 2 0

— | Belor)vh(w) ds + | rllvE(w)|En ds
I In

+ S I{'yé(u)@SV:O}(_’Yé(u) ®s v)ds + S J(z,e(u)) dx
) 2
if wg € LD({2) and u, 5 = 0, and T:(e(u)z) = +oo otherwise. By
(2.11) we have T;(e(u)5) = (u0) + Gj(e(u)g)) if uo € LD(N2) and
Ug,_p=0.

1= —_—

Because of the duality between Y!(£2) and W (2, div), we define a func-
tional T on the linear space Caiy(£2,E?) + {0 € W"(£2,div) | dive = 0}
by
(6.10)  T7(o) = sup{(e(w) g, o) y1xwn(0div) — Tr(e(w)g) | u € BD({2),

up € LD(2) and u, 5 = 0}.

The bidual functional T:* : Y!(£2) — RU {+oco} is defined by
(6.11)  T;7(e(w)g) = sup{{e(w) g, o)y xwn(2aiv) = T7 (o) |

o € Caw(2,E}) + {0, € W'(2,div) | dive, = 0}}
for u € BD(21) with ug _5=0.

AE,
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Because of (3.12), the space Y!(£2), o, is isomorphic to {—vp(u) @, v €
L'(Fr 2,E") | u € BD(£2)}. The extension Y(£2) of Y({2) is given by
(6.12)  Y'Q)={(z,—vh(u) ®,v)

€ span(e(BD(92)), L'(2,E})) x Y (D) e |
Jw € L'(2,E"), 3u € BD(1) such that z = wdz + (1)
and '7113(“) ®s v =vp(1) ®s V}.
The bilinear pairing between Y1(£2) and W(£2, div) is given by
613) (@AW @v)oh= oz | Bslo) vhu)ds
n Fr 2

for every o € W"(£2,div) and every (z, —v5(u) ®; v) € YL(2). A net
{Mi}ier € YY) is convergent to My in o(Y1(£2), W"(§2,div)) if and
only if (M¢, o)1 — (Mo, o)1 for all & € W" ({21, div). The extension of T,
onto the space Y!(£2) (denoted by T;) is given by
(6.14)  Tp(z, —vB(u) @, )

= —((z —yp(w) ®sv), o)1 - | Be(or)ypu)ds + | rlvh(w)|E ds

Fl Fl

+ S Ity pwew =0} (—rB(0) @5 v) ds + SJ(% z)dx
I 0

if z = wdz+e(u) with w € L(2,E?), u € LD(R2), and T} (z, —yp(u) @, v/)
= +o00 otherwise. B
By the duality between Y!(2) and Wn(£2,div) we define a functional
T* on the linear space Cqiy (2, E?) + {0 € W"(£2,div) | dive = 0} by
(6.15)  T;(0) = sup{{(z, —y5(w) @ v), o)1 = T (2, —yp(u) @5 v) |
z € L' (2,E"),uc LD(12)}.

The bidual functional T** : Y1(£2) — R U {+00} is defined by
(6.16)  T;" (2, —yp(w) @5 v) = sup{((z, —yp(w) s v), )1 = T () |

o €Cuiy(2,ED) + {0 € W"(£2,div) | dive = 0}}
for (z, —yp(u) @, v) € YX({2).

PROPOSITION 12. The explicit form of T: ]
(6.17) T} (o) =\ j*(x,0 + or)dz + | Ipe(,(—Br(0)) ds
0 I

for every o € Cqiy(2,E?) + {o € W*(£2,div) | dive = 0}. Here B¥(0,7)
is the closed ball in R"™, endowed with the Euclidean norm || - ||&..
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If we extend T onto the space W™(£2,div) by (6.15), then T* is given
by (6.17) for every o eW™(§2,div).

Proof. By Theorem 3A of [21] and formulae (6.14), (6.15), we have

(6.18) T*(o) = sup{ S(a +op):zdr — S Bp(o+or)-vp(u)ds

2 Fr 2
+ | Bo(ow) -yp(u)ds — | rllvh(w)||E. ds
Fl Fl

_ S Iy pwew =0y (—ryB(01) ®s v) ds — Sj(a:,z) dx ’
I 0

z=w+e(u), where w € L'(2,E") and u € LD(Q)}
= sup{ S(O’—FO’L) cwdr — Sj(x,w)d:v ‘ w € LI(Q,E’;)}
2 N

+sup{ — S Bp(o+or) - -vp(u)ds + S Bp(or) - vp(u)ds
Fr 2 I

— | rlvh )18 ds | vp(w) € L' (Fr 2,R") and vp(u) = 0 on fo}
I

for every o € W (§2,div), because g is a surjection on L!(Fr 2, R™). Then
we obtain (6.17). m

Define T;% : Y1(£2) — RU {400} by
(6.19)  T7#(z, —y5() ®s v) = sup{((z, —v5(w) ®s ), o)1 — T}(0)

o) |
o €Cyiv(2,ED)}
for every (z, —yg(u) @, v) € YH(12).
ProproSITION 13. The explicit form of T is
(620)  T7#(e(u) )
= - S f-udr — S Bp(or) - vE(u)ds

2 I
+ { rlvB@Ife ds + | ool —vE(0) @ v) ds
Iy o
+ (e e(),) dz + | joo(w,de(u) /dle(u),|) dle(u) |
2 9]

for e(u) 5 € YL(0).
Proof. The field o, is a solution of (P}, ), i.e. (P} ,)(oL) = sup(Fy,) (cf.
(6.1)). Then T7*(0) < co. Moreover, the space Cyiy (12, E?) is PCU-stable, so
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by Theorem 1 of [8] we get
(6.21)  T;#(e(u)5) = sup { \(o+ou) ()= (@, 0+0L)da
2

02
= | Bslo+ o) h(w)ds— | Bs(o +or) - vh(w) ds
Iy I
~ § Ips 0 (~Blo)) ds |
Iy

o € Caiv(2,ED), (0 + Apop)(x) € K(x) for every z € ﬁ}
+ | Bolow) - vE(w)ds — [ op:e(u)

Fr 2 (9}

= sup{ S[(a +or):e(u),—j (x,0 +0op)]dz
1%

+ V(o +0or): (de(n),/dle(u),]) - js(z,0 + o) de(u)

+ \l(e+0or): (—v5(0) ®sv) — ji (2,0 +oL)] ds

N Q=

o

+ { [(-88(0)) - v5(w) — Ipe(,)(—Bs(a))ds — | Br(ow) - v5(u)ds
Fl Fl
oc Cdiv((_Z,Eg)} A f-ude

n
for every u € BD(§21) such that u, _g = 0, which is (6.20). Here e(u) =
e(u)q +e(u), is the Lebesgue decomposition of €(u) into absolutely contin-
uous and singular parts with respect to dzr. =

DEFINITION 4. We say that T, is coercive if
(6.22) T,(Mp,) — +oo if HMmHMb(ﬁ,Eg) — 00
for every sequence {M,, }men C Y1(92).

ASssuMPTION 6. Let T). be a coercive function. Moreover, let Tf# be the
largest minorant that is less than T} and ls.c. in the topology o(Y!(§2),
Cqiv(£2, ED)), or in other words, let fﬁ# be the l.s.c. regularization of T} in
o(Y1(2), Caiy (2, E)).

REMARK 4. Since T} is a coercive function on Y!(£2), it suffices to con-
sider equivalent topologies in every closed ball cly.,. (By1(g)(0,72)). Be-
cause of Theorem 11, the topologies o(Y1(£2), Cg;y (2, E?)) and o(Y1(£2),
Wn(£2,div)) are equivalent in every closed ball in Y1(£2).
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We say that a net {M;s}sep C Y(£2) is convergent to My in the topol-
ogy o(Y1(2),Cqiv(2,E?) + {o € W"(£2,div) | dive = 0}) if (Ms — My,
o)y ixwn(2.div) — 0forallo € Cyiv (2, EY)+{o € W"(£2,div) | dive = 0}.
The topologies o(Y!(£2), Cqiv (2, E?) + {0 € W"(£2,div) | dive = 0}) and
a(YY(2), W"(£2,div)) are equivalent in every closed ball in Y!(£2), be-
cause 0(Y1(02), Caiy(2,E?) + {00 € W"(2,div) | dive = 0}) is weaker
than o(Y*(£2), W"(£2,div)) and stronger than o(Y*(£2), Cqiv(£2, E)).

By Proposition 2 and [6, Proposition 4.25] the spaces [cl|. , ,(Bsp(0,72)),
I Izo(orm] and [ely,, (Bep(0,72)), o (Y (£2), W"(2,div))] are homeo-
morphlc for 1 <p<qg=mn/(n—1) (if n = 1 then ¢ = o0), where
the isomorphism between BD(f2) and Y!(£2) is given by (6.7). Indeed,
[l i5p (BBD(0,72)), || - | r(2,rm)] is @ Hausdorff topological space and the
topology given by the norm || - || (o rn) is weaker than the topology (2.7)-
(2.8) (see Definition 1 and [13, Corollary 3.1.14]).

Let Ty denote T for r = 0 (cf. (6.9)). The problem of L.s.c. regularization
of Ty, for the homogeneous case, is solved in [9] and [4]; the regularization is
found in the topology of L!(£2,R™). The non-homogeneous case is studied
n [7] for functionals defined in the space BV of vector fields with bounded
variation.

LEMMA 14. For every o € Cqiy(2,ED) + {0 € W™(2,div) | dive = 0}
we have T (o) > T (o). Moreover, T;*(M) < T;*(M) for every M €
Y!(92).

Proof. Indeed, in the definition of T ~ we take the supremum over a larger
domain. The second inequality follows directly from the first. m

PROPOSITION 15. Under Assumption 6, we have T (M) = T (M) =
T (M) for every M € Y1(£2).

Proof. By Lemma 14, CF;“* < T7*. Moreover, in the definition of T;"*
we take the supremum over a larger domain (see (6.19) and (6.16)), so
T;# (M) < T*(M) for every M € Y!(£2). Therefore T;# < T#* < Ti**. By
(6.10), (6.11) and Remark 4, the functional 7;7* is the l.s.c. regularization of
T, in the topology o(Y1(£2), Cqaiv(£2, E?)). Because of Assumption 6, Vo
is the l.s.c. regularization of T;.. Therefore T = T m

LEMMA 16. Let Assumption 6 hold. For every u € BD({2y) such that
up € LD(2), uy _5=0 and 'yfg(u)‘po =0, we have
(6.23) T (e(u u)p) =177 (e(u) p) = Tr(e(u) g)-

Proof. By Lemma 14, we get T;* < T;*. Thus T;*(M) < T;*(M) <
T,(M) for every M € Y!(£2). Therefore, by (6.20) and Proposition 15, we
get (6.23). m
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LEMMA 17. For every o € Cqiy (2, E?) + {o € W™(2,div) | dive = 0}
and every os € W"(£2,div) such that dives = 0, we have
(6.24) T) (o) =T (o +0s).
Proof. By (6.3), (6.10) and by Green’s formula (2.11) we get
(6.25) T*(o) = sup { ~{(dive) - udz - Tr(e(u) ) ‘

9]
g, € LD(2) and u, 5= 0}

= sup { - S[div(a +05)]-udz —T,(e(u)p) ‘
Q
ug € LD(£2) and Wy o= 0}
=T (0c+0s). =
We say that a net {0} }rex € W"(£2,div) converges to o € W™(£2,div)
in the topology

(6.26) o(W"($2,div), L= (2, EY) x L ([1,R"))

if

(6.27) S(ak—a'):wda:+ Sﬁg(ak—a')-hdseo
n I

for every w € L>°(£2,E?) and h € L>(I,R").

LEMMA 18. Let f: Wn(£2,div) — R be a linear functional, continuous
in the topology (6.26), such that for every o, € W™(£2,div) with dives =0

~

in 2 we have f(os) = 0. Then there exists u € LD(S2) such that for every
o € Wn(£2,div),

~

(6.28) f(o)

S o:e(u)dr — S Bg(o) - vz(a)ds,
0 Fr 2

vp(a) =0 on Iy, yp(u) € L=°(Fr 2,R") and e(u) € L*=(12,EY).

Proof. The functional fis continuous in the topology (6.26), so, by The-
orem V.3.9 of [11], there exist m € L>®(£2,E") and u € BD({2) such that
~p(t) = 0 on I}, and f(o) = $oo0 :m dx—§ ,Bp(o)- vp(u)ds for all
o € W"($2, div), since L>®(Fr 2,R") C LY(Fr £2,R") (cf. Proposition 1).
For every o1 € W"(§21,div) with dive; = 0 in {21 and op € C(2,ED),
we have
(6.29) floyg) = S o1 :mdzr — S o1: (yp(0) ®sv)ds =0.

2 Fr 2
Then by Proposition 1.1 and Theorem 1.3 of [23, Chapter 2] there exists
u € LD(S2) such that equality (6.28) holds.
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Indeed, for all oy € C&(Ql,E’;) such that dives = 0 in {21, we have
(o002 :mdz -\ ,0o9: (yp(W)®sv)ds = 0. Then, by Proposition 1.1 of [23,
Chapter 2], there exists u € D’(£21, R") such that for every o € C} (1, E?),

(6.30) S o:e(u) = S o:mdx — S o: (yp(U)®sv)ds = f(am),

(P2 2 Fr 2
and
mdx in £2,
(6.31) e(u) = { —(vp(u) ®sv)ds on Fr o2,
0 in .Ql — \(_2

(see [20]). For every o3 € CL(£21,E?) such that o3 = 0 in 2, we have
§o, 08¢ s(ﬁ)~: (pos:mde—{, ,03: (vp(U)Qv)ds =0, therefore we can
assume that u), 5 = 0. By Theorem 1.3 of [23, Chapter 2], ujp € LD(£2),
because m € L*°(£2,EY). Moreover, e(u),) € L>(§2,E}) and vp(u)) €
Lo°(Fr 2,R™). w
PROPOSITION 19. Let r > 0 (in the definition of T,) and u® = 0 on Iy.
Then
(6.32)  TF(0) = inf{T} (o) | o5 € W*(£2,div) and dive, =0 in £2}.
Proof. Step 1. Suppose there exists d; > 0 such that
(6.33) T(0) 4 6, < inf{T}(cs) | s € W"(£2,div) and dive, = 0 in £2}.

On account of Lemmas 14 and 17, it suffices to show that this assumption
leads to a contradiction.

Let Tyjpeo : L®(2,EY) x L®(I1,R") — R U {+o0} be the restriction
of Ty, given by TT‘LOO(W, h) = T,(w,—h ®, v) for (w,h) € L®(2,E?) x
L>°(I,R™) (cf. (6.14)). Define the dual functional to THLOO by
(6.34) T:‘Loo(a) = sup{ S o:wdr — S Bp(o)-hds — TMLOO(W,h) ‘

2 Fr
w e L¥(2,El), h e (I, R") }

for o € W"(£2,div). By (6.13) and (6.18) we obtain TV:‘LOO (o) = T*(o) for
every o € W"(§2,div) (cf. Proposition 12). Therefore T, : W"(£2,div) —
R U {400} is Ls.c. in the topology (6.26).

Step 2. The linear space
(6.35) My ={os € W"(£2,div) | dives =0 in 2}

is a closed subspace of L>°(2, E?) endowed with the topology o (L>(£2, E?),
L>(£2,E?)). Indeed, let {o)}rex € W™($2,div) with divey = 0 for every
k € K be anet convergent to g € L*°(2, EY) in the topology o(L*°(£2, EY),
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L*(0,EY})), ie. { (o) —00) : zdx — 0 for every z € L>°(£2, E}). Then for
every u € C}(£2,R"),
(6.36) 0=-— S(div o) -udr = S oy : e(u)dr — S oo : e(u)dz.
2 N n

Therefore diveg = 0 in the sense of distributions on (2.

Step 3. Mo N Bre(o,En)(0,7) endowed with the topology (6.26) is com-
pact, where Breo (o Enr)(0,7) is the closed ball in [L*(£2,EY), || - | e (0,Em)]-

Indeed, let {o}}rex C MoN Breo(oEr)(0,7) be a net. Then there exists
a finer net {o, }ter and o9 € Mo N Breo(o Er(0,7) such that

S(Uk?t —o0):zdr — 0 forevery z € L™(2,EY),

9]
because o(L>®(2,E"), L*°(£2,E?)) is weaker than o(L>°(2,E?), L' (2, E")),
and [L>°(2,E?), o(L>°(£2,E?), L>°(£2, E?))] is a Hausdorff topological space
(cf. [13, Corollary 3.1.14]). The trace Bp is a continuous linear map from
W (2,div), | - wn(oa] into [L(Fr2,RY), | - |lz=]. Hence the net
{Bp(ok,) her is bounded in [L°(Fr 2,R"), || - || L], since {ok, }ter T Mo.
Therefore there exists a finer net {o, }pep and o € L*(Fr2,R") such

that SFrQ(’BB(aktp) —2)-hds — 0 for every h € L!(Fr 2,R™). Moreover,
by (2.11) we obtain
6.37)  {(on,) :e(w)de= | Bp(ow,) vs(u)ds Vuec W"(L,div),
2 Fr 2
and so
(6.38) S Bp(oo) -vp(u)ds = S oo :€e(u)der = S 0 vp(u)ds.
Fr 2 Fr 2
Therefore Bp(og) = 0.

Step 4. By (5.3), (5.4), (4.8) and Assumption 5, T*(0) = inf{T*(o) |
os € W"(£2,div) and dives = 0 in §2}. By the Hahn-Banach theorem, for
every m € N, there exists an affine functional
(6.39) W™(£2,div) 3 6 — fin(0) + am € R
such that
(6.40)  fm(0) +dm <T*(0) and  fm(&) +am > T*(0) — &; /2™
for all o € W"(£2,div) and all ¢ € Mo N Bree(oEr)(0,72™), where fm
is continuous in the topology (6.26). Indeed, Mo N Breo(oEr)(0,72™) is

compact and Tﬁ is Ls.c. in this topology. By (6.17) and Assumption 5,
T7(0) < oo.



358 J. L. Bojarski

Step 5. Let fo: W™(£2,div) — R be given by

(6.41) folo) = S o:m’dz + S Bp(o) - hds,
2 I
where (m° h®) € L*°(2, E?) x L*>(I},R"), and assume that
(6.42) fola) +TH(0) < T (o), Vo e W™(£2,div).
Define
649 ko= 2 lagulee ) { 3 lale + o)l + 1}
irjik =1 ij=1

Then we obtain k. > ||m0||Loo(Q7E§L) (see (3.3), (6.17) and Assumption 5).
Moreover, there exists a constant cg, which depends only on (2, such that

(6.44) ke 2> cs|[B°[| ooy em)-

The field [¢;;] € L*(£2, E}) was introduced in Assumption 3.

Indeed, let A; C f2 be a measurable set such that dz(4;) > 0, [ m°(x) lEn
> ke + 95 for dx-a.e. x € Ay (where d5 > 0), and there exists m¢ € E” such
that ||m°(z) : m||gs > (ke + 65/2)||mC||gn for dz-a.e. x € A;. Since the
Lebesgue measure dz is regular, for every k € N there exists a closed set A*
and an open set A% such that A* ¢ A, ¢ A C 2 and dz(Ak — A%) < 1/k.
By Urysohn’s Lemma [13, Theorem 1.5.10], for every k € N, there exists a
continuous function ¢, € C(R™,R) such that gy ar =1, pprn_ar = 0 and
0 < pp(x) < 1 for every z € R". Then ¢y 5 € Co(£2,R). Moreover, there

exists kg € N such that for every k> ko,

IR R N ()
(6.45) §25ocﬂk() () dz +T7(0) > T3 <5‘“"k( >|mc||Eg>’

lmegs
where §p < 1 is given in Assumption 5. The space C¢(£2,R) is dense in
[Co(£2,R), || - |c]- Hence there exists o1 € C§(§2,R) which satisfies (6.45)
with ¢ replaced by ¢ci. Therefore ke > [[m|| Lo (2,En)- The equality (6.44)
is obtained directly, since Bp : W™ (£2,div) — L*°(Fr {2,R") is a surjection,
i.e. for every p € Bp(W™(£2,div)) there exists p € W™ (£2,div) such that
IBllwn(0.div) < esllPllzoe v 2,rn) and p = Bp(P) (cf. [L1, Theorem I1.2.1]).

Step 6. For every m € N the functional fm defined in Step 4 is continuous

in (6.26). Hence there exist w,, € L>*(£2,E") and h,, € L>*(I},R") such
that
(6.46)  fm(o)= |0 :Wmdz+ | Bs(0) hmds, VYo eW"(2,div)

? I
(see [11, Theorem V.3.9]). Because of (6.40), for every m € N there exist
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measurable sets 4,, C {2 and Km C I such that

51 e 51
(6.47) dz(Am) < T ds(Am) < S

where k. is defined in (6.43), dp is given in Assumption 5, r is given in (5.1),
and

(6.48) Ha’mHLw(Q—Am,Eg) < 10]%, CSHhmHLw(Fl—ﬁm,R") < 10ke.
We have

(6.49) (UmA> < i (UmA) < St

for every my > 1. Thus there exist m; € N, a subsequence {(kaa mk)}kEN
Of { (Win, ) bzimy amd (W57, B5) € L= UR_g, Am, BL) x L(L1 =
Une— o A, R™) such that

m=mi

(o]
(6.50) W, — W weak* in L (Q - U Am E”)
m=m1
~ o~ o~ oo ~
(6.51) By, — b7 weak” in L*® (F1 - U Am,R”).
m=m1

Let

(6.52)  {(Wanp, hn, )T = {(Wamge, i) bt 0 { (W, 1) b -
If mo > mq, then there exists

653) (Wi hg?) e L(2 - | AnBL) < L%(1 - | AnR")
m:ﬁbg m:ﬁLQ

such that
(6'54> (VNmGv hmk) ( 6n27 th)

weak* in [ (Q - U Am) x L™ (F1 - U Am>,
m=mso m=ms
GVVS”Q(:L“) = \'fvgh () for da-a.e. v € 2 —Up_p, Am and th( )= ﬁgﬁl(x) for

ds-a.e. x € I — szzml Am. Letting mj — 0o, we obtain

(6.55) W0 = Wi g An T Z WOl U g, Am”
6.56 ho = h™ i " i
( ) Ol —Umi=s, Am * Z O‘Amk 1 ~Un=iy, Am’

where Wo € L®(£2, E?), hg € L°(I,R™), |[Wol 1 < 10ke, ||hol|z < 10ke.
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Step 7. Let p € L'(£2,E?) and suppose there exists my, such that

PlUx_ gy Am = 0. Then §, Wy, : pdz — §, Wo : pdz. Moreover,
~ 01
(6.57) | W, i tdo < S 6] oo 4 10ke||t]| Lo daz(Ap,)

Amy,

for all t € L>°(2,EY) and k € N (cf. (6.50)). We obtain (6.57) from the
inequalities

~ ~ N ~ ~ 5
(6.58)  T(0) > fmy (0) +my, Gy > T:(o)—Qle Vo € W"(£2,div)

(cf. (6.40) and Assumption 5). Moreover, we have

(6.59) i W, bdz < 10k||t]| o0 dm( U Am>
(USS A~ A m>m
26,
t)7 0
< bl

(cf. (6.49)). Then for every t € L>(£2, E") and every 4, there exists k € N
such that for every k > k, | { (Wi, —Wo) : tdz| < 0, since ||[Wol[z < 10ke.
Therefore w,,, — Wy in the topology o(L>(£2, E}), L*°(£2, E?)). Similarly,
we prove that h,,, — hg in the topology o(L>(I1,R"™), L*>°(I1,R")).

Step 8. Because of (6.39) and (6.40) the functional
(6.60)  W™(2,div) > o — fo(o) = o :Wodz+ | Bp(o) hods € R

Q n

satisfies
(6.61) fole) +T7(0) < T (o),  folos) >0
for all & € W"™(£2,div) and all o5 € My (cf. (6.33) and (6.35)). Then

)
fo(os) =0 for every s € My. By Lemma 18, there exists u € LD({2) such
that for every o € W™ (£2,div),

(6.62) folo)=\o:e@dr— | Bp(o) y5(1)ds,
2 Fr 2
vp(a) =0 on Iy, vp(u) € L>®(Fr 2, R") and e(u) € L>®(£2,EY).

Step 9. We say that a net {o}}rex C Caiv(2, EY) converges to & €
Caiv($2, E?) in the topology o(Caiv (2, E}), LD(£2)) if
(6.63) \(or—8):e(u)dz— | (04 —5): (v(u) ®sv)ds — 0
Q Fr 2

for every u € LD(2) such that yp(u) = 0 on Iy. The Ls.c. regularization
of T in the topology o(Caiy(£2, EZ), LD(£2)) (denoted by cl, ¢ rpyT;) is
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given by

(6.64)  clyc,Lp) TH (o) = sup{ S o:e(u)pdr — S Be(o)vE(u)ds
Q Fr 2

~Tr#(e(u) ) ‘ u € BD(1),u0 € LD(2), g, 5 = 0,75(u)=0 on FO}

= sup{ S o:e(u)gdr — S ,BB(U)’VIB(u) ds — TT(E(u)@) ‘

2 Fr 2
ue BD(21), uj € LD(R2), ujg,_5 =0, v5(u) =0 on ro} = T%(o),
for every o € Cgiy (£2, E?) (cf. Proposition 15 and Lemma 16). From (6.33),
(6.61), (6.62) and (6.64) we obtain a contradiction. =
PROPOSITION 20. Let u’ =0 on Iy. For every r > 0,
(6.65) inf{7,(M) | M € Y'(22)} = inf{T,,(M) | M € Y(2)}.

Proof. By (6.15), (6.17), (4.8), (5.3), (5.4), Assumption 5, (6.17), Propo-
sition 19 and (6.10), we have

(6.66)  sup{~T(M) | M € Y'(2)} = 7;(0)
= —(Px,)(or) = inf{—(Py,)(o) | e € W"(£2,div)}

— inf{T*(0s) | o5 € W2, div), div o, = 0} = T*(0)

=sup{-T,(M) |[M € Y'(2)}.

Let
(6.67) lo(v1(2), 0 (@Ery) Tr (resp. L ¥ 1(3).Cu (B ED) T;)
denote the largest l.s.c. minorant of 7, in U(Yl(ﬁ) Caiv(2,ED)) (respec-
tively, the largest Ls.c. minorant of 7} in O‘(Yl(.Q) Caiv(22,ED))), i.e. (6.67)
stands for the l.s.c. regularizations of T, and T, in the above mentioned
topologies. B

Because 0 € Cgiyv(£2, EY) and from Proposition 20 we get

(6.68)  inf{cl,(y1(3) o (2 Eny Tr(M) [ M € Y'(2)}

= el 91@) con @B M

THEOREM 21. Let r > 0 and u® = 0 on Iy. Let Assumptions 3, 5 and 6

hold. If T, is a coercive function, then by (6.20) and Proposition 15 the

functional T;* is given by (6.20), since T,"* = 7. Moreover, every mini-

mum point 5( u)g € YL(2) of T* is given by a function U € BD(Ql) such
that ujp € LD(£2), U, _5 =0 and yp(u) = 0 on Ip.

) [ MeY!(2)

Proof. Step 1. Let e(u1))5 € Y!(£2) be a minimum point of 7**. By
(6.10), (6.19) and Proposition 15 the functional 7" is the L.s.c. regularization
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of T, in the topology o(Y!(£2), Caiv(2,E?)). Then, by (6.68), we obtain

(6.69) T (e(U1)p) = clyiy1(@),can (2.En)) Lr(e(Uin) )
= inf{cla(

S
(@) Ca(@.Eny) rM) [ M€ Y ()}

For every M € Y!(£2) we have T,(M) = T,(M). Hence for every M &
Y1 (£2) we get cloryi (@), cu, @B TrM) = 313 04, (3,87 Tr(M)- Re-
striction of the measure e(u1); to the open set {2 is denoted by e(u1))q.
Because of (6.69) and (6.68), the point e(t1),7 = (e(41)); —~L(@)®sv) €

Y!(£2) is a minimum point of the function cl T, on the

o o(Y1($2),Ca (2.EL)) N
1y —

space Y'(£2). By [12, Chapter 1, (5.2)] we get 0 € a(_Cla(Yl(ﬁ),Cdiv(ﬁ,Eg)) 7))

(e(u1)|), where 0 is a subgradient and 0 € Caiv({2,EY). Then e(m) 5 €

8((:10'(?1(!7):0&‘1(6,}3?)) T:)*(0) (see [12, Chapter 1, Corollary 5.2]). By Corol-

lary 4.1 of [12, Chapter 1] we have e(uy);; = (e(1) )0, —v5(01) ®s v) €

d(T¥)(0). Then by [12, Chapter 1, (5.2)] we get

(6.70) ((e(ti)j0, —7B(W1) @5 v), 0 — 0)1 + T;(0) < T (o)
for every o € Cq;y (2, E7).

Step 2. Because of Assumption 4, I'T = Fr 2NC, where C = clintC C (2
is a closed Caccioppoli set and ds(Fr 2NFrC) = 0. Let Op, = 21 —C. Then
ds(I'v — (Fr 2N 0Or,)) =0 and ds((Fr 2N Orp,) — Iy) = 0. We define I} =
Fr 2NOr,. Then for every k € N there exists an open set {2} such that (2, C
Ory, $2, CC (21, dz(£2}) < 1/(2k) and {x € I} | v5(d1)(z) # 0} C 9.

Step 3. Suppose the singular part (e(U1)|g)s is not 0 or ds({z € I] |
~L(1;)(z) # 0}) > 0. Then there exists ¢ > 0 such that [(e(T1))sllna, +

(Y5 (0 ®s v)(2)||gn ds > ¢. Therefore, for every k € N, there exist
r} B D

open sets (2] CC 2 with 20 = /U2, CC (21 such that dz(£2)) < 1/k and
(e (U)o )sling, + Sré (75 (Ti1) ®s v)(2)|lgn ds > 5¢. The existence of the
sequence {2} }ren satisfying the above conditions follows from the regularity
of the measure €(U1)|. By Assumption 5, Bgn(o1(2),d0) C K(x) for every
x € 2. Then for every k € N there exists ¢ € CL(£1,E?) such that
Prio-00 = 0,

(6.71) ler(@)lEn < 300, Vo € 24,

and

(6.72) ((e(Wn)j0, —vB(A1) @5 v), P01 > $C60,
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since

(& (W) )sllnay, + V(v (W) @ v) ()| gnds > 3¢,
I

and
(6.73)  [le(ti) gplhs, = sup{ (8100 B, x (010
B € CA(00,ED) and Vo € 2, |3(x) my < 1}.
Step 4. By Assumption 3 for every 7 > 0 there exists d7 > 0 such that
(6.74) |77 (2, wi) = j" (@, w)| < 0x[lwi — wh|[En

for dr-a.e. z € {2 and all wi, w3 € K(z) with ||wi|lg. <7, [Wi|lg. <7
Then there exists 6 > 0 such that

1

k

for every k € N, since ¢y, () +o(z) € K(x) for every x € 2 and pyo+0or €
C(£2,E?) (cf. (6.73)). By (6.70) we get

(6.76) ((e(W)j0, —vB(B1) ®s ), Pt < |17 (pr2) — T (0)]

for every k € N. Then, due to (6.72) and (6.75), we have a contradiction,
because %550% —0ask —o00. =

~ ~ 1 1
(6.75) T (pri2) = T3 (0)] < 5080 - da($2300 £2) < 506
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