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AN IMPROVED CONVERGENCE ANALYSIS OF
NEWTON’S METHOD FOR TWICE FRECHET
DIFFERENTIABLE OPERATORS

Abstract. We develop local and semilocal convergence results for New-
ton’s method in order to solve nonlinear equations in a Banach space setting.
The results compare favorably to earlier ones utilizing Lipschitz conditions
on the second Fréchet derivative of the operators involved. Numerical ex-
amples where our new convergence conditions are satisfied but earlier con-
vergence conditions are not satisfied are also reported.

1. Introduction. In this study, we are concerned with the problem of
approximating a locally unique solution x* of equation

(1.1) F(x) =0,

where F is a twice Fréchet differentiable operator defined on a convex subset
D of a Banach space X with values in a Banach space Y. Numerous prob-
lems in science and engineering—such as optimization of chemical processes
or multiphase, multicomponent flow—can be reduced to solving the above
equation [7HIL [13HI5]. For most problems, finding a closed form solution
for the nonlinear equation is not possible. Therefore, iterative solution
techniques are employed. The study of convergence of iterative methods is
usually divided into two categories: semilocal and local convergence analysis.
The semilocal convergence analysis is based upon information around the
initial point to give criteria ensuring the convergence of the iterative proce-
dure, while the local convergence analysis is based on information around a
solution to find estimates of the radii of convergence balls.
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The most popular iterative method for solving problem (1.1]) is Newton’s
method

(1.2) Tyl = Tp — F(x) ' F(2n) forn=0,1,2,...,

where xg € D is an initial point. There exist extensive local as well as semilo-
cal convergence analysis results under various Lipschitz type conditions for
Newton’s method ([1.2]) [1-17]. The following four conditions have been used
to perform semilocal convergence analysis of Newton’s method (|1.2)) [3, 5
719, [13]:

C;. there exists g € D such that F'(z¢)~! € L(Y,X),

Ca. |17 (o) L F(zo)| < 1.

Cs. |[|F'(x0) ' F"(z)|| <K for each z € D,

Cy. [[F (zo) H(F'(2) = F"(y))|| < M|z — y| for each z,y € D.

Let us also introduce the center-Lipschitz condition

Cs. || F (zo) H(F'(x) — F'(w0))|| < Lo|lz — xo|| for each x € D.

We shall refer to (C1)—(Cs) as the (C) conditions. The following conditions
have also been employed [9-13] [16]:

Co. [|F' (o) ' F" (o)l < Ko,

Cr. || F (x0) N (F"(x) — F"(x0))|| < Mol — 0| for each z € D.
Henceforth, the conditions (C1), (Cs), (Cs), (Cg), (Cr) are referred as the
(H) conditions.

For the semilocal convergence of Newton’s method the conditions (Cy),

)
(C2), (C3) together with the following sufficient conditions are given [1H4]
9H17]:

AIM + K2 — KVEK2 + 2M
(1.3) n <

SM(K +VEKZ+2M)
(1.4) U($0, Rl) - D,
where R; is the smallest positive root of
K
(1.5) 9ﬂﬂ:4%25+§ﬁ—t+n
The conditions (Cy), (C2), (Cg), (C7) together with
(1 6) < 4M0+K%—K0\/K%+2Mo
' T 3Mo(Ko + VK2 + 2Mg)
(17) U($07 R2) cD,
where Ry is the smallest positive root of
K
(1.8) DPo(t) = Mos + 2982 4,
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have also been used for the semilocal convergence of Newton’s method. Con-
ditions and cannot be directly compared with ours given in Sec-
tions 2 and 3, since we use Ly that does not appear in and .
However, comparisons can be made on concrete numerical examples. Let us
consider X =Y =R, 290 =1and D = [(,2 — (] for ¢ € (0,1). Define a
function F on D by

(1.9) F(z) =a2° — .
Then, through some simple calculations, the conditions (Cs), (Cs), (Cy),
(05), (Cﬁ) and (07) yield

n= %a K:4(27C)37 M = 12(274—)2’ ’CO:4’

Mo =4¢C%-20C +28, Lo=15—17¢C+7¢* -3

0p6er—r——r——r————

—a—T 4
18 |- ——hy |

——hgy |

16 - b

14 - B

12 - b

Fig. 1. Convergence criteria (1.3 and (|1.6]) for the equation (1.9). Here, h1 and ho stand
respectively for the right hand side of (1.3) and (1.6).

Figure [I| plots the criteria (1.3) and (1.6]) for the problem ((1.9). In Fig-
ure (1}, hy stands for the right hand side of (1.3) and hs stands for the the

right hand side of . In Figure |1 we observe that for ¢ < 0.723 the
criterion does not hold while for ¢ < 0.514 the criterion does not
hold. However, one can see that the method is convergent.

In this work, we expand the applicability of Newton’s method first
under the (C) conditions and secondly under the (H) conditions. The lo-
cal convergence analysis of Newton’s method is also performed under
similar conditions.

The paper is organized as follows. In Sections 2 and 3, we study ma-
jorizing sequences for the Newton’s iterate {z,}. Section 4 is devoted to the
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semilocal convergence analysis of Newton’s method. The local convergence
is analyzed in Section 5. Finally, numerical examples are given in Section 6.

2. Majorizing sequences—I. In this section, we give scalar sequences
that are majorizing for Newton’s method (1.2)). We need the following con-
vergence results for majorizing sequences under the (C) conditions.

LEMMA 2.1. Let K, Lo, M,n > 0. Define

2K

T K+ VKZ 8Lk
2
P K2t (1t a)lo+ JK/2 £ (1t a)Lo) + 2Ma/3’
2
21 m -

N K/2 4 aLlo+/(K/2+ aLly)? + 2Ma/3
Suppose that

. 1—a?
moif Lon<

- if 1-o? <L
if —m— .
o 2+20—a2 =

Then the sequence {t,} generated by
K+ 2t — ty)
2(1 — Lotny1)

1s well defined, increasing, bounded from above by

U
2.4 =
(2.4) T a

(23) to=0, t1=17 toyo="tns1+ (tns1 — tn)”

and converges to its unique least upper bound t* which satisfies t* € [n, t**].
Moreover

(2.5) tha1 — tn < an,
an

2.6 tr—t, < .

(2.6) "T1l-a

Proof. We use induction to prove (2.5)). Set

K+ 2ty —t
(27) a = + 3 ( k+1 k’)
2(1 — Lotgs1)

According to (2.3]) and (2.7), we must prove that
(2.8) ap < a.
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Estimate (2.8) holds for £ = 0 by (2.2]) and the choice of 7; given in ([2.1)).
We also have tg — t; < a(t; — to) and so

1_a2 n *k
ta<titalti—t)) =nt+an=(1+a)y= —a! 12a "

Let us assume that (2.7 holds for all £ < n. Then, by (2.3,

1— k+1
tk+1 — tk S O[kn, tk+1 S ﬁ?’] < t**.

Therefore, we must prove that
k+1

Estimate (2.9) motivates us to define recurrent functions f; on [0, 1) for each
k=1,2,... by

n—a<0.

1
(2.10) fr(t) = 5 (lC + /;/ltkn>tk_1n + Lo(14+t4 - +tF)y —1.

We need a relationship between two consecutive functions fi. Using ([2.10))
we get

(2.11) frr () = fi(t) + gk (D),
where
[t Moy, 1 M 2| k-1
gi(t) = [2<IC+ 3 t n)t 2</C+ 3 t"n | + Lot” |7 '
(2.12) = B(zﬁoﬁ + Kt —K) + %tkn(tQ - 1)] th=1y.

In particular,
(2.13) gr(a) <0,

since o € (0,1) and
2Lo0” + Lo —K =0

by the choice of a. Evidently (2.9) holds if
(2.14) fr(a) <0 foreach k=1,2,....

But in view of (2.11)—(2.13]) we have
fr(a) < fr—1(a) < -+ < fi(a).

Hence, holds if fi(a) < 0, which is true by the choice of 79. The
induction for is complete. Hence, {¢,} is increasing, bounded from
above by t** and as such it converges to some t*. Estimate follows
from by standard majorization techniques [7, 8, 13-I5] 17]. w
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Let us denote by 7y and 71, respectively, the minimal positive zeros of
the following equations with respect to n:

K M

[2 + Fa(ltg - tl)} (t2 —t1) + Lo(1 + a)(t2 — t1) + Lot1 — 1 =0,
(2.15) K M

|:2 + F(tg — tl):| (tQ — tl) + aloty —a=0.
Let us set
(2.16) v = min{yo,71,1/Lo}.

Then we can show the following result.

LEMMA 2.2. Suppose that
{ <~ if v#1/Lo,
<7 ify=1/Lo,

Then the sequence {t,} generated by ([2.3)) is well defined, increasing, bounded
from above by

(2.17)

to — 11
l—«

=t 4+
and converges to its least upper bound t7 € [0,t7*]. Moreover, for each n =
1,2,...,
(2.18) tn+2 - tn+1 S Oén(tg — t1).
Proof. As in Lemma 2.1 we shall prove using induction. By the
choice of 71,

K+ %t —t)
(2.19) ) = 2(13_ Coby)
It follows from (2.19)) and (2.15) that

0<ty—to Sa(tg—tl)
ts <ty + afta —t1)

t3 <to+ (1+a)(ta —t1) — (t2 — t1)
—a?
(tg — tl) < .

(tg — tl) S Q.

t3 <t
3_1+1

Assume that

(2.20) O0<op<a
for all n < k. Then, by (2.3) and (2.20)),

0 < thyo — thyr < ¥ty —t1),
_ okt
thyo <11+ 17(152 —t1) < ).
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Estimate (2.20)) is true with & replaced by k + 1 provided that

K M
[2 + ?(tkw - tk+1)] (trt2 = trt1) < o1 — Lotgto)
or
(2.21)
K M X 1 — okt
p _ _ _ —a<o.
|:2 + 6 o (tg tl)] (tQ t1)+a£0 |:t1+ — 4 (tg t1) a<0
Estimate (2.21) motivates us to define recurrent functions fj on [0, 1) by
£ M
fr(t) = [2 + ?tk(tg — tl)} t(ta —t1) +tLo(L +t+ -+ t7)(t2 — 1)
— (1 — Lot).
We have

1 M
fea1(t) = fr(®) + [2(2£0t2 + Kt —K) + ?t’“( — 1D)(ty — t1) |tF(t2 — t1).
In particular, by the choice of «,

(2.22) fk+1( ) < frla) <

- <
Evidently, estimate ) holds if fr(a) <
which is true by the ch01ce of ng. m

fila) <
0, rby-lffl <0,

Lemmas 2.1 and 2.2 admit the following useful extensions. The proofs
are omitted since they can simply be obtained by replacing n = t; — o with
tnyy1 —ty where N =1,2,... for Lemma 2.3 and N = 2,3,... for Lemma
2.4.

LEMMA 2.3. Suppose there exists N =1,2,... such that
o<ty <<ty <tny1<1/Ly

and )
l—«
m if Lon < HT
tng1 —tn < 1
o 2420 —a? ~ '

Then the conclusions of Lemma 2.1 for the sequence {t,} hold.
LEMMA 2.4. Suppose there exists N = 2,3, ... such that
to <t <<ty <tny1<1/Lo
and
<7 if v#1/Lo,
{<'7 if v=1/Lo,
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where v is defined by (2.16) and where ta—t1, t1, ta are replaced, respectively,
bytnt1—tn, tn, tn+1. Then the conclusions of Lemma 2.1 for the sequence
{tn} hold.

REMARK 2.5. Another sequence related to Newton’s method (1.2)) is
given by (see Theorem 4.1)

Ko + %(81 — 50)
2(1 — Eosl)
K+ %(sn—i-l - Sn)
2(1 — £08n+1)

for each n = 1,2,... and some Ky € (0,K], M; € (0, M]. Then a simple
inductive argument shows that

(2.23) s0=0, s1=mn, sy=s+ (s1 — 30)2,

(STH-l - Sn)2¢

Sp+2 = Sp+1 +

(2.24) Sp, < tn,
(225) Sn+1l — Sn < tn—i—l — tn,
s = lim s, <t
n—oo

Moreover, if Ky < K or M; < M then and hold as strict
inequalities. Clearly, the sequence {s,} converges under the hypotheses of
Lemma 2.1 or Lemma 2.2. However, {s,} can converge under weaker hy-
potheses than those of Lemma 2.2. Indeed, denote by 7§ and ~1, respectively,
the minimal positive zeros of the equations

K
[ + M04(32 - 31)} (s —s1)+ Lo(1+a)(s2 —s1) + Los1 —1 =0,

2 6

K M

[20 + 71(82 — 81):| (82 — 81) + alpss —a = 0.
Set

1 __ : 1 1
7= mln{707717 1/£0}

Then
(2.26) <,

Moreover, the conclusions of Lemma 2.2 hold for {s,} if replaces
@2.17).

Note also that strict inequality can hold in , which implies that the
sequence {s,}—which is tighter than {¢, }—converges under weaker condi-
tions.

3. Majorizing sequences—II. We show convergence of sequences
that are majorizing for Newton’s method (1.2)) under the (H) conditions.
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LEMMA 3.1. Let Ko, Lo, Mo, n > 0 with Ko < Ly. Define

(31) a= 2K ,
Ko+ +/ K% + 8Ko Lo

60 = K 2 )

70 + (14 a)Lo+ /(Ko/2+ (1 +a)Lo)® + 2Mo(a + 3)/3

2a
0, = .
! ’Co/2—|—a£0+\/(KO/Q—FCLE())Q—}—QMQCL/?)
Suppose that

1— 2
0 if Lon < ———s,
e 1 p
N —————= .
0 2+2a—a? — 07

Then the sequence {v,} generated by
vo =0, v =,

(3.3) Moy )+ Moy, 4 Ko
Unto = Upp1 + —0—— ! 2t (Un41 — vn)

1 — Lovni1

is well defined, increasing, bounded from above by
n
*k
v 1—a
and converges to its least upper bound v* € [0,v**]. Moreover,
(3.4) Upt1 — Up < a™n,
a™n

3.5 F—, < )
(3.5) v Un = 1—a

Proof. As in Lemma 2.1 we use induction to prove that

(3.6) B = % + %UI@ =+ %(Ukﬂ —vg)
1 — Lovg41

Estimate (3.6) holds for & = 0 by the choice of #;. Let us assume that it
holds for all & < n. Then we must prove that

(Vk11 — k) < a.

]CO Mol—ak MO k k l—ak'H
3.7 — Lo—n—a <0.
(3.7) (2+21_an+6anan+aol_an a <
Define recurrent functions f on [0,1) for k =1,2,... by
Ko M _ M _
(3.8) fk(t):<20+20(1+t+---++tk 1)7]~|—60akn>tk n

+ Lo(l+t+--+tF)n—1.
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Using (3.8)), we get
1

(3.9) frra(a) = frla) + |5(2L0a® 4+ Koa — Ko)
2

+ %(akﬁ + 3a** + 2a* — 3)n|a* 1y < fila),
since a given by (3.1)) solves the equation 2Lga® + Koa — Koy = 0, and
a**t? 4 3aM+1 +2aF — 3 < 0 for each k = 1,2,... if a € [0,1/2]. Evidently, it
follows from (3.9)) that (3.7]) holds by the choice of 6. =

Denote by §p and 41, respectively, the minimal positive zeros of the equa-
tions

(Ko My My
3 + = <v2 + Ta(vz - v1)>] (v2 —v1)
+ ﬁo(vl + (1 + a)(’l)g — Ul)) —1= 0,
[ M M K
70(’02 — U1) + 701)1 + 0:| (’Ug — Ul) + alovy —a = 0.
| 6 2 2
Set

0= min{ég, 51, 1/[:0}
Then we can show:

LEMMA 3.2. Suppose that
{sa if 5+ 1)L,
< if o= 1/[,0.

Then the sequence {v,} generated by equation (3.3) is well defined, increas-
ing, bounded from above by

(3.10)

U2 — U1

3.11 =
(3.11) e

and converges to its least upper bound vy € [0,vi*]. Moreover, for each
n=12...,

Unt2 — Uny1 < a(v2 — v1).

Proof. We have 1 < a by the choice of d;. This time we must have

Ko M 1—a" M
(312) |:20 + 20(2}1 + 1 _(Z (’UQ — Ul)) + Toak(vg - Ul):| ak(’Ug — ’Ul)

_ gkt

1
+a£o[01+
—a

: (UQ_vl)] —a<0.
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Define functions fi on [0,1) by

(3.13)
. ]C() MO 1 —tk MO k k
ﬁ@%—[24-2 Gr+1_t@rﬂﬂ>+ g @ (2 —t1)|t"(v2 —v1)
1— thrl
+tLy |:U1 + 7(02 - U1)1| — 1.
1-—1t¢
We have

Fon(a) = fula) + [;(250& + Koa — Ko) + %(vg —o)(3(a— 1)a
+ (aF*? 4 3a*Ht 4 24% — 3)) a®(vy — vy).

Thus fr11(a) < fr(a) < --- < fi(a). But by the choice of 1y we have
f1 (a) S 0. m
REMARK 3.3. A sequence related to Newton’s method (|1.2]) under the
(H) conditions is defined by
Ko + %(1“ — uo)
2(1 — ﬁoul)
ICO + %(un—l—l - Un)
2(1 — £0un+1)

forn=1,2,... and M; € (0, M]. Then a simple inductive argument shows
that for each n = 2,3, ...,

up=0, w1 =m, ux=u+ (Ul_u0)27
(3.14)

2

Unp+2 = Up+1 + (unJrl - un)

(3.15) Up, < Up,
(316) Up+1 — Un S Un+1 — Un,
(3.17) u = lim <wo*

n—o0

Moreover, if Ky < K or M1 < Mg then and hold as strict
inequalities. The sequence {u,} converges under the hypotheses of Lemma
3.1 or 3.2. However, {uy} can converge under weaker hypotheses than those
of Lemma 3.2. Indeed, denote by 6§ and 1, respectively, the minimal positive
zeros of the equations

_ICQO + /\;lo(uz + %(UQ - Ul))} (u2 —u1)
+ ﬁo(ul + (1 + CL)(UQ — ul)) —1=0,

[ M M K
TO(UQ —uy) + 701“ + 20] (ug — uy) + alouz —a = 0.
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Set
(3.18) 6t =min{d},61,1/Lo}-

Then § < §'. Moreover, the conclusions of Lemma, 3.2 hold for the sequence

{up} if replaces . Note also that strict inequality may hold in
, which implies that, tighter than {v,}, the sequence {u,} converges
under weaker conditions. Finally note that {¢,} is tighter than {v, } although
the sufficient convergence conditions for {v, } are weaker than those for {¢,}.

Lemmas similar to Lemmas 2.3 and 2.4 for {v,} can be obtained in an
analogous way.

4. Semilocal convergence. We present the semilocal convergence of
Newton’s method first under the (C) and then under the (H) condi-
tions. Let U(x, R) and U(x, R) stand, respectively, for the open and closed
balls in X centered at x € X and of radius R > 0.

THEOREM 4.1. Let F : D C X — Y be twice Fréchet differentiable.
Suppose that the (C) conditions and the hypotheses of Lemma 2.1 hold and

(4.1) U(zg,t") C D.
Then the sequence {x,} defined by Newton’s method (1.2)) is well defined,

remains in Ul(zo,t*) for all n > 0 and converges to a unique solution x* €
U(zo,t*) of the equation F(x) = 0. Moreover, for all n > 0,

(4.2) [Zn+2 — Tt l| < tnga — toa,
(4.3) n — ]| < * — tn,

where {t,} (n > 0) is given by (2.3)). Furthermore, if there exists R > t*
such that

U(zo,R) CD and Lo(t*+ R) <2,
then the solution x* is unique in U(xo, R).
Proof. Let us prove that
(4.4) k1 — 2kl < trgr =t
(4.5) U(apsr, " —tppr) C U(ap, t*° —tg),
for all k > 0. For every z € U(z1,t* — t1),
Iz = zoll < llz = 21l + [|lz1 — o
< (=) + (b —to) =" —tg
implies that 2z € U(xg,t* — t(). Since also
lz1 — ol = | (z0) "' F(xo) || < n = t1 — to,
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(4.4) and (4.5)) hold for £ = 0. Given they hold for n =0,1...,k, we have

k1 k1
2pr1 — 2ol <Dl — w1l D (6 — tic1) = tryr — to = trga,
i=1 i=1

lxk + 0(zkr1 — k) — xol| < tp + O(tkr1 — i) < t*,
for all 6 € [0,1]. Using ((1.2]), we obtain the approximation
Flagpsr) = F(ape1) — Flag) — F (o) (@41 — o)

./rl xk + 9 xk—i—l - :Uk)) f’(xk)](:ck_,_l - xk) df

1
0
1
S]:// T+ 9 aﬁkJrl — xk))(l — 9)(37k+1 — .’L‘k)2 de.
Then we get, by (Cs), (C4) and ( .,

(4.6)  [IF (z0) ' F(arsr)|
1

< V(1 (20) T F" (i + O(zpar — @) = F' ()]
0

+[1F (20) T F" (@) ) lzr — 2l (1~ 0) db

1
K
< [MO |2k41 — 2xll(1 —0) d9> + 2] [
0

M K
< ?ka+l — i |* + 5“¢k+1 — a2

< [M(é(tkﬂ — tk)> + IQC] (ths1 — )2,

where

S VR S Wi
Using (Cs), we obtain
(4.7) 19" (o) ™ (F (2k11) = F'(20))|| < Lollzrs1 — ol

< LOtk—f—l < ﬁot* < 1.

It follows from the Banach lemma on invertible operators [7), 8, [13HI5] and
(A7) that F/'(zp41) " exists and

(4.8) Hf'(xk+1)_1f'(xo)!! < (1 = Lollzgsr —xol) 7 < (1= Lotrsr) ™
Therefore by . and , we obtain in turn
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|42 — wrrall < NF (@) T F (2r40) |
< |IF (@p1) T F (@o) || |1F (o) " Fapra)l| < tho — i

Thus for every z € U(xp42,t* — tiy2), we have

12 =zl < Nz = zhpll + [[2rr2 — Thga

S —tpyo + o — tppr = U7 — .

That is,
(4.9) z € U(a:kﬂ, - tk+1).
Estimates (4.8) and (4.9)) imply that (4.4) and (4.5)) hold for n = k+ 1. The
proof of (4.4) and (4.5) is now complete by induction.

Lemma 2.1 implies that {¢,} is a Cauchy sequence. From (| and
., {z,} is a Cauchy sequence too and as such it converges to some
xz* € U(xg,t*). Estimate (4.3 . ) follows from (|4.2)) by using standard majorlza—
tion techniques [7, 8, 13HI5] [17]. Moreover, by letting £ — oo in , We ob-

tain F(z*) = 0. Finally, to show uniqueness let y* be a solution Of .7-" (:U) =0
in U(zo, R). It follows from (Cs) for z = y* + 0(z* — y*), 6 € [0, 1], that

|7 @o)! [ + 0 — ) — P )| a6
0

1
< Lo\ lly* + 0(z* — y*) — xo|| dO
0
1
< Lo \(6ll2* — ol + (1 — 8)|ly* — o) d6
0
S%(t*—i-R <1 (by [@1)),

and the Banach lemma on invertible operators implies that the linear op-
erator T** = S(l) F'(y* + 6(z* — y*))df is invertible. Using the identity
0= F(a*) — F'(y*) = T*(x* — y*), we deduce that z* = y*.
Similarly, we show the uniqueness in U(xg,t*) by setting t* = R. =
REMARK 4.2. The conclusions of Theorem 4.1 hold if {¢,}, t* are re-
placed by {r,}, r*, respectively.

Using the approximation

]'—,(lﬁo)_l]:(xkﬂ)

Sf’ .I'() xk + H(karl - a:k)) f’l(xo)](wk+1 — xk)Z(l — 9) de
0
1

+ \ F (o) F (o) (1 = 0) dB |1 — i)
0
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instead of (4.6) and (Cg), (Cr) instead of, respectively, (Cs), (C4), we arrive
at the following semilocal convergence result under the (H) conditions [7,
Theorem 6.3.7 p. 210 for proof].

THEOREM 4.3. Let F : D C X — Y be twice Fréchet differentiable.
Furthermore suppose that the (H) conditions, U(zg,v*) C D, and the hy-
potheses of Lemma 3.1 hold. Then the sequence {x,} generated by Newton’s
method is well defined, remains in U(xo,t*) for alln > 0 and converges
to a unique solution z* € U(zq,t*) of the equation F(x) = 0. Moreover, for
alln >0,

(4.10) [#n42 = Tntill < vnz = vng1, flon — 27| S 07—
where {vy,} (n > 0) is given by (3.3). Furthermore, if there exists R > t*

such that
U(xo,R) CD and Lo(t*+ R) <2,

then the solution x* is unique in U(xg, R).

5. Local convergence. We study the local convergence of Newton’s
method under the (A) conditions:

A;. there exists * € D such that F(2*) = 0 and F'(z*)~! € L(Y, X),
Ay |F' (@) F" (2] < b,

As. || F ()7 HF"(x) — F"(2%)]| < ¢||x — 2*|| for each x € D,

Ay || F () HF (2) — F'(2%)]| < d||x — 2*|| for each z € D.

w

Note also that in view of (A3) and (A4), respectively, there exist ¢y € (0, ]
and dy € (0, d] such that for each 6 € [0, 1]:

Ay || F (%) N (F (w0 + 0(a* — m0)) — F"(a))]| < co(1 = 0)]Jzo — =],
Al ||F (@) N (F (o) — F' (@)l < do(1 = 0)]|zo — z*]].
Then we can show:

THEOREM 5.1. Suppose that the (A) conditions hold and U(x*,r) C D,
where

(5.1) 2

r= :
b/2+d++/(b/2 + d)? + 4c/3
Then the sequence {xy,} (starting from xo € U(z*,r)) generated by Newton’s

method (1.2)) is well defined, remains in U(x*,r) for allm > 0 and converges
to x*. Moreover,

(5:2) lzn+1 = 2*]| < enllzn — 2|7,
oy —x*|| + & 442
en = 312 I+ and q(t) = 22

1 —d|z, — x*|| C1-—dt
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where
_ co if n=0, I dy if n=0,
CcC = =
c if n>0, d if n>0.
Proof. The starting point xg is in U(x*,r). Suppose that x € U(z*,r)
for all £ < n. Using (A4) and the definition of r we get
(5.3) |F ()N (F (2x) = F' ()| < dljay — 2| < dr < 1.
It follows from (j5.3) and the Banach lemma on invertible operators that
F'(zp) 7! exists and
1
| <
1 —d||z — =

Hence, xy1 exists. Using (1.2)), we obtain the approximation

(5.4) 1F" (2 = F (%)

(5.5) ¥ —
1

= —J—“’(xk)*lf’(a;*)Sf'(a:*)*l [(F"(zp + 0(z* — zp)) — F' (%)) + F'(2*)]
’ x (z* — x3)%(1 — 0) db.

In view of (Ag), (As), (Ayg), (5.4), (5.5) and the choice of r we have
o (1 — )2z, — 2*|>df + b, (1 — 0) df ||zx — 2|
L —d|zy — z*||

< epllar — ** < q(r)ar — a*|| = llay — 2™,

[z — 27| <

which implies that x4 € U(x*,7) and limg_yoo xp = 2*. w

REMARK 5.2. The local results or projection methods such as the Arnolds
method, the generalized minimum residual method (GMRES), the gen-
eralized conjugate method (GCR) for combined Newton/finite projection
methods and in connection with the mesh independence principle can be
used to develop the cheapest and most efficient mesh refinement strategies
[4, [7, 18, 14} [15]. These results can also be used to solve equations of the form
(L.1), where ', F" satisfy differential equations of the form

F'(z) =P(F(x)) and F'(z)= Q(F(x)).

where P and Q are known operators. Since F'(z*) = P(F(z*)) = P(0)
and F"(z*) = Q(F(z*)) = Q(0) we can apply our results without actually
knowing the solution z* of equation (|1.1)).

6. Numerical examples

ExAMPLE 6.1. Let X =Y = R be equipped with the max-norm, zg = w,
D = [—exp(1),exp(1)]. Let us define F on D by

(6.1) F(z) = 23 — exp(1).
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Here, w € D. Through some algebraic manipulations, we obtain
3
w® —exp(l 4exp(l 2exp(l) +w 2
yo P mon e dew) o 2ewiw o 2
9 3w 5 w w w
M= M=

For w = 0.48 exp(1), the criteria ((1.3]) and (1.6|) read
0.09730789545 < 0.07755074734 and 0.09730789545 < 0.2856823952

respectively. Thus we observe that the criterion (1.3)) fails while the criterion
(1.6) holds. The hypothesis of Lemma 2.1 reads

0.2017739733 if 0.08268226632 < 0.2499999999,

0.09730789545 <
0.2036729480 if 0.2499999999 < 0.08268226632.

Table 1. Newton’s method applied to (6.1])

n | Tn lzne — Tnsall  [Jlzn — 2|

0 | 1.30 x 1079 .44 x 107%3 9.08 x 1072
1| 1.40 x 1070 298 x 107% 6.47 x 10793
2 | 1.40 x 1079 .37 x 10710 2.98 x 1079
3 | 1.40 x 107°° 2,91 x 107 6.37 x 10719
4 | 1.40 x 107 6.06 x 10738 2.91 x 10719
5 | 1.40 x 107 263 x 1077° 6.06 x 10738
6 | 1.40 x 107°° 495 x 1071%° 2,63 x 1077
7 | 1.40 x 107%°  1.76 x 107299 4.95 x 107 *%°
8 | 1.40 x 107%° 2,22 x 107598 1.76 x 107299
9 | 1.40 x 107%% 352 x 1071196 2,22 x 1075%8

Table 2. Sequences {t,}

n | tn tnto — tnil t* —tn

0 | 0.00x10%%  495%x107°%  1.69 x 107%
1]973%x107%% 1.87x107°%  7.16 x 1072
2 | 147 x107%  326x 1079 221 x 10792
31 1.66x107% 1.02x107%  3.36x 1079
4 11.69x107° 1.01x107°7 1.02x10"%
5| 1.69x107° 975 x107'*  1.01 x 107°7
6 | 1.69x107°" 9.16x107%%  9.75 x 10~
7 11.69%x107% 8.08x107°°  9.16 x 10726
8 | 1.69x107% 6.30 x 107 8.08 x 1075°
9 | 1.69 x107°%  3.82x 107 6.30 x 1078
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Thus the hypothesis of Lemma 2.1 holds. As a consequence, we can apply
Theorem 4.1. Table[T] reports the convergence behavior of Newton’s method
applied to (4.6) with zop = 1 and ¢ = 0.55. Numerical computations
are performed to the decimal point accuracy of 2005 by employing the high-
precision library ARPREC.

Table 2] reports the behavior of {t,} (2.3).

Comparing Tables [1] and [2, we observe that the estimates of Theorem
4.1 hold.

EXAMPLE 6.2. In this example, we provide an application of our results
to a special nonlinear Hammerstein integral equation of the second kind.
Consider the integral equation

1

4
(6.2) w(s) =1+ \G(s,)yz(t)*at, se0,1],
0
where G is the Green kernel on [0, 1] x [0, 1] defined by
t1—s), t<s,
(6.3) G(s,t) = { (1-9), t<s
s(1—t), s<t.

Let X =Y = C[0,1] and let D be a suitable open convex subset of X; :=
{r € X :xz(s) >0, s € [0,1]}, which will be given below. Define 7 : D —Y
by

1
(6.4) [F(x)](s) =x(s) —1— %SG(sjt)x(t)?’ dt, sel0,1].
0
The first and second derivatives of F are given by
1
F)u)(s) = u(s) — ¢ | Glo, e Py(e) b, s € 0,1),
0

, 24 !
[F(2)"yz)(s) = = | G(s, )(t)y(t)z(t) dt, s €[0,1].
0

We use the max-norm. Let z(s) = 1 for all s € [0,1]. Then, for any y € D,
we have
1

(= Fao)@]e) = % Gy, s€[0,1],

o

which means
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It follows from the Banach theorem that F’(zo)~! exists and

- 1 10
(65) 17 (o)l < == =+
~ 10
On the other hand, from (/6.4) we have
1
4 1
== G(s,t)dt = —.

477

Thus, we get n = 1/7. Note that F”(x) is not bounded in X or its subset Xj.
Take into account that a solution z* of (l.1)) with F given by (6.4) must

satisfy
1
*_1_7 *3<0
2] =1 - 5 lla*P <o,

ie., ||[z*]| < p1 = 1.153467305 and ||z*|| > p2 = 2.423622140, where p; and
p2 are the positive roots of the real equation z—1—23/10 = 0. Consequently,
if we look for a solution such that 2* < p; € X;, we can consider D := {z :

x € X1 and ||z|| < r}, with r € (p1, p2), as a nonempty open convex subset
of X. For example, choose r = 1.7. Using (13.4)) and (3.5)), we obtain, for any

xz,y,z €D,
/() — F (o))l 5)]
1
= (6,002 - o i
12 )
< 280 0lat) — 2o o(2) + (1) () dt
0
12
< 221G 00+ Dllelt) — zo@)ly(r)dr, s € [0,1],
0
and
1
[(F" @) ()] = = | Gls, Drlty(D)=() dr, s € [0,1]
0
Then we get
17(z) ~ F'(ao)l| < 5 50+ Dlla = zoll = 1l = zoll
; 24 r 51
| F (55)”§€><§—%

and
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ﬁ t)(2(t) —T(1)))y(t)=(t) dtH

7 () - Fr@lpels)l = 2 |6
4

0
<2 dlw -7l = Sl - 7.
<+=3 r—T||==llr—=
Now we can choose constants as follows:
1 6 6 51 49 11
= — = — = ]C = —, £ = —_—, lC = —.
g 7’ M 7’ Mo=7, 350 0T MT s

Conditions (1.3)) and (| read

0.1428571429 < 0.3070646192 and R; = 0.1627780248.

Conditions (1.6 and (| read

0.1428571429 < 0 4988741112 and R = 0.1518068730.
The hypotheses (2.2)) and read
1 < { 0.5047037049 if 0.1000000000 < 0.2131833880,

7 = 10.5228360736 if 0.2131833880 < 0.1000000000,
and
if 0.1000000000 < 0.2691240473,

1 0.6257238049
if 0.2691240473 < 0.1000000000,

- <
7~ [ 0.5832936968

respectively. Thus hypotheses (2.2]) and (3.2]) hold. Comparison of sequences

(2.3), (2.23)), (3.3) and (3.14]) is reported in Table From Table we observe

that the estimates (2.24]) and (3.15]) hold.
Table 3. Comparison of the sequences , , and

tn

Sn

Un

Un

© 0 NS U AW N = OS

0.000000 x 1079
1.428571 x 1079
1.598408 x 107!
1.600782 x 107!
1.600783 x 107
1.600783 x 107
1.600783 x 107
1.600783 x 107
1.600783 x 107%*
1.600783 x 107

0.000000 x 1079
1.428571 x 107
1.514801 x 107%!
1.515408 x 107!
1.515408 x 107°*
1.515408 x 107°*
1.515408 x 107°*
1.515408 x 107°1
1.515408 x 107°1
1.515408 x 107°1

0.000000 x 1010
1.428571 x 1079
2.042976 x 1071
2.356037 x 107!
2.527997 x 10701
2.626215 x 107!
2.683548 x 107!
2.717435 x 107!
2.737612 x 107!
2.749678 x 10701

0.000000 x 1079°
1.428571 x 10791
1.516343 x 1079
1.516661 x 1079
1.516661 x 107°*
1.516661 x 107°*
1.516661 x 107°*
1.516661 x 107°*
1.516661 x 107
1.516661 x 107

Concerning the uniqueness balls, from equation (1.5), we get R;
0.1627780248 and from equation ((1.8), we get Re = 0.1518068730, whereas

from Theorem 4.1, we get R < 1.257142857. Therefore, the new approach

provides the largest uniqueness ball.
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EXAMPLE 6.3. Let us consider the case when X =Y =R, D =U(0,1)
and define F on D by
F(x) =€ —1.

Then we can define P(z) = z+ 1 and Q(x) = x+ 1. To compare our radius
of convergence with earlier ones, we introduce the Lipschitz condition

(6.6) 1F' ()" H(F' (@) = F' ()|l < Lllz =yl for each 2,y € D.

The radius of convergence given by Traub—Wozniakowski [7), 8, [15] is
2

6.7 = —.

(6.7) o=

The radius of convergence given by us in [5H7] is
2

6.8 = _

(6.8) Y

Using (As2), (A3), (A4) and (6.6), we get b=1,c=d=e—1and L =e.
Then, using (5.1]), (6.7) and , we obtain

r = 0.4078499356 > r1 = 0.324947231 > ro = 0.245252961.

EXAMPLE 6.4. Let X =Y =R3 D = U(0,1), 2* = (0,0,0) and define
F on D by

-1 T
(6.9 Fas) = (o= 1550 4z

For u = (z,y, z) we have

e’ 0 0
Fu=]10 (e-1y+1 0],
0 0 1
e 0 01]0 0 0[O0 0 O
F'w)=10 0 0|0 e—1 0[0 0 0],
0 0 00 0 0|0 0 O
and
e® 0 0
]-"”’(u):( 0 0 0 0 |0 0 o).
0 0 0

Using the (A) and (A’) conditions—and F'(z*) = diag{1, 1, 1}—we set
b=10, ¢=co=c=d=dy=d=e—1, L=e, and Ly=e—1.

We obtain
r = 0.4078499356.

Thus, ro < 7.
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The following iterations have been used before:
|01 —a*|| < pullen — 2| [6:8,02],
lZnt1 = 2| < Anllzn —2*| 618,
2ns1 — 2| < pallzn —a** 5],
[Zn+1 — || < &nllwn — m*HZ [6-8, T3],
where
(£/3)|lzn — 2| +b/2 L2
Pn = ) An = >
1 —dl|z, — z¥|| 1 — Lo||lxn — x|
L/2 L/3 —z* b/2
N / RN V) At

I 1— ((£/2)||zn — 2*|| + b) |lzn — 2|
To compare the above iterations with the iteration ([5.2)), we produce the
comparison tables [4| and |5; we apply Newton’s method (1.2)) to the equation

with 2o = (0.21,0.21,0.21)". In Table 4, we note that the estimate
(5.2)—of Theorem 5.1—holds.

Table 4. Comparison of various iterative procedures

[#n+1 — "] enllzn — 2| Anllan —=*|*

[ N O U N

0.034624745433299
0.000669491177317
0.000000347374133
0.000000000000103
0.000000000000000

0.292667362771974
0.000677347930013
0.000000224639537
0.000000000000060
0.000000000000000

0.479494429606589
0.001732513344520
0.000000609893622
0.000000000000164
0.000000000000000

Table 5. Comparison of various iterative procedures

Bnllzn —

*HQ

Enllzn —

*HQ

[ S N U R

15.944478671072201
0.001798733838791
0.000000610302684
0.000000000000164
0.000000000000000

0.240445748047369
0.000661013573819
0.000000224531576
0.000000000000060
0.000000000000000
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