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LARGE TIME REGULAR SOLUTIONS TO
THE MHD EQUATIONS IN CYLINDRICAL DOMAINS

Abstract. We prove the large time existence of solutions to the magne-
tohydrodynamics equations with slip boundary conditions in a cylindrical
domain. Assuming smallness of the Lo-norms of the derivatives of the ini-
tial velocity and of the magnetic field with respect to the variable along the
axis of the cylinder, we are able to obtain an estimate for the velocity and
the magnetic field in W22 1 without restriction on their magnitude. Then the
existence follows from the Leray—Schauder fixed point theorem.

1. Introduction. The aim of this paper is to prove the long time ex-
istence of solutions to the incompressible viscous magnetohydrodynamics
equations (MHD). The equations determine the evolution of seven quanti-
ties: the velocity, the pressure and the magnetic field (see [6]). We assume
the ideal slip boundary conditions for the velocity and the magnetic field.

We consider the following initial-boundary value problems:

v+ v - Vo —divT(v,p)
+H,-VH,—H -VH=0 in 2" =02x(0,T),

(1.1) divo =0, divH =0 in 27,
v-n=0 onST:Sx(O,T),
n-T(v,p) Ta =0, a=1,2, on ST,
V|t=0 = v(0) in 2,
and
Hi+v-VH—H-Vvo—v,,AH =0 in 27,
(1.2) H-7=0,2-DH) 7,=0, a=1,2, onS7,
H|i—o = H(0) in (2,
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where 2 C R3 is a cylindrical domain, S = 012,
v=uv(z,t) = (vi(2,t),va(x,t),v3(x, 1)) € R?
is the velocity of the magnetohydrodynamic fluid,
H = H(x,t) = (H(z,t), Hy(z,t), H3(x,t)) € R?

is the magnetic field, p = p(z,t) € R! denotes the pressure, 7 is the unit
outward vector normal to the boundary S and 7,, « = 1,2, are tangent
vectors to S and the dot denotes the scalar product in R3. Moreover, the
summation convention over repeated indices is assumed. We define the stress
tensor T(v,p) as

T(v,p) = vD(v) — pl,
where v is the constant viscosity coefficient, I the unit matrix and D(v) is
the dilatation tensor of the form
D(v) = {viz; + Vja; }ij=123-
The equations contain two dissipative effects: dissipation of the mechanical
energy
| ID()[? da
n
and dissipation of the magnetic energy
Vs S rot H|? da,
(9}

v
2

where 5
c

Vye = ——
Ao

is the Joule heat coefficient, ¢ is the light velocity, and o is the constant

current conductivity.

The MHD equations describe the interaction between the motion of a
conductive fluid and a magnetic field. The motion of a conductive fluid under
a magnetic field generates electric fields and electric currents. The currents in
the magnetic field evoke forces which on the one hand change the fluid motion
and on the other hand alter the magnetic field. Therefore, the magnetic and
hydrodynamic phenomena are strictly coupled.

Equations (1.1) describe the influence of a magnetic field on the fluid
motion, while equations (1.2) determine generation of a magnetic field by
the fluid motion.

By x = (21, 72,23) we denote the Cartesian coordinates; 2 C R? is a
cylindrical type domain parallel to the x3 axis with arbitrary cross section.

We assume that S = 51U Sy where 57 is the part of the boundary which
is parallel to the x3 axis and S5 is perpendicular to x3. Hence
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S) ={z e R®: py(z1,22) = cp, —a < x3 <al,
Sy = {x € R®: py(z1,12) < ¢y, w3 is either —a or a},
where a, ¢y are given positive numbers and g(x1, x2) = ¢y describes a suffi-
ciently smooth closed curve in the plane x3 = const.
Let us denote h = vy, K = Hgy,, w = v3, up = Hs, x = (rotv)s,
0 = (rot H)3 and define
Ry = [|M(0) [ 1o2) + K (0) | £y (02) + IX(O)[ Lo2) + 10(0) [ £a52),
Ry = Ri+ G+ G+ [v(0)[[ 1) + [1H(0)[ 1 (),
R3 = ||h(0)||W§—2/”(Q) + ”K(O)ng_Q/“(Q)a
4= (O la() + 1K O) (e,
where (1, (2 are introduced in (2.5) below. We prove the following result:
THEOREM 1. Assume that v(0), H(0), h(0) = v 4,(0), K(0) = H 4,(0),
x(0) = (rotv)3(0) belong to La(§2), and v(0), H(0) belong to H'(£2), while
h(0), K(0) belong to W3_2/U(_Q), 20/7 < o < 10/3. Then there exists a

solution to problem (1.1)~(1.2) such that v € W' (QT), H € W' (07),
Vp € LQ(QT).

Moreover, if ¢ = p 4, and 5/3 < o < 3, then

(1.3) ‘hHngl(QT) + HK||WU2’1(QT) + ||VQHLG(QT) <L,

[ollyza gy + 190l Lagory + 15l y2a gy < oL, Ra),
where L is a constant chosen for a given T so that, for an increasing function
p, sufficiently small constant d and some constants R;, i = 1,2, 3, involving
the above norms,

©(L,Ry)d+ cR3 <L and L > cRs,

where c is an absolute constant depending on imbedding only.

In this paper we extend the results of [§], [13] to the magnetohydrody-
namic equations. The paper is organized in the following way. Using the
estimate for the weak solutions to problem (1.1), (1.2) and assuming that d
is sufficiently small we prove a priori estimates (1.3) in Section 3. Applying
the Leray—Schauder fixed point theorem, the existence of solutions in classes
determined by (1.3) is proved in Section 4.

The paper starts the considerations concerning the existence of global
regular large solutions to the magnetohydrodynamics equations. The next
important step will be to examine a free boundary problem for large velocity
and magnetic field. Hence we are going to generalize the results for small data
from |2, 3], 4].
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2. Preliminaries

2.1. Notation. The following function spaces will be used.
e Isotropic and anisotropic Lebesgue spaces:
Ly(Q), Qe {0",8",02,8} pel, ol
Lq(0,T5Ly(Q)), Q€ {£2,5}, p,qel,00],
with the norms

ullz, @) = lulpg;
ull 2, 0,7:1,(Q) = lu

p,a,QT>
e Sobolev spaces:
W;’S/Z(QT), Qe {S, 2}, seZ,U{0}, g€ 1,00],
with the norm
; 1/q
ull sy = (2§ 1DS0uf dwat)
la]+2i<s QT
where

Dy = 071072032,  |al = a1+ a2 + a3, i,a; € Zy U{0}.

xr3
In the special case ¢ = 2,
HS(Q):WS(Q)7 QG{S,Q},SEZ+U{O},(]€ [].,OO],
with the norm
o 9 1/2
Il = (Y §IDguldz) "
la|<s @

We define a space natural for weak solutions to the Navier-Stokes and
MHD equations:

VE@T) = { : lellygcar = esssup ¢l meo)

te(0,T)
+(

with k € N, and Ls replaces H" in the definition of V5.
For simplicity we define

1/2
IVl Zn o) dt) < OO}

O

la, bllx = llalx +[1bllx,  Alx = lvllx +[[Hlx, lals.e = llallL (@)
where A = (v, H).
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2.2. Weak solutions. By weak solutions to problem (1.1) we mean
functions v, H satisfying the integral identities

—S v @y drdt + S D(v) - D(p) dz dt + S H;H;Vipjdxdt

0T nT 0T
= S v(0) - ¢(0) dz,
(2.1) ?
—\ H-tpdwdt+\ D(H) D) dedt + | (v;H; — viH;)Vip; d dt
0T 0T 0T

= | H(0) - ¢(0) dz,
(9}

which hold for any functions ¢, € WQI’l(QT) such that ¢ -n|lg =0, ¥ - n|g
=0, p(T) = 0, ¥(T") = 0. Moreover, weak solutions v and H must satisfy
the boundary conditions

v-n|g =0, H-n|g=0,
n-DW) Tals =0, 7n-DH) Tals=0, a=1,2.
Finally, the summation convention over repeated indices is assumed and
D(k) - D(x) = dij(k)di; (x)
where dij(k) = kiz; + kjz,, with k € {v, H,x — ¢, 9}.
For the weak solutions we have the Korn inequality:
LEMMA 2.1. Assume that
Eo(v, H) := |[D()[[7, () + IPH)I7, ) < oo,
v-nlg=0, divve=0, divH=0, H-nlg=0.

Assume that (2 is not axially symmetric. Then there exists a constant ¢y such
that

(2.3) 1A o) < e1Bo(v, H).

(2.2)

If 2 is axially symmetric, n = (—x9,21,0), then there exists a constant cy
such that

(2.4) 1Ay ) < c2(Bav, H) + o2 + H2).
where vy = §,v-ndx, Hy={,h-ndz.
Proof. Let u be a function such that
Ep(u) < oo, divu=0, wu-nlg=0.
Assume that 2 is not axially symmetric. Then

Ep(u) = 2||VUH%2(_Q) +2 S Oz, U0y u; d,
(9}
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where the last term equals 2 {4 0, njuu; dS so it is bounded by cHuH%Z(S).
Hence we get

IVullZ, ) < c(Balu) + [[ul?,s):
By interpolation we have

IVull?, o) < c(Bau) + [[ul?, )
By [9] there exist constants ¢, M, where ¢ can be chosen arbitrarily small,
such that

lull7, ) < 0lIVul?, o) + MEq(u).
Then we obtain

|ull g1y < cEq(u).

Replacing v by v and H we prove the lemma in the case of {2 non-axially
symmetric.

Let {2 be axially symmetric, with the x3 axis being the axis of symmetry.
Let u = u’—i—unn/HnH%z(Q) =/ +u”, where {, v/ -ndr =0, u, = {,u-nde.
Then Eq(u”) =0, u” -alg = 0.

From the non-axially symmetric case we obtain

4/ [[371(2) < cBo(u).
Hence
lulZs ) < e(Bou) + [uy?):
Since u can be replaced by v and H we obtain (2.4). This concludes the

proof.

Now we formulate energy type estimates for weak solutions of (1.1) and
(1.2).

LEMMA 2.2. Let v(0), H(0) € La(£2). Let T > 0 be given. Then there
extst constants

¢t = O)Zy0) + 1HO0)1Z,0)
(2.5) G =i,

(G = ere™T ¢,
where ¢4 = 1/min{l, 3}, cs = min{v/c1,v./c1} and ¢1 appears in (2.3),
¢y = 1/min{l,¢c5}, ¢5 = min{v/co,v../ca}, c6 = HnH%Q(Q), which do not

depend on kg = kT, k € N, such that in the non-axially symmetric case we
have

(2.6)

o) za(e) + IH Oy < G for any t >0,
IH, vllvoox ey < G fort € (KT, (k+1)T), k €N,
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and in the azially symmetric case
1) lu(t), H(t)|2,0 < C1 for any t >0,
v, Hllvooxgrey) < G fort e (KT, (k+1)T), k€ N.
Proof. Multiplying (1.1); by v, (1.2); by H, integrating over {2 and using
the boundary conditions we obtain
% %(Hvﬂiz(n) +IH(Z,0) + %3(||U”%11(Q) +H |7 0)) <0,

where ¢3 = min{v/c1,v,./c1}.

(2.8)

Omitting the terms with viscosity coefficients and integrating the result
with respect to time yields

(29)  v®Z,0) + IH®IL,0) < WO)Zy 0 + 1HO)IZ, 0 = ¢,

0 (2.6)1 holds.
Integrating (2.8) with respect to time from kT to t € (kT,(k + 1)T7,
k € Ny, we obtain

210) AR ey < (0GB + IHED)3, o) < sl

where (2.9) was used and ¢4 = 1/min{1, c3}.
Let us consider the axially symmetric case. Multiplying (1.1); by v, (1.2);
by H, integrating over {2 and using the boundary conditions we obtain

d
%(HUH%Q(Q) HH|Z, ) + VD)7, o) + v DH)|, ) < 0.

Omitting the last two terms on the l.h.s. and integrating the result with
respect to time we obtain

(2.12) o), 00) + )1, (0) < [00)1Z,0) + 1H(O)1Z,0)-

In view of the Korn inequality (2.4) we obtain from (2.11) the inequality

(2.11)

d
(2.13) @(Hvﬂi(n) HHT, ) + esvllEn ) + 1H 7o)
< fogl? + [Hy? < e6(|[0]17, (0 + 1217, (0)):
where ¢; = min{v/ca, vs/ca}, 6 = [|1ll7,0)-

From (2.13) we have

d —c
(1012, 0y + 1E 12, )]

2.14 —
(2.14) o
+ 65(””“%]1(9) + ||H||§{1(Q))€_cet <0.

Integrating (2.13) with respect to time from kT to t € (KT, (k+ 1)T) yields
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(215)  ([o(®)]3 ) + IHOI )"
t

+ 5§ ()N + 1H )iy )e ™"
kT

< (IWED)1Z, () + 1HKET)IZ,))e "
Multiplying (2.15) by e“! and using (2.12) we obtain
t
216) O, + IHOIZ, 0 + s | (o)l
FHE) e
(Il (RTIIZ ) + IHKT)IZ () e )
()2, ) + IHO)2, e

From (2.16) we obtain (2.7)2, and (2.12) yields (2.7);. This concludes the
proof.

<
<

From the above lemma by an application of the Galerkin method and
the considerations from [5, Ch. 6], we have

LEMMA 2.3. Let the assumptions of Lemma 2.2 hold. Then there exists
a weak solution to problems (1.1) and (1.2) in any interval (KT, (k + 1)T),
k € N, satisfying
v, Hllvo(ox rr,(k+1)7) < i
where 1 = 2 for a non-axially symmetric domain and © = 4 for an axially
symmetric domain.

2.3. Auxiliary problems. In this paper the non-axially symmetric case
is examined. We distinguish the direction x3. In order to derive estimates
for derivatives in direction xg we introduce the quantities

h=vg,, K=Hg;, q=DpDa.
These functions are solutions to the problems listed below
LEMMA 2.4. The pair of functions (h,q) is a solution to the problem
hy —vAh+Vq=K -VH+H -VK —v-Vh

—h-Vv—K,;-VH; — H; - VK; in 027,
divh =0 in 027,
(2.17)
h-n=0, n-Dh) 7o=0, a=1,2, on ST,
hi=0, i=1,2, h3gz =0 on ST,
hli=o = h(0) in 02,

where v, H, K are given.
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LEMMA 2.5. The function K is a solution to the problem

K, —v,AK =K -Vv+H-Vh—h-VH —v-VK in 07,

(2.18) K-n=0 7-DK) 7=0a=12, on Si,
Kj =0, 7=12, K3,233 =0 on Sy,
Kli—o = K(0) in £,

where v, h, H are treated as given.
We use the following estimates for h and K (see [8], [11], [13]).

LEMMA 2.6. Assume that pair of function (v, H) is a weak solution to
problems (1.1) and (1.2). Assume that h € L (0,7 L3(52)), K € Loo(0,T;
L3(.Q)), h(O) S LQ(Q), K(O) S LQ(Q) Then

(219) (b KIg(or < el Kl 0 naey + 110, K(O)B0)
forallt <T.

LEMMA 2.7. With h(0) and K(0) as in the previous lemma and Vv,V H
€ L2(0,t; L3(£2)), every weak solution to (1.1) and (1.2) satisfies

(2.20) ||A(?), K(t)H%@o(Qt) < cexp{e(IVollT, 01252 + IVH 00005 20)}
(IM0)30 + IK(0)30), t<T.

LEMMA 2.8. Let q,v, H, K be given. Let u = Hs. Then w = vs is a
solution to the problem

wi+v-Vw—vAw+q—H-Vp+H-K=0 in0?,

(2.21) Wy, =0 on ST,
w=0 on ST,
wli=p = w(0) in £2.

LEMMA 2.9. Let v, H be given. Let u = Hs. Then u is a solution to the
problem

p+v-Vu—H-Vw—v,,Ap=0 in 27,

=0 ST,
(2.22) Hon on ;
nw=0 on Sy,

pli=0 = p(0) in £2.

LEMMA 2.10. Let h, k,v, H,w, u be given. Then x = (rot v)s is a solution
to the problem
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Xt +v- VX —=h3x+wg hy —hiwg, + K30 — Koz,

+pe K1 —H-VO—-vAY =0 in 027,
(223) X = vi(niz; Ty + Tiw;ng) + v T1(Tize, — Ti1zs) = Xa on S,
X,z3 =0 on S,

Xlt=0 = x(0) in £,

and 0 = (rot H)3 is a solution to the problem

0r+v-V0 —h3t — K3x +wgz Ko — w K1+ g, ho

— pgoh1 —H-Vx —v,,A0 =0 in Q7
(2'24) 0= Hi(ni,ijlj + Tli,:pjnj) + H - 7_'1(7'12@1 — 7'11’12) =0, on S?,
97553 = O on Sg)
975:0:9(0) m Q,
where
Vi 1
n = —_— = — 0
n‘51 ‘VSD’ |VSO| (()073317()0,3327 )7
B v+ 1 _
7—1|Sl = d (780,127 50,1170)5 7—2|S1 = (O, 07 1)5

Vel — Vgl
T_I"SQ = (0707 1)7 7_—1‘52 = (17070)7 7_—2‘52 = (07 170)

3. Estimates. Let us introduce the function y as a solution to the prob-
lem

Xt —vAx =0 in QT

Y = Yx on ST,
(3.1) X=X |
Xz =0 on S5,
)~( t=0 — 0 in £2.
Then the new function
X' =x—-X

is a solution to the problem
X:t +v-VY —vAY — hsy — hiw 4, + how 4,
+ Kifigy — Kopg, + K30 — H-V0=hgy —v-Vy in0",
32) X' =0 on ST,
X:wg =0 on ST,

X/’t:() = x(0) in £2.
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Let 6 be a solution to the problem
9~,t —v, A0=0 in T,

5 T
(3.3) ?— 0. on Sy,
025 =0 on 53,
é‘tzo = 0 n .Q
Then the function B
0 =0-0

is a solution to the problem
th +v- Vo — h30’ — KgX + meQ — ’LU’I2K1
+ iy — payhy — H-Vx —v,,A0 = h3f —v-VO  in 027,

(34) =0 on ST,
0, =0 on ST,
0'|i=0 = 6(0) in 0.

Let n = (x,0) and |n|x = |x|x + |0]x-
LEMMA 3.1. Assume that
v = (v1,v2) € Loo(0,T; L3(S)) N HY2H (2T nwy 2 (07),
h € Loo(0,T; L3(£2)), K € Loo(0,T5L3(£2)), x(0) € La(£2), 6(0) € La(£2),
H' = (Hy, Hy) € Loo(0,T; Ls(S)) N HY2H () n Wy /2 (02T).

Let the assumptions of Lemma 2.2 be satisfied. Then solutions of problems

(2.23) and (2.24) satisfy
(35) Il < AGIh KB 0@y + 1410

P roveqay + 1A sz g + OBl 6T,
for all e >0, where A" = (v', H').

Proof. Multiplying (3.2); by X/, integrating over {2, and using the bound-
ary conditions (3.2)2 3 we obtain

1d
(3.6) 3 iHX/H%Q(Q) + VX 5.0 = S hsx'* dx — S(h2w,m1 — hiw g,)x' dz
2 2
— Vv vl de + | haxx do + \ (Kop o, — Kipa,)X do
2 2 2

7
— S K30y dx + S H-Vox dx = ZIk.
2 2 k=1
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Now we estimate the terms on the r.h.s. of the above equality. First,

I = | hax*de < e1|X'[§ 0 + c(1/e) X3 a|h 3,0
Q

< e} [g,0 + c(1/e)(IXB o + Ix[3,.0) R[5 o
The other terms on the r.h.s. of (3.6) can be estimated by

€2, /2 1 2 2
I, < §|X/|6,Q + E|w,w’|2,(z|h’3,m
I3 < &3|VX'|3 .0 + c(1/23)|v[§ ol X3.0;
I < eal)' 3.0+ c(1/e0) b3 7 olXIE 0

Is < &s5|X[5.0 + c(1/e5)| K3 ol e |3,0;
Is < es|X[3.0 + c(1/€6)| K3 0|0

2
2,0
This implies that

1d
2 dt

112

(3.7) 5.0 < clhl3olwal3o

X' 5.0+ vIVx

+ (Ixl3.0 + 1X5.0)Ih3.0 + X300 + \h|?2/7,9|5<|z21,9
+ KB olpwlso+ KEol0o] + S H -Vox'dax.
Q

Next multiplying (3.4); by €', integrating over {2, and using the boundary
conditions (3.4)23 we obtain

1d
(88) 5510 +vAVO5e < | 30| dz + | [ Ksxt'| da
02 2
+ K w0, 0| do + | | Kow o, 0| do + | |hapt g, 0] da
02 (0] 02
+ \ panha 0| do + | H - VX0 do + | |h300'| do
2 2 02
_ 9
+ - veod =" ;.
0 j=1

Now we estimate the integrals on the r.h.s. of (3.8):
Ji <ald'[§ o+ c(1/e)|0']5,01h3 0
J2 < e2l0[} o + c(1/e2)| K5 olx[3 0,
I3+ iy < e3l0'f§ o + c(1/e3) | K3 olwar 3 0,
J5 + Jo < eal0/[g o + c(1/ea) |13 olpar13 0,
Js < 5|03 o + c(1/e5)1013 o113 0,
Jo < e6|VO'|3 o + c(1/6)[0]E 01013 -
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Using the above estimates in (3.8) yields
d 2 2 2 2 2 2
(3.9) %’9,\2,9 + 1, VO[5 < (|03 0|0l5.0 + K5 0lX]3.0

+ K13 0lww 3.0 + B30l 3.0 + 1013.0lh5.0
+ 1 alf3 o) + | H-Vx- 0 dao.
(9}
Adding (3.7) and (3.9), using that
\H-Vox duo+ \ H-Vx0 do = \(H VO + H-Vx0)da
2 (% 2
~\(H -VX0+H-VOY) de =1,
2
and that

1| < (VX [0 + IVO'3.0) + c(1/2)| H[E 0 (1013 0 + IX13.0),
and integrating the result with respect to time we obtain
2 2 2
(3:10) 150y < cllRlL 085252 + KT 0,620
F RN, o0 1PIF o 0.0:2502)) + 1017 50020 12l1F (0.2 (2
FIXIZ 0z (2)) T X 02002y F 101F o 0025020
2
+ O)I7,(0)-
Next, we will use the relations (see [7])
t

t
X <c\WEgd! <l VI3 g dt < oG,
0 0

2o 0t525(2)) < €l Lo (0.4515(3))»

~+

0

NH' || Lo (0,65L5(5))

t

0

X

t

VIRIZ, 0 e’ < e ol o dt’ < ec3.
0

810z <

t

) =
t

||9||L2 CS ”H||W1 dt < (3,
0

and the transformations ' =y — x, 0/ = 0 — 6 to obtain the inequality

(3.11) ||77||%/20(9t) <G (1P17 06502 T KT 0.6:L5(2)))
+ cCEIIA | 1o 0,0:25(5)) + €n(0)]3.00
+C||A,H%oo(0,t;H1/2+E +CHA ||

1, 1/2(Qt)
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where we have used
t

||>~<||%/20(Qt) < HXHQLOO(O,t;LQ(Q)) + S ”)2”%{1(9) dt’
0

< CH/U/H%OO(O’t;HI/QJﬁE(Q)) + CHU,HI%VQLl/z(m)v
IBlupgery < B2 g uamraseqony + NI 1arm g
Therefore we obtain from (3.11) the estimate
(3.12) Hﬁ”%/zo(m) < cG3llh KT 0.6500)) F CCENA L 025(9))
AW ganinseqon) + DA 1072 g + OB o
This concludes the proof of the lemma.

Let us consider the following problems:

Vixg — V220 = X in ‘le
(313) Vg1 T V2,2, = —hs in .Q/,
v =0 on S7,
Hl,:):g — H27$1 = 9 in .Q/,
(314) Hl@l + H27x2 =—K3 in _Q/,
H -7'=0 on S,

where 2 = 2N {plane x5 = const € (—a,a)}, S] = S1N{plane x3 = const €
(—a,a)}, and x3, t are treated as parameters.

LEMMA 3.2. Assume that h(0), K(0),n(0) € Lo(2), A" = (Vv',H') €
Ly(2; HY2(0,T)), h, K € Loo(0,T; L3(£2)). Then solutions of (3.13) and
(3.14) satisfy
(3.15) HA/H%/;(_(N) < CHA/||%2(_Q;H1/2([)¢)) + CC22||ha KH%OO(O,t;Lg(Q))

+c(|h(0), K(0)3.0 + In(0)[5.0) + (GG +¢5), t<T.

Proof. For solutions to problems (3.13) and (3.14) we have
(3.16) 1A vz 2y < elllnllvoan + ks, Ksllvoar),
where n = (x, 6) and ]|77\|V20(Qt) is estimated by (3.12) and ||h3,K3||V20(m) by
(2.19).

We use these interpolation inequalities in the r.h.s. of (3.12):

(3.17) HA/HLOO(O,t;Hl/?JrE(_Q)) < 5HAIHLOO(O,t;H1(Q)) +c(1/e)C,
HA/HLQ(O,t;Hl(Q)) < EHA/HLQ(O,t;H2(Q)) + ¢(1/e)Ca.

Then
IA Loc (0,6525(5)) < ENA N oo 0,11 (02)) + €(1/€) G-
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Assuming that ¢ is sufficiently small we obtain from (3.16)—(3.17) inequality
(3.15). This concludes the proof.

To increase regularity of solutions we consider problems (1.1) and (1.2)
in the form

vy —divT(v,p) = —v' - Vv —wh+ H' - VH + uK

— H,-VH, —Hy-VHy— -V in 027,
dive =0 in 27,
(3.18) T
n-T(v,p) - Ta =0, a=1,2, on S*,
v-n=20 on ST,
Vli=0 = v(0), in £2,
Hy — v, divD(H) = —v' -VH —wK + H - Vo +ph  in 27,
(3.19) H-n=0, n-DH) -7, =0, a=1,2, on ST7

Hli—o = H(0) in 2.
LEMMA 3.3. Assume that v(0), H(0) € H(£2). Let
b1 = C1 + G2+ [h(0), K(0) 2,2 + [n(0)
by = ||k, K| Lo (01:L5(2)) + 1B KL 5 (20)-
Then solutions of (3.18) and (3.19) satisfy
(3200 Al o + 198l e < clGaba + 502 + 1AO) (o
Proof. We have the following estimates for the r.h.s. of (3.18) and (3.19):

2,025

V' Volsss.00 < Glv' oot < cl|v'lvg e,

W' - VH|s/300 < cCllv'|lvzon,

[whls /3.0t + (WK 53,00t + [1K]5/3 00 + |1th]5/3,00

< |wlioss,etlh, Kliogs ot iloss,.o (1hlio/s 00+ Klio/s,00) < Galh, Klio/s 0t
- Vs /s 00 < luls 0t Vs 2,0t

Using the imbeddings Wg/é(ﬁt) s Ls(2Y) and W2L(02!) — W01, we

5/3 5/2
have |p- V53 0t < C‘|M"?}[/52}§(Qt). This implies

(3.21) HAHW;/,;)(W) < CCQ(HA,HVQI(Qf) + [hlio/3,0t + [K|10/3,0t
2
+ ||A(0)”W54//§’(Q) + C|/‘L|W52/,;(Qt))

Now we need to estimate p in Wg/é((?t) To this end we reformulate (2.22);
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in the following way:

(3.22) pt— VA= H' -NVw+ phy — v -V — wKs.

From (3.22) we have

(3.23) ||M||W52/vé(m) < c(|H" - Vwls/s o+ [0 Vils s o0 + [1hs]s/s,00
+Balsjs 0+ [0) s )

Using similar estimates to the r.h.s. of (3.23) as above we have

(3.24) Il 2100 NN oy + Gl Ko 3,00

Using (3.24) in (3.21) we obtain

325) Al < G4 vz + s Kluojsr + A0y )
+ CCQQ(HA,H%/;((N) + |h, K|%0/3,Qt)-

Using Lemma 3.3 in (3.25) we obtain

\AHW;/,;(Qz) A v ey < e(Gabz + b1)*.

Since
”Ul : v’U|2,Qt < \U/\lo,m|vv|5/2((zt) < ||U/||V21(QT)HUHW:/’;’(Qt) < c(C2b2 + bl)Qa
[whlzor < [vllwzp onlhlioss,er < e(Cabe + b1)ba,

we obtain the same estimates for the other terms from the r.h.s. of (3.18)
and (3.19).

In view of the above estimates we obtain the inequality (3.20) for solu-
tions to problems (3.18) and (3.19). This concludes the proof.

Let us consider problems (2.17) and (2.18).
LEMMA 3.4. Assume that A € W2 (QT), h,k € Ly(2T), h(0), K(0) €
(372/0(9), o < 10. Then solutions of problems (2.17) and (2.18) satisfy
(3.26) 7 Klly21 o0 + [IVallL, 20 < o[ Allyz10n)( )
+ ][ 2(0), K(0) |y 220

for allt <T, and ¢(a) = ca*.
Proof. To estimate solutions of (2.17) and (2.18) we follow [8]. We have
[0+ Voot < [vlio,01 (e Ihllyy20 + ce™*|hlo,00) = Iy
where s = 3/4 because oA = 10 [8]. Hence

L < 51/4”hHW3’1(Qt) + 65_3/4|U|110,Qt|h’2,9t'
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Likewise
|h - V’U’a,(zt < 51/4HhHW3’1(Qt) + 0573/4\VU\L110/3,9t\h|2,m7
|K - v”|a,9t < 51/4”KHW3’1(Q7§) + 0573/4|VU|4110/3,Qt|K|2,Qt7
[0 VK00 < V4K 20 + 2=l e Kl 0,
|H - Vh|; ot < 51/4Hh”wﬁ'1(nt) + e H| Y i |hla, o,
|h - VH’a,Qt < 51/4HhHW§»1(Qt) + 0573/4‘VH‘4110/3,Qt|h’2,(2t~
Adding all estimates we get
(B21) 1Kl + Vel 00 < 1ALz )b Ko
F ). KOl 220
for ¢(a) = ca*. This concludes the proof.

LEMMA 3.5. With the assumptions of Lemma 3.4, for o > 5/3 there
exists a sufficiently large constant L such that

(3.28) Iy K gzt ) + IVl 2oy < L.
Proof. Since by < c||h, KHW2 1oty for o> 5/3, we obtain
I K gz gy + 19l < DAl 0. 1K 2000
’ ‘h(0)7K(O>‘27Q + CHh(O)vK(O)”Wg—Q/U(Q)

For ¢ sufficiently small such that |h(0), K(0)|s ot < 0 there exists L such
that

¢(L, b1)5 + CHh(O)?K(O)HWOQ__Q/U(Q) <L forL>b3

where b3 = ||h(0), K(0)[|,
concludes the proof.

2-2/7 - Hence the estimate (3.28) holds. This

4. Existence. To prove the existence of solutions we consider the prob-
lems

— K-VH(K,h) — H(K,h) - VK] in 7,

(4.1) divh = in 27T,
h-n=0, a-Dh) -Ta=0, a=1,2, on ST,
hi=0, i=1,2, h3z, =0 on ST,

]’Li = 0, 1= 1,2, h37x3 = O, h‘t:() = h(O) in Q,



134 W. Alame and W. M. Zajaczkowski

and
Ky — v, AK = \[K - Vu(h,K) + H(K,h) - Vh
—h-VH(K,h) —v(h,K) - VK] in 27,
(4.2) K-n=0, n-DK) -7 =0, a=1,2, on S7,
K;=0, j=1,2, K3z =0 on ST,
K=o = K(0) in 2,
where A € [0, 1]. The functions v = v(h, K), H = H (%, K) are constructed in

Lemmas 2.6, 2.7, 3.1, 3.2 and 3.3. Let M(2T)={(h, K):||h, K||1,_ (0.TW(2))
< 00}
Problems (4.1), (4.2) yield a mapping
D M(27) - WRHQT) x W2H(QT) — M(2T)
where the last imbedding and so the mapping @ is compact for 5/0—3/n < 1,

and n > 4.
First we show the continuity of the mapping &.

LEMMA 4.1. The mapping ® is uniformly continuous and compact in the
product M(027) x[0, 1] where M(027T) is defined above and 20/7 < o < 10/3,
n > 4.

Proof. Uniform continuity with respect to A € [0,1] is evident. Therefore
we examine the uniform continuity with respect to elements of M(27) for
any A € [0,1]. Since dependence on A is very simple we omit A in the con-
siderations below because it does not affect the proof. The imbeddings and
interpolation inequalities used in this section follow from [I, Ch. 3, Sect. 10].

To have @ compact we need the compactness of the imbedding
5 3
W2H0T) — Lo (0,T; Wnl(f?))a so ———<1, o<n.
n

Let (hg, Kg) € M(27) x M(27), s = 1,2, be two elements. We consider
the following problems for s =1, 2:

het — divT(hs, qs) = —vs - Vhs — hs - Vs
— Ky -VHy—Hy VK + K, -VH,+ H,- VK, in 07,

(43) divhs =0 in 27,
he - =0, 7-D(hs) Ta=0, a=1,2, on ST,
hei =0, i=1,2, hga =0 on ST,

hali—o = hs(0) in 02,



Large time solutions to the MHD equations 135

Kot — v AKy = —hy - VH, — v, - VK, + K, - Vv

+ Hy - Vs in 27,
(4.9) divK,=0 in 27,
n-K,=0, n-DK,) Ta=0 a=1,2, on ST,
Kli—o = K(0) in 2,
Xsit + Vs * VXs — hsgXs + Wez his2 — hs1Ws
+ K305 — Koopis oy + ftsan K1 — Hs - V0,
(4.5) —vAxs =0 in 27,
Xs = Xs. on 57,
Xs,zs = 0 on ST,
Xslt=0 = x(0) in £2,
and 3 . 3
Ost + Vs - VOs — hgals — Ks3Xs + Wz, K2
— W 1y K1 + flszy s — ps,eohst — He - Vxs
(4.6) —v,, A0, =0 in 27,
05 = Oy on ST
fs =0 on S7,
Os)i=0 = 6(0) in 2.
Next we consider the elliptic problems
Uslwy — Us2zy = Xs in (2,
(4.7) Vst oy + Vs2my = —hsg 0 2,
vy -7 =0 on S,
and
Hg py — Hyopy = 05 in (2,
(4.8) Hg oy + Hoppy = —Kg3  in 2,
H.-7W/'=0 on 57,

where s = 1,2, and 2" and S are the intersections of {2 and S; with a plane
perpendicular to the x3 axis.
Following [8] we examine the problem for . Let us introduce the function
Xs as a solution to the problem
Xs,t — vAxs =0 in QT7
Xs = Xs. on Sf )

(4.9)
Xszz =0 on S2T,

)N(s|t:() = O in Q,



136 W. Alame and W. M. Zajaczkowski

where s = 1, 2. Introducing the new function
Xs=Xs—Xs» s=12,
we see that it is a solution to the problem
Xot Vs - VX — hsgXs — ha1Ws oy + hsows a,
+ Kot fiszy — Keots e, + Ke30s — Hy - VO,

(4.10) - VAX, = ha3Xs — vs - Vs in Qi
Xs =0 on Sy,
Xiszs =0 on Sy,
Xslt=0 = x(0) in {2.

The problems for vy and H read:
vt — div T(vs, ps) = vl - V'vg — wghs + H.-V'H,
+ psKy — Hyy - VHg — Heo - VHgy — pis - Vg in 27

(4.11) divvg =0 in 027,
n-T(vs,ps) Ta =vs -0 =0, i=1,2, on ST,
Vslt=0 = v(0) in {2,
Hyy— v, AHy =0, - V'Hy — w Ky + H. - V' + pshs  in 27,
(4.12) divH, =0 in 27,
n-Hy=0, n-DH,) 7,=0 a=1,2, on ST,
Hgl—o = H(0) in 2.

For vy and H we have an estimate of the form (3.20),

1Aslliy21 or) + 1VPsll 1y 0m) < e(Gaba + b1) + el As(0) |11 (1),

with
b1 := c(C1 + G2) + c(hs(0)[5 0 + | K:(0) 5.0 + [7:(0)[5.0),
by = [[hsll Lo 0,t:L5(2) T 1 EKsll Lo 0,t525(2)) F sz, 500m)
(4.13) + ||K5H10/3(QT)7

[Asllx = llvsllx + [[Hs|lx
sl = lIxsllx + 16s]x,
where by and by depend on BS, K, instead of hs, K.
Therefore, since M(£27) < Loo(0,T; L3(£2)) and M(02T) — Lyg5(027)
we can replace this relation with
(4.14) HASHWg’l(QT) + vasHLQ(QT)
< el(Gllha, Kol + b1 + 1 A:(0) 11 )
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For problems (4.3) and (4.4) and the functions (hs, Ks) we have

(4.15)  |lhs, Kslly2 ory + 1 Vasllz, @r) < clllvs - V|1, (o
+ ||iLs : vUSHLL,(QT) + ||Ksz : VHsi”La(QT)
+ | Hei - VKillz, or) + 1K - VH| 1, (0m)
+ || Hs - VK| 1, or) + 1hs - VHl| 1, o)
+ [|vs - vKSHLU(.QT) + HKS ) vUSHL(,(QT)
+ | Hs - Vhs| 1, or) + [1hs(0), K (0)]]

for s, Ky llx = Ihsllx + 1K, x.

Note that we cannot apply directly the results analogous to Lemma 3.4

and instead we need to estimate the r.h.s. of (4.15) in a different way.
We split the first term on the r.h.s. of (4.15) into (see [8])

w2 (g)

I = v - V|, a0y < H”sHLm(m)HVibsHLw(m)
with 1/A1 4+ 1/Ag = 1. We estimate I; under the assumptions that W' (£2)
— Ly, (2) and hy € L,y (£2"). Therefore, we have the following relations:
) 5
S % <9 gxn <.
2 oA T A2 =1
Let cA2 = n. Then

5 1 5(1 1> 5 1 5 5 _ 1
>~ = RS Bt dha=
n

oM 2 o\M X)) nT2 o
We combine this relation with the compactness condition to get
1 2
f+f§§—§<1
2 nm-o

and we deduce
(4.16) n>4, o>20/7.
The second term on the r.h.s. of (4.15) is estimated by

I, = Hils . vamHLg(m) < HVUSHLUHI((F)||]~18||Lw2((2t)
with 1/p1 4+ 1/pp = 1. Since hy € Loo(0,; W, (£2)) with 7 > 4 we have
hs € Loo(0,t; L,(§2)) with arbitrary o < oco. Therefore we set yg = oo and
p1 = 1. Consequently, for v, € Wi (') — L,(0,t; W2(£2)) we have the
relation

o
g

DN | Ut

<1.

Hence
o <10/3.
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Because Ky € Loo(0,; W(£2)), n > 4, similar estimates on the r.h.s. of
(4.15) imply
(4.17) ||h57K5”W3’1(_QT) + ”V‘JSHLU(QT)
< el Asllyzagry + s, Ksll pqar) + [175(0), Ks(0)[]y2-270 )
Next, we also use the estimate on Ag, i.e. (4.14) to infer the inequality
(4.18) ||h57K5”W3’1(_QT) + ”VQSHLU(QT)
< (llhs, K| paarys bs) + €llhis(0), K5 (0] 2/ @)

where b3 := b1 = [|vs(0)[|g1(2) and ¢ is an increasing positive functlon.
This proves that bounded sets in M(£27) are transformed into bounded
sets in M(027).

To show continuity we formulate problems for the differences
KM =K — Ky, M =hi—hy, ¢ =q — ¢,
v =v; —vy,  H") = Hy — H,.
Thus A" and K satisfy
By = div (), ¢") = —v) - Vhy — vy - VA

RO Ty — - Vo® — ROV H,
— Ky VH" — HOVEy; — HyVE®
+ K" .VH + K, - VH" 4+ H" . VK,

(4.19) + Hy - VK™ in 07,
div b = 0 in 27,
DY 7y = b =0 on ST,
h =0, j=1,2 h{) =0 on 57,
A g =0 in (2,
and
K — v, AK® = 3" . VH; —hy - VH®
— o VK| —vy- VK" 4+ K. vy,
+ Ky - Vo) + H) . Vhy + Hy - VA" in 07,
(4.20) div K" =0 in 27,
n-KMW=0 a-DK") 7, a=1,2onsT,
K=0, j=12 K =0 on 57,

KM |—g=0 in £2.
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For solutions of (4.19) and (4.20) we have
(421) B, KO g + 1967 1 o
< o[ - Vhi|g 0t + [v2 - VR, g
[y - 0y g+ WO - Vol o + KV il o
+ |K21VH¢(T)!0,Q1& + |ngr)vkli’a,!2t + !H22‘Vf(@-(r)|a,m
+ K" - VH|, o + | Ko VH"|, g + [HDVE |, o
+ [HoVK Y|y g + | - VHy |, 00 + |he - VHD),
+ [ VE |5 00 + v - VK5 g0 + KT - Vo |,
Ky - Vo) |, g + [HT - Vhi| g0 + [Ha - VAT, o).
Applying the Holder inequality (4.21) implies
(422) B, KO g + V4]
< |00 o106 VP51
102l 052,06 VA Loz 00+ 1K |osg |V il sy
+ |f~(2i|ms;1,m|VHi(T)|a<5§,m + \Hi(T)|a<s§,m’V—f{li\aag,m
+ |H2i|g<5§>‘,m|VKi(r)’aag,m + KD 57 0t VH 57,00
+ [ Kol gs 00 [VHT 55, 00+ HD |59 0t VK| 59,0
+ [Halys10,0 VKD 5510 00 + 107 gg11 0 [V H1 |11
+ |’~12!aa}2,9t\VH(T)|55;2,m + \U(T)|05{3,m|Vf<1|a<s;3,m
+ |U2\a5}4,mWK(T)|05;4,m + ’f((r)’a(sﬁ,m\vvlbay,m
+ |K2|o5%6,m|VU(T)\05;6,915 + |H(T)’w}?,m\Vﬁﬂggtm
+ |H2|aai8,(zt|VB(T)|05;8,Qt + |h(r)|a¢s{9,m|vvl|0559,m
+ |}~12’a(s§0,m\V’U(T)b(sgo,m]
for

1 1

74_7:1,
ot o3

and k=1,...,20.
It is easy to show that for 20/7 < o < 10/3, n > 4 we obtain

4.23) [ KO gy + V4D o g
< A 2.3 g 1, K gy + 1Ay 2 0y 1R K gy,
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Assume that hs, K5, s = 1,2 belongs to a bounded set in M(£2T). Hence,
there exists L such that

(4.24) HB&KSHM(QT) <L, HA5HW22’1(_QT) < o(L).
Therefore

(425) A0, KO 2 g0 + 1907 1, o) < (DIAD 21 g

+ 3L, KO pi-
Thus, to show continuity of the transformation ¢ we should find an estimate
for ||A(’")\\W22,1(Qt).
For this purpose we consider the following problems:
v’(tr) —divT(w™, p™) = =™ . Vo — vy - Vo)
—why —weh + HO . N'Hy + HY -V HT)
+nEy + oK — B VH,

(4.26) — Hyi - VH") — ") .y — pig - V™) in 07T,
divo™ =0 in 27,
ﬁ-T(v(r),p(r))-%a:v(T) n=0, a=1,2, on ST,
1|9 =0 in £,

and

H,(tr) - I/%AH(T) — (. VH, + Ué NV H _ w(r)f{l
—wy KM - g gy + HY - Vo + M(r)ill

(427) + /‘LQ;L(T) in QT’
n-H"D =0, a-DH) - 7,=0, a=1,2, on ST,
H(r)!tzo =0 in 02,

where v(") = ( Y),vér)), w) = v:(f), p) = H:,ET), vl = (Vs1,Vs2), Ws = Vs3.
For solutions of (4.26) and (4.27) we have

(4.28) HA(T)HWQQ*l(Qt) +|Vpla, o < C[’U(T),Vlvlb,m + \Uévlv(r)\z,m
+ [w g 0 + |wah g g + [H'V Hy|y 00
+ ’Héle(T)b,m + ’M(T)Klb,m + |M2K(T)|2,Qt
+ |Hi(T)VH11;’2,Qt + |H21VHi(T)|2,Qt + 1"V |9
+ |2V ly o + [0V Hylg 00 + [05V H g o
+ ]w(T)K1|2,gt + |w2K(T)|2,Qt + |H(T)/V/v1|2,9t
+ 1 HV 0 g + |1 ha 3 00 + [p2h D] or].
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We estimate the r.h.s. of (4.28). First we have
0O V15,00 < el s.aelfvnllyz gy = Do
By interpolation we get
I < eallo 2 ey + e(t/en)e(lorll 21 )10l ar,
”UQ . V,v(r)’ZQt < EQHU(T)HWQQJ(Qt) + 0(1/52)(p(|’7}2HW22,1(Qt))’v("')‘zgt,
1w a0t < c|w]gy gtlhiloy ot = I3,

where 5/2 — 5/0‘1 <2, 09 <00, 1/0‘1 + 1/0’2 = 1/2, o1 < 10.
Because 5/2 — 5/01 < 2, we have

I3 < €3HU(T)HW22’1(_Q75) + c(1/e3)e(1h | o) [0™]2,00,
wah (V] 00 < clwaly, o h7 | g0 = I,

where 1/01+1/02 =1/2,5/2—5/p1 < 2 and we can choose g2 = 5/2. Hence

Iy < CHUQHW;J(Qt)Hh(T)HL5/2(Qf)a

|H(T)/VH{|2,(N + |HZ‘(T)VH1i|2,Qf < c|[H"); QtHH1HW2 L)
+clH |2 ot [Huilyz1 g0 = I,
where
15 < sl HO 2 gy + /)01 gz ) O 0y
LV HO g 00 < 26l HO 2 g + (/2000 Hally 20 ) HO s
WO g0 < el oy + (U)K o) Ol o,
2 Ky g < cl[Hallyz21 (g K50,
[ Ho VH |3 00 < es||H" HW21 (on T c(l/es) ([ Hally 21 o WH 3 00,
1V | 0 = ’Hg VH13|2 ot
< €9HH Nz gry + e(1/20)o I Hull 21 on)IH s, 0,

Vi Oy + 121000 Ha 2 g s o
|U(T)/V,H1|2,m + [V H Oy oo + [HO N 01|y oo + [HYV'0 5 o
<en|f™) H(T)||W§71(m)+0(1/511)90(||H/||W2 2oyl w2 o )HD w5 o,

\w(r)Kl\z,m + ”U)?K(r)’z,m < e1p|v™

(r)

w2 @

+ e(1/e12)e(|K1 | pmeony) v |00 + C||U2||W22’1(_Qi)|K(T)|5/2,_Qta
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| H ' w1y, g + |HEV "0y g < 613\|H(T)||W2271(m)
+ C<1/513)90(HWIHWQQJ(Qt))’H(T)‘Z,Qt + 814HU(T)HW22*1(_Q75)
+ 0(1/514)90(||H2||W;vl(m))|v(r)|2,Qt,
1 o 00 + 2R g g < €15HH(T)HW22,1(QQ
+ c(1/e15)p(1h | a1 HT |, 00 + C||H2‘|W22’1(Qt)|h(r)|5/2,Qt'

Utilizing the above estimates in (4.28) and assuming that e1,...,e15 are
sufficiently small we obtain

(429) AP yz g0y + 957 o
< 90(||01,U2HW22,1(@), ||H1,H2||W22,1(m), 171, K llyz )
A Ly 0 + KT 8555 00).
Hence
(4.30) A2 gy + 1V a0 < D(L) (1A .00 + KD h |55 00).
Finally we estimate the r.h.s. of (4.30).

We start with energy estimates on h(") and K.
Multiplying (4.19); by h("), (4.20); by K() and integrating over {2 yields

1d
(431) 5t KB o+ #[VAO VKOS o= [wn®) de+ | oK) da
(0] (0]

where 11 and 19 are the r.h.s. of (4.19)1, (4.20)1, respectively. By the Holder
inequality, we have

d T ‘A = T T T
(432) 2 [hD KR o+ v|n0, KO3 o) < cllo™

5.0lVhl30

+ ’U2|§,Q|B(T)|§,Q+|ﬁ2|§,n|vv(r)|§,Q+|B(r)|§,Q|Vvl|§,n+|f{(r)|§,Q|VH1|%,Q
+ ’KQ%,Q‘VH(T”%,Q + |H(T)|§,Q|Vf(1’§,9 + |VH2|3,Q|K(T)|§,Q

+ A ol G o + |hal3 o VHT5 o + 013 0| VKIS o

+ ’U2|g,rz|—f<(r)|§,(z + |H(T)|§,Q|VB1|§,Q + ’HQ%,Q’B(T”%,Q]'

Using (4.24) in (4.32) we obtain
d r r — r r r
(4.33) a’h( LEOR o+ 2R KOG 0 < @1 o)

+IHD i (0y) + vl ol K g
+ [0 HOS 0| Vhy, VK3 o + W7, KO3 | Vo, VHL 3 ).
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Multiplying (4.26)1 by v(") and integrating over £2, it follows that

d T T T
(4.34) %‘U( 5.0+ Vv o) = = | ¢ do
o

where 13 is the r.h.s. of (4.26);. Estimating the r.h.s. of (4.34) step by step
we obtain (with all integrals over (2)
— o Vorde <ei|[vff o + c(1/e1) 3 0| VoL 3 0,
- Své VoMM dz =0,
[ Rz < eafo @ o + c(1/22) 0O gl o
— Jush®00dz < 5o o + e(1/e5) sl ol o,
VH'VHy + HYVHD WM da < egfo3
+c(1/eq)|[H3 o|VHI| o +es| VHD 3 g +c(1/e5) 0" 3 o Hal2 0,
(4.35)  [uEwdz < g™
T o1 /e KR 5.0 < 6o g + c(1/) [ HO .0l K 2 g,
Vo Ko de < e7|o G o + (1 /e7)|u2l3 o K75 0,
N EVH + HyVH W de < eslo R, + e VHDR
+c(1/es) | H 3 o VHII o + e(1/e9) 073 0| Ha 3,0,
iz < 210l o 4 e1/210) HO B o VE B o
— V0D dz <en| VHOE g + c(1/en o F ol Haf 0.
Next multiplying (4.27); by H(") and integrating over £2 we get the estimates
Vo' VH H T da < 212 VHO[S o + c(1/212)[v")[3 o[ Hi |2 o,
Ve VH H ) dz = 0,
O K HO o < 33 HO g + o1 fe15) K oo 0
Vo KO H dz < ey HO[ o + (/1) [v2l3 0| K73 0,

(4.36)
HY'YVorHMdz < eq5|HO 2 o + ¢(1/e15)|Vor |3, Q|H(T)|2 >

|2,.Q>

r)th de < ey7|H T)‘G o+ c(l/err)|hl3, Q\H ’2 25

VE, Vo HO da < 16| Vo )3  + c(1/216) | Ha 2,
Vuh W H D de < e[ H|E o + c(1/218) u2l3 0 h 7[5,
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Taking €1, ...,¢e18 sufficiently small and adding all estimates (4.35)—(4.36)
we get

d T T
(4.37) ﬁfA( 3.0+ vl A )H%ﬂ(n)
< | A3 o[|Vor, VH L3 o + |h, K13 o + [Hi, Ha % ]

+ clwa, ol 0B 73 0 + clpa, val3 o K3 4.

Multiplying (4.37) by a constant ¢, such that ve, — ¢¢(L) > v and adding
o (4.33), we get

d r 7" T r
(C*!A .o+ 1R KB o) + v AT o) + BT, KO3 )

< x| M3 o[IVh1, VEL3 o + |h1, K113 o + Vo, VHL3
+ [Hy, Ho|% o] + cxclva]d AT, K3
+ el b, KO3 o(IV AL wal3 g + |wa, p23 )

Integrating this inequality with respect to time yields

t
(4.38)  |AC3 o+ [p) KOS o 40 (A Gy + 1HT, KO3 ) dr
0

t t t
< cexp { S \Vﬁl, VK1|§’QdT + S |1, K1|§7Qd7' + S |V, VH1|§7Q dr
0 0

0
t t t
+ S |Hi, Ha3, o dr + S VAL 03 o dr + S w2, 2l 0 dT}
0 0 0

t

(Fleal lh®, KO g dr
0

+ VAU 0,425 2 1R, K(T)‘Loo(o,t;Lg(Q))> =J
By suitable imbedding results we get

J < cexp{||A1]? W2 () + Hh,KufMg,l(m)}
t
3 loall o + 50 KO ROR o [VAE )

: (Sup 0, K
t 0

= Jl.
By (4.14), (4.18) and (4.24) we obtain

J1 < SD(L)[||B(T)>K(T)”%M(O,t;Lg(Q)) + ||A), R(T)H%w(w;m(m]-
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Therefore, (4.38) takes the form

(4.39) AP llyp(n + K7, KD lyo (o)

< @)W, KD 10,6050

Utilizing (4.39) in (4.30) and the result in (4.25) we obtain
(4.40) 1), KO pqory < (@), KO gy,

which implies the uniform continuity of @ and ends the proof.

Proof of Theorem 1. Since @ is uniformly continuous and compact for

20/7 < o < 10/3, the Leray—Schauder fixed point theorem yields the exis-
tence result.

Moreover, for 5/3 < o < 3, by (3.28), Lemma 3.5 and Lemma 3.3 we

have estimates of the form (1.3). This concludes the proof.
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