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SOLVABILITY OF THE HEAT EQUATION
IN WEIGHTED SOBOLEV SPACES

Abstract. The existence of solutions to an initial-boundary value problem
to the heat equation in a bounded domain in R® is proved. The domain
contains an axis and the existence is proved in weighted anisotropic Sobolev
spaces with weight equal to a negative power of the distance to the axis.
Therefore we prove the existence of solutions which vanish sufficiently fast
when approaching the axis. We restrict our considerations to the Dirichlet
problem, but the Neumann and the third boundary value problems can be
treated in the same way. The proof of the existence is split into the following
steps. First by an appropriate extension of initial data the initial-boundary
value problem is reduced to an elliptic problem with a fixed ¢ € R. Applying
the regularizer technique it is considered locally. The most difficult part is to
show the existence in weighted spaces near the axis, because the existence in
neighbourhoods located at a positive distance from the axis is well known. In
a neighbourhood of a point where the axis meets the boundary, the elliptic
problem considered is transformed to a problem near an interior point of the
axis by an appropriate reflection.

Using cutoff functions the problem near the axis is considered in R?
with sufficiently fast decreasing functions as |x| — oo. Then by applying
the Fourier—Laplace transform we are able to show an appropriate estimate
in weighted spaces and to prove local in space existence. The result of this
paper is necessary to show the existence of global regular solutions to the
Navier—Stokes equations which are close to axially symmetric solutions.

1. Introduction. The aim of this paper is to prove the existence of solu-
tions to an initial-boundary value problem for the heat equation in weighted
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Sobolev spaces H™!/*(27), 1€ Ng = NU{0}, p € Ry \ Z, 27 = 2 x (0,T),
where 2 C R3 is a bounded domain which contains a distinguished axis L.

DEFINITION 1.1. We denote by Hilf(QT), l € No, i € Ry the comple-

tion of the C*°(£2 x (0,T")) functions vanishing sufficiently fast on approach-
ing L in the norm

1/2
> | IDsorute, o)t gz ar)
la|+2a<l 2T
if [ is even, where |a| = ay +ao+ag, Dy = 091052033, ai,a € Ny, i = 1,2, 3,

xr3 )
o(x) = dist(x, L), and

HUHH”/Q(QT) _< Z S | DS 0| o) 2ol T20) qg
—H

u R =
|| |’H£Z2(QT)

|a|+2a<l 2T
TT /2] / [1/2] "\ 12 1/2
-2 |8t/ u(l'vt ) - 8t” u($>t )‘ ! gl
+§“§) (S) o(x) 2" e dz dt’ dt

for [ odd.
We denote by Hl_M(Q), l € No, p € Ry, the space with the finite norm

1/2
HUHHZ_H(_Q) = ( Z S |D§zu|2g(x)2(*u+|a|*l) d:c) )
la| < £2

We consider the Cauchy—Dirichlet problem
w—Au=f in 2T,
(1.1) u=0 on ST =5 x(0,7),
Ul¢=0 = uo in 2,
where S = 0f2. We assume that L meets S in two points: s; and so.

We shall restrict ourselves to problem (1.1) to simplify the presentation.
The techniques of this paper can also be applied to the nonhomogeneous
problem (1.1), the Neumann problem and the third boundary value prob-
lem. The tools of this paper are sufficient to show solvability of any initial-
boundary value problem for a general linear parabolic system of the second

order. Moreover, we can consider unbounded domains because the existence
in a domain with boundary follows from the regularizer technique.

The main result of this paper is the following

THEOREM 1.2. Assume that f € HEZZ(QT), up € Hl_t}(ﬁ), l € Ny,
pERL\Z, S CH2 Assume the compatibility condition

(1.2) uols = 0 mod H*(5).
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Then there exists a solution u € HI,ZQ’I/QH(QT) to problem (1.1) such that
1.3 U , <c , + ||uo|| ,

(13) e g < gz gn, + lolgss )

where ¢ does not depend on u, f and ug.

Let us consider the nonhomogeneous problem (1.1),
w—Au=f in 27,
(1.4) u=g on ST,
ul¢=0 = uo in £2.
Similarly to Theorem 1.2 we prove

THEOREM 1.3. Assume that f € HEZQ(QT), g € HZ_Z3/2’Z/2+3/4(ST),

ug € Hlful(Q), 1l € No, p € Ry \Z, S € C*2. Assume the compatibility
condition

(1.5) uols — gle—o = 0 mod H™!(S).
Then there exists a solution u € HI,T’Z/QH(QT) to problem (1.4) such that
(16) ||UHH17J;2J/2+1(QT)

< C(HfHHﬁlM/Z(_QT) + HgHHljf/Q»l/QJr?’/‘l(ST) + HUOHH@;}(Q))a
where ¢ does not depend on u, f, g, ug.

To omit some technical difficulties related to weighted spaces of traces
on S we consider problem (1.1). The norms of weighted Sobolev spaces of
traces can be found in [5] &, [13].

Finally, we consider the Neumann problem

u—Au=f in 07T,

(1.7) 9u =g on ST,
on
ul¢=0 = uo in {2,

where % denotes the normal derivative on S. We have

THEOREM 1.4. Assume that f € Hﬁlf(QT), g € HZ:LZ/Q’Z/HIM(ST),
ug € H’_j(rz), 1 € No, p € R \Z, S € CHF2. Assume the compatibility
condition

ou _
(1.8) aT? - gli—o = 0 mod H*(5).
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Then there ezists a unique solution u € Hl:f’l/zH(QT) to (1.7) such that

1.9 U ,
(19) [l ysavass o

<

< clllfll ez gry + gl grerzarzeisn gry + lluoll g ),
where ¢ does not depend on u, f, g, ug.

We prove Theorem 1.2 in the following steps. First we extend the initial
data for ¢t > 0 to a function g such that

142,1/24+1, 5T
“ (£27)

Ugli=0 = up, Upls =0 and ug€ H
with
(1.10) ol gts217241 g < elliol g g
Introducing the new function
(1.11) v =u — U,
we see that v is a solution to the problem
v —Av=f -ty + Aty =g in2x(0,T),

(1.12) v|lg =0 on S x (0,7),
V|t=0 =0 in £2.

Assuming the compatibility conditions

(1.13) Kghoo=0, o<[l/2 1,

we can extend g by 0 onto {2 x (—o0,0].
Let ¢’ be the extended function. Then

(1'14) Hg/HHElu/z(QX(—oo,T)) < CHgHHEL/Z(QX(O,T))'

The possibility of such extensions is described in Lemma 2.4.
By the Hestenes—-Whitney method, ¢’ can be extended onto {2 x [T, c0)
in such a way that the extended function ¢” is in H ﬁlf((? x R) and

(115) Hg”HHElH/Q(QXR) < CHQIHHELN(QX(—OO,T))'

Then problem (1.12) will be considered in {2 x R. Hence (1.12) takes the
form

v —Av=g" in 2 xR,
v|g =0 on S x R.

To apply the regularizer technique (see [4]) we examine problem (1.16) locally
in space variables. We distinguish four cases:

(1.16)

1. in a neighbourhood of an interior point of L;
2. near a point where L meets S;



Solvability of the heat equation 151

3. near an interior point of {2 located at a positive distance from L;
4. near a point of S located also at a positive distance from L.

In cases 1 and 3 problem (1.16) can be transformed to
(1.17) v —Av=7g inR>xR,
while in cases 2 and 4 it can be formulated as
vw—Av=g ian’r x R,

1.18
(1.18) V)zy =0 on R? x R,

where g is g localized to the corresponding neighbourhood.

In cases 3 and 4 the weighted spaces H l_lf will not be used because the

problems are considered in neighbourhoods located at a positive distance
from L so the weighted and nonweighted spaces are equivalent.

We do not know how to examine problem (1.18) in case 2 as a boundary
value problem. Therefore it is transformed to problem of the form (1.17) by
reflection with respect to the plane x5 = 0.

Summarizing, we need to examine the local problem (1.17) for case 1.
This problem describes the behaviour of solutions near the distinguished
axis L. Solvability and existence for other problems (cases 3 and 4) is well
known (see [4]).

We show an appropriate estimate in weighted spaces for solutions to
(1.17) in Section 3 but the existence is proved in Section 4. In Section 3 we
perform all calculations on the Laplace transforms of solutions of (1.17), so
we obtain the estimate in terms of Laplace transforms (see Definition 2.5).

The equivalence of norms introduced in Definitions 2.1 and 2.2 (in these
spaces Theorem 1.2 is formulated) and in Definition 2.5 is shown in Lem-
ma 2.6.

Having the existence for local problems, the existence in a bounded do-
main with vanishing initial data is proved by the regularizer technique in
Section 5. Finally, in Section 6 the existence with nonvanishing initial data
is proved.

The results of this paper are necessary for the proof of existence of global
regular solutions to the Navier—Stokes equations which remain close to axi-
ally symmetric solutions (see |7}, 11}, 12, [13]).

2. Notation and auxiliary results. We consider a domain 2 C R3
with a distinguished axis L. Assume that a global Cartesian system z =
(z1,22,23) in {2 is such that L is the xz-axis. 1 We denote by H“/Q(Q X
(0,7)), I € Ny, the classical Sobolev-Slobodetskil spaces WQZ’Z/Z(Q x (0, 7))
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with the finite norm

T T
lull sz ox 0.1y ( VVIDSuP dzdt+ > |\ [ofu)® dx dt
|a| <10 02 a<[l/2] 0 12
TT 4[l/2] / [1/2] 2 1/2
’8 (x7t ) B 8;5" u(xat )| M/
+§Z§§ T dedt' dt")

where the last integral disappears for [ even. Then we define
Lo(2 % (0,T)) = H*°(2 x (0,7)).
DEFINITION 2.1. Let [ be even, u € R4. We denote by H ”/2((2 x (0,7))

the completion of C*°(§2 x (0,T")) functions vanishing sufﬁmently fast near
L in the norm

T
1/2
20, 112(—p—1 2
gt iomy = (32§ {IDS0RP PR a2 g )
|a|+2a<l 0 2
where DY = 8“18a28§33, a = (a1, ag,as) is a multiindex, a; € Ny, i =1,2,3,

af = a1+ az + a3, ' = (21, 22), |2 = \/m

DEFINITION 2.2. Let I be odd, u € R4. Then H" 1/2((2 x (0,T)) is defined
to be the closure of C*>°(£2 x (0,T )) functions Vamshlng sufficiently fast near
L in the norm

Il oy = (2

T
| | IDgul? |2’ PRt dg at
\oz|<l 0N

+> g | 10fuf?a’ [PCr=29) 4y dt

2a<1 0 2
TT [L/2] [1/2] (2 1/2
9, |0y u(z, t) — O0p Pu(a, )|
+ | §§ a2t e t,fp dedt di")
Q00

where we have used the fact that [/2 — [I/2] = 1/2.

DEFINITION 2.3 (see [I, [6]). Let [ € No, p € Ry, v > 0. Then we

introduce the space Hl_lfw((} x (0,T)) of functions u € HEZQ(Q x (0,7))

such that e vy € H" l/z(Q x (0,77),

(2.1) Ofuli=o =0 for a <1/2—1 for even I,
(2.2) Ofult=0 =0 for a < 1/2 for odd [,
and

eV e HYY?(2 x (—o00,T)).
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The space H” l/2 4(£2 x(0,T)) has the property that its elements can be
extended by Zero for t < 0 and the extended function also belongs to

HY2 (2 x (—o00,T)).

In the nonweighted case the spaces H~ L/ ?(22 x (0,T)) were introduced in
[1, 6]. The time behaviour of elements of H Z_Z%/ and Hé’l/ ? is the same.

We also write Ly _,, (2 x (0,T)) = _W(Q x (0,T)) and Lo __,(£2 x
(0,7)) = H2)(2 % (0,T)).

LEMMA 2.4 (see [0]). Let u satisfy either (2.1) or (2.2). Let T < 0.
Then the norms

and

”“”Hé’f(nx(om) ”“HHEL/,%mx(—oo,T»

are equivalent if and only if

ulio =0, a<]l/2],

T
S dx S |x'|_2“t_2(l/2_[l/2})\8lf[l/2}u|2 dt < o0.
(9} 0

Let us introduce the Laplace transform for a function v € H” L 2(!2 X
(0,T)) satistying either (2.1) or (2.2) by
(23)  dlx,s) = | etu(a,t)dt, s=y+i&%, &HER, ¥ >0.
0

By the Paley—Wiener theorem the inverse Laplace transform of 4 vanishes
for ¢t < 0 and satisfies either (2.1) or (2.2).

DEFINITION 2.5. Let HZ l/2 - (£2xR) be the space of functions u with the
finite norm

I oo
. 1/2
(2.4) Il g2 ey = (2§ deolsb s )
’ j=0 —oc0
where @ = u(x, s) is the Laplace transform of u defined by (2.3).
From [1] we have

LEMMA 2.6. For any v > 0 there exist constants c; and co independent
of w and ~ such that

2.5 ci||u|| #1, < I||lu < collul| ~1, .
25) el gmy < Nl gen gmy < eallul e o,

Recall that functions in Hl l/2 L (£2xR) and Hl l/2 ~(£2xR) vanish for t < 0.
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Proof. To prove the lemma we use the Parseval identity

(2.6) | déo | 1f @,y +i&))Pde =27 [ e dt | [ f(z,1)] da.
—00 Rn 0 Rn

From (2.6) we have

L @l ot =(m)" | déo il + i)l o
0 —00
Se_Qvt’YlHu(t)”%Q’_u(Q) dt = (27)~" S dfO’YZHﬂ(',’Y+ZfO)”%Q,_H(Q)a
0 —0o0
oo 3 l 3 oo ~ )
[ e ol 2ul2,  gydt = @m0 | déolslat,y + i€0)I2, o,
0 —00
for [ even.

For | odd we consider

[e.e] o0

dr
-2 k k 2
Ve ®tae \ |ofu(,t —7) = ofuC, DlI7, o 7y
0 0
T T dr
_ kil ~ _r
= (2m) ! S |<5’|2 ||U('73)H%27,#(Q) d&o S le 5—1’2 TIH—2k”
—00 0
where k = [1/2].
From [0, Lemma 2.1] there exist constants cs, ¢4 such that
T dr
1—2k - 1—2k
cals' 7 < S le s—1|2m < cyls|'7?
0

which concludes the proof.
LEMMA 2.7. For T < oo the norms

and

H“”Hﬁi{j(ﬂx(_oo,T)) H“”H&i{%(rzx(_wm)

are equivalent.
Proof. The equivalence of the norms

w|| ~1, and ||u|| ~.
H HHUJ?(QX(O,T)) H HHI,%

> 5(02x(0,1))

follows from u|;<o = 0, T < oo and e T < e < 1 for t € [0,T]. An
application of the proof of Lemma 2.6 concludes the proof.

For the Laplace transform @(z, s) of u(z,t) and for a given s we introduce
the space & ,(£2) endowed with the norm
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(2.7) (-, s)lI3: g)—Z\SIJHu [ 5

Applying the Laplace transform ylelds

o0

= | dollat,y +ic)llz (g

—0o0

3. A priori estimates for solutions to problem (1.1) in R? x R.
In this section we consider problem (1.1) in the form

(3.1) u— Au=f inR® xR,

where functions v and f are extended by zero for t < 0. Applying the Laplace
transform

(3.2) iz, s) = | u(z,t)e " dt,

R
where s = v + iy, v > 0, { € R, to problem (3.1), yields
(3.3) si— A= f inR3.

LEMMA 3.1. Assume that f € Lo _,,(R®*xR), u € Ry \Z. Then solutions
u € HE’EL(RS x R) of (3.1) satisfy

(3.4) S dé S (Is/|af® + |s| |Va|?)|2'| 72 dx + S dé HfLH%@ (R?)
R RS R a
<cldgls| | [af|a' |72 da + c | déo | | £]*[a') 7 da,
R R3 R RS

where ¢ does not depend on u and f.

Proof. Multiplying (3.3) by @, where ¢ = (1 + isign Ims)a|2’| "2 and @
is the complex conjugate to ¢, integrating the result over R? and by parts,
we obtain

(3.5) S [sti(1 — i signIm s)a|z’| "% + Vi - V((1 — 4 sign Tm s)a|z’| 7)) da
R3
= S f(1 —isignIms)a|z'| 2" dz.
R3
Comparing the real parts and performing estimates for nonpositive terms
yields

(3.6)  {(sllal® + [Val*)|a'| " do
R3
<o | |\Vallal /|72 de + | |f]|a] '] da.
R3 R3
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Applying the Holder and the Young inequalities, the first term on the r.h.s.
is estimated by

1
5 VIVl 2|72 da 27 | |’ da,
R3 R3
and the second by
1 1 ~
Ss|\ a2 de 4+ =\ | FP 2|2 d
2 RSS 2|5 IR§3

In view of the above estimates, (3.6) takes the form

(37) §(sPlaf + |s][Vaf) /| da
R3
< 4y2ls| | a2 do 2 | F2 7
R3 R3

From [14] we have

3:8) lallp2 g < C||f—5ﬂ|’%2,,u(n@3) < C||JZ||%2,,H(R3)"‘C\S\QHM@Q,,H(RS)-
Inequalities (3.7) and (3.8) imply
(3.9) S (’s‘2|ﬂ‘2 + |s| ’Vﬂ|2)|x/|—2# dx + ”aH%{EH(H@)
R3
< cfs| | a2’ 2 da + c | [FP] 2 da.
R3 R3
Integrating (3.9) with respect to & yields (3.4). This concludes the proof.

To estimate the first term on the r.h.s. of (3.4) we need

LEMMA 3.2. Let f € Ly, (R® x R), p € Ry, and u € H>,(R? x R) be
a solution to (3.1). Let 0 < a1 < ag. Then

3.10 déo |s| | 22’722 de < 2a1 | déo | @[’ |7%* da
(
R R3 R R3
2
+ = {dgo | [aP)sPle’| " e
ag R e
Proof. We set
Q1 =A{(s,2") : [s| |2|* < a1},
Q2 = {(s,2") : |s] ]2 |* > as},
Qs = {(s,2)) : ay < |s||2']* < an}.
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For given s we introduce
di(s) = {2’ e R?: |s||2/|* < a1},
dao(s) = {2/ € R? : |s] |2'|> > a},
d3(s) = {2’ € R? : ay < |s||2/|* < as}.
For A > 0 we define
QA ={(s,2') : Ns||2']? <1},  w(s) = {2’ e R?: \|s||/|? < 1}.
Clearly, we have
(3.11) Qs C 2% for e (0,a5'].
We express the first term on the r.h.s. of (3.4) in the form

3.12) Vsl | |al?la’| 7272 da dgo
R R3

i=1 Qi i=1
From the properties of the sets Q;, ¢ = 1,2, 3, we have
L <a S déo S |af?|a' |72 d,

R R3
1 _ _
(3.13) Iy < - déo | [a|s]la’| " da,
R R3
1 _
I < — Vdéo | [s™al* de = 1.
ay R R3

3 3
Z S dxs S déo da’ |s| |af?|2'| 22 = Zl}.
R

157

Let us introduce a smooth function x = x(¢) such that x(¢) =1 for t <1
and () = 0 for ¢ > 2,0 < x(t) < 1, [(t)] < 2. Set xa(&,5) = x(\ls| |7/[2).

Then Vxa(2/,8) # 0 for A™1 < |s]]2/|* < 2271

Multiplying (3.3) by (1 + isignIm s)ax3 and integrating over R® we ob-

tain
S (st — Aw)(1 — isignTm s)ax3 do = S f(1 —isignIm s)ay3 dz.
R3 R3

Integrating by parts, taking the real parts and estimating we get

gy Vsl (VARG dr < § (Vaa2aViade + | [fald de.

R3 R3 R3
The first term on the r.h.s. of (3.14) is estimated by

1 - -
3 S \Va|*x3 d + 2 S |||V xa|? da
R3 R3
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and the second by

1
Hi!u\ [s[ " [PRde + o s |1+H V171|720 de = .

On supp y, we have |s|#|z/|** < (%)“, so the first term in J is bounded by
e(2\" ~12 2
5(3) Vsl
R3
Assuming that ¢ (%)“ = 1 we obtain from (3.14) the inequality
§ (sl lal® + Va3 de
3
’ =12 2 2\" 1 12001 —20 2
_48 [al*Vxal” dz + N) sl S |72 de.
R3 R3
Multiplying the above inequality by |s|'™# and integrating the result with
respect to & yields

(3.15)  Vdéols|"* \ (Is| [af* + |Val*)x3 dz
R R3
- 2\" = _
<4 §dgolo 0 § 1PV de o+ (3) §aeo § 1771208 d
R R3 R R3
where V' denotes (0y,,0x,). Using |V x| < 4M|s||2'| in (3.15) implies the

inequality

(3.16) Y déols|"* | (Is] [af* + |Val*)x3 da
R R3

_ 2\* : _
Afde ) sPTaP e+ (A> Jdo | 7P| da.
R R3Nsupp Vxa R R3
On supp Vy, we have |s||2/|* < 3. Then (3.16) takes the form

(317) N déols|"* \ (Is] [ + |Val*)x3 da
R R3

~ 2 ptl _ B
<oafda | bPaPda(5) 0 fde | 1P
R R3Nsupp Vxa R R3

where A < 2 was used. Since V') # 0 for A\=! < |s|[2/]? < (A/2)7!, we have
supp V/xx C w2(s) \ w*(s) for any s.
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Multiplying (3.17) by (A/2)#*! yields
)\ ,LL+1
319 (5) Jaols ™ §sllaP + [VaPpGs
R R3
ji|* da + { dgo | [ £~ da.

ptl
< 272“)\<>\/2> | déo |t |
R R R3

wh/2(s)\w(s)

Let A be so small that 272#\ < 1. Then iterating (3.18) k times we obtain

ptl
(3.19) (;‘) [dgolsP | [af? da
R w(s)
1 ok pt1 N
(*5) Jao e § e o § 17
R R3

<
=2k \ 2
w2 (s)\w/2" (s)
where
A/2k+1 N2 NS o 2 /"2 2
320 T\ = (o € B o <ol <
2k+1 2/€+2
:{x’ERQ:)\S\s\ l2'|? < }

On the set (3.20) we have
2k+1
|s| < QTW’ %

so the first term on the r.h.s. of (3.19) is estimated by
aPla’| 22 d

1 A AL/ gk42\ kil
R w2 (5)\w? /2" (s)
1 oy o
2—de§0\s\ |22’ | 722 d.
R w25 (5)\w/2" (s)
From (3.12), (3.13), (3.19) and (3.21) we obtain
3.22)  \d&ls| | |af?|a’| 772 da
R R3
~12) 11—2u—4 1 ~ 2
{dgo | Jaf?a’| 2 dx+a—§d§0 | |al?|s]?)a’ |72 da
R RS 2R Rs

2 H—M 1 d ~120 ../ —2M—2d
S Sols| | [af*l2] .
aq RS
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For k so large that (2/a;)'t#27% < 1/2 we obtain from (3.22) inequality
(3.10). This concludes the proof.

From (3.4), (3.10) and for sufficiently small a; and sufficiently large as
we obtain

(3:23) Y (IsPlal® + || [Val*)la’| 7 dx + | |s| [af*|a'| 722 da

R3 R3
1l gy < § IFRI 2
R3
In view of notation (2.7) we can express (3.23) in the form
(3.24) 3022 (0 < NI o

By (2.8) we have

LEMMA 3.3. Assume that f € Lo_,(R* x R), p € Ry \Z, and u €
H*/W(RS x R) is a solution to (3.1). Then
(3.25) s gangy < €l s @ox
where ¢ does not depend on u and f.
LEMMA 3.4. Assume that f € Hl_lﬁy(Ri)’ xR),leN, peRL\Z, and
u € Hl_fvl/%l(R?’ x R) is a solution to (3.1). Then
(3.26) Jull genazen gy < €I oy
where ¢ does not depend onu and f.

Proof. First we prove the assertion for [ = 1. Let f € £ ,(R?). Then

1102 oy = Il 1,y + 171200 sy < .

From the elliptic equation

(3.27) At = f— st
we have
(3.28) HUHHJ . (R3) < C”f” . (R3) + 6’5’ HUHHI L (R3)”

Multiplying (3.23) by |s| we get
(3.29) 110, oy + 15PIEI g + I Nl s
< c|s| ”f“%Q’W(RS) < CHfHZlH(RS)-
From (3.28) and (3.29) we have
(3.30) HQHZEH(RS) < C”fHZiH(RS)'

Using (2.8) proves the assertion for [ = 1.
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Assume that the assertion is proved for [ = . Then we have

(3.31) 00y <
—

(R3xR) (R3xR)"

Then for the Laplace transforms we obtain
<112 112
(3'32) HUHSZH(R3) < CHngg;?(Rg)-
Let us assume that f € 53;1(R3), SO
(3.33) 171 gy + 51 12y < .
Let us consider (3.27). Then it follows that
B30 il < I )+ el g
From (3.31) we get
201112 =112 7112 7112
(335) 15PN oy < Il 130, gy < sl 171202 g0y < €l 201 g0
Hence (3.34) and (3.35) imply that
3.36 i)|%, < || f1120-1 par-
( ) H ||5721(R3) = Hf”g,Ml(Rd)

Applying (2.8) shows that (3.36) proves the assertion for [ = o + 1.
Hence by a recurrence argument the lemma is proved.

Some ideas used in this section were borrowed from [2] [3].

4. Existence in R? x R,. Since we are going to prove the existence
of solutions to problem (1.1) in a bounded domain and in weighted Sobolev
spaces, we have to consider it locally. Local considerations require examining
problem (1.1) with vanishing initial data and either in R* or in R3. But
we are interested in proving the existence of solutions to problem (1.1) in
weighted Sobolev spaces so local solutions in neighbourhoods of L must be
treated in a special way. We shall restrict ourselves to such neighbourhoods
only because properties of local solutions in neighbourhoods located at a
positive distance from L are well known. Natural neighbourhoods near L are
cylinders with axis of symmetry equal to L. Now we examine local solutions
to (1.1) in such cylinders. First, we shall restrict our considerations to the
case | = 0 (see Theorem 1.2).

Let A > 0 be given. We denote by C4 the cylinder

Cyp={zeR?:|2/| < A, z3 € R},

where 2’ = (21, 22), |2'| = \/2} + 23, 2 = (21, T2, z3) is the Cartesian system
in R3 with L as the z3-axis.
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Let R > 0 be given. Then we consider the problem
u— Au=f in Cr X R,
(4.1) u=20 on OCR x R,
u— 0 as || — oo,
where 0Cg = {z € R?: |2/| = R, x3 € R}.

To prove the existence of solutions to problem (4.1) in weighted Sobolev
spaces we introduce an approximate solution. Let ¢ € (0, R) be given. Let
Cr,s = Cr\Cs, where Cj is the closure of Cj. Then we consider the problem

usy — Aus = fs in Cps x Ry,
(4.2) us =0 on 0Cps x Ry,

us — 0 as |z3| — oo,
We have

LEMMA 4.1. Assume that fs € Lo ,(Crs x R). Then there exists a solu-
tion us € H«g’l(CR,(; x R) to problem (4.2) such that

(4.3) sl 2.1 (s xmy < NS5l Lo (CrsxR):
where ¢ does not depend on us and fs.

Let us introduce the cylindrical coordinates (r, ¢, z) by the relations 1 =
7 COS Y, To = rsiny, r3 = 2.

Now we extend solutions of (4.2) for |2/| > R by zero because we are
not interested in their behaviour as |z’| — oo. In reality we could consider
problem (4.2) with R = oo. Then the behaviour of solutions as |z/| — oo
would be determined by the solution space H%*(R3\ Cs x R). In Section 5
we prove the existence of solutions to problem (1.1) by the regularizer tech-
nique. Therefore examining solutions vanishing outside Cr is close to the
considerations from Section 5.

Let Cg(2') be a smooth function such that (g(z’) = 1 for [2/| < 3R and
Cr(a2") = 0 for |2'| > R. Let u§ = usCr, f5 = fsCr- Then problem (4.2) takes
the form

us, — Aus = f§ — 2 pausy — Crareus = fi in R\ Cs x R,
(4.4)  us=0 on 0Cs x R,

us — 0 as |xz| — oo.
In view of Lemma 4.1 we have f§ € H2'(R3\ C5 x R) and there exists a
solution uj € H2'(R3\ C5 x R) to problem (4.4) such that
(45) ”ugHH,%’l(]R?’\C‘axR) S C‘|f(§/HL27-\/(R3\C’5XR) S C|’f5HL2,~y(CR75><R)'

Now we follow some ideas from [I0]. To prove the existence of solutions to

i 27 introduced in Defini-

problem (1.1) in the weighted Sobolev spaces Hﬁm
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tion 1.1 we extend f§ and uf by zero for r < §. Let us denote the extended
functions by 15 and f5. Additionally, we assume that f{|,—s = 0. Then (4.4);
implies that (uf, — Aujf)|,—5 = 0, where we assume that § < 2R. Let

Vs = U:5|x:z(r,e0,z), hs = fzgl|r:9:(7’7<p,2)’
Us = Uslo=z(rp2): 16 = Joloma(rp,2)-
Then problem (4.4) reads

_ 1, 1_ _ = .
Vst — (T(rvg,T),r + 72”‘57%0%0 + 1;5722) =hs inR3 xR,

4.6 _ -
(46) U5lr<s =0, hslr<s =0,

vs — 0 as |z| — oo, 7 > R.
From (4.6) it follows that U5, = 0, U5,,, = 0, ¥ .. = 0 for 7 < §. Moreover, we
have 2(rvs,) ,|,—s = 0. Lemma 4.1 implies that 2(rvs, ), € L2, (R? x R) so
(4.4)1 yields that (rvs,),,Uss € Lo,—~(R3 x R). By the Hardy inequality
it follows that v; € H z’iﬂ(R?’ X R). Then Lemma 3.3 implies the estimate
||175HH3’;W(]R3><R) < C||f5”L2,_Hﬁ(R3><R),
where ¢ does not depend on 4.
Letting 6 — 0 we obtain

LEMMA 4.2. Assume that f € Lo, ,(R3 x R), u € Ry \ Z. Then there
exists a solution u € HE’}W(R?’ x R) to the problem
w—Au=f nR>xR,
u—0 as |x| — oo,
such that
(47) s ey < el Flia . mony
Let us consider the case [ > 0. We have
LEMMA 4.3. Assume that f € H,ly’l/2(CR75 x R), I € N. Assume the
compatibility conditions
Olusli—o =0, i <[1/2],  Oifslimo=0, i<][1/2]—1.
Then there exists a solution us € H,ly+2’l/2+1(CR75 x R) to problem (4.2) such
that

(48) HU‘SHHQ*'Z’I/QH(CR,(;XR) S CHfJHHfly’l/Q(CR,gXR)’

where ¢ does not depend on us and fs.

Assuming that f € Hﬁl;{i

4.2. Let us consider problem (4.4). In view of Lemma 4.3, f§’ € Hi’l/Q (R3\ Cs)

(R? x R) we prove a lemma similar to Lemma
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so there exists a solution uj € H§+2’l/2+1(R3\C’5) to problem (4.4) such that
and

(4'9) HU(SH l+2 l/2+1(R3\C xR) CHf(S H ll/z(Rs\CéxR)

Let us recall the extensions denoted by ¥5 and hg. In view of (4.9) we have

hs € H''? (R3 x R) and

(4.10) H !

||/Dt”Hfjl/2(R3><R) (T U5T)T

L1/2 3
HY'? (R3xR)

—+

— + 105 22| 12
2 70,pp 22t R3xR
r HY!? (R3XR) i )

< || f; , .
= Hf(s”HiZzy(R?’XR)

By the Hardy inequality it follows that v5 € H 14;271/ 2+1(R3 x R) (see the
proofs of Lemmas 2.1, 2.3 from [10]).

REMARK. We need to choose a sequence of fs5 that converges to f €
Hl_lf as 6 — 0. For p € (0,1) it is meaningful to assume that 9! fs|.—s = 0
for i <1 —1 but for p > 1, 9% fs|,=s = 0 for ¢ < [ should be imposed. In
view of these assumptions we obtain the corresponding restrictions on vs:
o (L (rvgr)r)’r:5 =0fori<l—1if pe(0,1), and for ¢ <[ if g > 1.

Moreover, repeating the considerations from [10] we can show that

871;175’7«:5 =0 fori<l-—1.
Then the Hardy inequality works and v € H 2.1/ 2+1(R3 x R).

—pY
We have to add that the existence in H_ l+2 l/ 21 is shown step by step

starting from [ = 0. Then Lemma 3.4 yields

(411) ||U5H l+2 U2+1(R3><R) CHf(SH ”/2 (R3><R)’

where ¢ does not depend on §. Letting § — 0 we obtam

LEMMA 44. Assume that f € H'2(R® x R), u € Ry \ Z, | € N.
Assume the compatibility conditions from Lemma 4.3. Then there exists a

solution u € H'? l/2+1(R3 x R) to the problem

Y
—Au=f inR>xR,

(4.12)

u—0 as x| — oo,
such that
(4.13) HUH 142, l/2+1(R3><]R C||f” 11/2 ’ (R3xR)’

where ¢ does not depend on u and f.
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Finally, we have to recall that the considerations from [9] 14] imply that
there is no existence result for solutions to problem (1.1) in Hljf’l/ > for

uEZ.

5. Existence in a bounded domain. The aim of this section is to
prove Theorem 1.2 for solutions to (1.1) with vanishing initial data. For this
purpose we use the regularizer technique so we need a partition of unity. Let
us define two collectionb of open subsets {w®} and {2®Y} ke J, M;,
such that w® ¢ 2®) |, w® =, 2 = 2, 2F) NS = ) for k € M;UMs3
and 2 NS # () for k € Mo U My. Here Q(k), k € My, is a neighbourhood
of an interior point of L N £2; 2% k € My, is a neighbourhood of a point
where L meets S; 2) | k € Ms, is a neighbourhood of an interior point of £2,
located at a positive distance from L; 2*) k € My, is a neighbourhood of a
point of S, located at a positive distance from L. We assume that at most Ny
of the 2() have nonempty intersection, and supy, diam2®) < 2) for some
A> 0.

Let ¢¥)(z) be a smooth function such that 0 < ¢ (z) < 1, ¢®(z)
=1 for € w® supp¢® < ) and \D”C (x)] S ¢/|AlY. Then 1 <
S, (¢ (2))? < Np. Introducing the function n®) (z) = (¥ (x)/ 37,(¢W(2))?
we have supp ™ € Q) 37, W) (2)(®) (2) = 1, |Dyn®| < e/|Al”. By ¢®)
we denote a fixed interior point of w®) and 2* ) for k € M; U M3, and a
point of w® NS and 2*) NS for k € My U M,.

Since we consider a problem invariant with respect to translations and
rotations we can introduce a local coordinate system y = (y1,y2,y3) with
centre at §(k) such that for £ € My U My the part Sk — 6N &) of the
boundary is described by y3 = F(y1,y2). We assume that a point with coor-

dinates (y1,y2,y3), y3 > 0, belongs to 2. Then we introduce new coordinates
by

(5.1) zi=vy, =12, z3=y3—F(y1,y2)

We denote by ¥, the transformation 2*) 5 y — @, (y) = z € Q%) described
by (5.1), such that w® 3 y — W (y) = 2z € ©¥). We assume that the sets

~

o) QF) are described in local coordinates at 13 (k) by the inequalities

lyil < A, i=1,2, 0<y3s—F(y1,y2) <A,

(5.2) .
lyil <2X, i=1,2, 0<wys— F(y1,y2) <2,

respectively.

Let y = Yi(x) be a transformation from the x coordinates to local co-
ordinates with origin at &) which is a composition of a translation and a
rotation.



166 W. M. Zajaczkowski

We denote @), = ¥}, 0 Y}, and
(5.3) i (z2) =u(@(2),  a®(2) =™ (2)(W(2).
First, we prove

LEMMA 5.1. Assume that f € Ly, (2 xRy), p e (0,1), up =0. Then
there exists a solution u € HE}W(Q x Ry) to problem (1.1) such that

(5:4) lull gza (oumyy < Cllfllis q2xmy)-
Proof. Since f € Ly _,~(2xRy), p > 0, we have f € Lo ,(£2xR,) and
(5.5) 1l o 2xr ) < CllfllLa - (2xR )

because (2 is bounded. Thus there exists a solution u € Hg’l(ﬂ x Ry) to
problem (1.1) such that

(5.6) |’UHH3,1(Q><R+) < CHf”Lz,y(QxRJr)-

Now we consider problem (1.1) locally.

Let €% € L NN, k € My. Let us introduce a local Cartesian system
y = (y1,2,y3) with origin at £*) such that L is the ys-axis. Let R and a be
given positive numbers and let (Q be a cylinder of the form

Q={yeR’: || <R, |ys| <a},
where 3 = (y1,12). We assume that Q NS = () and 2% € Q, k € M. Let
¢=CW(y), ke My, be a smooth function from the partition of unity such
that supp ¢ C Q. Let @ = u(, f = f¢. Then problem (1.1) with ug = 0 takes
the form

iy — Al = f — 2V(Vu — Au = fo,

(5.7) 3
tlag = 0.

To apply Lemma 4.2 we have to know that fo € Lo, ~(R? x R.). Since
1€ (0,1) and by (5.6), & € H>'(R3 x R,), the Hardy inequality shows that

Vu € Ly 4(R3xRy) and u € Ly _,, ,(R?® x R;). Then Lemma 4.2 implies
the existence of a solution u € H 3;7 (R? x R, ) to problem (5.7) such that

(5.8) HQNLHHEﬁW(RsxRH < C‘|f|’L2,_H,7(Q><R+)7
because
IVullL, _, . @ngxry) + 1ullL, . ®3noxry) < cllfllr, . 2xry)-

Let €% k € My, be a point where L meets S. Let us introduce a local
system of coordinates y = (y1,¥2,y3) with origin in ¢®) guch that in the

subdomain %), k € Moy, the part of the boundary S® = §n Q®F is
described by

ys = F(y1,y2),
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where F'(0,0) = 0 and the point (y1,y2,ys3) with y3 > 0 belongs to 2. Let
V= %%, where the summation convention over the repeated indices is
assumed, and z = @y (z), where k € My. Then locally problem (1.1) takes
the form

@) —v2a® = fB i oW xR
(5.9) a(k)]% =0 on S*) x R4,

ﬂ(k)|t=0 =0 in Q(k),
where k € M.

Let us extend problem (5.9) to z3 < 0 by reflection. We denote the

extended functions by 4%, f®)" Let ¢ = (¥, k € My, be a function from

the partition of unity and let 5’ be its extension to z3 < 0. We assume that
supp (' C @', where

Q' ={ze€R3:|Z| <R, |23| < a}.
Set @ =a®'¢’, f = f®'{’'. Then problem (5.9) assumes the form
i, —Via=f—2va®'v — Ala™ = f1 in Q' xRy,
; i 0 +
(510) 1NL|3Q/ =0 on an X R+,
G0 = 0 in Q.
In view of (5.6) and the Hardy inequality we have f € Lo, (Q" x R}),

i € (0,1). Then Lemma 4.2 implies the existence of @ € HE’;W(Q’ x Ry).

From (5.6) it follows that @ € Hz’iﬁ(ﬁ(k) x R, ) in neighbourhoods £2(%),
k € M3 U My, located at a positive distance from L.

To introduce the regularizer we define all local problems in a uniform
way.

Let k € M. Then problem (5.7) is expressed as
(5.11) it = v2a® = f i R xRy,
' @™o =0 in R,

For k € M3 problem (5.10) takes the form

_(k . k).

(5.12) ug ) — v2ah) = ®in R3 x Ry,
a®|—g =0 in R3.

For k € M3 we consider the problem

a® —v2a® = f® i R x Ry,

(5.13)
a®]—g =0 in R3.
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For k € M, we have

at® —v2a® = fF i R3 xRy,

a®),,—0 =0 on R?x R,

a® g =0 in R3.

Lemma 4.2 implies the existence of solutions to problems (5.11) and (5.12).

The neighbourhoods 2F)| k € M3UMy, are at a positive distance from L, so
the existence of solutions to problems (5.13) and (5.14) in H,ly+2 is equivalent

(5.14)

to the existence in H 1—127
Let R®) be the operator which solves the kth problem. Then we define

(see [4, Ch. 4))
Rf =Y 1" (@)u®(x,1),

keM
where
) R k) ¢ for k € My U Ms,
u(x,t) = —1p(k k
&R (D¢ f)  for k € My U My.

Let us introduce the spaces H = Ly, v and V = HE’;N, w € (0,1), endowed
with the norms

1= S 1D gy

keM
k
Jully = kz/:vl ||U( )HHE,;W(R(/C)XRJF)v
€
where

R(k) B R3 for ke M1 UMy U Mg,
N Ri for k € My.

Since the solvability of problems (5.11)-(5.14) is known we find that R :

H — V is a bounded operator.

Let Z = 0; — A. It can be shown that for f € H there exists an operator
T such that

(5.15) ZRf=I+1T)f,

where T': H — H, ||T|| < 1, and I is the identity operator. Moreover, for
v € V we obtain

(5.16) RZv = (I+ W),

where W : V — V and |[W]| < 1.

Relations (5.15) and (5.16) imply the existence of a solution v € V({2)
to problem (1.12). We stress that the considerations leading to (5.15) and
(5.16) are done for f € H(f2) and v € V(£2). Therefore, choosing the spaces
H(£2) and V(£2) we have been able to prove the existence of solutions to
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problem (1.12) in V' (£2). If either ||T']| > 1 or |[W]| > 1 the existence cannot
be proved in V(§2) that way. This concludes the proof.

LEMMA 5.2. Assume that f € Lo, (2xRy), p € (1,2), S € C2. Then
there exists a solution u € H%’;W(Q x Ry) to problem (1.12) such that

GAT g ouny < clflia oemn, € (1,2)

Proof. Since f € Lo, ~(2 xR4), p € (1,2) and {2 is bounded, we have
feLlo_~(2xRy), pe(0,1). Hence Lemma 5.1 can be applied. By the
Hardy inequality we get f,E’“) € Lo, 4(R3xRy) for p € (1,2), k € MiUM,.
Then repeating the considerations from the proof of Lemma 5.1 in the case
H(2) =Ly, V(£2) = H?,, , p € (1,2), we conclude the proof.

Continuing the considerations we obtain

LEMMA 5.3. Assume that f € Ly _,(2 xRy), p € (k,k+1), k € Ny,
up =0, S € C%. Then there exists a solution u € Hzplw(ﬂ x R4) to problem
(1.1) such that
(18)  lullynt oumsy < el oxry,  #E (k4 1)

Finally, we prove

LEMMA 5.4. Assume that f € Hl’l/Q(_Q xRy), p € Rp \Z, I € Ny,

ug = 0, S € C'*2. Then there exists a solution u € HZ_J;2$/2+1(Q x Ry) to
problem (1.1) such that

. < )
(5.19) HuHHiﬁg/w(gm) - C”f”Hﬁi{,i(mRn

Proof. We prove the lemma recurrently. Take [ = 1. From Lemma 5.3
we see that the r.hus. of (5.11) and (5.12) belong to H 1/2(9 x R;). Then

u € HEZ’/WQ(Q x Ry) and (5.19) holds for [ = 1. To prove the existence we

apply the regularizer technique with H(£2) = HY 1/2(9 x Ry) and V(£2) =

H> 3/2((2 x R;). This yields the existence of solutions in H> 3/2((2 x R4) to
problem (1.1) with ug = 0.

Take | = 2. Then u € Hiz/j(ﬁ x R4) implies that the r.h.s. of (5.11)
and (5.12) belong to Hg;,y(ﬂ x Ry ). Hence we can repeat the above con-
siderations with H({2) = Hz’iﬁ(ﬂ x R4) and V(£2) = Hf’iﬁ(ﬂ x Ry).

Continuing the considerations we prove the lemma. This concludes the
proof.

6. Existence of solutions to problem (1.1). In this section we prove
the existence of solutions to problem (1.1). Our aim is to prove Theorem 1.2.
We use [6].
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Assume that f € H" 1/2((2>< (0,7)), u € Ry \Z. Moreover, ug € HZ:LI(Q)

Then there exists a function g € HEZQ’Z/QH(Q x (0,T)) such that ag|s =0
and

(61) ||ﬂ0 ”HZ:LQ’Z/QH(QX(QT)) < CHUOHHZ:':(Q)

Then problem (1.1) is transformed into (1.12), where g € H" UQ(Q x (0,77))
and v = u — Up. Since the compatibility conditions (1.13) are satisfied we

have g € H"/2 (2 x (0,T)) and

—11,0
(6.2) Hg”HU/? 2 (2x(0,T)) < CHQHHEZM/Q(_QX(O 7))

For T finite the norms of Hl_lfw(ﬁ x (0,7)) and Hl l/2 0(£2x(0,T)) are equiv-
alent and

. < .
(6 3) HgHHl_’L/i(QX(O,T)) = CHgHHEZH/%(.QX(O,T))

Extending g for ¢ > T and by zero for ¢ < 0 we obtain
(64) HgH ”/2 (QXR C||g|| ”/2 (QX(OT))

where the extended functlon is also denoted by g.

Lemma 5.4 yields the existence of a solution v € HZJr2 l/2+1((2 x R) to
problem (1.12) satisfying the estimate

(6.5) ||U|| 42, l/2+1(9 XR) = c||g|| ll/2 2 (2xR) = c||g|| ”/2(Q><(0 7))
< .
= C(Hf”Hﬁlu/Q(QX(O,T)) + ||u0”Hlful(_Q))
Using the fact that
||U|| l+2 U2+1(Q><R) CHU” l+2 l/2+1(9( 00,T)) > CHUH l+2 l/2+1(9><(0 7))
2 C”””Hl_f’”“lmx(ow))
and u = v 4 1g, we obtain from (6.5) the estimate
(66) HUH l+2 l/2+1(_(2><(0 ) = (Hf” ”/2(Q><(0T + ”u0||Hl+1(Q))
Since we also have the existence, we conclude the proof of Theorem 1.2.
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