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ON THE THEORY OF THERMOELASTICITY

Abstract. The aim of this paper is to prove some properties of the solu-
tion to the Cauchy problem for the system of partial differential equations
describing thermoelasticity of nonsimple materials proposed by D. Iesan.
Explicit formulas for the Fourier transform and some estimates in Sobolev
spaces for the solution of the Cauchy problem are proved.

In this paper we consider the following initial value problem:
uy = c5(1 — BA)Au+ [¢3 — ¢ — (312 — 313) AV divu

(1) - %V(emat) s

kAO — c(0; + B0y) — Tomdivuy = ps  for t > 0,
(2) u(O,x) = UO(ZC), ut(o’x) = ul(x)’ (9(0,1‘) = 90(33)7 et(O,IE) = 917

where z € R?, u: Ry x R? = R3?, 0 : R, x R® = R, u denotes the displace-
ment, # the temperature disturbance, f is a given vector-valued function on
[0,00) xR? and s is a given function also on [0, 00) xR?; ¢y, ¢, 11, l2, m, k, ¢, p,
Ty, o, B are constant physical parameters.

In [4] we considered the Cauchy problem for the system of equations
describing thermoelasticity of nonsimple materials proposed by G. Ahmadi
and K. Firoozbakhsh [I]. This theory of thermoelasticity is based on the
Clausius—Duhem inequality and it is assumed that the potential energy den-
sity depends on the strain, the gradient of the strain and the temperature.
The theory of thermoelasticity of nonsimple materials proposed by D. Iesan
[3] is different from the theory of G. Ahmadi and K. Firoozbakhsh [1]. In
Tesan’s theory the local state is characterized by the deformation gradient, its
gradient, the temperature, its gradient, and the time rate of change of tem-
perature. lesan [3] obtained restrictions on constitutive equations with the
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help of an entropy production inequality proposed by Green and Laws [2].
Using conservation laws and constitutive equations Iesan [3] derived the sys-
tem . These equations are different from the equations of Ahmadi and
Firoozbakhsh [4], [I]. The differences between those two systems are signifi-
cant, i.e. the equation of energy balance contains the second order derivative
of the temperature with respect to time and the equations of motions con-
tain a term with the gradient of the first order derivative of the temperature
with respect to time.

The main results of this paper are an exact formula for the solution (u, 6)
of the Cauchy problem (1)—(2) and the following theorem:

THEOREM 1. Let u°, 6,0 be in the Sobolev space H5TH(R3) with norm
|- los1, at € HE(RS), £ € CX([0,2], H* (R%)), 5 € C2(0,4], H**(RY)) and
a > [B. Then the problem (1)—(2) has a unique solution u,0 € C*([0,1],
H*(R3)). This solution satisfies, for some constant C, the estimates

lull? < CO+ )12 + a2+ 1000121 + 10111241

+ sup [[£()]Z+ sup [Is]I341),
T€[0,t] T7€[0,¢]

16112 < O+ ) (Ul lZllu 12+ 1002 + 161112

+ sup [|[F(D)Zy + sup [s]Zy1)-
T€[0,t] T€[0,¢]

Now we derive the formulae for the Fourier transform of the solution to
the Cauchy problem (1)—(2). Let u; = v, 8y = n. Then the system (1) can be
rewritten in the form

Ut = v,

vy = c3(1 — BBA)Au+ [ — & — (313 — 313) AV divu — %V(@ +an) + f,

et:n7
1
= ?(—Tom dive — en + kA6 — ps),
c
or briefly
where
Dy =20 v T, F=[0.1.0,—ps/cA”
ST A |

We denote by P(D,) the differential operator with symbol P(£). It can be
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shown that
0 0 -1 0 0 0 0
0 A 0 0O -1 0 0 0
0 A 0 0 -1 0 0
M = P(€) = a1 a2 a3 A 0 0 @fl 04@51
a1 az axz 0 A 0 B&%  afb
azi asg azgz 0 0N 0 fB&  afe
0 0 0 0 0 0 A —1
0 0 0 & a& a3 D A+1/3
where
2
B—z% &—zngL D—kﬁ; . Hai} =al +ERE,

ar = GRIE + GqlE?, b= 1R - SB)IEP + (¢ - ).
The characteristic polynomial of the matrix P(£) has the form
(4) det[Al — P(€)] = (\ + a2)*W()),
where

2
W(A) =M+ ;x” + Clﬁ <a1cﬁ + kl¢)? + Tomalélz) N

1 (Tom? ’f\zal
+Cﬁ< 5 €] —|—ac>/\+ e

This fact is a consequence of further calculations. Let w = rotu. Applying
the rotation operator to the first equation of the system (1) we get the
equation

(5) wy + AIEA* W — 3Aw = rot f

with initial data
w(0,z) = rotu’(x), wy(0,z) = rotu'(x).

Thus for the Fourier transform of w with respect to the spatial variables we
obtain the Cauchy problem

(6) Wi + asWw = @ for t > 0,
w=rotud, W =rotu! fort=0.

The initial-value problem (6) has, for appropriate functions f,u" u!, the
unique solution

rot ul ) t sin[y/az(t — s)]rﬁs)
sin \/aat + § NG

— t 1
(7) @ = rotud cos/ast + o

NS ds.
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Now, applying the divergence operator to the first equation of the system
(1) and using the notation e = div u, we obtain the system

eyt — c3le + A3 A% — (¢ — c3)Ae
+uﬁ§—£gyﬁa+%Aw+¢wg:de
kAO — c(0y + B0y) — Tomey = ps.
Hence
s + AlEA% + P A(9 + aby) — 3 Ae = div f,
kA — c(0; + BOy) — Tomey = ps.
Applying the Fourier transform with respect to the spatial variables we get
b+ ABIE[e = IEP 0+ aby) + lePe = div ],
—cfB0y — by — k|E]20 — Tymé, = ps.
Let é; = 0. Then
ér =0,

~ m A~ A~ —_
b = —(ABIET + A€ + ;‘f|2(9 + aby) + div f,

t — 777
~ 1 ~ 2 Tgm p
i = — 50— |60 - o+ L
B ﬁ” cf 8™
This system can be expressed in the simple form
(8) Y, = AY + G,

where YV = [é,ff),é,f]]T, G = [O,CE\-/\JC,O,é]T, s = %s. It can be easily seen
that (see (4))
det[\ — A] = W(N).

The polynomial W (A) has four distinct roots A1, Ag, A3, Ag. Note that

1
9) —(>\1+>\2+>\3+)\4)=B,
(10) A3 + Agda + AgA1 + Asda + A3A1 + Ao\

For a > (8 the polynomial W is stable, i.e. all its roots have negatlve real
parts (for £ # 0). Indeed, according to [5, Theorem 6], if all principal minors
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of the matrix
a; as 0

apg as a4 O
0 a1 asg
0 a9 ao a4
are positive, then the polynomial w()\) = agA* 4+ a1 A3 + asA? 4+ az\ + a4 with

ag > 0 is stable. Equivalently, if ag > 0, a1 > 0, a2 > 0, a3 > 0, aqg > 0,
aiasas — aoag — a%a4 > (0 then the polynomial w is stable. In our case

a1a2a3 — CLW% - a§a4 = 621[32[1#2(04 - ﬁ)(¢2 +1paic) + x|
where o
Y= 0;” €2, x =kl

Thus the polynomial W satisfies the stability condition for o > .
Putting G = 0 in the system (8) we obtain the following initial-value
problem: R
Y; = AY,  Y(0) = [éo, Do, Oo, 7o) .

The solution of this problem is

(11) Y =c1Y1 + Yo + c3Y3 + cuYy,
where
7 ~ 1 ~ 71
o (k—f—aTm)/\j—i-)\?B—i—)\?—i—mT —k—B/\j—)\g ' T
Yi(t) = = , ~ JL A e
am m

=: [Yi1, Yja, Yia, Y] T,

and T L
~ om 7 2 m .2
m=—— k==& T=—[¢"
3 s el
Let B = [Y1(0), Y2(0), Y3(0), Y4(0)], ¢ = [c1,c2,c3,c4]T. Then

Be=Y(0).
Using (9) and (10) gives
(A2 = M) (A3 = A) (A = M) (A3 — A2)(Ad — A2) (Mg — A3)

det B = ~ 9 )
aim
= ! [—a1méy + Ao
FT O M) Gs =) (e — gt TR
+ (kA1 4 A3y + m7)by — (areB + A3,
—1
Ccy = [—a1méy + Aamiy

(A2 = A1)(As = A2)(As — o)
+ (EAa + MidgAa + mr)by — (aref + A3)io],
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1
c3 = —a1még + Azmo
¥ (/\3—)\1)()\3—/\2)()\4—)\3)[ PR A
+ (kA3 + MAshg + mr)fo — (a1eB + A2)io),
-1 . - .
cq = [—ay1méy + Agmig

(A1 = A1)(A1 — A2) (A1 — A3)
+ (A + Mdods + )0y — (arcB + A3)ijo).-
Puting f = 0 in formula (7), from the definition of the function e we get
H := & x 4 = cosy/agt(& x u0) + m\/\%@f(f X ul),
=¢-u=—ié
Then 4 can be expressed as follows:
Hx &+ Hi-¢
145

u =

Hence for f =0, s =0 we obtain

0= (cos\/>tl ‘§|2 cos\ﬁt—khl |§|2§);\
Slnft smﬁtﬁ@f E®E
+h { + 59 ,
( NN ERGE )+ 15\2 ’ \512 !
1§u0 + h2§u1 + ibgéo + iL4é1,
where
aym aim
hi=— Vi1 + Y.
SO VED VG VD VS IO VIED V) R O PR YO [0 PR VS 1O VIR ¥ R
— am Y31 + am Y1,
(A3 — A1) (A3 — A2) (A1 — A3) (A — A1) (Mg — A2) (Mg — A3)
/\1771 )\2771
ho = Y1 — Y-
T e =2 - A= A) T e = A)(s — A (=) Y
A3m Aam
+ Va1 — Yai,
(s =A)0s =22 = Aa) 7 (= M) = ) = 2g)
hy = — [ kX + AoAsAg +mr . kXo + M A3y +mT Yoy
(A2 = A1)(A3 — A1) (A — A1) (A2 = A1) (A3 — A2) (A1 — A2)
N kX3 + Ay + M Ve _ kg + M A2ds + mr Y4]
M — Az —A2)(Aa —A3) 0 (= A) (A — A)(du — Ag) ]
. arcf + N} arcf + A3
hy =—1|— Yii+ Y-
! [ M2 = A3 = AD)As = A1) e = A — A)(Aa — Ag)

B arcf + )\g Vi 4 arcB+ A2
Qs = A0 = A)(Ad = Az) 2 O = A — A) (= Ag)

Y41} ,
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s aim A1t aim Aot
“‘ﬂLM—muymmm—hf e A s — A — A
B arm Nty aym 6)\4t:|
(A3 = A1) (A3 = A2)(As — Ag) (A1 = A1) (A1 = A2)(Ag = Ag) ’
hy = z{ A Mt — acill eret
(A2 = A1) (A3 — A1) (Mg — A1) (A2 = A1)(A3 — A2) (A4 — Ag)
A t A

B em]
(A = A1) (Mg — A2) (Mg — A3) ’
kX 4+ M A3\ + 70T Agt
Oz — A — M) — Ao)
kg 4+ M Aods + i et
Mt — M) — ) — Ag)

* (A3 = A1) (A3 — A2) (Mg — )\3)6
o — kAL 4 AaAg Ay + 7T it
(A2 = A1) (A3 = A1) (Mg — A1)
kX3 4+ M Ay + 77 Dat
(A3 = A1)(A3 — A2)(Ag — A3)

il4 _ alcﬁ + A% e)\lt _ alcﬁ + )\% e>\2t
(A2 = A)(Az = A1) (A — Ap) (A2 — A1) (A3 — A2) (A4 — A2)
N arcB+ A3 at arcf + \j Aat

e
(A3 = A1) (A3 — A2)(As — A3) (A1 = A1) (A1 = A2) (A1 — Ag)
Now we construct a solution of the initial value problem (1) with null Cauchy
data. We know that (cf. (7))

§ sinfy/az(t — s)Jrot f p
0

f
W =

To find the fundamental solution of (8) one has to solve the problem
Y =AY, Y(0)=1I,

where Y = {H;;} is a matrix with columns Y1, Yy, Y3. After a simple calcu-
lation we get

—a1m aim

Y, = Y, + Y,
P e A = A=A T e = A (hs = A2) (- Ag)
aim aim
- Vs + Y,
(s =) s = A2) (= A3) " = A — A) (g — Ag)
)\17:” )\Qm
Yy = Y, — Y,
T e )M A=A e = A (s = A) (= Ag) 2
- Ag7 v Ayri v
Qs —A)(As = A2) = A3) 0 (= A)(Aa— Aa) (A — Ag)
kAL + Aadshy + T kXa 4+ M A3y + mr
Y3 = Yo

kX3 4+ Moy + mr

(A2 = A)(Az — A1) (Aa — /\1)Y1 -

(A2 — A1) (A3 — A2) (Mg — A2)
s+ MAo)g + mr

A=A As = A) (A — Xa)

T =)= A2) (- >\3)Y4’
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arcB + \? aicf+ A3
Y= — Y]+ Y-
! Q2= A)s = A)a = A1) 1 o= A) (s — ) — Ag) -
arcf + )\g arcB + )\Z

Y.

- Ys +
(s =203 = 22) s = 23) * 7 (= M) = o) = 3)
Therefore the fundamental solution is equal to H = h(t){H;;}, where h

denotes the Heaviside function. The solution of (8) with G = [0, (E/\f, 0,8]7
is

t
Y = | {H;(t - 5)}G(s)ds
0
Let — = S = [S1, S92, S3]7, Sy = —ié. We have
o &5  Sx¢E
U= 15+
SR

and consequently

13) = S{sim[\/@(t — s)]I £ @ Esinf\/az(t — s)] +§ ® &

Va2 e NG 1€]2

Hyo(t — S)}f ds
0
t

+ { [Hua(t — 5)(—i)¢8] ds
0

0 = \[Haa(t — 8)i&f + Haa(t — 5)8] ds.
0
The solution of the problem (1-2) is of course the sum of the solutions (12)
and (13).
For further investigation of this solution we derive the asymptotic be-
haviour of the roots A1, A2, A3, A4. For |£] — 0 we get
T0m2

—kc?
A = L1¢? + here b= ,
1 1erlfl o(€[*),  where p

:_7+q|§|2+0(|§|) where ¢ = const,

A3/q = \/>|f\+0|5|

and for [£| — oo,

k
A2 = ii\/;lél +O0(1),  Asjy = Ficilh[€* + O([€)).

Proof of Theorem 1. Let (€§) = /1+1%] - lo, = || - || and let Cy

denote a large constant. Note that hj;—g = 1, and in view of the asymptotic
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behaviour and the properties of A1, Ag, A3, A4, the function h; is bounded.
Hence

S <cos Vagtl — >—= cos \/>t+h1§ f) <§>25 d¢
< &y [ (€)% (a0 de = Cy||u°)2.

R3
Note that haj—g = 0, ha = hy(0t)t, 6 € (0,1), and hence

£ €|

i t i tE®E — <
S Sl%?f _Sl%? e e WO

R3

< C1(1+2) | (©)%|ul2de = C1(1 + ) |2
R?’
NOW h3\t:0 = h4\t:0 = 0, SO

2
V|—5€00| (€)% dg < Ci(1+%) | 100(€)**2 dg = Cy(1 +2)]160]121,
R3 R3
Next, iLHt:O = 07 and therefore
| 1h1€u02(6)% de < C1(1 + ) [u)|2,.

R3

Moreover 132“:0 =0, |ho| < d/(£)?, where d = const, so
| Ihotul P(€)% dé < Cr(1+ ) u2-,
R3

2591 <§>25 dg < Cy(1+%)]601)12,,.

Furthermore l~13|t:0 =1, ﬁ4|t:0 =0, so
| 1habo* (€)% de < Cull6o]2,
R3
J 1PabrP(€)* de < Ca(1 +6%)]16:]2.
R3
Since Hygjy=o = Hyajt=0 = Haaji=0 = H344=0 = 0 we have

[ [sinlya(t—s)] E@gsinfya(t—s)] Eo¢ Ll
RSB(S){ \/@ 1 ’5‘2 \/@ ‘5’2 Hl?(t )}fd <§> dg

< Ci(1+tY) sup ||£(n)]3,
T€[0,t]



182 H. Kotakowski and J. Lazuka

S

R3

t 2

VHia(t — s)(—i)é8ds| (€)* d¢ < Cr(1+ ) s?p]HsH?H,
0 T€[0,t

; L2

{ Has(t — s)icf ds| (€)% dg < Cu(l+1%) sup [ FI2,
0 T7€[0,t]

|

]R3

]R3

2
Hy(t — s)8ds| (€)*dé < C1(1+1") e Isl|21-
T€[0,t

O ey

The other elements of ||u||?,[|#]|?> can be estimated by using the inequality
ab < 1(a® +b?).
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