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ON THE THEORY OF THERMOELASTICITY

Abstract. The aim of this paper is to prove some properties of the solu-
tion to the Cauchy problem for the system of partial differential equations
describing thermoelasticity of nonsimple materials proposed by D. Iesan.
Explicit formulas for the Fourier transform and some estimates in Sobolev
spaces for the solution of the Cauchy problem are proved.

In this paper we consider the following initial value problem:

utt = c22(1− l22∆)∆u+ [c21 − c22 − (c21l
2
1 − c22l22)∆]∇ div u

− m

ρ
∇(θ + αθt) + f,

(1)

k∆θ − c(θt + βθtt)− T0m div ut = ρs for t > 0,

u(0, x) = u0(x), ut(0, x) = u1(x), θ(0, x) = θ0(x), θt(0, x) = θ1,(2)

where x ∈ R3, u : R̄+ × R3 → R3, θ : R̄+ × R3 → R, u denotes the displace-
ment, θ the temperature disturbance, f is a given vector-valued function on
[0,∞)×R3 and s is a given function also on [0,∞)×R3; c1, c2, l1, l2,m, k, c, ρ,
T0, α, β are constant physical parameters.

In [4] we considered the Cauchy problem for the system of equations
describing thermoelasticity of nonsimple materials proposed by G. Ahmadi
and K. Firoozbakhsh [1]. This theory of thermoelasticity is based on the
Clausius–Duhem inequality and it is assumed that the potential energy den-
sity depends on the strain, the gradient of the strain and the temperature.
The theory of thermoelasticity of nonsimple materials proposed by D. Iesan
[3] is different from the theory of G. Ahmadi and K. Firoozbakhsh [1]. In
Iesan’s theory the local state is characterized by the deformation gradient, its
gradient, the temperature, its gradient, and the time rate of change of tem-
perature. Iesan [3] obtained restrictions on constitutive equations with the
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help of an entropy production inequality proposed by Green and Laws [2].
Using conservation laws and constitutive equations Iesan [3] derived the sys-
tem (1). These equations are different from the equations of Ahmadi and
Firoozbakhsh [4], [1]. The differences between those two systems are signifi-
cant, i.e. the equation of energy balance contains the second order derivative
of the temperature with respect to time and the equations of motions con-
tain a term with the gradient of the first order derivative of the temperature
with respect to time.

The main results of this paper are an exact formula for the solution (u, θ)
of the Cauchy problem (1)–(2) and the following theorem:

Theorem 1. Let u0, θ0, θ1 be in the Sobolev space Hs+1(R3) with norm
‖ · ‖s+1, u

1 ∈ Hs(R3), f ∈ C2([0, t], Hs+1(R3)), s ∈ C2([0, t], Hs+1(R3)) and
α > β. Then the problem (1)–(2) has a unique solution u, θ ∈ C2([0, t],
Hs(R3)). This solution satisfies, for some constant C, the estimates

‖u‖2s ≤ C(1 + t4)(‖u0‖2s + ‖u1‖2s + ‖θ0‖2s+1 + ‖θ1‖2s+1

+ sup
τ∈[0,t]

‖f(τ)‖2s + sup
τ∈[0,t]

‖s‖2s+1),

‖θ‖2s ≤ C(1 + t4)(‖u0‖2s+1‖u1‖2s + ‖θ0‖2s + ‖θ1‖2s
+ sup
τ∈[0,t]

‖f(τ)‖2s−1 + sup
τ∈[0,t]

‖s‖2s+1).

Now we derive the formulae for the Fourier transform of the solution to
the Cauchy problem (1)–(2). Let ut = v, θt = η. Then the system (1) can be
rewritten in the form

ut = v,

vt = c22(1− l22∆)∆u+ [c21 − c22 − (c21l
2
1 − c22l22)∆]∇ div u− m

ρ
∇(θ + αη) + f,

θt = η,

ηt =
1
cβ

(−T0m div v − cη + k∆θ − ρs),

or briefly

(3) Vt = P (Dx)V + F,

where

Dxj =
1
i

∂

∂xj
, V = [u, v, θ, η]T , F = [0, f, 0,−ρs/cβ]T .

We denote by P (Dx) the differential operator with symbol P (ξ). It can be
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shown that

λI − P (ξ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ 0 0 −1 0 0 0 0
0 λ 0 0 −1 0 0 0
0 0 λ 0 0 −1 0 0
a11 a12 a13 λ 0 0 β̃ξ1 αβ̃ξ1

a21 a22 a23 0 λ 0 β̃ξ2 αβ̃ξ2

a31 a32 a33 0 0λ 0 β̃ξ3 αβ̃ξ3

0 0 0 0 0 0 λ −1
0 0 0 α̃ξ1 α̃ξ2 α̃3 D λ+ 1/β

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
where

β̃ = i
m

ρ
, α̃ = i

T0m

c2β
, D =

k|ξ|2

cβ
, {aij} = a2I + bξ ⊗ ξ,

ak = c2kl
2
k|ξ|4 + c2k|ξ|2, b = [c21l

2
1 − c22l22)|ξ|2 + (c21 − c22)].

The characteristic polynomial of the matrix P (ξ) has the form

(4) det[λI − P (ξ)] = (λ2 + a2)2W (λ),

where

W (λ) = λ4 +
1
β
λ3 +

1
cβ

(
a1cβ + k|ξ|2 +

T0m
2

ρ
α|ξ|2

)
λ2

+
1
cβ

(
T0m

2

ρ
|ξ|2 + a1c

)
λ+

k|ξ|2a1

cβ
.

This fact is a consequence of further calculations. Let w = rotu. Applying
the rotation operator to the first equation of the system (1) we get the
equation

(5) wtt + c22l
2
2∆

2w − c22∆w = rot f

with initial data

w(0, x) = rotu0(x), wt(0, x) = rotu1(x).

Thus for the Fourier transform of w with respect to the spatial variables we
obtain the Cauchy problem

(6)
ŵtt + a2ŵ = r̂ot f for t > 0,

ŵ = r̂otu0, ŵt = r̂otu1 for t = 0.

The initial-value problem (6) has, for appropriate functions f, u0, u1, the
unique solution

(7) ŵ = r̂otu0 cos
√
a2t+

r̂otu1

√
a2

sin
√
a2t+

t�

0

sin[
√
a2(t− s)] ̂rot f(s)
√
a2

ds.
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Now, applying the divergence operator to the first equation of the system
(1) and using the notation e = div u, we obtain the system

ett − c22∆e+ c22l
2
2∆

2e− (c21 − c22)∆e

+ (c21l
2
1 − c22l22)∆2e+

m

ρ
∆(θ + αθt) = div f,

k∆θ − c(θt + βθtt)− T0met = ρs.

Hence

ett + c21l
2
1∆

2e+
m

ρ
∆(θ + αθt)− c21∆e = div f,

k∆θ − c(θt + βθtt)− T0met = ρs.

Applying the Fourier transform with respect to the spatial variables we get

êtt + c21l
2
1|ξ|4ê−

m

ρ
|ξ|2(θ̂ + αθ̂t) + c21|ξ|2ê = d̂iv f,

−cβθ̂tt − cθ̂t − k|ξ|2θ̂ − T0mêt = ρ̂s.

Let êt = v̂. Then

êt = v̂,

v̂t = −(c21l
2
1|ξ|4 + c21|ξ|2) +

m

ρ
|ξ|2(θ̂ + αθ̂t) + d̂iv f,

θ̂t = η̂,

η̂t = − 1
β
η̂ − k

cβ
|ξ|2θ̂ − T0m

cβ
v̂ +

ρ

cβ
ŝ.

This system can be expressed in the simple form

(8) Yt = AY +G,

where Y = [ê, v̂, θ̂, η̂]T , G = [0, d̂iv f, 0, ŝ]T , s = ρ
cβ s. It can be easily seen

that (see (4))
det[λI −A] = W (λ).

The polynomial W (λ) has four distinct roots λ1, λ2, λ3, λ4. Note that

(9) − (λ1 + λ2 + λ3 + λ4) =
1
β
,

(10) λ4λ3 + λ4λ2 + λ4λ1 + λ3λ2 + λ3λ1 + λ2λ1

= a1 +
k

cβ
|ξ|2 + α

m

ρ
|ξ|2T0m

cβ
.

For α > β the polynomial W is stable, i.e. all its roots have negative real
parts (for ξ 6= 0). Indeed, according to [5, Theorem 6], if all principal minors
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of the matrix 
a1 a3 0 0
a0 a2 a4 0
0 a1 a3 0
0 a0 a2 a4


are positive, then the polynomial w(λ) = a0λ

4 +a1λ
3 +a2λ

2 +a3λ+a4 with
a0 > 0 is stable. Equivalently, if a0 > 0, a1 > 0, a2 > 0, a3 > 0, a4 > 0,
a1a2a3 − a0a

2
3 − a2

0a4 > 0 then the polynomial w is stable. In our case

a1a2a3 − a0a
2
3 − a2

0a4 =
1

c2β2
[ψ2(α− β)(ψ2 + ψa1c) + χψ]

where

ψ =
T0m

2

ρ
|ξ|2, χ = k|ξ|2.

Thus the polynomial W satisfies the stability condition for α > β.
Putting G = 0 in the system (8) we obtain the following initial-value

problem:
Yt = AY, Y (0) = [ê0, v̂0, θ̂0, η̂0]T .

The solution of this problem is

(11) Y = c1Y1 + c2Y2 + c3Y3 + c4Y4,

where

Yj(t) =
[(k̃ + ατm̃)λj + λ2

j
1
β + λ3

j + m̃τ

a1m̃
,
−k̃ − 1

βλj − λ
2
j

m̃
, 1, λj

]T
eλjt

=: [Yj1, Yj2, Yj4, Yj4]T ,

and
m̃ =

T0m

cβ
, k̃ =

k

cβ
|ξ|2, τ =

m

ρ
|ξ|2.

Let B = [Y1(0), Y2(0), Y3(0), Y4(0)], c = [c1, c2, c3, c4]T . Then

Bc = Y (0).

Using (9) and (10) gives

detB =
(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)(λ3 − λ2)(λ4 − λ2)(λ4 − λ3)

a1m̃2
,

c1 =
1

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
[−a1m̃ê0 + λ1m̃v̂0

+ (k̃λ1 + λ2λ3λ4 + m̃τ)θ̂0 − (a1cβ + λ2
1)η̂0],

c2 =
−1

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
[−a1m̃ê0 + λ2m̃v̂0

+ (k̃λ2 + λ1λ3λ4 + m̃τ)θ̂0 − (a1cβ + λ2
2)η̂0],
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c3 =
1

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
[−a1m̃ê0 + λ3m̃v̂0

+ (k̃λ3 + λ1λ2λ4 + m̃τ)θ̂0 − (a1cβ + λ2
3)η̂0],

c4 =
−1

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
[−a1m̃ê0 + λ4m̃v̂0

+ (k̃λ4 + λ1λ2λ3 + m̃τ)θ̂0 − (a1cβ + λ2
4)η̂0].

Puting f = 0 in formula (7), from the definition of the function e we get

H := ξ × û = cos
√
a2t(ξ × û0) +

sin
√
a2t√
a2

(ξ × û1),

H4 := ξ · û = −iê.
Then û can be expressed as follows:

û =
H × ξ +H4 · ξ

|ξ|2
.

Hence for f = 0, s = 0 we obtain

û =
(

cos
√
a2tI −

ξ ⊗ ξ
|ξ|2

cos
√
a2t+ h1

ξ ⊗ ξ
|ξ|2

)
û0(12)

+
(sin

√
a2t√
a2

I −
sin
√
a2t√
a2

ξ ⊗ ξ
|ξ|2

+ h2
ξ ⊗ ξ
|ξ|2

)
û1 +

h3

|ξ|2
ξθ̂0 +

h4

|ξ|2
ξθ̂1,

θ̂ = h̃1ξû0 + h̃2ξû1 + h̃3θ̂0 + h̃4θ̂1,

where

h1 = − a1m̃

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
Y11 +

a1m̃

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
Y21

− a1m̃

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
Y31 +

a1m̃

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
Y41,

h2 =
λ1m̃

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
Y11 −

λ2m̃

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
Y21

+
λ3m̃

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
Y31 −

λ4m̃

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
Y41,

h3 = −i
[

k̃λ1 + λ2λ3λ4 + m̃τ

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
Y11 −

k̃λ2 + λ1λ3λ4 + m̃τ

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
Y21

+
k̃λ3 + λ1λ2λ4 + m̃τ

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
Y31 −

k̃λ4 + λ1λ2λ3 + m̃τ

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
Y41

]
,

h4 =−i
[
− a1cβ + λ2

1

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
Y11+

a1cβ + λ2
2

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
Y21

− a1cβ + λ2
3

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
Y31 +

a1cβ + λ2
4

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
Y41

]
,



Theory of thermoelasticity 179

h̃1 =−i
[

a1m̃

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
eλ1t+

a1m̃

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
eλ2t

− a1m̃

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
eλ3t +

a1m̃

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
eλ4t

]
,

h̃2 = i

[
λ1m̃

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
eλ1t − λ2m̃

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
eλ2t

+
λ3m̃

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
eλ3t − λ4m̃

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
eλ4t

]
,

h̃3 =
k̃λ1 + λ2λ3λ4 + m̃τ

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
eλ1t +

k̃λ2 + λ1λ3λ4 + m̃τ

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
eλ2t

+
k̃λ3 + λ1λ2λ4 + m̃τ

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
eλ3t − k̃λ4 + λ1λ2λ3 + m̃τ

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
eλ4t,

h̃4 =
a1cβ + λ2

1

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
eλ1t − a1cβ + λ2

2

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
eλ2t

+
a1cβ + λ2

3

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
eλ3t − a1cβ + λ2

4

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
eλ4t.

Now we construct a solution of the initial value problem (1) with null Cauchy
data. We know that (cf. (7))

ŵ =
t�

0

sin[
√
a2(t− s)]r̂ot f
√
a2

ds.

To find the fundamental solution of (8) one has to solve the problem

Y′ = AY, Y(0) = I,

where Y = {Hij} is a matrix with columns Y1,Y2,Y3. After a simple calcu-
lation we get

Y1 =
−a1m̃

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
Y1 +

a1m̃

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
Y2

− a1m̃

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
Y3 +

a1m̃

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
Y4,

Y2 =
λ1m̃

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
Y1 −

λ2m̃

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
Y2

− λ3m̃

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
Y3 −

λ4m̃

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
Y4,

Y3 =
k̃λ1 + λ2λ3λ4 + τm̃

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
Y1 −

k̃λ2 + λ1λ3λ4 + m̃τ

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
Y2

− k̃λ3 + λ1λ2λ4 + m̃τ

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
Y3 −

k̃λ4 + λ1λ2λ3 + m̃τ

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
Y4,
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Y4 = − a1cβ + λ2
1

(λ2 − λ1)(λ3 − λ1)(λ4 − λ1)
Y1 +

a1cβ + λ2
2

(λ2 − λ1)(λ3 − λ2)(λ4 − λ2)
Y2

− a1cβ + λ2
3

(λ3 − λ1)(λ3 − λ2)(λ4 − λ3)
Y3 +

a1cβ + λ2
4

(λ4 − λ1)(λ4 − λ2)(λ4 − λ3)
Y4.

Therefore the fundamental solution is equal to H = h(t){Hij}, where h
denotes the Heaviside function. The solution of (8) with G = [0, d̂iv f, 0, ŝ]T

is

Y =
t�

0

{Hij(t− s)}G(s) ds.

Let −ŵ = S = [S1, S2, S3]T , S4 = −iê. We have

û =
ξS4

|ξ|2
+
S × ξ
|ξ|2

and consequently

û =
t�

0

{
sin[
√
a2(t− s)]
√
a2

I− ξ ⊗ ξ
|ξ|2

sin[
√
a2(t− s)]
√
a2

+
ξ ⊗ ξ
|ξ|2

H12(t− s)
}
f̂ ds(13)

+
t�

0

[H14(t− s)(−i)ξŝ] ds,

θ̂ =
t�

0

[H32(t− s)iξf̂ +H34(t− s)ŝ] ds.

The solution of the problem (1–2) is of course the sum of the solutions (12)
and (13).

For further investigation of this solution we derive the asymptotic be-
haviour of the roots λ1, λ2, λ3, λ4. For |ξ| → 0 we get

λ1 =
−kc21
cc21 + b

|ξ|2 + o(|ξ|2), where b =
T0m

2

ρ
,

λ2 = − 1
β

+ q|ξ|2 + o(|ξ|2), where q = const,

λ3/4 = ±

√
k

cβ
|ξ|+ o(|ξ|),

and for |ξ| → ∞,

λ1/2 = ±i

√
k

cβ
|ξ|+O(1), λ3/4 = ±ic1l1|ξ|2 +O(|ξ|).

Proof of Theorem 1. Let 〈ξ〉 =
√

1 + |ξ|2, ‖ · ‖L2 = ‖ · ‖ and let C1

denote a large constant. Note that h1|t=0 = 1, and in view of the asymptotic
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behaviour and the properties of λ1, λ2, λ3, λ4, the function h1 is bounded.
Hence

�

R3

∣∣∣∣(cos
√
a2tI −

ξ ⊗ ξ
|ξ|2

cos
√
a2t+ h1

ξ ⊗ ξ
|ξ|2

)
û0

∣∣∣∣2〈ξ〉2s dξ
≤ C1

�

R3

〈ξ〉2s|û0|2 dξ = C1‖u0‖2s.

Note that h2|t=0 = 0, h2 = h′2(θt)t, θ ∈ (0, 1), and hence

�

R3

∣∣∣∣sin√a2t√
a2

I −
sin
√
a2t√
a2

ξ ⊗ ξ
|ξ|2

+ h2
ξ ⊗ ξ
|ξ|2|2

∣∣∣∣2|û1|2〈ξ〉2s dξ

≤ C1(1 + t2)
�

R3

〈ξ〉2s|û1|2dξ = C1(1 + t2)‖u1‖2s.

Now h3|t=0 = h4|t=0 = 0, so
�

R3

∣∣∣∣ h3

|ξ|2
ξθ̂0

∣∣∣∣2〈ξ〉2s dξ ≤ C1(1 + t2)
�

R3

|θ̂0|〈ξ〉2s+2 dξ = C1(1 + t2)‖θ0‖2s+1,

�

R3

∣∣∣∣ h4

|ξ|2
ξθ̂1

∣∣∣∣2〈ξ〉2s dξ ≤ C1(1 + t2)‖θ1‖2s+1.

Next, h̃1|t=0 = 0, and therefore
�

R3

|h̃1ξû0|2〈ξ〉2s dξ ≤ C1(1 + t2)‖u0‖2s+1.

Moreover h̃2|t=0 = 0, |h̃2| ≤ d/〈ξ〉2, where d = const, so
�

R3

|h̃2ξû1|2〈ξ〉2s dξ ≤ C1(1 + t2)‖u0‖2s−1.

Furthermore h̃3|t=0 = 1, h̃4|t=0 = 0, so
�

R3

|h̃3θ̂0|2〈ξ〉2s dξ ≤ C1‖θ0‖2s,

�

R3

|h̃4θ̂1|2〈ξ〉2s dξ ≤ C1(1 + t2)‖θ1‖2s.

Since H12|t=0 = H14|t=0 = H32|t=0 = H34|t=0 = 0 we have

�

R3

∣∣∣∣t�
0

{
sin[
√
a2(t− s)]
√
a2

I−ξ ⊗ ξ
|ξ|2

sin[
√
a2(t− s)]
√
a2

+
ξ ⊗ ξ
|ξ|2

H12(t−s)
}
f̂ ds

∣∣∣∣2〈ξ〉2sdξ
≤ C1(1 + t4) sup

τ∈[0,t]
‖f(τ)‖2s,
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�

R3

∣∣∣∣t�
0

H14(t− s)(−i)ξŝ ds
∣∣∣∣2〈ξ〉2s dξ ≤ C1(1 + t4) sup

τ∈[0,t]
‖s‖2s+1,

�

R3

∣∣∣t�
0

H32(t− s)iξf̂ ds
∣∣∣2〈ξ〉2s dξ ≤ C1(1 + t4) sup

τ∈[0,t]
‖f‖2s−1,

�

R3

∣∣∣t�
0

H34(t− s)ŝ ds
∣∣∣2〈ξ〉2s dξ ≤ C1(1 + t4) sup

τ∈[0,t]
‖s‖2s+1.

The other elements of ‖u‖2s, ‖θ‖2s can be estimated by using the inequality
ab ≤ 1

2(a2 + b2).
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