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CONVERGENCE DOMAINS UNDER
ZABREJKO-ZINCENKO CONDITIONS
USING RECURRENT FUNCTIONS

Abstract. We provide a semilocal convergence analysis for Newton-type
methods using our idea of recurrent functions in a Banach space setting. We
use Zabrejko—Zin¢enko conditions. In particular, we show that the conver-
gence domains given before can be extended under the same computational
cost. Numerical examples are also provided to show that we can solve equa-
tions in cases not covered before.

1. Introduction. In this study we are concerned with the problem of
approximating a locally unique solution x* of the equation

(1.1) F(x) + G(z) =0,

where F' is a Fréchet-differentiable operator defined on an open convex sub-
set D of a Banach space X with values in a Banach space Y, and G: D — Y
is a continuous operator.

A large number of problems in applied mathematics and also in
engineering are solved by finding solutions of equations in the form

(1) [

We shall use the Newton-type method (NTM)

Yn+1 = Yn — A(yn)_lp(yn) (n > O) (3/0 € D)v
P(z)=F(z)+G(z) (zeD)),

where A € L(X,)), to generate a sequence approximating z*.

(1.2)
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(a) If
(1.3) A(z) = F'(z) (x € D),
we obtain the Zabrejko-Nguen iteration [26]:
(1.4) Y1 =tn = F'(yn) ' Pyn) (n20), (w0 €D).
(b) If
(1.5) A(z) = F'(z) + [2,5;G]  (z € D),

where [x,y; F] is a divided difference of order one for the opera-
tor G, then we obtain an iteration faster than (1.4), first considered
by Catinas [9]:

(1.6)  Yns1 = Un— (F'(yn) + [Yn, ¥n-1;G)) ' P(yn) (n>0) (y_1,y0 € D).

(c) If
(1.7) A(x) =F'(z), G(x)=0 (xeD),
then (NTM) reduces to Newton’s method:
(1.8) Tyl = Tp — F'(z2) Y F(z,) (n>0), (z9€D).

Several other choices are possible [4]-[7].

A local as well as a semilocal convergence analysis for all these methods
has been provided by many authors under Lipschitz-type conditions [1]—[3],
[T1]-[27].

A survey of such results can be found in [4], and the references there. We
also refer the reader to the elegant related works by Proinov [22], [23], and
Ezquerro-Hernandez [I5] whose results are also improved here in at least
the Newton’s method case (see Section (3)).

Let 2 € D and R > 0 be such that

(1.9) U@’ R)={ze X :||z—2°| <R} CD.
Chen and Yamamoto [II] provided a semilocal convergence for (NTM) for
y° € U(2°, R) under the condition
(C)  A(2") exists, and for any x, y € U(2°, R):
1A@%) " (A(2) = A@”)) < 7|z — 2°]) + a,
1A@) ™ (F'(z +t(z —y) — Al2))]
<v(|lz — 2| + tlly — zll) = m(|lz —2°l) +b, te[0,1],
1A (G(2) = G < w(r) [z —yll,

where T(r+t)—7p(r), t > 0, and w(r) are non-decreasing, non-negative
functions with
w(0) = 70(0) = 7(0) = 0,
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7p(r) is differentiable, 7p'(r) > 0 at every point of [0, R], and the
constants a, b satisfy a,b > 0, and a + b < 1.

Set
JA@) PP < n,

T

1
o(r)=n—r+{v@)dt, o) =elwt)dt,
0

Further, assume
x(R) <0,

and define a scalar sequence {s,} by

u(sn)
p(sn) (

so € [0,R], Spt+1=Sn+ n > 0),

where
u(r) =x(r) —x* p(r)=1-m(r) —a,

X* is the minimal value of x(r) in [0, R], and s* denotes the minimal point.
Moreover, t* denotes the unique zero of x in (0, s*]. B

Under these assumptions, there exists a unique solution 2* € U (z, t*)
such that

[Yn+1 = Ynll < Snt1— Sn, [2* — yull < 5% — sn.

We shall use the more general set of conditions (H) = (H1)—(H4), where

(H1) A(2°) exists, and for any x, y € U(z", R) (0 <r < R),
1A@") " (A(z) = A@")] < wo(llz - 2°]) +a,
(H2) (A" TH(F'(z +t (z —y)) — Az))]|
< vty —2ll) +wo(llz — 2°l)) +b,  te0,1],
(M) [A@E")"HG(2) = GW) < w(r)e - yll,
(H1) U@, R)CD,
where 1, v, and wy are non-decreasing, non-negative functions on [0, R]
with
19(0) = v(0) = wp(0) = w(0) = 0,

and a and b are non-negative constants. Some more hypotheses are given in
Lemma 2.2

A semilocal convergence analysis is provided in Section [2] of this study
under the (H) conditions, whereas in Section |3| we compare the two sets of

hypotheses. Numerical examples are also provided in Section [3| to show how
we can solve equations in cases not covered before [1]-[27].
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2. Semilocal convergence analysis of (NTM). We need to define
some parameters, functions and sequences.

DEFINITION 2.1. Let yo € U (20 r). Define parameters 7o, 71, iteration {r, },
functions f,,, hn, pp on [0,1), and q on I, ={(t, s, \, Bo, B,70) : 0 < t,s <1,
0<A<r1—70, 71— 710 < fo, 3,7 < 552} by

7o > llyo —2°ll, 11 >0+ | A(yo) T (F(y0) + G lyo))ll,

S(l) v(t(rn — rp_1)) dt + wo(ry) + w(ry) + b
1—a-— Vo(rn)

(21) Tn+l = Tn + (rn - rn—l):

1
(22) fuls) = \v(ts" M (ri—ro)) dt+wi((L+s+ -+ ") (r1 —r0)) +c,
0
1
(2.3) hn(s) = {(w(ts"(r1 — r0)) — v(ts" " (r1 — 7o) dt
0
+wi(L+s+-+s")(r1 —1p))
—wi (T4 s+ +s""H(rs — 1)),
where
(2.4) c=b—a(l—a) forsome«a € (0,1),
(2.5) w1(s) = wo(s) + w(s) + ar(s),

1

(2.6) pn(s) = S (v(ts" T (ry — o))

+ v(ts" (r — o)) — 2v(ts"(r1 — o)) dt

Fwi((T+s+-- +s”+1)(r1—r0 )
+wi((T+s+--- 45" (r1 =)
—2w1((1+8—|— )(7‘1 —To))

1

(27)  q(t,s,X, 80, 8,7) = | (W(tAs®) + v(tX) — 2v(tXs)) dt
0

+wi(Bo + B +0) +wi(B) — 2wi(Bo + B).
Define a function f on [0,1) by

(2.8) foo(s) = nhm fn(s).
It then follows from ([2.2) and ({2.8]) that

(2.9) Fools) :w1<” _r0> +e.

1-—s
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It can also be easily seen from , , , and that
(2.10) frv1(8) = fa(s) + ha(s),
(2.11) hn+1(8) = hn(s) + pr(s),
(2.12)  q(t, s, 8" L(r1 —rg),s"(r1 — r0),
(T4 s+ + "1 —ro), 8" (r1 = r0)) = puls).
We need the following result on majorizing sequences for (NTM).

LEMMA 2.2. Let constants a, b, parameters ro, r1, and functions vy, v,
wp, w be as in the Introduction, and let parameters a, ¢ and functions wi,
fn, hn, Dn, q be as in Definition . Assume there exists o € (0,1) such
that

(2.13) vo(ry) +a < 1,
§o v(t(r1 — 70)) dt + wo(r1) + w(r1) +b

(2.14) [——r— <,
(2.15) <0,

(2.16) q(t, s, X\, 5o, B,7%) >0 on I,

(2.17) hi(a) >0,

(2.18) Foola) < 0.

Then the scalar sequence {rn} (n > 0) given by (2.1 is non-decreasing,
bounded from above by

r—7rg
2.19 =
( ) " l-a’

and converges to its least upper bound r* satisfying r* € [0, 7**].
Moreover the following estimates hold for all n > 0:

(220) 0 < Tn+1l — Tn < a(rn — T'n_l) < (Xn(Tl — 7’0),
T™ — T
(2.21) > =, < 11 — aoa”,

Proof. Estimate (2.20)) is true if

[ov(t(rn — ra1)) dt + wo(rn) + w(rn)
(2.22) 0< Y [~ <a

for all n > 1.

In view of (2.1)), (2.13)), (2.14)), estimate (2.22]) holds true for n = 1. Also
(2.22]) implies 0 < 7y — 71 < (1 — 790).

Let us assume that (2.20) and (2.22]) hold for all £ < n. Then

1—a"
(2.23) < 5~ (r = o).
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By the induction hypothesis, and (2.23)), estimate (2.22) is true if

1

1 _ n

(2.24) Su(ta”_l(rl —rp))dt + wl( . _O; (r — r0)> +c¢ <0,
0

where ¢ and w; are given by (2.4) and ([2.5)), respectively. Estimate ([2.24])
(for s = ) motivates us to introduce the function f, given by (2.2]), and

show, instead of (2.24)),

(2.25) fala) <0 (n>1).
By (2.10)-(2-12) (for s = a) and (2.17) we have
(2.26) fari(@) > fula) (> 1),
In view of (2.8)), , and , estimate (2.25)) holds if (2.18]) is true,
since
(2.27) fl@) < frola) (0> 1),

The induction is completed. It follows that the iteration {r,} is non-
decreasing, bounded above by r** (given by (2.19))), and so converges to r*.
Finally, estimate follows from by using standard majorization
techniques [4], [17], [18].

That completes the proof of Lemma, "

The hypotheses (H) and those of Lemma [2.2| will be called (A).
We can now show the main semilocal convergence result for (NTM).

THEOREM 2.3. Assume hypotheses (A) hold. Then the sequence {yn}
(n>0) generated by (NTM) is well defined, remains in U(z°,7*) for alln>0,
and converges to a solution x* €U (z°,7*) of the equation F(x)+ G(x) = 0.

Moreover, the following estimates hold for all n > 0:

(228) ||yn+1 - ynH < Tl — T,

(2.29) lyn — 2" <77 =7,

where the sequence {r,} (n > 0) and r* are given in Lemma[2.2]
Furthermore, if there exists

(2.30) Ry € [r*, R)

such that
1

(2.31) g v(t(Ro + 10)) dt 4 wo(r*) + w(Ro) + vo(r*) +a+b < 1,
0

then the solution x* of equation (1.1)) is unique in U(z°, Rp).
Proof. We shall show by induction that

(232) ||yn - yn71|| <rp—Tn-1,
(2.33) [y — 2% < 7.
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Estimates and - hold for n = 1, by ([1.4)) and . Assume they

hold for all n g k. Using (H;) and (2.13)), we get
(2.34) [ A(wo) " [A(y1) — A < wo(llyr — 2°l) +a < wo(r1) +a < 1.

It follows from (12.34) and the Banach lemma on invertible operators [4], [18]
that A(y;) ! exists, and

(2.35) [A(y1) A < (1= a—wo(r1)) 7"
We also showed in Lemma that
(2.36) v (ry) +a < 1.

It then follows as in (2.34) with ry, yr replacing 71, y1, respectively, that
A(yg) ! exists, and

(2.37) [A®yR) T AR < (1 —a —wo(r)
Using (1.2), (H2), (H3), [.1), (2-32), (2-33), and (2.37), we obtain in turn
(2.38)  |lyk+1—ukll = ||A(yk)_1(F(yk:) + G(yk))H

< | A(ye) A ]| AT (F (i)

+ G(yr) _A(ykfl)(yk —Yi-1) = F(yr—1) — G(yr-1)) ||
1

< (1—a—wuo(re) " (1A IF (g1 +0(s— 1)
0

— Ayl lye — yr—11| dO
+ A (Gle) — Glye)])
1

< (1=a—vo(r) ™ (§(tllge—pa ) at
0

+ wolly =2l +w(llge = 2°l) + ) lon = v
1

(1 —a — I/(] Tk -1 (S v(t Tk — kal)) dt +WQ(7“k)
0

+w(rk) + b) (rg — rg—1) = Tkl — Tk-
Moreover, we have

(2.39) k1 =2 < Hlykrr = yill + llye — 2°
< (Ppg1 —TR) F 7K = Thp1 <1
The induction for (2.32) and (2.33) is completed.
In view of Lemma 2.2, (2.32), and (2.33), the sequence {y,} (n > 0) is

Cauchy in the Banach space X, and so it converges to some z* € U (20, 7%)
(since U(x0,7*) is a closed set).
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Estimate (2.29)) follows from (2.28]) by using standard majorization tech-
niques [4], [17], [18].

Using ([2.38]), we obtain

(240) A (F(ay) + Glan)

1

< (§w(t (rk = 1)) dt + wo(re) +w(r) +b) (g — 74 1).

0
By letting k¥ — oo in (2.40), we obtain F(z*) + G(x*) = 0. Finally to
show that * is the unique solution of equation (1.1) in U(2%, Ry), let y* €
U(z°, Ry), with F(y*) + G(y*) = 0.

Using the approximation
(241) ¥ =Ygt
=y" =y + Alyr) " (Fyr) + Glyr)) — Alye) " (F(y") + G(y"),

as in (2.38)), we obtain in turn

(2.42)  ly" =yl
1

< (1 —a—w(m) ™ ([I1AG") " F (g + 00" - w))
0

— Aol ly* — yxll 46 + | A@")"HG(y") — G(l/k:))”)

< (1= a—wo(ri) " (Ttelly* — vl e + wo(lye — <)

*

+w(llyr — 2%l +0)ly* — vl

<(t—a-w()(

<llyx =™l (by (2.31)).
It follows from (2.42)) that limg_, o yx = y*. But we showed limy_. . yx = z*.
Hence, z* = y*.

That completes the proof of Theorem n

V(t(Ro + 70)) dt + wo(r*) + w(Ro) +b) |y — "]

Ot m — Ot

3. Special cases and applications

ApPPLICATION 3.1 (Newton’s method). Let A(x) = F'(x) and G(z) =0
(x € D). Then, in the case of the (C) conditions, we have

yo=12"=x9, s0=0, s1=10 a=b=0,

w(r)=Lor, ©v(r)=0Lr, w(r)=0,
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- L, w  2Ln—1
X(r)=¢(r)=gri—r+n, xX'=—7—,
1 1—+/1-2L
==, tr= — 7 777 R € [t*, 7],
1
=—(Lr—1)>2 =1-1L
ul(r) = 5= (Lr =17, p(r) =1~ Lo,r,

so=0, s1=mn,
3.2 Ls, —1)? L(sp — sp—1)?
( ) Spt+1 = Sp + ( 3n4 ) = Sn (Sn °n 1)
2L(1 - L()Sn) 2(1 - Losn)

Moreover, in the case of the (A) conditions, we have:

(n=1),

yo:xozxo, ro=0, r=mn a=b=0,

vy(r) = Lor, v(r)=Lr, w(r)=wy(r)=0,

2L
a= ,
L+ L?+8LyL
(3.3) hag = Ln < 1/2,
where .
L= g(L +4 Lo+ L?+8LyL),
and
so =0, s1=mn,
(3.4) L(sn — $n—1)?
st =snt a2zl
Note that
(3.5) Lo <L

in general, and L/Lg can be arbitrarily large [4]—[7].

Let us now compare the results. It follows from (3.1), (3.3)), and (3.5
that
(3.6) hey <1/2 = hag <1/2,

but not necessarily vice versa unless Ly = L.

Hence the convergence domains approach in [I1I] does not necessarily
produce the weakest sufficient convergence conditions, even in the simplest
possible case of a Newton-like method which is Newton’s method . The
recurrent functions approach produces sufficient convergence that can

always replace ({3.1)).
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Hence, the applicability of Newton’s method has been extended, under
the same hypotheses and computational cost as in [I1], [I8]. Note that the
results in [I5], [22], [23] are also improved in at least the Newton’s method
case, since their conditions also lead to (3.1]) instead of .

In the Newton’s method case, although the majorizing sequences {s,}
and {r,} coincide, the convergence domains approach fails to take advantage
of the relationship between Ly and L, since Ly does not appear in (3.1]).
The same is happening in the general case, since the function x does not
depend on 7. However, our approach depends on vy for the derivation of
the sufficient convergence conditions. Under our method the ratio “a” of
convergence for {s,} is known, but this is not true for the iteration {r,}.

Next, we provide three examples where Ly < L. Moreover, in the first

example, (3.3) is satisfied but (3.1]) is not.

ExXAMPLE 3.2.

CASE 1: A(x) = F'(z) and G(z) = 0 (z € D). Let ¥ = Y = R?, equipped
with the max-norm, z° = (1,1)”, and

D=Uy={z:|z—2<1-06}, 6€l0,1/2).
Define a function F' on Uy by
(3.7) F(z) = (& = 6,6 -9), ==(&,&)"
The Fréchet derivative of F' is given by

F’(x):[?’f% 0 }

0 3¢
Using the hypotheses of Theorem we get
n:%(l—d), L=3-¢6, K=2(2-9).
The Newton—Kantorovich condition is violated, since

§<1 —6)(2-46)>1 forallse0,1/2).

Hence, there is no guarantee that Newton’s method converges to x* =
(v/6,V6)T, starting at 0.

However, our condition is true for all 6 € I = [.450339002,1/2).
Hence, the conclusions of our Theorem can be applied to solve equation

(3.7) for all 6 € I.

CASE 2: A(z) = F'(z) and G(z) = (/&1 — 1],€/l§2 — 1|) (x € D). Let us
choose € = .1, § = .49, yo = 2°. Using the (C) conditions, we have

ro=0, o(r)=v(r)=40r, w(r)=le, r>0, a=b=0,
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and
i
X(r) = 57 = (1= le)r + 7.
However, the discriminant of the function y is negative, since

4 2

g(l—é)(2—5) > (1—e])* forall 6 €[0,1/2).

Hence, the (C) conditions do not hold. That is, there is no guarantee that
the iteration (|1.2]) converges to a solution z* of equation (|1.1)).
We shall now check condition (.4). We have

vo(r) = Lor, Ly =251, wy(r) =0,
v(r)=4»4r, €=3.02, w(r)="L0 =]le=.1.
Choose r1 = .118. Then (2.13))—(2.18)) hold, since by Maple we have

1
1 Gt dt+ 1
118 < - = 398406574, Sottrodt + 1

(0%
0 1—tory  — 7

or
o > 395243102,

so we choose

a=.40353, c=-a<0, wi(r)=.14+abyr,

Then
0
foola) = .1+ al _02 — o = —.1031552697 < 0,
¢ ¢
hi(r) = —+aly |r+aly— = |,

2 2

SO
hi(e) = 06146739381 > 0, R = r** = 1978305699,

and

Uz, R) CU(2° 1 —6) =U(a?,.51).
Hence, all hypotheses of Theorem are satisfied. That is, the iteration
(NTM) starting from x° converges to x* = (788373516, .788373516)" .

ExXAMPLE 3.3. Let X =Y = CJ[0, 1] be the space of real-valued continu-
ous functions defined on the interval [0, 1] with the norm

] = max la(s)|

Let 6 € [0, 1] be a given parameter. Consider the “cubic” integral equation
1

(3.8) u(s) = ud(s) + Au(s) S q(s, t)u(t) dt +y(s) — 6.
0
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Here the kernel ¢(s,t) is a continuous function of two variables defined on
[0,1] x [0,1]; A is a real number called the “albedo” for scattering; y(s)
is a given continuous function defined on [0, 1]; and x(s) is the unknown
function sought in C[0,1]. Equations of the form arise in the kinetic
theory of gasses [4], [10]. For simplicity, we choose up(s) = y(s) = 1, and
q(s,t) = s/(s+1t) for all s € [0,1] and t € [0,1] with s +¢ # 0. If we let
D = U(ug,1 — 0), and define the operator F' on D by

1
(3.9) F(2)(s) = 23(s) — x(s) + \z(s) S q(s,t)z(t)dt +y(s) — 0
0
for all s € [0,1], then every zero of F satisfies equation (3.8). We have the

estimate
1

S 5 dt‘ =1n2.
03+t

max
0<s<1
Therefore, if we set & = ||F’(ug)~!||, then it follows from the hypotheses of
Theorem [2.3] that
n=¢&(NIn2+1-0),
L=26(\In2+3(2—0)) and Lo = £(2/A|In2 +3(3 — 9)).
It follows from Theorem [2.3[that if condition (3.3]) holds, then problem ([3.8)

has a unique solution near ug. This assumption is weaker than the one given
before using the Newton—Kantorovich hypothesis (3.1]).

Note also that Lo < L for all § € [0, 1].

ExaMpPLE 3.4. Consider the following nonlinear boundary value prob-

lem [4]:
u// — _u3 _ pu27
u(0) =0, wu(l)=1.
It is well known that this problem can be formulated as the integral equation

1

(3.10) u(s) = s+ | Q(s, 1) (W (t) + pu(t)) dt
0

where @ is the Green function

We observe that
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Let X =Y = (|0, 1] with the norm

] = max la(s)]|

Then problem (3.10) is in the form (1.1), where F': D — Y is defined as
1

[F(@)](s) = (s) — s = | Q(s, 1) (2 (t) + pa*(t)) dt,
0
G(z)(s) =0.
It is easy to verify that the Fréchet derivative of F is
1

[F/(2)0](s) = v(s) — | Q(s,)(32°(t) + 2p())(t) dt.
0

and

If we set ug(s) = s and D = U(up, R), then since |jug|| = 1, it is easy to
verify that U(ug, R) C U(0, R+ 1). It follows that if 2p < 5, then
Blluoll® + 2plluoll _ 3+2p
8 8
18
3120 5 _9,
1-=g2 5-2p

Juol® + plluol® _ 1+p
8 8 '’

I = F'(uo)|| <

1F" (o) ™| <

IF ()] < |

B 1+p
F 3 < )
[ F'(uo) ™ F(uo)| < 52,

On the other hand, for x,y € D, we have
1

[(F'(2) = F'(y)0](s) = = | Q(s,)(32>(t) = 3y*(t) + 2p(x(t) — y(t)))w(t) dt.
0

Consequently,

1) — Py < 12920t 300l + i)

8
< llz = yll(2p + 6R + 6[|uol))
- 8
p+6R+3
=l — gl
- 2
IFe) — Pl < 12 w0l + 80zl + Luoll)

< llz = uol|(2p + 3R + 6][uo])
- 8

_ 2p+3R+6
N 8

[ = wol-
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Therefore, the conditions of Theorem hold with
1+p p+6R+3 2p+3R+6
= L op=frEETe s g JEPEeRTD
5—2p 4 8
Note also that Ly < L.

Finally, we provide an example to show that method ((1.6)) is faster than

method (|1.4)).
EXAMPLE 3.5 ([9]). Let X =Y = (R?,|| - ||oo). Consider the system

(3.11) 322y +9? — 14 |z — 1] =0,
. 2t 4 ay® — 1+ |y = 0.

For v = (v1, v2) set
[0lloo = [I(v1; v2)[lo0 = maxflon], val},  F = (F1,F2), G = (G1,G2),
where
Fi(v) =3vivy +03 -1, Fy(v) =v] +vvs —1,
Gi(v) = |or — 1], G (v) = |va].

The divided differences of order one [x,y; F], [z, y; G] € Max2(R) are for
w = (w1, wa),

(v, w, Fls1 = F;(wy,w2) — Fz‘(v1,w2)7 (0w, Flia = Fy(v1,ws) — Fy(v1, v2)

w1 —un W2 — V2

provided that w; # vy and wg # vo. If wy = vy or wy = vy, replace [z, y; F]
by F’. Similarly we define

[v,w; Gl = Gilw, w2) = Gilon, w2)7 [v,w; Gli2 = Gi(v1, wa) = Gi(v1, v2)

wr — v W2 — V2

for wy # v and we # ve. If w; = vy or wy = v, replace [z, y; G| by the zero
2 x 2 matrix in May2(R).
We consider three interesting choices for the operator A:

(3.12) Alw,w) = F(v) + G(v) + F'(v)(w — v),
(3.13) A(u,v,w) = F(v) + G(v) + ([u, v; F| + [u, v; G])(w — v),
(3.14) A(u,v,w) = F(v) + G(v) + (F'(v) + [u, v; G]) (w — v).

Using the method (1.4), based on the operator (3.12)) for yo = (1,0)7, and
the methods based on the operators (3.13)) and (3.14]) (the latter is ([1.6))) for

y_1= (5,57, yo = (1,0)T, we obtain the following three tables respectively:
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(1)

(2)

no yn Yn lyn — yn—1l|
0o 1 0
11 0.333333333333333  3.333E-1
2 0.906550218340611 0.354002011208151  9.344E 2
3 0.885328400663412  0.338027276361322 2.122F 2
4 0.891320556832800 0.326613976593566 1.141E 2
5 0.895238815463844  0.326406852843625  3.909E-3
6 0.895154671372635 0.327730334045043 1.323E 3
7 0.894673743471137  0.327979154372032  4.809E 4
8 0.894598008077448  0.327865059348755 1.140E 4
9 0.894643228355865  0.327815039208286  5.002E 5
10 0.894659993615645 0.327819889264891 1.676E-5
11 0.894657640195320  0.327826728208560 6.838E-6
12 0.894655219565091  0.327827351826856  2.420E-6
13 0.894655074977661 0.327826643198819  7.086E-7
30 0.804655373334687  0.327826521746298  5.149E-19
nooy) y) Yn — ynl
1 5 5
0 1 0 5.000E+00
1 0.989800874210782  0.012627489072365 1.262E-02
2 0.921814765493287  0.307939916152262  2.953E-01
3 0.900073765669214  0.325927010697792  2.174E-02
4 0.894939851625105 0.327725437306226  5.133E 03
5 0.894658420586013  0.327825363500783  2.814E-04
6 0.894655375077418  0.327826521051833  3.045E-04
7 0.894655373334698  0.327826521746203  1.742E-09
8 0.894655373334687  0.327826521746298 1.076E-14
9 0.894655373334687  0.327826521746298  5.421E-20
nooyn) y lyn — ynll
1 5 5
0 1 0 5
1 0.909090909090909  0.363636363636364  3.636E 01
2 0.894886945874111  0.329008638203090  3.453E-02
3 0.894655531991499  0.327827544745569 1.2T1E-03
4 0.894655373334793  0.327826521746906  1.022E 06
5 0.804655373334687  0.327826521746298  6.089E-13
6 0.894655373334687  0.327826521746298  2.710E-20
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We have not verified the hypotheses of Theorem [2.3]for the above starting
points. However, it is clear that the hypotheses of Theorem [2.3] are satisfied
for all three methods for starting points closer to the solution

o* = (.894655373334687, .327826521746298)T

chosen from the lists of the tables displayed above.

Hence method for choice converges faster than sug-
gested in Chen and Yamamoto [I1], Zabrejko and Nguen [26] in this case
and the method of chord [4], [6], [27].

Conclusion. Using our new idea of recurrent functions, and Zabrejko—
Zinc¢enko-type conditions, we provided a semilocal convergence analysis for
(NTM) in order to approximate a locally unique solution of an equation in
a Banach space. Our analysis has the following advantages over the work
in [IT]: weaker sufficient convergence conditions and larger convergence do-
main. Note that in the case of Newton’s method, these advantages are ob-
tained under the same computational cost, since in practice the computation
of the Lipschitz constant L requires the computation of Ly. Numerical ex-
amples further validating the results are also provided in this study.
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