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PAwEr WozNY (Wroctaw)

RECURRENCE RELATIONS FOR THE COEFFICIENTS
OF EXPANSIONS IN CLASSICAL ORTHOGONAL
POLYNOMIALS OF A DISCRETE VARIABLE

Abstract. A method is given to find a recurrence relation for the co-
efficients of the series expansion of a function f with respect to classical
orthogonal polynomials of a discrete variable, which follows from a linear
difference equation satisfied by f.

1. Introduction. Let f(z) be a given function which may be written
in the form

(1.1) f(x) =Y ar[f]Pi(x),
k

where {Py(z)} is a system of classical orthogonal polynomials of a discrete
variable, i.e. Charlier, Meixner, Krawtchouk or Hahn polynomials (see [1],
[6], [13]); in the case of Krawtchouk and Hahn polynomials, which are or-
thogonal on a finite set, we assume that f is a polynomial.

We are looking for the coefficients of the expansion (1.1). Unfortunately,
only in exceptional cases can one give them in explicit form, which often
requires the knowledge of the theory of special functions. It is necessary to
find another, effective way to calculate ag[f].

The theory given in this paper, described in detail in the author’s Mas-
ter thesis [16], makes it possible to construct a recurrence relation for the
coefficients of expansion (1.1) in the form

T
(1.2) > Aik)arsilf] = B(k),
i=0
where A; (i =0,...,7) and B are functions of k. The recurrence relation is
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based on a difference equation, satisfied by the function f(x):

(1.3) Pf(x) =P f(z) + P~ f(z) = g(x),

where .

(1.4) PEf(z) =Y wk (2)(DF) f(x),
1=0

D" f(z) = f(z+1) = f(z), D f(z):=f(z) - flz—1),
the wfiﬂ. are polynomials and the coefficients ax[g] exist and are known.
The relation (1.2) may give an explicit formula or, when this is not possible,
it enables finding the numerical values of ag[f].

To the author’s knowledge, no efficient algorithm has existed to construct
a relation (1.2) from (1.3). A solution proposed in [14] has many restrictions
and often leads to a recurrence relation for ay[f] of a very high order. Special
variants of this problem were considered in [3] and [9].

The method of this work is based on an idea given in [8] (see also [11]).
The method can be adapted to the case of g-classical orthogonal polynomials
([1], [6], [13]). This was done in [10]. The algorithm from the present paper
can also be found in [12], where the cases of (continuous) classical orthogonal
polynomials and g-classical orthogonal polynomials were also considered.

Many tests show that the proposed solution is optimum in general, which
means that the recurrence relation for ay[f] is of the lowest possible order.

In §2, we settle the notation; it is taken from [10] and [12]. In the next
section, we recall the properties of orthogonal polynomials of a discrete var-
iable. As a consequence, in §5, we give the recurrence relation. We construct
difference operators 7%, LF (acting on the variable k) such that

T* (hpar[P*f]) = £ (hiax|f])

(for hg, see §6). Next, we find an operator T with the following property:

T=C Tt =¢C"T"
for some operators €T and €. Applying T to both sides of

hiap [P+f] + hray, [P_f] = hpa [g]
we obtain a recurrence relation for the coefficients ax[f] of the form
L(hear!f]) = T(hxar[g)),

where

L:=CTLT4+C L.

The algorithm for constructing the recurrence relation was implemented

in MAPLE V ([4], [5]). The programs can be obtained from http://www.
ii.uni.wroc.pl/~pwo.



Recurrence relations 91

2. Notation. Script letter operators (€,D,...) will always act on the
variable k. We define the shift operator E"n (k) := w(k + m) (m € Z). For
simplicity, we write J := &% and & := &!.

Bold letter operators (D,U,...) will act on the variable x. We set

Dt =Et—-1I, D :=I-E,
where I is the identity operator and E* f(x) := f(z + 1).
We define the Pochhammer symbol (a); by

1 for k =0,
(a)k =
ala+1)---(a+k—-1) fork=1,2,...

The hypergeometric function ,F, is given by
ai,...,ap

F
b q(bl,...,bq

3. Properties of classical orthogonal polynomials of a discrete
variable. Let {Py(x)} be a system of classical orthogonal polynomials of
a discrete variable, i.e. Charlier polynomials Ck(z;a), Meixner polynom-
ials My (z; 3, ¢), Krawtchouk polynomials Ky (z;p, N) or Hahn polynomials
Qr(z;, 8, N) (see §6, Table 6.1). These polynomials have the following
properties ([1], [6], [13]):

1. Orthogonality:

B-1

> o(@)Pe(x)Py(z) = dphs (K, 1=0,1,...),

=0
where hy > 0 for £ = 0,1,... and d; is the Kronecker delta. Here B is
equal to 400, +00, N + 1 and N for Charlier, Meixner, Krawtchouk and
Hahn polynomials, respectively. The weight function ¢ satisfies the Pearson
equation

D" (og) = 7o,

where o and 7 are certain polynomials, associated with the system { Py(x)},
of degree at most two and exactly one, respectively.

2. Recurrence relation:
xPy(z) = XPg(x),
where
X = &(k)E + & (k)T + &(k)E.
3. Difference equation:
(3.1) LipPu(z) ={o(x)D"D™ +7(z)D" + X} P(z) =0 (k=0,1,...),
where Ay := —k(k —1)0”/2 — k7',



92 P. Wozny

4. Structure relation:
(3.2) oF(z)DEPy(x) = \DEPu(z)  (k=0,1,...),

where
DE = 6F(k)ET + 65 (k)T + 05 (k)E

and 0~ =0, ot := o + 7. The operators D" and D~ obey the identity

(3.3) D™ =D" +7.
5. Difference-recurrence equations:
Ui( ) 1+ +
(3.4) z—(i Q A, DT Py(x) :iPCiPk(x) (k=0,1,...),

where (T is any root of the polynomial o,

P =T+ (C5R)E, Q=95 (R)I + W (5 R)E

and 9% (k) := & (k) /65 (k).
The coefficients &;, 5ii (i =0,1,2), 7, w*, weight function g, polyno-

mials o0&, 7 and hg, A\, are given in §6 (see Tables 6.2 and 6.4).
Using (3.3) we obtain

(3.5) (DHD)Y = (D7) (DY) (i,5€N).

4. Fourier coefficients. Assume the function f(z) can be expanded in
a series (1.1). Then the Fourier coefficients ay[f] of f are given by

1 B-1

(4.1) ag[f] = T ; o(x) By (x) f ().
We write, for simplicity of computations,
bi[f] := hrag[f].
We define the difference operators
U* .= o5 (2)D* + 7(2)1, Zcii = (z — ¢*)D*,

where ¢ and ¢~ are any roots of the polynomials o™ and o, respectively.

LEMMA 4.1 ([9]). The following identities hold for i € N:

be[pf] = p(X)bk[f], where p is a polynomial,
(42) (D)0 [(DF) f] = belf],
bel(UF)' ] = (= ADF) b [f).

LEMMA 4.2. We have the equality

(4.3) PLLb[Z5 f] = Qzabi[f].
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Proof. Using (4.1) for ag[f] and (3.4), (3.2) and (4.2), we get
B-1

PEb(ZE ] =D o(@)DF f(x)(x — (F)PE Pr(w)

=0

oA Zg )D* f(2)o* () Dt Py ()

@izg )D* f(x) Py(z) = Q2 D¥by[D* ]
Q bk[f] "

REMARK 4.1. Notice that [9] contains results implying two (of the four)
identities of the type (4.3) for Hahn polynomials.

5. Results. It is quite easy to deduce a relation (1.2) from equation (1.3)
if {Px(x)} is a system of Charlier, Meixner or Krawtchouk polynomials.

The next theorem solves this problem. The proof, based on property (3.5)
and Lemma 4.1, may be found in [16].

THEOREM 5.1. Let {Py(z)} be the system of Charlier, Meixner or
Krawtchouk polynomials. Let f be a function (in the case of Krawtchouk
polynomials, we assume that f is a polynomial) which may be expanded in
a series (1.1) and satisfies

Pf(x) =P f(z) + P~ f(z) = g(x),

where
(5.1) P*f(z):= ) Qf(z (2)f(x)),
i=0

the operators Qf are of the form

(52) QF = (DH)T W  (EtEFeN i=0,1,... 0

and the zijE are polynomials. Assume that the functions QZ (z:f) and g may
be expanded in series (1.1). Then the coefficients ax[f] obey the recurrence
relation

L(hrax[f]) = T(hrak(g]),
where
L=@tLt4e L, T:=(DH (D)

and
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ni
et .= (DT)7, LF= Z(Di)’“ (D) ZE(X).
i=0
Here r* := maxg<;<p* rl?t.

To apply Theorem 5.1, we have to transform the operators (1.4) to the
special form defined by (5.1) and (5.2). The transformation of P* to the
special form was described in [16] (see also [12]).

The next case is more complicated: we want to construct a recurrence
relation

Z A ak+z B(k)

for the coefficients ag[f] in the representation of a polynomial f of degree <
N —1 (N € N) as a linear combination of Hahn polynomials Qo (x; o, 3, N),
Ql(m;a)ﬂa N)7 . ')QN*l(l‘;O‘v/Ba N)

Suppose that f satisfies the difference equation

Pf(x) =P f(z) + P~ f(z) = g(x),

where
(5.3) PEf(z) = QF (2 (x)f(x)),
=0

the zijE are polynomials and
(54) Q= (Di)”(zi U (risiti €N; 07 (¢7) = 0)
fori=0,1,...,n*.
In the first step we will construct operators Qli, Aii such that
QFbrlQF 1] = AFbil /],
Next, we will find operators TF such that
(5.5) Tt = efof
for some operators G;t. This will make it possible to define operators £+
such that

(5.6) T b [P* ] = L0 [f].

In the last phase we will construct operators T, CF which satisfy
(5.7) T=CtTt =¢"7".

Now, applying the operator T to both sides of the equation

(5.8) bi[ P ]+ 0[P~ f] = b[g]

we obtain a recurrence relation for the coefficients by[f] of the form
(5.9) (7L + €L Hlf] = Thilg).
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We will describe the construction of these operators in the “plus” version.
For simplicity of notation, we will omit the upper index + whenever possible.
We need to generalize Lemma 4.2. Given any root ¢ of the polynomial

+

o™, we introduce the sequences of operators {ﬂ’ }zeN; {Q }zeN by

=94 m(GRE, O = 0k + (G R,

where the coeflicients 7;, w; are such that

(5.10) PV =9, o =g,

(-1 _ g@pi-1  ; _
(5.11) PVl = ol (i=1,2,...).
We have

mo(C k) = (G k), wolC k) = w(C k),
wi-1(G; k) = I(k)mi-1(C; k)

W(C k) = (G,
rilGh) wi—1(¢Gk+1) =k + mi—a(CGhk+ 1) TGk + 1)
wi—1(GEk+1)
wi(Cs k) = mi(C )Wi—l(C;k‘—l-l) (i )
The explicit forms for 7; and w; are given in Table 6.3 (see §6).
Set

8(17]) — j (7,) (i_l) () (/L < .])a

: PPV (1252 0),

2 =80 (i >0),

u? =7,

i—1) A (i—2 0 .
U =l ol (> ).

Now, we can prove a lemma which generalizes property (4.3).
LEMMA 5.2. For any natural number i we have the identity
20 ZE) = Ul f).
Proof. Using (5.11) repeatedly, we find that
i—1,1) 4 (0 i—1) o (i—1 .
(5.12) $¢ e = ol ViV (> 1),
Applying Lemma 4.2 and (5.12) 4 times, we get
i i i—1,1) (0 i i—1) oy (i—1 i
20 (2L f) = 88Oz f) = V2l Z = =
=V oWz f) = )bk[f}
From Lemmas 4.1 and 5.2, it follows that
Qbi[Qf] = Abylf],
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where @ is the “plus” operator of the type (5.4) and
Q=02 A= (-AD) U

To find the operator T* (see (5.5)), we define a sequence of operators
{R?)}EN, where ( is defined above and

R = do(k)ET + pi(C R)T,

. 02(k)
pO(Cvk) T Wo(g;k)a
pi(Gi k) == %pi_l(c;lw 1) (i>1).

The coefficients p; are given in §6.

LEMMA 5.3. The following identities hold:

(5.13) RO =D,
(5.14) RO = PUIRITY (1=1,2,..)).
We define
. J (i >7)
(@4) ._ N , ’
M= {Rg)ﬂzé”l)...ﬂzéj) 0<i<j),
N =MD (> 0).
It is easy to verify that
NGONG
(5.15) D =Nz,
(D) p(0) _ (i) (i)
(5.16) 2R = RUSEY,
(5.17) VDI = MV (i =0,1,..0).

Now, we can prove the following lemma:
LEMMA 5.4. Define
(5.18) 0y =28V, 0y = 20D,
where s;,r; €N (i =1,2), and set
(5.19) r:=max(ry,r2)  s:=max(sy + 71,82+ 712) — 7.
Then the operator T := ZES)DT satisfies
T =019 = € Q,

where

(5'20) @, = Més,errfm*l)8és+rfn*1,si) (Z =1, 2)'
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Proof. From (5.17), it follows that

o0 _ (s,s+r—ri—1) o (s+r—ri—1,5;) & (8i) yr;
@,QZ—MC SC Z’C D

o (s,5+r—ri—1) o (s+r=1i) eyry _ & () enyr—rienr: — & (8)eyr
_MC Z’C D —Z,Cﬂ) D —ZCD.I

Reasoning as in the proof of Lemma 5.4 and making use of equality (5.15)
we obtain

LEMMA 5.5. Let ¢ and (. be different roots of the polynomial o™ . Let
si,ri € N (i = 1,2) be such that s; + 11 > so2 + ra. Define
(5.21) 0y =28V, 0y = 20D,
and set

r:=max(ry,s2 +72), S:=81+711—T

Then the operator T := ZES)D’" has the decomposition T = €1Q; = C2Qy
where

(5.22) Gy = Mé‘s’sl_l)7 Co 1= Z( )N(T TZ)SZ_TQ_I’SZ),

Thus, to construct the operator Tt for given Qi,...,Q,, it is enough to
use the above two lemmas repeatedly. This may be done efficiently. Notice
that if we group the operators Q; with respect to the parameter ¢, then we
will use Lemma 5.5 no more than once. This is described below in detail.

LEMMA 5.6. Let the operator P, acting on a polynomial f, be given by

(5.23) Pf(z):= ZQZ(zz(x f(x)
=0
where the z; are polynomials and the Q; are “plus” operators of the type
(5.4). Define
Q::{()?l?"'?n}’ Qn::{iefzi@:n} (776{(7(*}),

where ¢ and (. are different roots of the polynomial o+. Let

(5.24)  rp:=maxr;, sp:=max(s;+1)—1y, (0 €{( )).
i€l 02

i€y
Let
(5.25) (w,ws) == { (¢:¢) Z:f Sc+re > s, + e,
(s Q) if s¢+1e <S¢, + ey,
(5.26) r = max(Ty, Sw, + Tw, ), Si= sy 41y —T
Define
TH=20(D7),

A = US)(~NDT)E (i€ 92),
Bz _ M%sn,sn+rn ri— 1)87(75n+rn7n71,s¢) (Z c 977; n e {C, C*})7
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dw MS sw—1) J = Z’S)N&T Tw*)s(r Ty —1, Sw*)
w1 'Qw s n
GO: = 77 el = 3 (Z © ) Z -A Zz
Ju.Bi (i€ 92,,), e
Then
T o [P f] = Lbg[f].

REMARK 5.1. All the operators defined above and all lemmas have their
“minus” analogues.

Below, we will give a method of constructing operators T, €% such that
T=C"gTt=0"7",
where 77 and T~ are as in Lemma 5.6 and in its “minus” version.

For ¢, ¢~ being any roots of o+ and o~ respectively, we introduce the
+(2)
sequences of operators {F iy tien by

TE) = gH (LT (LR,

where
og (k) + _ pg (CFsk)
+, + —.1y._ _Po
. +
eE(Ch,¢Tik) = L’)so;:(ctc—;m 1) (i>1).

=
i (CE k)
Equations for the above coefficients are given in §6.

LEMMA 5.7. The following identities are true:

(0) pH(0) _ g—(0) 5 (0)
(5.27) FLLPh =T P
(5.28) gel) P = P ”:QSC}) (i=1,2,...),

where ¢ # ¢ and { # ¢ are roots of o and o, respectively.

We introduce the notations

+ - +(i +(i+1 +(j . .
¢re gel gt g (0<i<y),
+(3 0,6—1 .
Yol =wWAEY @20,
+ . gE0) ()
Kevg- =TFere-Fer ™
It follows from (5.27) that
(5.29) (K&)' =(K5 ) (EN).
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From (5.28) we see that for any natural numbers i, j,

£(07) g£() gt g+ (i+1,7+1)
(5.30) Sci 3"<+7<_ =T - Sci .
Using this for j = 0, one can prove that
i +( +(
(5.31) (k=5 2 .

From (3.3), from the decomposition of the operator D* (which results from
(5.13)), and from identity (5.16) or its “minus” version, we have

(5.32)  220(DF) = 2 (D*F £9)(DF £ 9)1!
= 2Z(®RVPEY £ 9)(DF £9)i

¢E ¢t ¢t
= (RSP £ 220y (D £ 9y
= R 2920 (DF 29 =
= RLPE) 29y,

Now, we can prove the following lemma:

LEMMA 5.8. Let ¢t and ¢F be as defined above. Set
(533) TH=2 @Y 7=z @) (st eN),
Then the operator

(5.34) Ti=2(K) C;)S(@—)T*(@W*,

where s := min(s™,s7) and

[ e

. Zf(s_fsﬂ (st <s7)
C— )

has the decomposition T= CTTt = C~ T, where

s*—s’,er— st st r— —
(5.35) € := W;:(,c: DCRZ‘F*( )9’41( T (st zs),

: T st s s - _
2y O REIPEET ) (s7 <s7),
U 2y @D gyt (s7>57),
(5.36) T W—(s_—s"‘,s_—l)(:R—(s_),y—(s_) _ j)r+ (S-i- <s57)

e ¢ ¢
Proof. Using (5.30) repeatedly, we can prove
+(i)y£0 +(iyi+j—1) o (i+j—1,j .
(5.37) 2SI = WERH UM (> 0).

Let s*,r* € N with s > s~ (if s* < s~ then the proof is similar). Set
Z:= Z.Z:Sﬁ_si). Since D and D~ commute (see (3.5)), from (5.29) we find
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that

T= 2K )T D)D) = 2K

From (5.31), we get

L)@y

T — Zz'£5+—s_)1é+(3_)z+(3_) ('D_)T_ (®+)r+

SCR
st—s7) = (s )y— (s~ r —\7r~
=2 ”gd{ Jz @ty (D)

From (5.37), we obtain
st—s— E El —\r rt
T= 2T 2 (o) (o)
_ W+(s+fs_,s"'fl)gz(s*'fl,s_)zzr_és—)(:D_),«— (@—i—)r"’

ey +

_ W+(3+—3_ 73+—1)Z2‘(3+) (D) (-D-&-)r+ _

ey *
Then (5.32) implies

T — W—i—(s*—s*,s*—l)zz‘gs*) (D_)T— (CD+)T+

C+7C*_
_ ngf;_‘f’5“”(914*&*)?;(5“ +9) 2@ = et
and
st—s— —(s™ —(s™ r —\r—
T =2} )9<r(,<—)ch( J(DHy (D7)
st—s— —(s™ —(s™ —(s™ r —(s —\r— ——
= 2 )54;5,4—)(9{47( P ) gyt DTy e T

Now, we can prove the main theorem of this section.

THEOREM 5.9. Let {Py(x)} be the system of Hahn polynomials. Let f be
a polynomial which satisfies the difference equation

Pf(z) = P" f(z) + P f(z) = g(x),

where .
(5.38) P f(x) = Z(Di)”(zfi)“(Ui)“(z;t(x)f(x)),
i=0 ‘
the zii are polynomials, r;, s;,t; € N, and ai(g‘ii) =0 fori=0,1,...,n*.

Let T& and LF be as defined in Lemma 5.6 and its “minus” version applied
to PE. Let CF be as defined in Lemma 5.8 and its “minus” version applied
to TE. Then the coefficients ag[f] obey the recurrence relation

L(hrailf]) = T(hpar[f]), where L:=CtLT +C L.
Proof. Using Lemma 5.6 we find operators T=, £LF such that
T=by[PE f] = LEbi[f].
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Applying Lemma 5.8 to TF, we construct operators T and €T such that
T =C"T" =C T . Applying T to both sides of

bi[Pf] = be[g]
we get
Top[Pf] = CTT by [P ]+ €T b [P~ f] = {CTLT +C7T by [f] = Thyg]-
Finally, because bi[f] = hrag[f], we have
{€7LT + €L H(hwak[f]) = T(hrax[g]). =

To apply Theorem 5.9, we have to transform the operators P¥ defined
by (1.4) to the form (5.38). This process was described in [16] (see also [12]).

ExXAMPLE 5.1. Let coefficients ¢, be such that

Qn(xa 7, C’ N) = Z anQk(x7 «, ﬁa N)a
k=0
where @), is the nth Hahn polynomial. For f(z) = Qn(z;n,{,N), equa-
tion (3.1) has the form

(5.39) x(N+n—2)D*D" f(z)
+[(CH+ DN —1) — @+ Da]D* f(x) + n(n +9) f(z) = 0,
where ¥ :=n+ ( + 1. Using DD~ = Dt — D~ we obtain
—(z+C¢+D(x—N+1)DTf(z) +nn+9)f(z) +x(x—n—N)D™ f(z) =0.
Let
Ptf(z):= —(z+(+1)(z— N+1)D" f(z) + n(n+9)f(x),
P f(z):=2(x—n—N)D™ f(x).
1. General case. We can find a special form of the operators P+,
P f(x) = Z} (= (x)f(2)) + 2 (2) f (2),
P~ f(z) = Zy (21 (2) f(2)) + 2y () f(2),
where
z(x)i=—2—C( (@) =z+nn+9)—N+1,
z(x)=c—n-N+1, z5(z):=—=x.
Hence
Trt=ztM, T =2y W,
L =0 (0 + 230 (0, L7 = U War (1) + 20 Wzg (),
J= fKJJ(f—l,Ner et = y;(—l)l,N—s—a’ €™ = g:glll,O'
Also, the coefficients ¢, satisfy the recurrence relation
(5.40) L(hgenr) = 0,
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where £ := CTLT 4 €~ L. Writing (5.40) in explicit form we have
(5.41) A_1(k)en -1+ Ao(k)enr + A1(k)ep k41 =0,
where
(542) A_1(k)=Q2k+y—- 1)1k +v+1)(n—k+1)(k+n+9—1),
(5.43)  Ao(k) :== k(k — N)(2k +7)3{(8 — o + 21 — 2)k(k + )
+n(B—a)@+n)+ (v +1)(ns - Ca)},
(5.44) Ai(k) == (k)o(N —k—=1)o(k+a+1)(k+5+1)
XQRk+y-1(k+n+y+1)(k—n+vy—-9+1)
and y:=a+F+1, cpn =1, cppnt1 = 0.
2. Case n = . We transform P* and P~ to the form
Pt f(z) = 2Z}_, (2 () f(2)) + 25 (2) f (@),
P~ f(z) =U" (2 () f(2)) + 25 () f (2),

z(@)=—2-( zf(@)=2x+nn+a+(+1)—N+1,
2y (x) == —1, zp () = (B+1)(N-1)—(v+ 1)z

and v := a+ #+ 1. We find that
Tt=2%, T =7,
et =W ) + 2402 (0, L7 = —MDF (%) + 2 (),
T=7", €t=3J, € =7
Thus, the following recurrence relation for ¢, holds:
{CTLY +C L Y (hpenr) = 0.
The scalar form is
(n—k+1)(k+n+a+)2k+y—12cnkr
+k(k+a)(k—N)k+n+7y)(k—n+ 08— )cu =0.

We can find an explicit equation for ¢, (k= 0,1,...,n); because ¢,y = 1,
we get

=k (MY =Bk (N —n)pp(k+a+1)nk(ntk+7+1)n 4
e = (=1) <k> (k+n+C+a+1)p i+ + 1)on_ok '
3. Case ( = 3. We have

PTf(z) =UT (2 () f(2)) + 25 (x) f (2),
P~ f(z) = Z; (2 () f(2)) + 24 (2) f(2),
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7 (x):=1, zi(z):=nn+v)—(B+1)(N-1)+(y+1)z,
() =x—n-N+1, z(z):=—x,
where v :=a+ [+ 1 and
Tt=9, T =2,
LF =MD (0 + 5 (), L7 = U (00 + 2, Ve (),
T=7, €C"=7, € =1
Finally, the coefficients c¢,; obey
(5.45) L(hkenr) = 0,
where £ := @TLT + C"L~. Making simplifications and writing (5.45) in
scalar form, we obtain
n—k+1)(k+n+5+n)2k+~y—1)2cn k-1
+kN =k)(k+B)(k+n+v)(k—n+a—n)cu =0.
We know that ¢y, = 1. Therefore, for £k =0,1,...,n, we have
o = (n) n=)ptk(N=n)pr(k+8+1psn+k+~v+ l)n,k. .
k (k+n+n+8+1)nr(2k+v+1)on_2k
REMARK 5.2. Notice the following facts:

1. This problem in the general case was solved earlier in [9], where equa-
tion (5.40) was obtained. The analogues of (5.42)—(5.44) given there include
inaccuracies.

2. In [2] and [15], it was proved, that—in any case—the coefficients ¢,
satisfy recurrences of order 4 and 8, respectively.

It is possible to estimate the order of the recurrence relation for the
coefficients ay[f] which follows from the difference equation (1.3).

THEOREM 5.10. Let operators T and L be such that
Tou[Pf] = Lbi[f),
where P is defined by (1.3) and (1.4). Then
ord(L) < ord(T) + 2max(M*, M ™),

where
M* = max ((9w2:i ;— 1)
0<i<n, wi[i #0 '

and Ow denotes the degree of the polynomial w.

Acknowledgements. I would like to thank Professor S. Lewanowicz
for many valuable pieces of advice and comments.
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6. Tables

Table 6.1. Hypergeometric series representation of the classical monic
orthogonal polynomials of the discrete variable [1], [6], [13]

Family Hypergeometric series

_ B+ D)1= N)y
Qk(%a,ﬁ,N)—m

—k, —x,k+a+3+1
x 3F2< B+1,1-N M

)
4

Hahn

k
Meixner Mj (38, ¢) = (ﬂ)k(rcl> QFI(ik’ﬂix

Krawtchouk  Kj(z;p, N) = (—N)kpk (27) 2F1<7]i7]\?$
_l)
a

Table 6.2. Data for the monic Hahn polynomial [1], [6], [13]

Charlier Ci(z;a) = (_a)k 2F0<_k;_:C

Qr(r; 0, 8,N)
a,B>—-1, NeN
o(x) =0 (x) (N +a—x)
() B+HIN-1)—(v+ 1=
o (x) (x4 B8+ 1)(N—-1-—2x)
I'(N+a—-x)I'(z+8+1)
o) T+ )I(N —a)
e k(k+7)
h k)!F(k+CM+1)F(l€+ﬁ+1)(2k‘+7+1)1\[_k_1
k k+7)e(N —k—1)!
o (k) k(N —k)(k+a)(k+ B)(k+~v—1)(k+~v+ N —1)
0 (2k+ 7 — 2)2(2k + v — 1)
a—B+2N—-2 (B2 —a®)(y+2N-1)
&1(k) 1 Pk - D)@kt T D)
& (k) 1

_ (N-k)(k+a)k+8)(k+v—1)(k+v+N—-1)
5 (k) = 3 (k) 2k +7 - 2)2(2k 7 — 1)

. Na—-8)—-2kk+v)—(y—a)(y—1)
o7 (k) =37 (k) =1 (k+v-1)(2k+~v+1)
55 (k) = 8 () -

ket
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Table 6.2 (cont.)

Qr(z; 2, 3,N)
a,8>—-1, NeN

5E (k)€o (k) /0 (k) + ¢E — €1(k)
Eolk + 105 (k +1)/&a(k + 1) — 635 (k + 1)
(¢ k) 85 (k+ Dot (k) /€ (k + 1)

wE(EE)

Notes: 1. y:=a+ B+ 1; a+(§+) =0;0 (¢7)=0.
2. The formulae for w™, 7=~ are valid also for the

other three families of polynomials.

Table 6.3. Hahn polynomials: Explicit forms of the coefficients 71?: ((i; k), w;t (Ci; k),
pE(¢E k) and o (¢T,¢3k)

(2k +v)2(2k + v + 1)2

m(Ctk) .
Qk+~y+i+Dak+y)k+y+Ct+1)(k-¢H

. - (2k +7)2(2k + v+ 1)2

g ’ Qk+~v+i+1)2k+NEk+a—-C+D)(k+8+¢ +1)

wE (¢ k) —n (k) (k+y +i+ 1)

ot (kv +HDER+iI- G

o (k+~y+i+N—-C)(k+i—-N+¢o +1)

pi (C5k) (2k + v +1)2

P Ed+vy+it+¢t—¢ +1

Note: v:=a + 5+ 1; 05(¢%) = 0™ (G5) = 05 ¢F # G

Table 6.4. Data for the monic Charlier, Meixner and Krawtchouk polynomials
(1], [6], [13]

Ch(x;a) M (x; B, c) K (x;p, N)
a>0 0<ec<1,8>0 0<p<l1l,NeN
olx) =0 (2) P x x
7(x) a—uw Be+t (c— )z (1-p)~'(Np—a)
ot (@) a c(z + B) p(1-p) ' (N —z)
(@) e=%® (B + ) Nip*(1—p)N ™7
¢ Iz+1) Iz + DI (B) Tz+ DI'(N +1—2)

e k (1-c)k (1-p) 'k
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Table 6.4 (cont.)

Cr(x;a) My, (z; B, ¢) K (z;p,N)
a>0 0<e<1,8>0 0<p<1l, NeN
k! k NE!
h Kl 5 _(iggi% Al
k(k+ 3 —
o(k) ak % p(1 — pE(N — k+1)
€1(k) k+a (”11)7_’“6”% k+ p(N — 2k)
&a(k) 1 1 1
_ k+3—1
Hw=tw o LD - -kt
of (k) =or (k) =1 0 — p
6 (k) = 85 (k) 0 0 0
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