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ON THE CONVERGENCE AND APPLICATION
OF STIRLING’S METHOD

Abstract. We provide new sufficient convergence conditions for the local
and semilocal convergence of Stirling’s method to a locally unique solution
of a nonlinear operator equation in a Banach space setting. In contrast to
earlier results we do not make use of the basic restrictive assumption in [8]
that the norm of the Fréchet derivative of the operator involved is strictly
bounded above by 1. The study concludes with a numerical example where
our results compare favorably with earlier ones.

1. Introduction. In this study, we are concerned with the problem of
approximating a locally unique fixed point x* of the equation

(1) F(z) =z,

where F' is a Fréchet differentiable operator defined on an open convex subset
of a Banach space X with values in X.
Stirling’s method [10]

(2) LTn+1 = Tn — A;I(xn — F(r,)), An=1- F/(F(xn)) (n>0)

has been used to generate a sequence converging to z* [1]-[4], [8]. In partic-
ular elegant local and semilocal convergence results have been given in [8]
under the restrictive assumption that || F’(x)|| is strictly bounded above by 1.
Moreover in the same study a favorable comparison between Stirling’s and
Newton’s methods was given including examples where Stirling’s method
converges but Newton’s fails to do so. Note that both methods require al-
most the same computational cost: the evaluation of F', F’ and the solution
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of a linear equation at each step. Here we provide a new local and semilocal
convergence analysis for method (2) without making use of ||[F’(z)|| < 1.

Finally we provide a numerical example where our results compare fa-
vorably with earlier ones [7], [8], [10].

2. Semilocal analysis of Stirling’s method. We provide the follow-
ing result on majorizing sequences for Stirling’s method (2).

THEOREM 1. Assume that there exist parameters Lo > 0, L > 0 with
Ly <L,n>0, and 0 € [0, 1] such that

(3) (6Lo + L)y < 6.
Then the iteration {t,} (n > 0) given by

tOZO) tlzna

(4) L(tpy1 —tn)?

tnyo2 = Tpt1 + (TL > 0)

2(1 — Lotn+1) -

is non-decreasing, bounded above by t** = 2n/(2 — §), and converges to some
t* such that

(5) 0<t* <t

Moreover, the following error bounds hold for all n > 0:

5 5 n+1
(6) 0 < tn+2 - tn-‘rl < 5 <tn+1 - tn) < <§> .

Proof. The result clearly holds if § =0 or L = 0 or n = 0. Assume § # 0,
L # 0 and 1 # 0. We must show that for all k£ > 0,

L(tg41 —t) + 6Lotrs1 <0,
tg41 —tk 20, —Lotky1 > 0.

(7)

Estimate (6) then follows immediately from (4) and (7). We use induction
on k. For k = 0 we have

L(tl — to) + 0Lgt1 = Ln+ 5LOT} <94,
t1>t, 1—Lon>0 (by(3)).

But then (4) gives

)
0<ty—t1 < 5 (b —to).
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Assume (6) and (7) holds for all kK < n + 1. Then

(8)  L(tky2 —tht1) + dLotkt2
5 k+1 5 5 2
S LT](§> + (5L0 I:t1 + E(tl — to) + (5) (t1 — to)

e () )

5\t 1— (§/2)k+2
SLU(—> +5L077%

S\t 25Lgn 5\t
< he U= (=
<o(;) +5550-(3) |
5\ Bt L6 5\ k2
{i(z) ()

By (3) and (8) it suffices to show
(5) +250-(3) Jevon
5= (2) ) <o - ()]

() 1)

((-1)(@+2) _ (F-1)(@+2) (3 bt
2-0 —  2-90 <§> ’

or

or

or

which is true by the choice of . Hence, the first estimate in (7) holds for all
n > 0. We must also show that

(9) te < .

For k£ =0,1,2 we have

1) 2+6
to=0<t, t =<t t2<n+2n—%n<t**
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Assume (9) holds for all £ <n + 1. It follows from (6) that

1)
5 (tkt1 — tk)

1)
(10)  tpqo <tpy1+ = 5

2
) ) )
-§t1+§(t1—t0)+---+§(tk—tk—1)+§<tk+1_tk)

<+§+§2+ Jrék+1
sntgnt{g)nt+{5) 0

5 5 2 5 k+1
:|:1+§+(§> ++(§> :|’I7
11— (6/2)F*2 2 L
BT T R

Moreover, we have

1)
(thpr —te) < tp + 3 (te —th—1) +

2L
Loteyo < 2—_‘”(75 <1 (by (3)).

Hence, the sequence {t,} (n > 0) is bounded above by t**. It also follows
from (4) that {¢,} (n > 0) is non-decreasing, and hence it converges to some
t* satisfying (5).

That completes the proof of Theorem 1. m

Below we show the main semilocal convergence theorem for Stirling’s

method (2).

THEOREM 2. Let F:D C X — X be a Fréchet differentiable operator.
Assume there exist a point xog € D and parameters n > 0, £ > 0, £g > 0,
b>0,a€[0,1), 6 €[0,1] such that:

) Ag' e L(X, X),

) 14T (w0 — F(xo))l| <,

) NF(x) = F(zo)|l < aollx — ol (a0 < 1),

) IF'(F)] <b,

) IAG [F (F(=0)) — F'(F(2))]]| < Lol F(w0) — F(=)]l,
)

)

)

)

—_
"]

[E—
[ TN

1AG (F" (z) = F'(y)Il < Lz =yl for all z,y, F(xo), F(x) € D,
(L + 5L0)77 <dé forL= (3 + 2[))6, Lo = aply,
Uz, t") ={z € X | [|lz — x| <"} C D,
oo o= Fao)l
- 1—ag

—_
EN|

~~ N~/
—_ —_
o D

0) generated by Stirling’s

where t* is given in Theorem 1. Then {z,} (n >
t*) for alln > 0, and converges

method (2) is well defined, remains in U(xy,
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to a fived point z* € U(xo,t*) of the operator F. Moreover, the following
error bounds hold for all n > 0:

L
1 — Lo|lzpn+1 — ol
(21) lzn — ™| < t* —t,,
where the sequence {t,} (n > 0) is generated by (4). If there exists R > t*
such that
(22) U0, R) € D,
(23) U1+ b)n+ aR + 2lpapt™ < 2,
(24) ||F(x)—F(y)|| <al|x—vyl| forallxz,y € D and some a >0,

then the fized point x* of the operator F is unique in U(xg, R). Furthermore
if R =1" and strict inequality holds in (23), then x* is unique in U(xzq,t*).

(20)  |[7py2 — Zngall < 2 ) lTny1 — CUn”2 <tlnt2 — tnt1,

Proof. Let us prove that
(25) [zh1 — 2l < tegr — ti,
(26) U@t t* = tig1) CU (ke t° — ty),
for all k > 0. For every z € U(xy,t* —t1),
12 = zoll < [lz = 2| + [[o1 — 2ol " — b1 + 81 =17 — 1o
implies 2z € U(xg,t* — to). Since also
21 = zoll = (|45 (z0 — F(0))|| <1 =t — to,
(25) and (26) hold for £ = 0. Suppose they hold for n = 0,1, ..., k. Then

k+1 k+1
[2k+1 — 2ol < Z | — i1 < Z(tz —li—1) =tpr1 —to =t
i—1 i=1

and
ka + 0($k+1 — xk) — :L‘()H <tp+ G(tkﬂ — tk) < t*, 0 e [0, 1].
Note also that for = € U(x,t*),
lzo = F(2)[| < llzo — F(zo)l| + [[F(20) — F(2)
< |z = F(zo)|| + aollzo — x|
< |lzo = F(zo)[| + aot™ <t (by (19)).
That is, F(z) € U(xg,t*). B
Using (13) and (15) for x € U(xq,t*), we get
(27) |45 [Ao — (I = F'(F(2)))]ll < | Ag " (F"(F(wo)) — F'(F(x)))|
< lo|[F (o) — F(z)|| < Loaollzo — z|
< anot* <1,
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by the choice of ¢*. It follows from (27) and the Banach Lemma on invertible
operators [7] that A(x) = I — F'(F(x)) is invertible with
(28) | A(2) ™" Aoll < [1 = boaollzo — [l 7.
By (2) we get
Tip1 — F(ap1) = o6 — Ay (g, — F(o)) — F(@441)
= Ay Ak(zr = F(zx41)) = (2 — F(2))]
= A [F(ar) = Flape) = F'(F(w) @k — 1)
— F'(F(xk)) (@r41 — F@r))];

1 — F(eren) + AL F(F(2) (@1 — F(zrg))
= A [F (k) = F(apg1) — F/(F(2e)) (ze — 2rg1));
hence
{I+ A F/(F(x)}(@kg1 — F(zrp1))
= A F(xk) = F(ape1) — F'(F (k) (e — Thg)],
and therefore

(20) w1 — Flaar) = Flag) — F(ane) — F/(F(an)) (@, — 20s1)

=V [F'(0x), + (1 — O)z1s1) — F'(OF (24) + (1 — O)F (a1)) (s, — 1) .
0

By composing both sides of (29) with A;' and using (14), (16), we get
(30) |4 (zhs1 — F(zrsa))|
L
< 5 llzk = Fl@) | + e = Fle) et -zl
(31 llex = Flap)ll < [+ F'(F@)l - lzxrs —
< (A +0)wpa — il
32)  llzetr — Flap)ll < l[orn — apll + ok — Fz)]]
< @k — @il + (1 + 0)|zkgr — @]
= 2+ b)lzrrr — 2l
Moreover by (2), (28)-(32), we get

(33)  llwksz = wrrll < 1A Aoll - 14g (@1 — Flarsn))l
14 3+2b || ||2
— x — X
—21- anngkH - 1‘0” Rl k
L

< (tpy1 — th)? = thg2 — thi1-
2(1—L0tk+1)( + ) + +
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Thus for every z € U(zgi2,t* — trr1) we have
12 = 2hpill < Nz = 2ppall + l2p12 — Trpal
<t —tpyo Ftpyro —thpr =7 — trga.
That is,
(34) 2 € U(xpy1,t* —tpir).

Estimates (33) and (34) imply that (25) and (26) hold for n = k + 1.

Theorem 1 implies that {¢,,} (n > 0) is a Cauchy sequence. From (25)
and (26) {zn} (n > 0) is also a Cauchy sequence, and so it converges to
some x* € U(xg,t*) (since U(zo,t*) is a closed set) such that

(35) ||.T — .CCkH < t* — tk.

The combination of (33) and (34) yields F(z*) = x*.
To show uniqueness let y* be a fixed point of F' in U(zo, R). By (2) we
obtain the approximation

(36) Tpi1 — Y =xp —y* — A;l(xk — F(xy))
= A H{F(x) = F(y*) — F'(F(ax)) (xe — ")}

=[4,140]A {
— F/(OF (k) + (1= 0)F(w))](wx — y*) do }.

Hence, by (36) and (13)-(16), (24) we obtain
oy = Fap)ll + [ F(zr) — Fy*)

F'@mk—i— 1—9) )

O ey

[
( ) || +1 ” 2 1 _ éoaoumk — ;UOH || ||
(A +b)||zesr — x|l + allze — v .
<3 (E |
2 1 —foa()HCCk —ZCOH
¢ (1+bn+aR . .
< = — < —
OO ARy < -

which shows limy_ ..,z = y*. But we already showed limg_ .o xr = z*.
That is,

* =y".
Finally the uniqueness in U(zg,t*) follows from (37) and (23) (holding as
strict inequality).
That completes the proof of Theorem 2. m

REMARK 1. Condition (23) can be dropped. We can replace it by
(38) f(l + b)?] + (Io(t* + R) + 2€06L0t* <2
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Indeed, we have
(39) @k — o7l

C (L4 b)||wpgr — apl| + [ F(xr) — F(xo) + F(xo) — F(y)|| .
<3 lze =y
2 1 —éoangk —1‘0”
é |Zk+1 — zell + ao(HCﬁo — 'CEkH + on -yl ka _ y*H
-2 1—an0ka—x0H
£ (1+b)n+ao(t* +n)

5 e -,

which also shows limg_, o xr = y*. Hence, again we get z* = y*.

3. Local analysis of Stirling’s method. Below we show the main
local convergence theorem for Stirling’s method (2).

THEOREM 2. Let F': D C X — X be a Fréchet differentiable operator.
Assume that there exist a fived point x* of the operator F' such that

(40) A, =1—F'(F(z"))
is invertible, and parameters a > 0, € [0,1], v > 0 such that
(41) |AZHE (F(2*)) = F'(F(2)]]| < ol F(a*) = F(2)],
(42) |F(z%) — F(z)| < Bz* — ],
(43) [ATH(F' (@) = F' ()l <~z — vl
for all x,y,F(x) € D, and
(44) U(z*,r*) C D,
where
. 2
(45) rt = P
(46) p=7(1+28), q=ap
Then {x,} (n > 0) generated by Stirling’s method (2) is well defined,
remains in U(x*,r*) for all n > 0, and converges to x* provided that
xog € U(x*,r*). Moreover the following error bounds hold for all n > 0:
(a7) Jones =2l < § Tl — a7l

Proof. Let x € U(z*,r*). Using (41), (42) we get
(48) AT A — (I = F'(F@))ll < el F(z") = F(x)] < af|z — 2™
< apfr* <1 (by the choice of r*),
and F(z) € U(z*,r"), since
49)  [[F(z) — 2| = [[F(z) = F(z")[| < Bllz — 27| < pr* <r7.
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Hence, by (48) and the Banach Lemma on invertible operators, I — F'(F(x))
is invertible, and

1
50 [-F(F@) A € ——.
(50) 0= P/ (F@) " Al € T
By hypothesis 2o € U(z*,r*). Assume x, € U(z*,7*), k=0,1,...,n.
As in (36) we obtain the approximation

(51)  appr — 2 = [A,;lA*]A;I{g [F' (0, + (1 — 0)2")
0

— F/(0F (z3) + (1 — H)F(a:k))]}(mk —2*) df.
By (51), (41)—(43) we get

. v ||lzg — F(ag)|| + [|[F(xg) — F(z*) .
(52)  [langs — 27| < 2 I (zi)ll + [1F( *) ()] T
2 1 — qllzg — ||

(53) o — Fall < g — 2|+ |F(*) = )l < (1 + By — 27|

Therefore we obtain

3 (4 By =] + B =]
2 1 —afl||zr — x|

[zr1 — 2" < — 2" <z — =7,
which shows xy1 € U(z*,r*) and limg_, o 2 = x*.
That completes the proof of Theorem 3. m

REMARK 2. As noted in [3]-[6], [11] the local results obtained here can
be used for projection methods such as Arnoldi’s, the generalized minimum
residual method (GMRES), the generalized conjugate method (GCR), for
combined Stirling’s finite difference projection methods and in connection
with the mesh independence principle in order to develop the cheapest and
most efficient mesh refinement strategies [4], [6].

REMARK 3. The local results obtained here can also be used to solve
(1), where F’ satisfies the autonomous differential equation [3], [4], [7]

(54) Fl(z) = T(F(x)),

where ' : X — X is a known continuous operator. Since F'(F(z*)) =
T(F(F(z*))) = T(F(0)), we can apply the results obtained here without
actually knowing the fixed point z* of F.

We finally complete this study with a numerical example:
EXAMPLE 1. Let X = D =U(0,1) and define F on D by
(55) F(z)=¢€"—x—1.
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Using (40)-(43), (45), (46) and (55) we obtain (for z* = 0)
a=e—1, (=e—-2, ~v=ce¢

and
r* = .219981153.

The results obtained in [8] require

(56) |F'(z)|| <1 forall z € D.
But (55) gives
(57) |F'(z)| <a=e—1>1.

Hence, these results cannot be used here. Note that Theorem 2 does not
require a € [0,1) but ag € [0,1) where ap < a (in general) and a/ay can be
arbitrarily large [3], [4], [7]. Using

(58) |/ (") 7 " (2) = F'(y)]l| < wllz =yl
Rheinboldt [9] showed that the convergence radius for Newton’s method
(59) Tpyr = xp — F'(x,) ' F(z,)  (z0 € D, n>0)
is given by
2
60 _ 2

However w cannot be computed here since F’(x*) is not invertible.
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