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EXISTENCE FOR A CAUCHY-DIRICHLET PROBLEM
FOR EVOLUTIONAL p-LAPLACIAN SYSTEMS

Abstract. We study the existence of a weak solution to a Cauchy—Dirich-
let problem for evolutional p-Laplacian systems with constant coeflicients
and principal term only. The initial-boundary data is assumed to be a
bounded weak solution of an evolutional p-Laplacian system with an L!-
function as external force. The key ingredient is the maximum principle for
weak solutions.

1. Introduction. Let {2 be a bounded domain in R™, m > 2, with
smooth boundary 92, T be a positive number and put 27 = (0,7") x £2.
Let 1 < p < o0. For amap u : 2p — R, 2z = (t,z) = (t,x1,...,Tm),

u=u(z) = (u'(2),...,u"(2)), we consider the evolutional p-Laplacian sys-
tem m
(1.1) o’ — Y Do(|Dult?g* Dgu’) = ', i=1,....n,

a,B=1

where D, = 0/0z%, a = 1,...,m, Du is the spatial gradient of a map u,
Du = (Dou'), |Dul? = 7, > b1 9*PDouDgut, f is an L'-function
defined on 27+ with values in R™ and (¢®%) is a symmetric positive def-
inite constant matrix. In particular, we assume that there exist positive
constants v, I' such that

(1.2) Y€ < 9*76ats < TIEP for all € = (&) € R™.
Here and in what follows, the notation |£|? = £-& = €& and |£\§ = gaﬁgé%
is used for £ = (¢&,) and the summation convention over repeated indices is
adopted.

As a typical example of an evolution system (1.1), we think of the neg-

ative gradient flow for the p-energy functional, defined for functions u be-
longing to the Sobolev space W1P(£2,R") by
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(1.3) Byw) = § ~(6""(@,u) Dou- Dyu)?'*da,
2

where g = (¢*%(z,u)) is a symmetric matrix with C! entries g®?(x,u) de-
fined on 2 x R™ and satisfies the uniform ellipticity condition like (1.2) for
every x € {2 and all 4 € R™. Then the equation which describes the nega-
tive gradient flow for (1.3) is (1.1) with constant coefficients replaced by the
variable coefficients ¢ (x, u) and the lower order term

1 _9 dgo‘ﬁ
(1.4) f(z) = —3 | Dul} du

Note that (1.4) is of pth power order growth in the gradient: for a positive
constant a depending only on g,

(L5) |1 < alDup.

(x,u)Dou - Dgu.

It is also natural to study such systems in the class L% (27, R™) N
LP(0,T"; WHP(£2,R™)) (see [8, Chapter II, Section 3, pp. 54-63]). For weak
solutions in this class, the term (1.4) is exactly an L!-function. We call such
systems with lower order term as in (1.5) evolutional p-Laplacian systems
with critical (or natural) growth.

Let p > 2m/(m + 2). Let u € L (27, R™)) N LP(0, T'; WLHP(£2,R")) be
a bounded weak solution of (1.1) with supg, , [u| = M < co. Let B C R™
be a domain compactly contained in 2 and ty < to + T < T’ be positive
numbers. Put @ = (to,t0 + T) x B and note that @ is compactly contained
in £27,. For simplicity, we assume that @ = (0,7) x B. When one studies the
regularity of bounded weak solutions of evolutional p-Laplacian systems with
critical growth, one needs to invoke a regularity estimate for a weak solution
v € L>(0,T; L*(B,R")) N LP(0,T; W'P(B,R")) to the Cauchy-Dirichlet
problem for the evolutional p-Laplacian system with constant coefficients
and with principal term only,

O = Da(\Dv]§_2go‘ﬁng) in Q,

(16) v=u on JyQ.

Note that weak solutions of (1.6) satisfy interior Holder and gradient Holder
estimates in (). The proof of these estimates is based on Moser’s and De
Giorgi’s iteration method and the so-called Campanato type estimates (we
refer to [7, 5] and [2, 6, 8, 10] for p = 2); this argument is recognized to be
fundamental in the regularity theory for evolutional p-Laplacian systems.
On the other hand, Gehring’s reverse Holder inequality, which implies the
higher integrability of the gradient, holds for “small” weak solutions of evo-
lutional p-Laplacian systems with critical growth (see [12, 16]), where the
smallness is defined, with a being the positive constant in (1.5), by
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~P/2

(1.7) sup |u| < —.
o 2a

Combining Holder regularity estimates for (1.6) with Gehring’s reverse
Holder inequality, we can follow the scheme of the Campanato estimates (see
[3, 15]) to establish a partial regularity of small weak solutions of evolutional
p-Laplacian systems with critical growth ([16]). The equation (1.1) with (1.4)
also concerns the negative gradient flow for p-harmonic maps between smooth,
compact Riemannian manifolds (cf. [4, 17, 14] and, for p = 2, see [8, 10, 19]),
and the smallness condition (1.7) implies a geometric relation between the
curvature of the target manifold and the image of a solution (see [9]).

In a forthcoming paper, we will study the existence of a small weak so-
lution to the Cauchy—Dirichlet problem for the negative gradient flow of
p-harmonic maps with variational data of “small” image.

With the above motivation, and since the existence of a solution for (1.6)
does not seem to be stated in the literature, we want to prove the existence
of a weak solution v € L*>(0,T; L*(B,R")) N L?(0,T; W'P(B,R")) to the
Cauchy—Dirichlet problem (1.6). Our main theorem is the following:

THEOREM 1. Let u € L®(Qp, RY)NLP(0,T"; WEP(£2,R™)) be a bounded
weak solution of (1.1) with supg_, |u| = M < co. Then there exists a weak
solution v € C([0,T]; L*(B,R™)) N LP(0, T; WP (B, R™)) of (1.6) satisfying
(1.8) sup |v| < sup |u|

. ) Q Q
and the energy inequality
(1.9) sup S v|? dx + X | Dv|P dz
0==T 1yx B Q
<c( sup | |uPde+ {(1f]+|Duf)dz),
0<t<T v Q
where the positive constant C depends only on m,p and the L°-norm of u.

REMARK. It can be shown that a bounded weak solution u € L (£27/, R™)
N LP(0, T"; WHP(£2,R™)) of (1.1) belongs to C([0,T]; L?(B,R")) (see Ap-
pendix).

First of all, note the following. Set w = v — u. Then we see from (1.1)
that w € L>(0,T; L2(£2,R™)) N LP(0, T; WHP(£2,R™)) is a weak solution of
the Cauchy—Dirichlet problem

Oyw = Do(|Dw + Dul?2g** (Dgw + Dgu))
(1.10) ~ Da(|Dul %™ Dyu) — f in Q,
w=0 on d,Q.
By (1.1), the problem (1.10) is equivalent to (1.6).
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2. Approximation. We consider an approximate problem for (1.6)
by using the usual approximation of the initial-boundary data with the
approximation parameter € > 0 tending to 0. Let o = p(z) be a smooth
function in R™*! such that supp o C (—1,1) x B1(0) and {,..1 0(z) dz = 1.
Let 0 < & < min{tg, T’ — T — to, dist(B,042)}. Set, for any n € L' (Q2p),

o) = | o225 e

Rm+1

t+e ’ ’
1 t—t z—=x
= St S S Q( . >n(t’,az')dm’dt', z € Q.
t—¢ Be(x)
Since @ is compactly contained in 277, we know that . * 7 is smooth in Q
and that g. *7 strongly converges to 1 in L'(Q) as € \, 0. Then we consider
the problem
Opve = Da(|Dv€|5_2gaﬁDﬁvE) in Q,
(2.1)
Ve = 0 xu  on J,Q,

which we call the approximate problem for (1.6). Put w. = v. — g *u. Then
(2.1) is seen to be equivalent to the problem
Oywe = Do(|Dwe + Do. * u\g_ng‘ﬂ(Dﬁwa + Dgpe * u))
(2.2) O ru Q.
we =0 on 9,Q.
By (1.1),
(2.3) 010 *u' — Dyo- * (\Du|§*2gaﬁD3ui) =o.*xfl, i=1,...,n.
Substituting (2.3) into (2.2) shows that (2.2) is equivalent to
Owe = Do (|Dwe + Do * u|§_2go"3(Dﬁw\€ + Dgo: * u))
(2.4) — Daoe * (|Duly"*g*" Dgu) — 0o+ f in Q,
we =0 on 0,Q,
which we call the approximate problem for (1.10). We apply the Galerkin
approximation to construct a solution of (2.2). We follow the argument
in the proof of [13, Theorem 6.7, pp. 466-475] (see also [11, Sec. 2-4,
pp. 499-505)). Let {¢;}, i =1,2,..., be a system of smooth maps with com-
pact supports in B, which is a fundamental system, dense in VVOl P(B,R").
Since p > 2m/(m+2), we may assume that {¢;} is orthonormal in

L?(B,R"™). For any positive integer I, we seek the Galerkin approximation

for (2.2), :

We, = we (¢, T) :Zazl

=1
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such that the unknown real-valued functions a;; = ay(t), i = 1,...,1, are
determined from a system of nonlinear ordinary differential equations

= (8tw6,l7 ¢])

- (‘Dws,l + Do. * u’§_2gaﬁ(Dﬁw€,l + Dﬁ@s * u), Da¢j)p* D
- (8tQ8 * U, ¢])a

a’jl(O):(wE,l(O)7¢j) :07 jzlv"'7l7

where p* is the dual exponent of p and (-, )+, denotes the dual product in
LP(B,R™), which is abbreviated to (-,-) if p = 2. Note that the right hand
side in (2.5) is continuous with respect to the variable Dw, , and that g. *xu
is a smooth map in (). Thus the well known Peano theorem guarantees
that there exists at least one time-local solution of (2.5). To extend it to
a time-global one, we need an energy inequality for w.;. Multiply the jth

equation of (2.5) by aj;(t), sum the resulting equalities over j from 1 to !
and then integrate the result over (0, s) for any positive s < T to obtain

dasi
dt

(2.5)

Pl 1 l 1
V2225 lan(t)*dt = Z aju(s)[* = | 5 |wea(s)|? do
0 j=1 j:l B
= S (_’Dws,l + Do, * u‘g_anﬁ<D,8ws,l + DﬁQe * U) : Daws,l
(0,s)xB

— 010c *u - we ) dz.

Note that the external force ;. *u is a smooth map in @, and thus the usual
estimation with Holder’s and Young’s inequalities yields, for all 0 < s < T,

l
(2.6) Z laji(s) X we(s)|? da + S |Dwe; + Do. * ulP dz
=1 B (0,5)x B
<C | (0 # w7 4 Do, x ul?) d
(0,s)xB

where to estimate the integral term containing 0. * u we use the Poincaré
inequality for functions in VVO1 P(B,R™). By (2.6), we have the bounded-
ness of Zé-:l la;i(T)|?. Then we can solve (2.5) with initial value aj(T)
to have a solution of (2.5) in [0,7" + d] for some positive number §. Re-
peat the argument by the continuity method to get a time-global solution
we; of (2.5) (for the details, see [11, Sec. 3, 501-503]). From (2.6), we
also obtain the boundedness of {w,;} in the space L>(0,T; L*(B,R")) N

LP(0,T; WHP(B,R™)) and of {|Dw, +Dg5>ku|p 7“°(Dgwe; + Dgoe u)}
in LP"(Q,R™"). Thus, there is a subsequence {w.;}, a limit map w €
L>=(0,T; L?(B,R"))NLP(0,T; WIP(B,R")) and 0. = ((0.),) € LP" (Q, R™")
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such that
(2.7)  we; — we weak* in L>(0,T; L*(B,R"™))

and weakly in LP(0,T; WP (B, R")),
(2.8) |Dwa,l + Doe * u|g_29a6(Dﬁws,l + Dpgoe * u) — o

weakly in LP" (Q,R™™).
Now we find that
(2.9) \(we - 06 + 0= - D + Droe  u- ¢) dz =0
Q

for any smooth map ¢ with values in R" and compact support in . In
fact letting [ " oo in (2.5) and using (2.8) yields (2.9). For the details, we
refer to Appendix (see also [13, p. 470]). We note that w,; satisfies the zero
initial and boundary conditions and use the strong convergence result in
[1, Lemma 4.2, pp. 591-592] with [18, Corollary 4, Section 8, pp. 84-86] to
apply the “monotonicity trick” of [4, Lemma 1.1, Corollary 1.3, pp. 27-28].

For the details, see the arguments below ([13, pp. 471-472]). Thus we obtain
the existence result for (2.2).

LEMMA 2. For any sufficiently small positive number e, there exists a
weak solution w. € L°(0,T;L*(B,R")) N LP(0,T; WOI”’(B,R")) of (2.2)
such that

(2.10) lwe(®)|r23y = 0 ast\, 0.

Let v = we + g: *u. Then v € L>=(0,T; L*(B,R"))NLP(0, T; WHP(B,R"))
is a weak solution of (2.1) such that ve(t) = ge*u(t) on B in the trace sense
in WHP(B,R") for almost every t € (0,T) and |ve(t) — 0c * u(t)|12(p) — 0
ast ™\, 0.

Now we state a maximum principle for weak solutions of (2.1), which
plays a fundamental role in the limiting process.

LEMMA 3. Let v. € L*(0,T; L*(B,R")) N LP(0,T; W1P(B,R")) be a
weak solution of (2.1) as in Lemma 2. Then

(2.11) sup |ve| < sup|oe * u| < sup |ul,
Q Q Q

and so for w. = v. — 0 * u we have

(2.12) sup |we| < 2sup |ul.
Q Q

Proof. Let ko = supg |ee * u|* and v = v, for brevity. Fix ¢t € (0,T]
and let 0 < h < min{2~'¢,T —t}. Let o, be a real-valued Lipschitz function
defined on (—o0, 00) such that o, = 1 in [2h, t] and supp o, = [h,t+h]. Then
the usual regularization argument (using the Steklov averages on the time
variable; for the details, see the proof of Lemma 2.15 below) shows that
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opv(([v]?)L — ko)t is an admissible test function in (1.6), where L > ko,
(f)r = min{f, L} and (f)* = max{f,0}. Use this test function in (2.1) to
obtain

(213)  §{= (1012 = ko) "2 (Jv]* = ko) = ([0 = ko) ") Do
+op| Dol 2(4((|v]*) L — ko) Tg*’ Dgv - Dav
+2¢°"D((Jo*) — ko) " Da(([v]*)z — ko)*)} dz = 0.

Let h ™\, 0 and L / oo in (2.13) to get

(2.14) | (o] = ko)")?dz =0 for almost all t € (0, 7).

{t}xBr
The assertion (2.11) follows from (2.14) immediately.

We state an energy inequality for weak solutions w,, which also plays a
crucial role in the limiting process.

LEMMA 4. Let w. € L>(0,T; L*(B,R")) N LP(0,T; W&’p(B,]R")) be a
weak solution of (2.4) satisfying (2.12). Then there exists a positive constant
C depending only on m,p and the L°°-norm of u such that

(2.15) S lwe|? dx + S |Dwe + Do. *ulP dz
{s}xB Q
<C § (lo=* fl+|Dos xuf’)dz < C | (If| +|Dul?) dz
(0,s)xB Qo

for almost every s € (0,T).

Proof. For an integrable function 7 in (0,7"), denote its Steklov average

s+
(ms(s) == | n(t)dt for s € (0,T)and 0 < < min{s,T — s}.
S

Let s',s € [0,T], s’ < s. Let 0 < h < 27 'min{s’,T — s}. Let o be a real-
valued Lipschitz function defined on (—oo, 00) such that o, = 1 in [¢, 5] and
suppoy, = [s' — h,s + h|. Also, let 0 < § < min{h,T — s — h}. For brevity,
we put w = w.. Note that supg [w| < 2supg |ul, and use the test function
(on(w)s)—s in (2.4) to obtain

1 s+h s'+h
- o 2
(2.16) h( § S/ ) é}](w)g(t)\ dz dt
+ | 201((|Dw + Do+ ulhy29°° (Dgw + Dgoe % u))s - Da(w)s
Q

— (¢e * (|Duly 9%’ Dgu))s - Da(w)s + (e * s - (w)s) dz = 0;
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note that supp(op(w)s)—_s C (0,7). First let § \, 0 in (2.16). Use the strong
convergence of (w)s and of its derivatives in L}, (0,T; LP(B,R")), and again
the boundedness (2.12), to obtain

s+h  s'+h

(2.17) %( § 0 ) JhP dear

s s/ B
+2 S on(|Dw + Do * u]Z_ng‘ﬁ(Dﬁw + Dgoe *u) - Doaw
Q

—O0e ¥ (|DU\§_29’1’BDBU) - Dow + 0- % f-w)dz = 0.

Using the pointwise convergence of the Steklov averages in ¢ almost every-
where in (0,7) in the first term of (2.17), let A\, 0 in (2.17) to obtain

(2.18)  |w(s)PP da — | [w(s)* da
B B
+2 S (|Dw + Do, * u\g_anﬁ(Dﬁw + Dgoe *u) - Dow
(s',s)xB
— 0¢ * (]Du\gﬂgaﬁD/gu) - Dow + - % f-w)dz = 0.
Applying (2.10), let s’ \, 0 in (2.18). Use (2.12) and make a routine estima-
tion with Holder’s and Young’s inequalities to arrive at (2.15).

3. Passage to the limit. In this section, we study the convergence
of the solutions w, of (2.4) to construct a weak solution of (1.10). The
energy inequality (2.15) gives the boundedness of {w.} in L*(Q) N
LP(0, T; W'P(B,R"™)) and of {|Dw. + Do. * u|§7290‘ﬁ(Dﬁw5 + Dgoe * u)}
in LP"(Q,R™"). Thus, there are a subsequence {w.} and limit maps w €
L(0,T; L*(B,R™) 0 LP(0, T; WP(B,R™)) and x = (x4) € LV (Q,R™)
such that, as € \, 0,

(3.1)  we—w weak* in L*°(0,T; L?(B,R")
and weakly in LP(0,T; Wi'P(B,R")),

(3.2) |DwE+D95*u|g_2gaﬁ(D5w€+Dﬁgg*u) — x weakly in LP"(Q,R™").
For any ¢ € LP(0,T; W'P(B,R")), define Ap € LP" (0, T; W~1P"(B,R")) by

(3.3) A¢ = —Da(| Dl 29" Dy),
(3.4) (A¢,m) = | |DE"2g* D¢ - Dandz
Q

for all n € LP(0,T; WiP(B,R")).

For any 7 € LP(0,T;W~1P"(B,R")), write (T,n) for all n €
LP(0,T; WLP(B,R")).
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Now we find that

(35)  {(—w-06+x-Do—|Dult 9"’ Dgu- Dog+ f - $) dz =0
Q

for any smooth map ¢ with values in R™ and compact support in Q. In fact,
we use a test function ¢ in the weak form of (2.2) and the weak convergence
in (3.1) and (3.2) in the resulting equality to deduce (3.5).

To pass to the limit in the weak form of the p-Laplace term in (2.2), we
use the monotonicity trick of [4, Lemma 1.1, Corollary 1.3, pp. 27-28]. For
that purpose, we need more compactness of weak solutions {w.} to (2.2).

LEMMA 5. There exists a subsequence {w.} such that, as e\, 0,

(3.6) we — w  strongly in LY(Q,R™) for any q > 1,
(3.7) we — w  almost everywhere in @,
(3.8) sup |w| < 2sup |ul.

Q Q

Proof. Since f € L'(27/) and Q C 27, the family {o. * f} is a bounded
sequence in L'(Q), and thus bounded in the space of Radon measures, which
is the dual to the space of continuous functions with compact support in Q.
Here we use the strong convergence result of [1, Lemma 4.2, pp. 591-592],
which is an extension of Rellich’s theorem to the evolution case. Now note
that w. = 0 on 9,Q. In the proof of [1, Lemma 4.2, pp. 591-592], without
the cut-off functions ¥ = ¥ (x) and n = n(t), replace the approximation
parameters n, v,, an and B, by €, we, the family of the p-Laplace opera-
tors in (2.2) and the maps . * f, respectively, and argue similarly to [1,
Lemma 4.2, pp. 591-592]. Note the compact embedding of W(}’p(B, R™) into
LP(B,R™) to apply the compactness result of [18, Corollary 4, Section 8, pp.
84-86]. Thus, we have (3.6). Then, in the usual way, we have a subsequence
satisfying (3.7), which satisfies (3.8) by (2.11).

Now we can state the following convergence:
LEMMA 6.
(3.9) A(we+ g:*xu) — —D - x = A(w + u)
weakly in LP" (0, T; W~LP"(B,R")).

Proof. Recall that the following algebraic inequalities hold for any
P=(P), Q = (Q,) € R™ with a positive constant C' depending only
on p,y and I (see [17, 14]): for p > 2,

(3.10)  g*(|PIy~*Pa — |QIy*Qa) - (P — Qp) = CIP = QP
(3.11)  |(IPIF 29" P — Q529 Qp)| < CIP = QI*(|1P| + Q1) 2,
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and for 1 <p < 2,

(312)  g*(|IPl;Pa— QI Qa) - (Ps—Qp) > CIP=QP (1P| + Q)"

(3.13)  [(|P[F 29" Ps — QP ?9*"Qp)| < C|P — QPP

It follows from (3.10) and (3.12) that A is a monotone operator, that is,
(An— A(,n—¢) >0 for all n,¢ € LP(0, T; W1P(B,R")).

By (3.10) and (3.12), we find that the operator A is hemicontinuous, that
is, the function s — (A(n+s(), ¢) is continuous on s € [0, 7] for all n,{, ¢ €
LP(0,T; WHP(B,R"™)). Now we prove that

(

(3.14) lim sup (A
e\0

For this purpose, we first claim that, as € \, 0,
(3.15) we(T) — w(T) weakly in L?(B,R").

For the proof of (3.15), see Appendix. Use (2.4), (3.5), (3.15), (2.10) and
(2.12) to find subsequences {w}, {0- * u} and {o * f} such that

wE+QE*u)7wE+Q€*u> < <_D'X>w+u>'

(3.16)  limsup (A(we + 0c * u), we)
0

= limsup S |Dw, + Do, * u|3;_29aﬂ(D/3wE + Dgoe * u) - Dowe dz
E\,O
Q

= Timsup ( §(~we(T) + fuwo(0)) da
e\.0 B

+ S(Qa * (|Du|g_29aﬁDﬁui) *Dowe — 0c * f - we) dZ)
Q

< - liminfs \we (T)|? dx
e\.0 B

+ il{r%) S(QE * (\Du!§_2g°‘5Dgui) “Dawe — 0c * f - we) dz

Q
< - S lw(T)|? dz + S(\Du|§_ggo‘ﬁDgui - Dow — f-w)dz
B Q

Note the following fact: If { — ¢ strongly in LP(Q,R") and n. — n weakly
in LP" (Q,R") as ¢ \, 0, then

(3.17) Sng-(5d2—>877-(dz as € \, 0.
Q Q
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Also, we use (2.12), (3.7) and the strong convergence of g. * f to f in
L'(Q,R™) as € \, 0 and then apply the Lebesgue convergence theorem to
choose a subsequence {w,} such that

(3.18) Sf-wsdz—>8f-wdz as € \, 0.
Q Q
Then we have, by (3.6) and (3.18),
(3.19) Sgg*f-wsdz ng*f f)- wgdz+8f-w5dz
Q Q

Q
—>Xf wdz as e\, 0.

Again, from (3.17) with (3.2), we obtain
(3.20) 11\1"% \ [Dw. + Do.  ult2g** (Dgwe + Dgoe *u) - Dage * udz
3
Q

= S X - Dqudz.

Combine (3.20) with (3.16) to obtain N

(3.21)  limsup (A(we + 0c * ), we + 0c * u)
e\.0

< limsup (A(we + ¢ * u), we) + limsup (A(we + 0¢ * u), 0= * w)
e\0 e\.0
< <_D ’ X,’UJ‘{’U>,
which actually gives (3.14).
From the monotonicity and hemicontinuity of the operator A and (3.14),
we can apply the monotonicity trick of [4, Lemma 1.1, Corollary 1.3,
pp. 27-28] to arrive at the assertion (3.9).
Finally, we show that w € L>®(Q,R™) N LP(0,T; W1P(B,R")) is actually
a weak solution of (1.10). Let ¢ be a smooth map defined on B with values
in R™ and compact support in (). Use a test function ¢ in (2.4) to obtain

S(ws O + ’Dws + Do, * u|§_2gaﬁ(Dﬂws + Dﬁ@s * u) : Daqb) dz
Q
= {(0e * (1Duly 9" Dyu) - Dats — 0c« f - 6) dz
Q
Now we use the convergence results (3.1) and (3.9) and let € X\ 0 to conclude
that
(322)  \(w-8i¢+|Dw+ Duf~?¢**(Dgw + Dgu) - Dagp) dz
Q
= {(|1Dul~?¢*’ Dgu - Doty — f - ¢) dz
Q
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Appendix. Here we prove (2.10) and (3.15). Fix s € (0, T7. Since {w.;}
is bounded in L>(0,T; L?(B,RR™)) by the energy inequality (2.6), there are
a subsequence {w,,;} and a limit function w € L?(B,R™) such that
(3.23) wey(s) - w  weakly in L?(B,R") as | /" oo.

We have to show that w = w.(T") almost everywhere in B.
First, we prove that

(3.24) Sw-qﬁ(s)daz: S (we - Orp — x - Dp — Orpe xu - @) dz
B (0,s)xB
for any ¢ € C*°([0, s]; C5°(B,R™)). Consider the expansion

o(t.x) =Y ej(t)di(@),  ¢i(t) = (6(t), &5)12(B.km),
j=1
strongly convergent in LP(0, T} WO1 P(B,R")), where {¢;} is a fundamental
system dense in LP(0,T}; Wol’p(B,R”)) (see [13, Lemma 4.12, p. 89; p. 156;
p. 470]). Denote the partial sum up to k by ¥ = Z?:l cjpj. Let k <1
be a positive integer. Now, multiply (2.5) by ¢;, 7 = 1,2, ..., sum resulting
equalities over j from 1 to k and integrate in ¢ over (0, s) to obtain, for [ > k,
(3.25)  \w-i(s)da — | we(0) - ¢ (0) da
B B
= X (ws,l - Oy, — |Dwe,l + Do, * u’IgZ_anﬁ(Dﬂws,l + DBQ& * u) : Dﬂwk
(0,s)xB
— Op0e * u - Py) dz.
Note that w.; = 0 on 9,Q and use (3.23) and (2.7) to let I " co and then
k /" oo in (3.25) to arrive at the assertion (3.24). In particular, by choosing
s =T and ¢(T) = 0 in (3.24), we obtain (2.9).
Next, we claim that
(3.26) | we(s) - ¢(s) dw — | w.
B B
= S (ws’8t¢_UE'D¢_8tQE*U'¢)dZ
(0,5)xB
for any ¢ € C°°([0,T]; C°(B,R")). Let 0 < h < 4 ' min{s,T — s}. Let oy,
be a real-valued Lipschitz function defined on (—oo, 00) such that o, =1 in
[2h, s] and supp op, = [h, s + h]. Use the test function oy, ¢ in (2.9) to obtain

327) | {—we-¢don + on(we - 0p+ 0 - D+ Dhoe  u- ¢)} dz = 0.
(0,s)xB

Similarly to the proof of Lemma 4, let h \, 0 in (3.27) to arrive at (3.26).
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Combine (3.26) with (3 24) to find that
(3.28) § we(s) - ¢(s) dx — | we(0) - $(0) dw = [ w - ¢(s) dar
B B
for any ¢ € COO([O,T];CO (B,R™)). For any n = n(t) € C*([0,7]) and

Y = YP(x) € C§°(B,R"™), choose ¢ = n(t)y(x) in (3.28). Set n(0) = 0 to
obtain

(3.29) we(s) — we(s) weakly in L?(B,R") as | / occ.
Put 7 =0 in [s,7T] to conclude that w.(0) = 0 almost everywhere in B.
Choose ¢ = 9(x) € C3°(B,R") in (3.26) with w.(0) =0 to get
(3.30) ’ Sws(s) -wd:r‘ = S |oe + DY — Oy0e * u - Y| dz.
B (0,8)xB

Taking into account (2.7), (2.8), let s \, 0 in (3.30) to find that
(3.31) lim (we(s), @) r2(prry — 0 as s\ 0.
s\,0 ’

On the other hand, use (3.29) and the weak lower semicontinuity in
L?(B,R") tolet ! / oo in (2.6) and conclude that, for almost every s € (0, T),

(332)  (lwe(s)Pdz<C | (|0soe ulP/P™V 4 |Do. xulf) dz.
B (0,5)xB
This yields
. 2
(3.33) l{%; lwe(s)|* dz <0,

which is exactly (2.10).
Now we verify (3.15): We can choose a subsequence {w.} such that

(3.34) we(s) — w(s) weakly in L?(B,R") as ¢ \, 0

for almost every s € (0,7). By the energy inequality (2.15) and the bound-
edness of {w.} in L>(0,T; L?(B,R")), there are a subsequence {w.} and a
limit function w € L?(B,R") such that

(3.35) we(s) — w  weakly in L?(B,R") as £ \ 0.

Using the same cut-off function op as above and the test function o,¢ in
(2.4), we have

(3.36) | {—w. g0
(0,5)xB
+ op(we - O + |Dwe + Do, * u|§_2§aﬁ(D@w5 + Dgp: *u) - D¢
—0- * (|DuP 29"’ Dgu) - Dagp + 02 * f - ¢)} dz = 0.
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From (3.33), (3.35) and (3.1), we let A\, 0 and £ \, 0 in (3.36) to obtain

(3.37)  |w-¢(s)da
B

= | (w0 —x-Dé+|Dufy?g* Dgu- Dogp— f - ¢) dz
(0,s)xB
for any ¢ € C*°([0,T]; C§°(B,R"™)).
We also prove that
(3.38)  {w(s) ¢(s)dz — | w(0) - $(0) dw
B B
= | (w0 —x-Do+|Dufy?g* Dyu-Dogp — f - ¢) d2
(0,8)xB
for any ¢ € C*°([0,T]; Cg°(B,R™)). As in (3.36), use a test function oj,¢ in
(3.5) to deduce that
(3.39) | {~w-¢do
(0,5)xB
+on(w- 0+ x - Do — |Dulb?¢*’Dgu - Datp + f - $)} dz = 0.
Apply (3.35) and let h N\, 0 in (3.39) to arrive at (3.38).
Combine (3.38) with (3.37) to find that

(3.40) Vw(s) - ¢(s)dz — [ w(0) - ¢(0)dz = {w- ¢(s) dx

B B B
for any ¢ € C*°([0,T]; C5°(B,R")). Asin (3.29)—(3.31), we use (3.36), (3.39)
and (3.40) to find that

(3.41) li{%(w(s), P)r2prr) — 0 as s\ 0.

Taking into account (3.41), let £ N\, 0 in (2.15) to verify that
342) {|w(s)Pdz+ | |Dw+DuPdz<C | (|f|+|Dul")dz
B (0,s)xB (0,s)xB

for almost every s € (0,7T). From (3.42), we immediately obtain (1.9). By
letting s N\, 0 in (3.42), we also have

4 li >dx = 0.
(3.43) SI{%gw(s)’ x=0

Let s',s € [0,T], s < s. Let o, be the same cut-off function as in the
proof of Lemma 4. Use a test function o, ¢ in (3.5) as in that proof to show
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that
(3.44) Y w(s)  ¢(s)da — | w(s') - $(0) dx

B B
= | (w-0¢—x Do+ |Duly 9’ Dgu- Dap — [ - ¢) dz
(s',8)xB
for any ¢ € C°°([0,T];C§°(B,R"™)). From (3.44) and the density of
Cs°(B,R™)) in L?(B,R™), we find that w(s) is a weakly continuous function
of s € (0,T) with values in L?(B,R").
By substitution of the test function (o (w)s)_s into (3.5), we make the

same estimation as in the proof of Lemma 4 to obtain

(3.45)  |w(s)Pdz — | [w(s)? da
B B
+2 | (|Dw+ Dult*g**(Dgw + Dgu) - Dow
(s’,s)xB
- ]Du|g_zgaﬂD5u -Dow + f-w)dz =0.

Use (2.12) and make a routine estimation with Holder’s and Young’s
inequalities in (3.45) to find that |w(s)|r2(pgrn) is continuous in s € [0,7],
in view of (3.43). Finally, from (3.44) and (3.45), we see that w €
C((0,T); I2(B,R™)).

REMARK. The argument of the proof that w € C([0,T]; L?(B,R")) can
be applied to find that the approximations w,;, w. and a weak solution u
of (1.1) also belong to C([0,T]; L*(B,R")).
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