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NONLINEAR UNILATERAL PROBLEMS
IN ORLICZ SPACES

Abstract. We prove the existence of solutions of the unilateral problem
for equations of the type Au — dive(u) = p in Orlicz spaces, where A
is a Leray-Lions operator defined on D(A) C WLy (02), p € LY(2) +
WLE7(2) and ¢ € CO(R,RY).

1. Introduction. Let £2 be a bounded domain in RY with the segment

property. Consider the following nonlinear Dirichlet problem:

(1.1) Au — div ¢p(u) = p,

where Au = —diva(x,u, Vu) is a Leray—Lions operators defined on its do-
main D(A) = {u € WLy (2) : a(x,u, Vu) € (Liz(2))V} into W LE5(12),
with M an N-function and ¢ € C°(R,R"). The right-hand side y is assumed
to belong to L'(2) + W 1E;(92).

In the variational case (i.e. where p € W'E;(£2)), J.-P. Gossez and
V. Mustonen [14] solved (1.1) in the case where ¢ = 0. The case where
w € L($2) is treated in [5, 6].

In [6], the authors deal with the case ¢ = 0. They prove the existence
and uniqueness of solution for the associated unilateral problem but under
some restriction on the N-function M (the Ag-condition), and in [5] they
etablish the existence of an entropy solution of (1.1) without any restriction
on M.

It is our purpose in this paper to prove the existence of solution for the
unilateral problem associated to the equation (1.1) in the setting of Orlicz
spaces for general N-functions M.

Let us also mention the works of Elmahi and Meskine [11, 12] who stud-
ied the existence of solutions for equations of the form —diva(x,u, Vu) +
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g(z,u, Vu) = f where g is a nonlinearity having natural growth and satis-
fying the sign condition, and the term f belongs either to W_lEM(_Q) or
to L1(2). These results are generalized in [2, 3].

Let us briefly summarize the contents of the paper. After a section de-
voted to developing the necessary preliminaries, we introduce some technical
lemmas (Section 2). In Section 3, we give our main result and we prove it
in Section 4.

2. Preliminaries and some technical lemmas. In this section we
list briefly some definitions and well known facts about N-functions and
Orlicz—Sobolev spaces. Standard references are [1, 7, 15].

2.1. Let M : R™ — R* be an N-function, i.e. M is continuous, convex,
with M(t) > 0 for t > 0, M(t)/t — 0 ast — 0 and M(t)/t — oo as t — oo.

Equivalently, M admits a representation M (t) = Sé a(s)ds where a :
RT — RT is a nondecreasing, right continuous function, with a(0) = 0,
a(t) > 0 for t > 0 and a(t) — oo as t — oo.

The N-function M conjugate to M is defined by M (t) = Sg a(s) ds, where
a:RT — RT is given by a(t) = sup{s : a(s) < t}.

The N-function M is said to satisfy the As-condition if, for some k,

(2.1) M(2t) < kM(t) V> 0.

It is readily seen that this is the case if and only if for every r > 0 there
exists a positive constant k = k(r) such that for all ¢ > 0,

(2.2) M(rt) < kM(t) Vt=>O0.
If (2.1) and (2.2) hold only for t > ¢y for some tg > 0 then M is said to
satisfy the As-condition near infinity.

We extend N-functions to even functions on all of R.
Moreover, we have the following Young inequality:

Vs, t >0, st < M(t)+ M(s).

Let P and @ be two N-functions. We say that P grows essentially less rapidly
than @ near infinity, written P < @, if for every € > 0, P(t)/Q(et) — 0 as
t — oo. This is the case if and only if lim;_.., Q7 *(t)/P~1(¢) = 0.

2.2. Let M be an N-function and 2 C¢ RN be an open and bounded
set. The Orlicz class Kp(£2) (resp. the Orlicz space Lps(£2)) is defined as
the set of (equivalence classes of) real-valued measurable functions u on {2
such that

S M(u(x)) de < oo (resp. S M(u(z)/N) dx < oo for some A\ > O).
2 N
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Ly (£2) is a Banach space under the norm

|ul|ar,o = inf {)\ >0: S M (u(z)/N) dx < 1}
Q

and KCps(£2) is a convex subset of Ly (f2) but not necessarily a linear space.

The closure in Ly;(§2) of the set of bounded measurable functions with
compact support in §2 is denoted by Ej(£2).

The dual space of Ej(§2) can be identified with L ;(2) by means of the
pairing {, uv dz, and the dual norm of L;(f2) is equivalent to || - | 37.00-

Let X and Y be arbitrary Banach spaces with a bilinear bicontinuous
pairing (,)x,y. We say that a sequence {u,} C X converges to u € X
with respect to the topology o(X,Y), written u, — u (0(X,Y)) in X, if
(tun,v) — (u,v) for all v € Y. For example, if X = Lj/(£2) and Y = Ly;(£2),
then the pairing is defined by (u,v) = {, u(z)v(z)dz for allu € X, v €Y.

2.3. We now turn to the Orlicz-Sobolev space WLy (£2) [resp.
W1LE)(£2)], which is the space of all functions u such that u and its distri-
butional derivatives of order 1 lie in L/ (§2) [resp. Ep(£2)]. It is a Banach
space under the norm

lulliar = IID%ul|ar
o<1
Thus, WLy (£2) and WIEy(£2) can be identified with subspaces of the
product of N +1 copies of Lys(£2). Denoting this product by [ Las, we will
use the weak topologies o([[ Lar, [[ Ey;) and o(I] Las, [T Lj)-

The space W} Ey(£2) is defined as the (norm) closure of the Schwartz
space D(£2) in WEy (£2), and WLy (£2) as the o([] L, [[ Eg;) closure
of D(§2) in WLy (92).

We say that a sequence {u,} C L (§2) converges to u € Ly (§2) in the
modular sense, and write u, — u (mod) in L/ (2), if for some A > 0,

| M(Jun(z) — u(@)|/N) dz — 0 asn— oo.

N
If M satisfies the Ag-condition (near infinity only when {2 has finite mea-
sure), then modular convergence coincides with norm convergence (see [15]).

We say that a sequence {u,} C WLy (§2) converges to u € WLy (12)
in the modular sense, and write u, — u (mod) in WLy, (£2), if there exists
A > 0 such that

S M(|D%up(z) — D*u(z)|/A) dz — 0 for all |a] <1 asn — oo.
9]

2.4. Let W'L7(2) [resp. W'E;(£2)] denote the space of distribu-
tions on {2 which can be written as sums of derivatives of order < 1 of
functions in L;(£2) [resp. E;(£2)]. It is a Banach space under the usual
quotient norm.
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We recall some lemmas introduced in [7] which will be used later.

LEMMA 2.1. Let F : R — R be uniformly Lipschitzian with F(0) = 0.
Let M be an N-function and let u € WLy (82) (resp. u € WLEN ().
Then F(u) € WLy (£2) (resp. F(u) € WLEyN(£2)). Moreover, if the set D
of discontinuity points of F' is finite, then

0
aa.F(u) _ {F'(u)axiu a.e. in {x € 2 :u(z) ¢ DY,
i 0 a.e. in {x € 2 :u(x) € D}.

LEMMA 2.2. Let F : R — R be uniformly Lipschitzian with F(0) = 0.
Suppose that the set of discontinuity points of F' is finite. Let M be an
N-function. Then the mapping Tr : WLy (2) — WLy (82) defined by
Tr(u) = F(u) is sequentially continuous with respect to the weak* topology

We now give the following lemma which concerns operators of the Ne-
mytskil type in Orlicz spaces (see [7]).

LEMMA 2.3. Let 2 be an open subset of R with finite measure. Let
M, P and @ be N-functions such that QQ < P, and let f: 2 xR —R be a
Carathéodory function such that, for a.e. x € 2 and all s € R,

|f(z,5)| < c(z) + ki P M (kas)),

where ki,ky are real constants and ¢ € Eg(§2). Then the Nemytskii op-
erator Ny defined by Ny(u)(x) = f(x,u(x)) is strongly continuous from
P(Em(£2),1/k2) = {u € Lp(92) : d(u, Ep(£2)) < 1/ka} into Eg(£2).

We introduce the function spaces we will need later.

For an N-function M, %I’M(Q) is defined as the set of measurable func-
tions w : {2 — R such that for all £ > 0 the truncated functions T} (u) are
in W4 Las(£2), where Ti(s) = max(—k, min(k, s)).

We give the following lemma which is a generalization of [4, Lemma 2.1]

to Orlicz spaces and whose proof is a slight modification of the one in the
LP case.

LEMMA 2.4. For every u € ’Z'Ol’M(Q), there exists a unique measurable
function v : 2 — RN such that

VTi(u) = vx{u<k},  almost everywhere in {2, for every k > 0.
We will call v the gradient of w, and write v = Vu.

LEMMA 2.5. Let A € R and let u,v € ’]BLM(_Q) be finite almost every-
where. Then

V(u+ M) =Vu+AVv  a.e in §2,

where V s the gradient introduced in Lemma 2.4.
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The proof of this lemma is similar to the proof of [10, Lemma 2.12] in
the LP case.

Below, we will use the following technical lemmas.
LeEMMA 2.6 ([7]). Let fn, f,y € LY(£2) be such that

(i) fn =7 a.e. in 02,
(ii) fn — f a.e. in 2,
(iii) SQ fn(z)de — SQ f(z)dx.

Then f, — f strongly in L'(£2).

LEMMA 2.7 ([5]). Let £2 be an open bounded subset of RN with the
segment property. If w € WLy (£2), then

Sdivudm =0.

2

3. Statement of main results

3.1. Basic assumptions. Let 2 be an open bounded subset of RV,
N > 2, with the segment property and M be an N-function.
Given a measurable obstacle function 9 : 2 — R, we consider the set

Ky={ueWyLy(22):u>1ae. in 2}.

This convex set is sequentially o([] Las, [[ Ej7) closed in WL (£2) (see
[14]). We now state our hypotheses on the differential operator A defined by

Au = —div(a(z,u, Vu)).

(A1) a(z,s,€): 2 xR xRY — RN is a Carathéodory function.
(A2)  There exists an N-function P with P < M, a function ¢ € Ey;(12),
and positive constants kq, ko, k3, k4 such that

la(z, 5,Q)| < c(z) + ki P~ M(ka|s|) + ks M~ M (k4|C|)

for a.e. z in £2 and for all s € R, ¢ € RV,
(A3) Forae. zin 2, s € R and ¢, ¢ in RY with ¢/ # ¢,

la(z,s5,¢) — a(z, 5,¢)](¢ = (') > 0.
(A;) Fora.e. zin 2 and all ¢ € RY,
a(x, s,¢)¢ = aM(|¢]/v).

(As) For each v € Ky N L°°(f2) there exists a sequence v; € Ky N
W4 Ep(£2) N L>®(£2) such that

v;j — v  for the modular convergence.
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Finally, we suppose that

(3.1) pe LN N)+WEL(02),
(3.2) ¢ € C°(R,RY),
(3.3) Ky, NL®(02) #0.

REMARK 3.1. Condition (As) holds if one of the following conditions is
satisfied:

(a) There exists ¢ € Ky such that ¢ — ¢ is continuous in 2 (see [14,
Proposition 9)).

(b) 1 € WLEwM(£2) (see [14, Proposition 10]).

(¢) The N-function M satisfies the Ag-condition near infinity.

(d) T/J = —O0 (i.e., Kq/, = WOILM(.Q))

3.2. Principal result. Since p € L'(2) + W~1E;(£2), it can be written
as follows:

p=f—divF with f € L'(2), F € (E(2))".

We consider the following unilateral problem:
u € ’Z'Ol’M(Q), u > 1) a.e. in 2,
S a(x,u, Vu)VTi(u —v) dx + S d(u)VTi(u —v) dx

(3.4) £ $2
< Ska(u—fu) dx + S FVTi(u—v)dex,
Q Q
L Yo € Ky NL>®(02), Yk > 0.

We prove the following existence result.

THEOREM 3.1. Under the assumptions (A1)—(As) and (3.1)—(3.3), there
exists at least one solution of the problem (3.4).

REMARK 3.2. In the previous result, we cannot replace Ky N L>(£2) by
just Ky, since in general the integral {, ¢(u)VT;(u — v) dr may not have a
meaning.

REMARK 3.3. If we take M (t) = |¢t|P in the previous statement, we obtain
an existence result in the classical Sobolev spaces (which seems to be new).

REMARK 3.4. The statement of Theorem 3.1 holds when u € L'(§2) +
WL(0).

It suffices to approximate p = f — divF with F = (F1,...,Fy) €
(Lig(2)N by py = fn — div F, where f, is a regular function such that
fn strongly converges to f in L'(£2) and F,, = (T,,(F1), ..., Tn(Fn)).

We write £(n, 4, j) for any quantity such that

lim lim lim e(n,i,5) = 0.
J—00 1—00 N—00
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The notations €(n, j) etc. are defined similarly. Finally, we denote (for ex-
ample) by €;(n,i) a quantity that depends on n, 4, j and is such that

lim lim €;(n,i) =0
1—00 N—00

for any fixed value of j.

4. Proof of principal result. Without loss the generality we take
v =1 in condition (A4). We fix a function vy € Ky, N W3 Ep(§2) N L®(£2)
(such a function exists by (As) and (3.3)).
4.1. Approximate problem. We consider the sequence of approximate
problems
Up € Kw,
(At — 0) + | (T (un)) V (u — v) da
(4.1) 2
< an(un —v)dx + S FV(u, —v)dr Yve Ky.
0 19

where f,, is a regular function such that f,, strongly converges to f in L(£2).
This approximate problem has a solution by the classical result of [14].

4.2. Some intermediate results. Let us prove the following lemma which
is needed below:

LEMMA 4.1. Assume that (A1)—(A4) are satisfied, and let (z,)n be a
sequence in WLy (§2) such that

(a) 2n — 2 in WL (22) for o(IT L (92), T1 E57(92));

(b) (a(z, 2, Vzn))n is bounded in (Lz;(£2))V;

(c) SQ[a(x, Zn, Vizn) —a(x, 2p, Vzxs)|[Vz, — Vzxs)de — 0 asn, s — 0o

(where xs is the characteristic function of 25 = {x € 2 :|Vz| < s}).
Then
M(|Vz,|) — M(|Vz|) in LY(£).

REMARK 4.1. Condition (b) is not necessary if M satisfies the Ags-

condition.

Indeed, (a) implies that (2y,), is bounded in W Ly (£2), hence there exist
two positive constants A, C such that

(4.2) \ M\ Vz,|) dz < C.
17,
On the other hand, let () be an N-function such that M < @ and the

continuous embedding WLy (2) C Eg(£2) holds (see [13]). Let ¢ > 0.
Then there exists C. > 0, as in [7], such that

(4.3)  a(@,5,0) < c(@) + Ce+ ki M Q(els|) + ks M~ M(e[C])
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for a.e. z € 2 and all (s,¢) € R x RY. From (4.2) and (4.3) we deduce that
(a(z, 2, V2p))n is bounded in (L7(£2))V.

Proof of Lemma 4.1. Fix r > 0 and let s > r. We have
0< S [a(x, zn, Vzy) — a(x, 2, V2)|[Vz, — Vz] dx
2
< S [a(x, 2n, Vzn) — a(®, 2n, V2)|[Vz, — Vz] dx
2
= S [a(x, 2n, Vzn) — a(z, 2n, V2Xs)|[Vzn — Vzxs] dx

£

9
< S[a (x, 2n, Vzn) — a(z, 2n, Vzxs)|[Vzn — Vaxs) de.
2

Together with (c) this implies
lim |\ [a(z, zn, Vz,) — a(z, 2n, V2)|[Vzy, — Vz]dr = 0.

n—oo ‘QT
So, as in [13],
(4.4) Vz, = Vz ae. in (2.

On the one hand, we have

(4.5) S a(z, zn, Vap)Vay de = S[a(w, Zn, Vzp) — a(x, 2n, VZxs)]
0 )
X [Vzn, — Vzxs| dx
+ S a(x, zn, Vaxs)(Vzn, — Vzxs) dx
2

+ S a(x, zn, Vzn)Vzxsdr.
2

Since (a(z, 2y, V2,))n is bounded in (L37(£2))Y, from (4.4), we obtain
a(x, 2n, Vizn) — a(z,2,V2)  weakly in (L(2))" for o(I] Liz, [1 Eum)-
Consequently,
(4.6) S a(x, zn, Vzn)Vaxsde — S a(x,z,Vz)Vzxsdr
Q Q

as n — 00. Letting also s — 0o, we get
(4.7) S a(x,z,Vz)Vzxsdr — S a(z,z,Vz)Vzdx.
Q Q

On the other hand, it is easy to see that the second term on the right hand
side of (4.5) tends to 0 as n, s — oo.
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Moreover, from (c), (4.6) and (4.7) we have
lim S a(x, zn, V)V, de = S a(x,z,Vz)Vzde.

n—00
0

Finally, using (A4), by Lemma 2.6 and Vitali’s theorem, one obtains the
assertion.

PROPOSITION 4.1. Assume that (A1)—(As) and (3.1)—(3.3) hold and let
uy, be a solution of the approzimate problem (4.1). Then for all k > 0, there
exists a constant c(k) (which does not depend on n) such that

| M(VTr(un)) < elk).
02

Proof. Let k > 0. Taking w,, — T} (un — vo) as a test function in (4.1), we
obtain, for n large enough,

S a(x, Un, Vun)VTk(un - UO) dx + S (b(un)VTk(un - UO) dx
0 o)
< S foTr(un — vo) dx + S FVTi(up — vo) de.
Q 2

Since VT (uyn, — vp) is identically zero on the set where |u,, —vg| > k, we can
write

S a(x, Up, V) VT (u, — vg) dx

0

< | D (Tht ooloo (Un )| [Vun | dz
{{un—vo| <k}

+ 18T oo (un)] [ V0| d
{lun—vo| <k}

+ S Tk (up —vo) dox + S FVTi(uyn — vo) dx.
I7; I7;
Now observe that (for 0 < ¢ < 1)

(48) S a(a?, Un, vun)vun dx <c S Q(CC, Up, Vun) % dx
C
{lun—vo|<k} {|un—vo|<k}
+ | D (Tht ffvolloe (un)| [Vn| d
{lun—vo|<k}
+ |6( Tt oo oo ()| [V00] d + | fTho(un — v0) da
{lun—vo|<k} n

+ S FVTi(up — vo) dx.
9]
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By using (As), we get
V’Uo

c S a(x, un, Vuy,) — dx
{lun—vo|<k}
<c S a(x, Up, V)V, dx
{lun—vol<k}
— S a(w,un, m) (Vun — m) da:},
c c
{lun—vo|<k}

which yields, thanks to (4.8),

(1-2¢) S a(x, up, V) Vu, dx
{|un—v0|§kz}
< S |¢(Tk+”’UO”oo (un))| |vun| dx

{lun—vo[<k}

+ b 18Tk oo (un)) [Vvol d + | £ T (un — vo) da

{lun—vo|<k} 2
+ S FVTi(up —vg)dx — ¢ S a<w, Unp, %> <Vun — m) dx.
o {Jun—vol <k} ¢ ¢

Since % € (Ex(02))N, using (As) and the Young inequality, we have

(49) (1-¢ S a(x, un, Vuy)Vuy, dr
{|un—1’0|§k}
a(l —c)
<= | M([Vua|)dz + cs(k)
{lun—vo|<k}

where c3(k) is a positive constant which depends only on k.
Using also (A4) we obtain

a(l—c)
— VM Vunl) do < cs(k).
{|un_v0‘§k}
Moreover, from {|u,| < k} C {|un — vo| <k + ||vo|loc}, We conclude that
(4.10) | M(IVTi(un)l) do < ca(k).
Q

PROPOSITION 4.2. Assume that (A1)—-(As) and (3.1)—(3.3) hold, and
let uy, be a solution of the approximate problem (4.1). Then there exists a
measurable function u such that for all k > 0 we have (for a subsequence
still denoted by uy,),
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(i) up — u a.e. in £2,
(i) Ty(un) — Ty (uw) weakly in Wi Lag(£2) for o(IT La, [1 Exp),
Tk (un) — Ti(u) strongly in Ey(§2) and a.e. in 2.

Before proving this proposition, we begin with the following estimate:

LEMMA 4.2. If uy, is a solution of (4.1), then for k > h > ||vgl|co, we
have
| M(IVT)(un — Th(un))]) dz < kC,
0]

where C' is a constant that does not depend of n,k and h.
Proof. By Proposition 4.1, there exists some vy, € W Lys(£2) such that

(4.11) T (up) — v weakly in Wy L (2) for o(T] Las, [1 Esp),

' Ty (un) — v strongly in Ey(£2) and a.e. in (2.
On the other hand, let k > h > ||vg||co- By using v = up, — T (upn — Th(un))
as a test function in (4.1) we obtain

S a(l', Un, vun)VTk‘(un - Th(un)) dz + S ¢(Tn(un))VTk(un - Th(un)) dx
02 9]
<\ faTk(tn — T (un)) dz + | PV T (un — Ti(un)) da
9] 9]
The second term on the left hand side vanishes for n large enough. Indeed,
by Lemma 2.7,

S (T (un)) VT (un — Th(un))
0

O (un) VT (un — Th(uy)) dx

I
D — {Qw

d1V [S X{h<|s|<kz+h} ds|dz =0

(since §;"A(s)X{n<|s|<k+n} ds lies in WO Ly(£2)). Thus,

S a(x, Un, Vun)VTk(un - Th(un)) dx
02
<\ FaTe(un — T (un)) da + | FV Tk (un — Th(un)) de,
2 2

which yields the conclusion by using (A4) and Young’s inequality.
Proof of Proposition 4.2. (i) We prove that u, converges to some func-

tion u in measure (and hence a.e. by passing to a suitable subsequence). We
shall show that u, is a Cauchy sequence in measure.



228 L. Aharouch et al.

Let k > h > ||vg||so be large enough. Thanks to Lemma 5.7 of [13], there
exist two positive constants C; and Cg independent of k and h such that

| M(Cr| T (un — T (un))|) dr < Cs | M(IVT)(u — Th(un))]) da.
2 (9]
By Lemma 4.2 this yields

M (C7k) meas{|u,, — T (un)| > k}
= S M (C7|Ti(un, — Th(un))|) dz

{lun—=Th(un)|>k}

< Cs | M(IVTi(un — Ty (un))]) da < kCo.

02
Consequently,
kC
meas({|u, — Th(un)| > k}) < M(kéﬂ
for all n and all £ > h > ||lvg||c. Hence,
(k —h)Coy
measq |u,| > k} < meas{|u, — Ty (u,)| > k—h} < ——2——  for alln.

Therefore, since t/M(t) — 0 as t — oo, we obtain
(4.12) meas{|u,| >k} — 0  uniformly in n as k — oo.
Now, for A > 0, we have
(4.13)  meas({|up —um| > A}) < meas({|up| > k}) +meas({|um| > k})
+ meas({| Tk (un) — Tk (um)| > A}).
From (4.11), we can assume that Tj(u,) is a Cauchy sequence in measure
in £2.

Let € > 0. By (4.12), (4.13) and the fact that Ty (uy,) is a Cauchy sequence
in measure, there exists some k(¢) > 0 such that meas({|un —um| > A\}) <€
for all n,m > ng(k(e),\). This proves that (uy,), is a Cauchy sequence
in measure in (2, thus it converges almost everywhere to some measurable

function w.
(ii) It suffices to combine assertion (i) and (4.11).

PROPOSITION 4.3. Assume that (A1)—(As) and (3.1)—(3.3) hold and let
un, be a solution of the approzimate problem (4.1). Then for all k > 0,

(1) (a(z, T(un), VTi(un)))n is bounded in (L7(£2))",
(ii) Vu, — Vu a.e. in £2.

Proof. (i) Let w € (Ep(£2))N. By condition (A3) we have
(a(z, up, Vuy) — a(x, up, w))(Vu, —w) > 0.
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Consequently,

(4.14) S a(x, up, Vuy)wdz < S a(x, Up, Vi) Vuy, dz
+ S a(x, up, w)(w — Vuy,) dz.
{lun|<k}

Combining (4.9) and (4.10) and using the fact that {|u,| < k} C {|up—vo| <
kE+ JJvollec }, we get

S a(x, Ti(un), VI (un)) VT (uy,) dz < Cyo,

Q
where Cig is a positive constant.

On the other hand, by (A2) we have
la(z, Ty (un), w)| < c(z) + ki P M (ko| Ty (w)]) 4 ks M~ M (kq|w]).

Therefore,

T a(vak(un)7w) v C(.%') k3
M= 2 D de < (M =2 ) + | =2 Mkalw|) +Ciy < C
(R Yo < (0 () 4 § Mk + O < €

when A > 0 is large enough. Hence {a(z,Ty(uy),w)} is bounded in
(Li7(£2))N. This implies that the second term on the right in (4.14)
is also bounded. By the theorem of Banach—Steinhaus, the sequence
(a(z, Ty (un), VT (un)))n remains bounded in (L57(£2))V.

(ii) Let k > [Jvo|ls- By (As) there exists a sequence v; € KyNW Ep(£2)
N L*>°(£2) such that
(4.15) v; — Ti(u)  (mod) in Wy Las(£2).

Fix r and let s > r. Let £2, = {x € 2 : |VTi(u(x))| <r} and denote by x,
the characteristic function of (2.. Consider the expression

Iy = | {la(z, Ti(un), VTi(un)) — a(z, Te(un), VTk(w))]
2
X [VTk(up) — VTk(u)]}g dx

where 0 < 6 < 1. Let A,, be the expression in braces above. Then for any
0<n<l,
Iy, = | A dz + | A dz.
20 {| Tk (un) =T (v5)|<n} 20| Tk (un) =Tk (v5)|>n}
Since (a(x, Tk (un), VIj(un)))n is bounded in (L7(£2))N, while VT (uy) is
bounded in (L (£2))Y, by applying Hélder’s inequality, we obtain
(4.16) Ins < c1< | . dx)g
20| T (un) =T (v5)|<n}
+ comeas{z : [T} (un) — Ti(v;)| > nit=o.
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Now observe that

(4.17) | A, da
20| T (un) =T (v5)[<n}
< S [a(z, Ti(un), VI (un)) — a(z, T (un), VI (w)Xs)]
T (un) =T (v5)|<n}
X [VTi(un) — VIj(u)xs] dz

= | a(x, T (un), VTk(un)) (VT (un) — VTi(v)) dz
(T (wn)~Ti (v)| <m}
- S a’(xv Ty, (un)7 VTk(u)XS)(VTk (un) — VI (U)Xs) dx
(T (un)~Ti (v)| <1}
- | a(@, T (un), VTi(un)) VT (v;) da

{1 (un) =T (v;)|<n}
— | a(z, T(un), VIi(un)) VTi(u)xs dz,

{1 (un) =Tk (v)|<n}
and since (a(x, Tj(un), VIi(un)))n is bounded in (Lzz($2))Y by Proposi-
tion 4.3(i), there exists o € (Li7(£2))" such that
(4.18)  a(z, Tr(upn), VI (upn)) — ok

weakly in (Li;(2))Y for o([] Lar, [1 Ezz)
as n — 0o. Letting n tend to infinity, we obtain
| a2, Ty (un), Vi(1n))V Tk (1) xs d
{1 (un) =T (v)|<n}

= | ok VT (u)xs dz + £(n),
{17 (u) =T (v;)1<n}
S a(z, Ty, (un), VI (un)) VT (vj) da
{17 (un) =Tk (vj)|<n}
= | oV T (v)) dz 4 (n),
{1 T (w) =T (v;) 1<}
and hence by letting j — oo and using (4.15),
(4.19) | a(z, T (un), VIi(tn)) VT (1) xs dz
{ITh (un) =Tk (v)|<n}

= | oxVTi(w)xs dz + (n, ),
(0]
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and
(4.20) | a(z, Ty(un), VTk(un)) VT (v;) dz
{1 (un) =T (vj) |<n}
= | ok VTi(u) dz +2(n, j).
(9}
Starting with the second term on the right hand side of (4.17), we have, by
letting n — oo,
(4'21) S a($7 Tk(un)7 VTk(u)Xs)[VTk:(un)_VTk(u)Xs] dx = a(n)
{ITk (un) =Tk (v;)1<n}

since

a(@, Ti(un), VT (W) X ) X{ T () ~ T ()| <}

— a(@, T (), VT (W) Xs)X{|T5 (w)~ Ty (v;) | <n}
strongly in (Eg(2))Y by using Lemma 2.3 while VT (u,) — VTk(uy)
weakly in (L (£2))N by (4.11) and Proposition 4.3(ii).

We now study the first term on the right hand side of (4.17). By using
the test function u, — T5)(u, — T (v;)) in (4.1), we get
(4.22) S a(z, up, Vup) VT (uy, — Tx(v))) do + S &(un) VT, (up — Ti(vy)) da
Q 0
< S Ty (upn — T (vy)) do + S FVT,(up — Ti(vj)) da.
0 Q

Splitting the first integral on the left hand side into the regions where
|up| < k and |u,| > k, we can write

S a(z, up, Vun) VT (uy — T (vj)) dz
(9]
= | alz, Te(un), VT (un)) VT (Ti(un) — Ti(v;)) dz
{lun|<k}
+ S a(z, up, Vup) VT (uy, — Ty (v))) da,
{lun|>k}
which implies, by using (Ay),
(4.23) | a(@, un, Vun) VT, (un — Ti(v))) d
(9}
> | alw, Ti(un), Vi (un)) VT (T (un) — Ti(v5)) da

— S la(z, Tir1(un), Vi1 (un))| ‘V’Uj’ dx.
{Jun|>k}
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Combining (4.22) and (4.23), we deduce

V a(@, T (un), VIi(un)) VT (Ti(un) — Ti(v;)) da
2

+ S ¢ (un) VT (up — Ty (vj)) dx

Q
< | (@ Tepr (), VTier (wn)] Vo] do
{lun|>k}
+ S FVT,(uyp — T(vj)) dz + c1n.
Q

Using the boundedness of {|a(z, Tj+1(un), VTkt1(un))|}n in Lj;(£2) and rea-
soning as above, it is easy to see that
Vo la(e Tir(un), Vi (wa))| [Voj de = | |V da,
{lunl>k} {lul>k}
where hy, is some function in L ;(42) such that
la(z, Tt (un), VTiti(un))| = hi  for o(Li;(92), Ep(£2)) as n — oo.
Moreover, by (4.15) and the fact that hgx(ju >k € La(£2), we get

Vo la(@, Tiga (un), VT (un))| V05| dz = &(n, 5).
{lun|>k}
Similarly, we have
S P (un) VT (un — Ti(v5)) do = S P(u)VTy(u — Ti(u)) dz + £(n, j) = £(n, j),
0 7
\ PV T, (un — Ti(vy)) do = | FVT,(u— Ty(w)) dz + (n, §)
2 {lu=Tk ()| <n, [u|>k}
< el FX(u=Ty ()<, jul>k} | 771 VT (u = T (w)) [ a1 + €(n, 7).
Consequently, we deduce
(4.24) | ala, Te(wn), VT () VT (Te(un) — Ti(y) do
1
< sl EXu=Ti ()<, [ul>k} | 771 VT (w0 = Ti(w)) || ar + €(n, ).
Hence, from (4.17), (4.19), (4.20), (4.21) and (4.24), we get
(4.25) | A, dzx
£200{| Ty (un) =Tk (v5)|<n}
< eIl EXu-Ti(w)|<n, [ul>ky | 7711 VT3 (w — Tio(w)) || e

+ | aVTi(w) do + Cin + 2(n, 5).
2
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Finally, in virtue of (4.16) and (4.2), we deduce

Ly < Cymeas{e : [Tu(un) — Tu(v))| > ' 0+ {Cs | 0uVTi(w)da
2\ 2,

(%
+ 3|l E X ju=1y (w) <, ul> k3 1371 VT1 (w0 =T (w)) || a2 + Crm + 8(?%7’)} :
Consequently,

limsup I, < csmeas{z : |Tj(u) — Ti(v;)| > n} 0 + {C’g S hiVT(u) dx
n—oo N0,

0
+ sl EX(u—y ()<, ul>kH 57 VT3 (0 = Tie(w)) |3 + Can + 8(71,]')} ;
in which we let successively j — co,s — oo and n — 0 to obtain

limsup I, = 0.
n—oo

As in [13], this implies that there exists a subsequence also denoted by u,
such that Vu,, — Vu a.e. in (2.

PROPOSITION 4.4. Assume that (A1)—(As) and (3.1)—(3.3) hold and let
un be a solution of the approzimate problem (4.1). Then for all k > 0,
M(|VTi(un)|) = M(|VTi(uw)]) —in L'(£2),

Proof. We fix k > |[vo|loo. Then by (As) there exists a sequence v; €
Ky NW3 Ep(§2) N L*°(£2) which converges to Ty (u) for the modular conver-
gence in Wi Ly (£2). We define

wlt = Togy(un — Ty (un) + Ti(un) — Ti(v;)),
wf = To(u — T (u) + Ti(u) = Ti(vy)),
wh = Top(u — Th(u)),

where h > 2k.

We choose v = u,, — wh

nj as a test function in (4.1) to obtain

(4.26) S a(x, up, Vun)VwZJ« dx + S (b(un)VwZJ« dx
Q Q
< S fanJ dz + S FVwZJ« dz.
Q Q

By the strong convergence of f,, and since w” ; converges to w? in the weak™

n,j
topology of L*°({2) as n — oo, we have
S fnwz,j de = S fwjh dx +¢e(n) = S fw" dx + e(n, j).
2 2 2

The last passage is due to the fact that w? converges to zero in the weak®
topology of L™({2) as j — oc.
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Finally, letting h — oo, Lebesgue’s theorem yields SQ fwz’j dx — 0, so
| fowp jdz = e(n, j, h).
[0
We now study the first integral on the left hand side of (4.26):
(4.27) S a(x, up, Vun)VwZJ dx
Q
= | ale, Ti(un), VTk(tn)) [VTk(un) — VTi(v;)] da
{lun|<k}
+ S a(x, up, Vun)szyj dx.
{lun|>k}

Set m = 4k + h. By using (As) and the fact that szvj =0 if |up(z)] > m,
we get

(4.28) S a(x, U, Vun)Vw,’;j dz

>— | ez, Tn(un), Vi (un))| [V da
{Jun|>k}

Since (|a(x, T (un), VI (un))|)n is a bounded sequence in L j;(2), for some
subsequence still denoted u,, and for some I,, € L;;({2) we have

la(z, T (tn), VI (un))| = lm  in Li;(02) for o(Li;(92), Ex($2))
as n — 00, and since Vu;X{ju,|>k} — VUiX{u>k} Strongly in Ep(£2) as
n — 00, we get
— S la(z, T (un), VI (un))| Vo] de = — S lm|Vvj| dz 4 (n).
{lun|>k} {Jul>k}
We let j — oo to obtain
429) — | @nlVylde=— | 1.|VT(u)|da+e(n, j) = e(n, ).
{lul>k} {lul>k}
Combining (4.27)-(4.29), we deduce

S a(x, un, Vun)Vwﬁyj dx
2
> a(@, T(un), VTi(un) [V Tk (un) — VTi(v5)] dv
(9}
+ 5(77/, h) + E(H,j) + gh(nuj)7
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which implies that

(4.30) S a(x, U, Vun)VwZJ dx
2

> S[a(m,Tk(un), VT (un)) — alx, Ty (un), VTk("Uj)Xg)]
I?)

X [VTi(un) — VTi(v;)x2] da
+ ) al, Thun), VT (0))x0) [V T (un) — VTi(05) %] dev
Q
— | @, Te(un), VTk(un)) VTi(v)) da
O\
+ 5(”7 h) + €(n7j) + Eh(nmj)
where yJ is the characteristic function of ) = {z € 2 : VT (v;)| < s}.
By (4.18) and the fact that VTk(Uj)XQ\Qg € (En(£2))N, the third term

on the right hand side of (4.30) tends to {,, QkVTk(Uj)XQ\Qj dx as n — oo.
Letting j — oo we obtain, by (4.15),

(4.31) S QkVTk(’Uj)XQ\Qg dr = S 0k VT (u)dx + e(n, j).

9] 2\ 02
The second term on the right hand side of (4.30) goes to zero as first
n — oo and then j — oo. Indeed, since a(z,Tk(un),VTk(vj)Xg) —
a(z, Ty (u), VTk(vj)XZ) strongly in (E;(£2))™ by using (A2) and the Lebes-
gue theorem while V7 (u,) — VTk(u) in (Ly(£2))V, we have

V a(a, Ti(un), VT3(0)x2) [V Tk (un) = VT ()x2] dee
2

= | ale, Th(w), V()X [V Ti(0) — VTi(0))xd] da + £(n).
2

Letting j — oo, one has

V a(z, Te(u), VT (0;)x) [V Tk(u) — VTi(v))x]] dz
2

= S a(z, Tp(u), VI (u)xs) [VTk(u) — VT (u)xs] dz + (7).
2

Finally,

(4.32)  {a(e, Tu(un), VTR()XD) [V Te(un) — VTk(v))xI] dz = em(n, 5).
2
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Combining (4.30)—(4.32), we deduce

(4.33) S a(x, un, Vun)sz,j dx

2
> {la(z, Te(un), VTk(un)) — al@, Ti(un), VI (v;)x%)]
2
X [VTy(un) = VTi(oi)xd] de — | ok VTi(u) de+e(n, j, h).

2\ 92,

On the other hand, by using Proposition 4.2(ii) and (4.15) we can easily
find that

(4.34) | @(un) Vol j de = | ¢(u) Vo (u— Tp(w)) dz +en(n, §) = en(n, 5)

2 2
and
(4.35) | PV} do = | FVTo(u — Tj,(u)) dz + (n, j).
02 2

Combining (4.26) and (4.33)—(4.35), we get

(4.36) S [a(z, Th(un), VTi(un)) — a(@, Ti(un), VT (v;)x3)]
2
x [VTi(un) — VTi(v;)x2] dx

< | aVTi(u)de+ | FVTy(u— Tj(u)) dz + £(n, 5, h).
O\ 2

Now, we remark that

S [a(x, Tk(un)7 VTk(un)) - a(x7 Tk(un)7 VTk(u)Xs)][VTk(un) - VTk:(u)Xs] dx
2

- S [a(z, Ti(un), VT (un)) — alz, Ti(un), VTk(Uj)Xg)]
2

X [V (un) = VTi(v;)xl] da

= | a(@, Ti(un), VT (05)x0) [V T (un) — VTk(v;)x]] d
2

S a(x, Ty (un), VI (u)xs) [V (un) — VI (u)xs] dx

Q

+§a 2, T (un), VT (un)) [V Tk ()% — Vi (u)xs] da,

and, as can be easily seen, each integral on the right hand side is of the form
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e(n, j), implying that

(437)  Vla(e, Tu(un), VTi(un)) — alz, Tr(un), VTk(u)xs)]
02
X [VTk(un) - VTk:(u)Xs] dx

= Vla(e, Te(un), VTr(un)) = alz, Ti(un), VTi(v;)x3)]
Q
X [VTy(un) = VT, (vj)x3] dz + e(n, ),
and thanks to (4.36) and (4.37), we deduce
S [a(z, T (upn), VT (un)) — a(x, Ti(un), VI (w)xs)]| [V (un) — VTk(u)xs] dz
2
< | aVTi(u)dat | FVTy(u — Thy(u) do + £(n, j, h).

2\ 2, Q
Hence,

(4.38)  limsup S [a(z, Ti(un), VTk(un)) — alx, Tip(uy), VI (u)xs)]

x [VTk (Un) — VI (U)Xs] dx
< | aVTi(u)de + | FVTy(u— Tj(u)) dz + lim e(n, j, h).
O\ 2, 7 e
We shall now prove that
(4.39) S FVTy,(u—Tp(u))de — 0 as h — occ.
Q
If we take u, — Tog(un — Th(uy)) as a test function in (4.1) we obtain

S a(at, Un, Vun)vun dx + S ¢(un)VT2k(un - Th(un)) dx
{h<|un|<2k+h} 0
< S FYVuy, dx + S foTok(un — T (uy)) dz.
{h<|un|<2k+h} 0

Since §, ¢(un)VTok(un — Th(uyn)) de = 0, we get

S a(x, up, Vi) Vu, dx
{h<|un|<2k+h}
< S FVu, dx + S JnTor(upn — Th(uy)) da,
{h<|un|<2k+h} 2

which yields, thanks to (A4) and Young’s inequality,

e [ M(Vwlde<or | M(F) det | faTou(un—Th(un)) de.
{hS‘U'IL'SQk-Fh} {‘un|>h} n
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Letting n — oo, by using the Fatou lemma, we get
a _
— | M(|Vul)yde < Ci(k) | M(F)yde+ | |f]da.
{h<|u|<2k+h} {lul>h} {lul>h}
Consequently,
lim sup S M(|Vul|)dz =0,
"0 th<ful<2k+h}
so that
hlim S FVTor(u—Ty(u)) dx =0,
which implies (4.39).
Thanks to (4.38) and (4.39), we can write
lim sup S [a('x7 Tk(un)7 VTk(un)) - (l(l’, Tk(“’n)a VTk(U)XS)]

n—00
0

X [VTk(un) - VTk(u)Xs] dx

< S 0kVTi(u)dx + lim e(n,j,h),
a0, n—oo

in which we can pass to the limit as j, h, s — 0o to obtain

lim sup lim sup § [a(z, T (wn), VTi(un)) — a(@, T(un), VT4 (u)xs)]

S§—00 n—oo 0
X [VTi(un) — VTi(u)xs] dz = 0.
Finally, Lemma 4.1 yields the conclusion of Proposition 4.4.

4.3. Proof of Theorem 3.1. Let v € Ky N W Ep(£2) N L>(£2). Taking
up, — Tk (up — v) as a test function in ) we can write

(4.
S a(x, Un, V) VT (u, —v) de + S n)) VT (uy, —v)de
9] (9}
< S Tk (uy —v) dx + S E, VT (up —v)dz,
(9} (9}

which implies that
(4.40) S a(x, Up, V) Vuy, dr

{lun—v|<k}

- | al@ T (wn)s Vg o) (1)) Vo da
{lun—v|<k}

t S (Tt o) oo (un)) VT (un — v) da
Q

< S Tk (up —v) dx + S F,VTi(up —v)dz.
2 9}
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By Fatou’s lemma and the fact that
(T, Thp oo (Un)s Vg oo (Un)) = a(T, Thp oo (W) VT iy u]joo ()
weakly in (L7(£2))N for o(I] Lz, [ Enm) one easily sees that

(4.41) lim { S a(x, Un, V) Vuy, do

n—00
{lun—v|<k}

=1 e T (), VT ) () Vo d}
{un—vl<k}

> S a(x,u, Vu)Vudz
{lu—v|<k}

= al@ Thpo e (W), Ve o) () Vo da,
{lu—v|<k}

On the other hand, by using Proposition 4.2, we can easily see that

(4.42) \ &(T0 (un)) VTk (= v) dr — | $(w) VT (u — v) da,
(9] 2
(4.43) \ FVTi(un — v) dz — | FVT(u —v) da,
2 2
(4.44) S foTi(upn, —v)dx — S [Ti(u—v)dx
02 2

as n — 00.
Combining (4.40)—(4.44), we have

(4.45) | a(z,u, Vo) VTi(u — v) dz + | p(u)VTi(u — v) dz
2 2
< S fTe(u—v)de + S FVTi(u —v)dz
0] 9]
Yo € Ky N Wy En(2) N L®(82).

Now, let v € K;,NL(£2). By (As) there exists v; € KyNWEp (2)NL>°(£2)
such that v; converges to v in the modular sense. Let h > max(||vg||sc, [|V]|oc)-
Taking v = T}, (v;) in (4.45), we have

| a(@,u, Vu)VTi(u = Ty (v;)) do + | ¢(u)VTi(u — Th(vy)) d
2 (0]

< | fTe(u - Th(v))) dz + | FVT}(u — Th(v))) da.
9] 2
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We can easily pass to the limit as j — oo to get

S a(z,u, Vu)VT(u — Ty(v)) dz + S d(w)VTy(u — Th(v)) dz
2 Q

< S fT(u—Ty(v)) dx + S FVTp(u—Ty(v))dx Vv e KyNL>®(02).
Q Q

Finally, since h > max(||vg||co, ||v]|co), We deduce

S a(z,u, Vu)VTi(u — v) dx + S d(u)VTi(u—v)dx
2 Q

<\ fTe(w—v)do+ | FVT,(u—Ty(v))dz Vv € KyNL®(R2), Vk > 0.
02 2
Thus, the proof of Theorem 3.1 is complete.
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