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STABILITY OF CONSTANT SOLUTIONS TO THE
NAVIER-STOKES SYSTEM IN R3

Abstract. The paper examines the initial value problem for the Navier—
Stokes system of viscous incompressible fluids in the three-dimensional
space. We prove stability of regular solutions which tend to constant flows
sufficiently fast. We show that a perturbation of a regular solution is
bounded in W21(R3 x [k, k+1]) for k € N. The result is obtained under the

assumption of smallness of the Lo-norm of the perturbing initial data. We

do not assume smallness of the Wy 2/ "(R?)-norm of the perturbing initial

data or smallness of the L,-norm of the perturbing force.

Introduction. We consider the initial value problem for the Navier—
Stokes system in R3. We show that a class of solutions which tend to constant
flows is stable under perturbations of the initial data and of the external
force. We restrict our attention to the case when the perturbing force is po-
tential. In the proof we apply an L,-estimate for the Stokes system; together
with global-in-time energy estimates, this makes it possible to control the
W2l norm of the solutions in time. Similar methods have been used in [9].

The initial value problem for the Navier-Stokes system in R? has been
solved for regular data [5, 10]. In three space dimensions global-in-time exis-
tence of weak solutions is proved [3]. The problem of regularity is still open.
Applying the theory of semigroups a unique regular solution for small data
has been obtained [4]. A stability result for special solutions in the whole
space has been proved in [1, 7].

We examine the motion of a viscous incompressible fluid described by
the Navier-Stokes system in R3
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v+ (VW) —vAv+Vg=h+ f,
(1) dive =0,
Vlt=0 = wo + U,

where v = (v1,v2,v3) is the velocity, ¢ is the pressure, h + f the external
force and v the constant positive viscosity coefficient.
Problem (1) is treated as a perturbation of the system

w + (wV)w — vAw + Vg = h,
(2) divw = 0,
W= = wo.
Put u =v —w and p = ¢ — ¢. Then from (1) and (2) we obtain
uy —vAu+ Vp = f —wVu —uVu —uVuw,
(3) divu =0,
Ult=0 = uo.

We assume that system (2) has a unique global-in-time regular solution
such that w € WLO(R? x [0, 00)), and moreover

w = wi + wa,
where
(4)  [[Vwi(t)lo@s) € L1(0,00),  [Jwa (-, )|l L sy € L2(0,00).

Assumption (4) shows that w tends to a constant flow, but also we see
that (4) gives no condition on integrability in time or smallness for

w1 (5 Dl sy or [[Vwz( 1)l @)
The main result of the paper is the following theorem.

THEOREM. Let 1> 2, f = Ve € Lygoe) (R® x (0,00)), ug € W™/ (R3)
N Lz(R3), divug = 0 and

SUP || fll., g i k) + l1uollyyz-2/r gay + lluoll . @) < Mo,
€

luo|lL,msy < 0.

If 6 < 60(My), where 69(My) tends to zero as My — oo, then a perturbed
solution (v,q) to problem (1) exists globally in time and

®) v —wlyzr e rry) T IVE=VallL, @sxpp1)) < K(Mo)

for k € N, where K(My) is a function independent of k and tends to zero
as Mo — 0. Moreover,

6) v wwavl(]RSx[k,k+1}) +[IVg - Vq”LT(R3X[k7k+1])

< c(lluollLowsy + 1 f L, R8x (k—1,k+1]))
for ke N\ {0}.
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REMARK. It is easily seen that we can reduce problem (3) to the case of
f =0. Since f = Vi it is possible to make the transformation p — p — ¢.
But we will not use it in our considerations.

NOTATION. We will need the anisotropic Sobolev spaces W ™" (Qr)
where m,n € Ry U{0}, » > 1 and Qr = Q x (0,T) with the norm

[ullfymn (o = g \u(x, t)|" da dt
0Q

+Zj§;

Oélm/\ﬁ[lml]

| D™ w(z,t)|" dx dt

J
Q
D™ — D™ (a2, )|
+‘ IZ[:I ”g tég m_x/‘s+r<|m| Ty 4 A2’
T
+ Z X S \DP w(z, t)|" du dt
0<n’[<[|n]] 0 Q

1 1D e ) — D, )
+§ dr | t— ¢/t (n=Tn)

’ dt dt’,
Q 00

where s = dim @, [] is the integral part of «, and D}, = 0% ... 8% | where
l=(l,...,ls) is a multiindex.

For these spaces we have the following relations (see [2]). Let u €

Wmn(Qr). 1f
3 1 1\1 1 1\1
dlait-—— )=+ (B+=--)=<1
pt r o q)/m r o q/n
then

(7) IDY Dgull, (r) < ellullwyn o + e)llull a0,

where ¢ > 7> 2 and € € (0,1) and ¢(e) — oo with e — 0.

We use well known results such as the imbedding or trace theorems for
Sobolev spaces. All constants are denoted by c. By A, B,C,... we denote
constants which are fixed in each proof.

The main tool used in the proof is an estimate for solutions to the Stokes
System

us — vAu+ Vp = f,
(8) divu =0,

u’t:() = Ug.
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LEMMA 1. Let f € Ly (R x (0,00)), up € W2 2" (R3) and divug = 0.
Then there exists a unique solution of (8) such that u € W2 (R3 x (0,7)),
p e WHO(R3 x (0,T)) and

) Nullwzr@sxo,ry) T I1VPIL, @®sx0,1))
< C(T)(|1 ]

Lo (&3 (0,1)) + [uollyyz—2/r gsy),
where C(T) is an increasing positive function.

The proof can be found in [6] or in [8].
Next we prove local existence of solutions to problem (3).

LEMMA 2. Let f € Lo(R3 x (0,T)), up € Wi /" (R3) and divug = 0.
Then there exists Ty > 0 such that for all T < Ty system (3) has a unique
solution such that u € W21(R3 x (0,T)), p € W:(’ﬁ)c) (R3 x (0,T)) and
(10) ||UHW3J(R3X(0,T)) + ||VPHL,-(R3><(0,T))

< CO)f Nz @3 x0.1)) + luolly2-2/r gay )-
Proof. We construct a sequence {uy,, pm }oo_; of approximations defined
by
Ut — VAU + VD = U1 VUpm—1+ f —wVUp—1 —Up—1 VW,
(11)  divu, =0,
um|t=0 = Uo,
where u; = 0 and p; = 0.
Lemma 1 gives the following estimate for the solution of (11):

(12) ”umnw,?»l(RSX[o,T}) + va L, (R3x[0,T])

< A(|Iflz, s x[o,m) + [luo

wz-2/r gy T [ m—1Vum| L, @3xp0,11)
+ [ wVtm—1| L, ®sx[0,7]) + [tm—1Vw| L, ®3x[0,17))-

Since r > 3, we have the imbeddings Wfo/r(R‘g) C L3 (R3) and
er_z/r(R?’) C L(3/2),(R?) with the estimate

(13)  sup [Vum—1( )1 0,3y +5up [[ul )|y, mo)
t<T t<T
< sup ||u(-,1 —2/r
tSTH ( )”Wf 2 (R3)

< a(HUWHHW,?J(RSx[o,T]) + H“OHWE*Z/T(RS))’

where @ does not depend on 7. By (13) and the Holder inequality with
1/r=1/(3r) +2/(3r), we get
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(14)  [um—1Vuml L, ®sx0,17)

+ [wVum -1l L, @ x[0,17) + [tm—1Vw||L, ®3x0,77)
< BTI/T(Hum—l||W3~1(]R3><[07TD + Hum_1|’$/VEJ(RSX[O7T])

+ HUOHWT?*Q/T(R?)) + ||UOH$/V,?72/T(R3))'

If 2 <r < 3 to obtain (14) we have to use the parabolic imbedding.

Let T'< 1 and assume that
(15)  flukllwzr s xpory) + 1VPRl L, 2 x[0,7))

< AA(f 1|, @ xo.ry) + luollyyz-2/rgsy) = M

fork=1,...,m—1.

By (12) and (14) we see that we can choose T so small that (15) is
satisfied for k = m. Since u; = 0 and p; = 0, by induction we obtain (15)
for all k£ € N.

Next we prove convergence of the sequence.
From (11) we get the following system for U,, = uy, — -1 and P, =

Pm — Pm-—1:
Unt —vAU,, + VP,
=—wVUpn_1—Upn_1VW —Up,_1VUy — U1V _1,
divU,, =0,
Un|t=0 = 0.

By Lemma 1 we obtain the estimate

(16)

A7) NUmllwzr wexio,ry) T IV Pl @3 x10,7))
< A([[um—1VUnll L, @8 x[0,17) + 1Um—-1Vum—1llL,®3x[0,1])
+ |wVUp-1llL, w2 x(0,1) + IUm-1V0| L, (R3x[0,17))-
By the same argument as in (14) we have
(18)  [[wVUn-1lz,®sx[o,1)) + [Un-1Vwl|L, (®3x[0,1))
< CTl/r”Um—l||WE’1(1R<3x[0,T])-

By (7) with r > 2 we have W*'(R? x [0,T]) cC L3.(R3 x [0,7]) and
D, W2H(R3 x [0,T]) CC Ls,/2(R* x [0,T]), hence applying the Holder in-
equality (1/r =1/(3r) +2/(3r)) we get

(19)  NUm-1Vum-1llL, ®xp,1) + |m—1VUn—1llL,(®3x[0,1))

< c(el[Um-1llwz 1 ®s o, 77 T I Um—1llL, 2 x[0,17))

< C(5||Um*1HW,?’I(]R3><[0,T]) + C(e)Tl/THUm*l||Wf‘1(R3><[O,T]))
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by (13). From (17)-(19) we get
(20) ||Um||w,?v1(R3><[07T}) + ||V P

< C(5|‘Um—1||WE’I(R3><[07T]) + C(g)Tl/THUm—l||WE’1(R3><[O,T]))'

Taking € and T" small enough, we conclude that

L, (R3x[0,T1])

1Um w21 g xio.1) < 21Um—1llwz s oy
which gives
Up — 0in WH(R? x [0,7]) and VP, — 0in L,(R?® x [0,T]).

Thus {(wm,pm)}5_, is convergent to a solution of (3), and (10) comes
from (15). The proof of Lemma 2 is complete.

The next result enables us to control in time the Ly-norm of solutions
only by the Ls-norm of initial data.

LEMMA 3. The solution of problem (3) on [0,T] satisfies the estimate
[ullLoc 075222y < Alluol o),
where A does not depend on T .

Proof. Multiplying (3); by u and integrating over R® we get

(21) §%Su2dm+u8\vmzdm: —SVq-u+Sf~udm
@V wde —{(V)u- wde —{(wV)u- ude.

The first, fourth and fifth terms vanish by (2)2 and (3)2. The second term
vanishes by the assumption that f is potential (f = V). Thus, since w =
w1 + wa (see (4)), we obtain

d
%SuQ dx + VS |Vu|? de < A1||Vw1||Lw(R3)§u2 dx + Squg ~udz,

but
Hqug-udx‘ = HuVu-wg dx’ < VS]Vu]Z dx+A2Hw2(~,t)H2LOO(R3)SuQ dx.

Hence we get

d
(22) - Ju? do < (Aa]| Vo ()| o vs) + Azllwa ()17 ) [ da.
By the Gronwall inequality we obtain

HU('J)HQLQ(RB)
t

< exp { [(A1I Vw01 9) oy + Aalloa (s 9) I o)) s ol -
0

By assumption (4) we get the assertion of the lemma.
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LEMMA 4. The solution of problem (3) on [0,T)] satisfies the estimate
(23)  Nullwar 00 + IVl 200
< C(If Nz, ©0r-ruow) + luollLo@s) + luollyyz-2/rgsy),

where O, = R3 x [kQ,(k+ 1)Q], Q < T and C is independent of T, if
luo|| L, (rsy is small enough.

Proof. We introduce a smooth function (; : Ry — R such that

1 fort > kQ,
Cr(t) = {0 fort < (k—1)Q,

for ke N\ {0},0<¢<1,¢ >0and |('| <2/Q.
Multiplying (3) by ( and setting U* = (yu, P* = (p, we get

UF —vAU* - VP* = (. f — UVw — wVU* —uVU* + Gu,
(24) divU* =0,

U¥i—r—1)0 = 0.
Applying Lemma 1 with T = 2@ we obtain

(25)  1U*lwz1(0,_,u0m) + IVPllL,0k1004)
< C2Q)IfllL,©n-1u00) + U VWL, (0, u04)
+ | wVU*|| L, 011000 + [UVU* |1, 00 004) + I8l L, (0r 1 004))-
Using (7) we estimate the unknown terms of the r.h.s. of (25):
IU*N ]|, 0,_,u05)
< Vollo ENT w21 0, uow T CENT | a04_1004)s
lwV UL, 01— u0m)
(26) < wllzw ENT* w210y uow) + SN Lo0s_1001);
1wV U L, 0x—r00) < N0 M s 00 ENT w21 (0, 00w
+ (@)U | 2o0n_1008) + IUFVU* 1100
kel 2 0nru0k) < elCl - 1T iz o,y + ISkl ull Locor_y)-

Assumption (4) gives an estimate on |[Vw||__ rsx[o,7]) and ||w| &3 x[0,17)-
Choosing sufficiently small € and applying (26) to (25), we obtain

27) MU 21 0, + VP L, 00
< A(UMUML, 0, + 11z 00 u0m) +elGl - 10U w20,y

+ (N iz 0, Ikl + c@W)lull Ly 0hiuom),

where W = ||Vw| 1 s xjo,1]) + |w] £ (&3 x[0,77)-
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By the same argument as in (19) we obtain

(28) || UPVU¥|

L(0Op) < ||Uk||L3r||VUk||L(3/2>r(Ok)

< ollUM2 0, + @Il (k1)@ rqizams)-
Let
Xm = U w210,y + IVPL.0n), F = sup Bl fllz.(0m-100,.)-

We prove estimate (23) by induction. For k = 0 the functions U° and
PY are defined as the local solution given by Lemma 2. We assume that
X1 < M, where M is so large that M > 16F.

By (27) and (28) we get

(29) Xy < F+ BeM + c(e)(M + W)lull,0r_1u04)

+ el (h-1)0 k@i ey + BoXi = a+ X}
To obtain a uniform estimate for X we need two relations:
1—+1—4dag

26

which give X < M. Taking o, € and |Juo||1,®s) sufficiently small, by
Lemma 3, we get the first condition of (30). To obtain the second one we

note that (1 — /1 —4af)/(26) < 2a. So we have to prove that 2a < M;
but this is satisfied, because

(30) 1—4aB >0 and < M,

1 1

F < 1_6M’ (o)l (o-1)Quk@iza@e)) < ZM’
1 1

Be < 16’ c(e)(M +W)lullLy 0,100k < §M7

assuming that [|ugl|z,(rs) is small enough (see Lemma 3). This way we get
X < M. Lemma 4 has been proved.

Lemma 4 gives estimates which enable one to continue the solution using
the local existence result from Lemma 2. Thus we get the first part of the
Theorem concerning the existence of global-in-time solutions. Inequality (5)
comes from (23).

To finish the proof of the Theorem we need the following lemma.
LEMMA 5. Solutions of (3) satisfy the estimate
v — wHWE’l(RSX[th]) +[IVg - VQHLT(R:“X[k,kJrl])
< c(|[uollLo@e) + 1Nl 2, &2 x g k+17)
for k€ N\ {0}.
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Proof. We take a smooth function 7; : R — R such that

w1 for t > to + 1,
=90 for t <to+1/2,

and 0 <n <1, |Dn| <3/l,1€(0,1].

Now we repeat the considerations from the proof of Lemma 4. We mul-
tiply (3) by 7, and applying Lemma 1 we find estimates on the functions
Ui = mu and P, = nip:

(81) [Tl oegan coapy + IV P @5 rot0 20

< A(IF L, @3 xfto,tot+21) + Blluoll o @sy + 21U1s2l L, (r2 x [to,t0+20) ) -

To obtain (31) we repeat all steps ((25)—(27)) of the considerations for (24)
omitting (26)s.
From [2, Chap. 18] we have the interpolation inequality

(32) Jullz, ey < ellullwas) +ce™ FDE2jy| 1 gay,
where € € (0,1). From (32) and Lemma 3 we get
(33) %”Ul/2HLr(R3x[to,to+2])
< eollUis2llwz o xitote+2))
+ CU (o)~ P20 1,10 2:1 (R5)) -
Using (33) in (31) we get
(34) ||Ul||w3»1(R3x[t0,to+z]) < 60||Ul/2||vv§’1(1R<3x[tc>,to+2])
+ DI (eol) = D2 g | 1, sy
+ A |z, ®sx1t0.to+21) + Blluol Lo es))-
Putting [ = 1 and repeating the same method as for (34) we conclude that
(35)  Ullwz 1 @3 wpto.tor2ny T IV PLIL, 3 xft0.t0+2)
k
< eollUyax w2 s x o, 10+2))
+ Elluo]| ooy (14 2027473/ 4 (gp27/473/ Gk

+ A(If1| 2.2 x [to,t0+2]) + Blluollzoe)) (1 + 0+ ...+ ).

Taking € so small that g < 27(7/473/(27) and letting k — oo in (35), we
get
(36) U lwz1 msxpro,toran T IV L, 3 xTt0,00+2))

< ([ fll L @8 xto.to+2)) + [u0llo(r2))-
Inequality (36) gives (6). The proof of the Theorem is finished.
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