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FOR TWO CONVEX POLYTOPES

Abstract. The analytical description of @-functions for two convex poly-
topes is investigated. These @-functions can be used for mathematical mod-
elling of packing problems in the three-dimensional space. Only translations
of the polytopes are considered. The approach consists of two stages. First
the O-level surface of a @-function is constructed, and secondly, the surface
is extended to get the @-function. The method for constructing the 0-level
surface is described in detail.

1. Introduction. Cutting and packing problems are of wide interest in
practical applications as well as in scientific investigations. There is a long
stream of publications concerning such problems. But only a small part of
them is devoted to three-dimensional (3D) placement problems for irregular
(but convex) polytopes. For an annotated review on cutting and packing
problems we refer the reader to [2]. A lot of published work is also classified
in [1].

In this paper we address in particular cutting and packing problems
where real, arbitrarily shaped objects are to be placed in a larger region, or
cut out from it.
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One of the most important topics when (3D) placement problems have to
be modelled (cf. [2], [11], [12]) is the description and handling of the interac-
tion between pairs of objects which have to be placed within a larger region.
As is known, one of the possibilities for such a modelling is to construct a
function which characterizes these interactions in the following sense. The
values of the function should distinguish between the following three sit-
uations: the two objects intersect each other, they do not have common
points, or they are tangent. A function with those properties will be called
a @-function. Moreover, a @-function should give some information on the
distance between the two objects being placed.

@-functions are very helpful in algorithms for solving packing and cutting
problems with arbitrarily shaped objects. Especially in algorithms where one
tries to improve a given solution (packing pattern) by local optimization
(small movements of the objects), the interaction of all objects has to be
controlled.

Based on work for general placement problems (][9], [10]) we present a
construction of a @-function for a pair of convex 3D polytopes. After describ-
ing the concept of @-function and investigating their properties (Section 2),
we consider some two-dimensional cases in Section 3. Then, in Section 4,
we construct the O-level surface of a @-function for a pair of convex 3D
polytopes. In Section 5, the computation of the corresponding @-function is
discussed. An algorithmic description of the approach is presented in Sec-
tion 6, followed by a detailed algorithm for a special subcase (Section 7).
Some final remarks are also given.

2. The concept of #-functions. In a packing and cutting formulation,
the aim is to construct a function which depends on the mutual location of
two polytopes 17 and Ty and whose values give a numerical evaluation for
the following three cases:

1. T} and T5 intersect, i.e. they have common interior points;
2. T1 and T3 are disjoint, i.e. they do not have common points;
3. Ty and T5 are in contact, i.e. they have only common frontier points.

Let int T" denote the interior of a set T', and frT" the frontier of 7. Then
the three cases are:

L int Ty Nint Ty # 0,
2.ThNTy, =10,
3. iIltTl N int T2 = (Z) and fI‘Tl N fI‘TQ 75 @
Moreover, it is desirable that the required function values be a measure of

intersection of T7 and T3 in the first case, and define or at least estimate the
distance between the polytopes in the second case.
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In this paper, “placement” means “translating by some vector”. Each
object T; (1 = 1,2) is given with respect to a fixed coordinate system, called
its eigen coordinate system. The origin of the system is also called the pole of
T;. The object T; translated by a vector u; = (z;,y;, z;) can be described by

Ti(u;) ={XeR*: X =u; + Y, Y € T}}.

u; = (24,95, 2;) is also called the vector of placement parameters x;,y;, z; of
T; (i = 1,2). As usual, u; specifies the location of the origin of the eigen
coordinate system of T; with respect to the coordinate system of the region
where the objects have to be placed. In [9] @-functions are introduced in
order to formalize the description of the interaction of a pair of polytopes
T1 and TQ.

DEFINITION 1. A continuous function @ : R® — R is called a @-function
of T and T5 if it has the following properties:

>0 if Tl(ul) N TQ('LLQ) = (Z),
(1) @(Ul, 'LLQ) =0 if int Tl(ul) N int T2(u2):®, fI‘Tl(’Lbl) N fI‘TQ(Ug)#@,
<0 ifint Tl(ul) N int TQ(UQ) 75 .

Let v := {(u1,u2) € RS : &(uy,uz) = 0} denote the 0-level surface of the
@-function. Furthermore, let
G = {(u1,uz) : int Ty (uy) Nint To(ug) = 0}

be the set of feasible placement points (or translation vectors) (uq,us), i.e.
the set of all points such that the two translated polytopes do not intersect.

DEFINITION 2. A &-function @ is said to be normalized if @(uy,us)
equals the Euclidean distance between 77 (uy ) and T5(usg) for all (uq, uz) € G.

A &-function of T and T5 can be obtained by a natural approach, namely
the following optimization problem has to be solved for any (u1,us) € G:

(2)  VY(ui,uz) = min_{||X1—Xo| : fi(X1—u1) <0, fo(X2—uz) <0},
X17X2€R3

where f;(X) =0 is the equation of frT;:

>0 X ¢T, .

| - || denotes the Euclidean norm.

Solving problem (2) can be significantly simplified if either u; = 0 or
ug = 0, i.e. either T or 15 is considered to be fixed. Then one of the two
problems has to be solved:

4) Yi(w)=_ min {||X; - Xo|: fi(X1 —u1) =0, fo(X2) =0}
X1,X2€R3
v(ulao) € G7
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or
(5)  auz) = min {[[X1—Xofl: fi(X1) =0, fo(Xz —uz) =0}

V(O, Uz) €q.

Then the function ¥(uy,us), (ui,u2) € G, is either ¥(uy, us) := ¥y (ug — us)
or U(uy,uz) =W (ug — uq).

The function ¥(uq,us) specifies the distance between T (u;) and T (us).
Hence, ¥(u1,uz) > 0 for all (u1,u2) € G. Thus a ®-function can be con-
structed as a continuous extension of ¥(uy,uz) onto the entire space RS so
that @(uy,us)|g = ¥(uy,us) and (uy, uz) < 0 for all (uy,us) € R\ G.

It is evident that the extension of ¥(uq,us) can be realized in an in-
finite number of ways. However the extension should be natural, simple
and as a rule, it should satisfy some additional requirements. For example,
a d-function should be such that |V®(uy,0)| is constant for (almost) all
(u1,0) € R%\ G, or smooth (almost) everywhere on R®\ G. In addition, the
construction of a @-function should not be more complex than the construc-
tion of a ¥-function. In this paper, the function ®(uq,us) is constructed by
solving one the problems (2), (4) or (5), and by extending ¥(u1,us) so that
IVP(0,u2)|re\c| (or [V@(u1,0)|re\¢|) is constant almost everywhere.

A &-function ®(uq,us) constructed in this manner has certain properties
which will be required later.

1. By definition,
D(uy,ug) = P(ur — u2,0) = P(0,us —uy) V(ug,uz) € G.

2. The surface y12 = {us € R : &(0,u3) = 0} is congruent to the frontier
of the so-called Minkowski sum ([4])

Tha(ug) = T1(0) 4 (—=1)T(u2)

provided that 77 and 7% do not have precise entrances (i.e. T; = cl(int 7;),
i = 1,2, where clT denotes the closure of T'; see [10]). Hence,

Y12 = fI‘(Tlg(UQ)) = fI'({Xl —Xo: X € T1(0>, X5 € T2<'U,2)})

Analogously, defining To;(u1) = T5(0) + (—1)T1(u1) and o1 := {u; € R3:
& (uq,0) = 0}, we have

Vo1 = fr((Toa (ur)) = fr({ X — X1 Xy € Ta(w), X2 € T2(0)}).

It should be noted that the sets v12 and 727 are known to be hodographs of
functions for dense placement of objects ([13], [14]).
3. The surfaces

{ueR?: B(u,0) =} and {uecR®:H(0,u) = o}
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are centrally symmetric to each other for any o > 0, i.e.
veE{ueR:d(u,0) =9} & —ve{uecRkR®:d0,u)=p}.
4. In particular, for p = 0 we have
Y12 = {u € R®: $(0,u) = 0} = —{u € R? : &(u,0) = 0} = —721,

i.e. the surfaces 712 and ~92; are mutually centrally symmetric.

5. If 71 and T3 mutually are centrally symmetric sets then there exists
a d-function @ such that @(u,0) = &(0,u) for all (u,0) € G.

6. If 71 and T5 are polytopes then one can always find a piecewise linear
@-function for them.

7. If T} and T» are nonempty convex polytopes then ;5 and 21 are the
frontiers of nonempty convex polytopes T72(0) and T51(0), respectively.

In order to compute ¥ by solving (2), (4) or (5), in general a Lagrangian
approach, the complete differential method or other methods for nonlinear
constraint optimization problems can be used. But in some special cases
these problems can be solved in explicit form. For example,

D(ur,uz) = [ug —wal| — (Ba + Rz)
= V(w2 —21)2+ (Y2 —y1)2 + (22 — 21)2 = (R1 + R2)

is a normalized @-function of two solid spheres with radii B, and Ry and
centers u; = (z;, ¥, 2i), i = 1,2, respectively.

However, it should be noted that if the functions f1, fo in (3) are not
smooth, or are curves of order greater than two, then any of the problems (2),
(4) or (5) has to be solved by iterative methods. Furthermore, the solution
obtained is in general only approximate. But in contrast to the general case,
there is a straightforward possibility to construct a @-function of two convex
polytopes T7 and T, which is based on properties of @-functions.

This approach, considered in detail below, can be sketched as follows:

1. The polytope T1 is considered to be fixed, i.e. u; = 0.

2. Facets of the polytope T12(0) are constructed, so that ;2 is calculated.

3. Equations of all planes determined by these facets are constructed
taking into account a suitable orientation of their normal vectors.

4. Based on the equations obtained in step 3, a collection of functions
is formed which yields ®(0,us). Finally, a &-function @19(uq,us) is con-
structed.

3. Examples of #-functions for 2D objects. In order to illustrate
the strategy for obtaining #-functions, we discuss three examples with simple
geometric objects in R2.
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3.1. &-functions of two circles. Let C7 and C5 be two circles of radii r;
and 19, respectively. When C; (i € {1,2}) is placed with center (pole) at
(x4,vi), then the notation C;(x;,y;) is used.

Without loss of generality, (z1,y1) = (0,0) is assumed during the con-
struction. Then it is evident that if the pole (z2,y2) of Cy moves along the
curve

30(5527@/2) = 0, where (p(xvy) — (7‘1 + T2)2 o 562 . y27

then the circles C1(0,0) and Cs(z2,y2) are tangent. This means that the
equation ¢(x2,y2) = 0 can be taken to describe the 0-level surface of a @-
function of two circles. Obviously, the function ¢(x,y) is everywhere defined
in R2. Therefore, to extend it onto the whole space R? to obtain a ®-function,
it is sufficient to choose an appropriate orientation of ¢(x,y). It is easy to
verify that if the placement parameters (x3,ys) are such that C71(0,0) N
Cg(xg,yg) = @ then —(p(l‘g,yg) > 0, and if int 01(0,0) N int Cg(xg,yg) 7é @
then —p(z2,y2) < 0. Hence,

$12(0,0, 22, y2) 1= —p(22,y2) = 23 + y5 — (11 + 12)°

b 0(00,%,Y,)

ri+r;

Y2

> —(I'1+ r2)2

Fig. 1. &-function of two circles

describes a paraboloid of rotation with vertex (0,0, —(r1 +72)?) (Fig. 1). By
general properties of @-functions, a @-function of two circles C7 and C5 is
as follows:

Dio(ur,uz) = (z2 — 331)2 + (y2 — yl)2 —(r + 7“2)2-
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Another possibility is to take

o(xz,y) =r1 + 12 — Va2 + y2.

It is easy to see that the equations p(z,y) = 0 and ¢(z,y) = 0 define the
same circle of radius 71 + 2 with center at (0,0). Therefore ¢ can also be
used to construct a @-function. Regarding an appropriate orientation of @
one obtains

512(51717@/1711327112) = \/(«’172 - 1171)2 + (yz - y1)2 — Ty —Tro.

512(0, 0, z2,y2) describes a cone with vertex (0,0, —(ry 4+ r2)) (Fig. 2).
The functions @15 and @15 differ for example in their gradients:

[V@io|| =2V2 - /(22 — 21)2 + (g2 — y1)%  [|[VPi2|| = V2.

A ®(0,0,%5,¥>)

ri+ra

Y2
—(ri+r2)

Fig. 2. Normalized @-function of two circles

The value 512 (1, Y1, T2,y2) is equal to the distance between C1(x1,y1)
and Co(xa,y2) if Ci(x1,y1) N Ca(x2,y2) = 0. Thus, this function is a nor-
malized @-function according to Definition 2.

Furthermore, min ®15(x1,y1, 22, y2) = —(ry + 72)? and min512($1,y1,
xa,Y2) = —(r1 + r2), i.e. the “measure” of maximal overlap of Ci(x1,y1)
and Co(z2,y2) is —(r1 +1r2)% or —(ry + r2), respectively.

3.2. &-function of two rectangles. Let Ry and Ro be rectangles with sides
2a1,2b1 and 2as, 2by, respectively. It is assumed that their poles coincide
with their symmetry centers. Again the placement parameters are denoted
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by (z1,y1) and (x2,y2), respectively. As above, (z1,y1) = (0,0) is consid-
ered first. It is known [13], [8] that if the pole (z2,y2) of Re moves along
the frontier of the rectangle Ry with vertices (A, B), (-4, B), (—A,—B),
(A, —B), where A = ay + az, B = by + by, then the rectangles R;(0,0) and
Ro(z2,1y2) are tangent. Hence,

Rip={(z,y) €ER?*: ~A<z <A, ~-B<y<B}, ~i=IfrRpy.

This means that fr R;o is the 0-level surface of @15(0,0, x2,y2) defined for
R1(0,0) and Ra(x2,y2). Hence, a representation of fr R15 by means of equa-
tions is needed. Let

hi(z,y) = — A, Po(z,y) =y — B,
Y3(z,y) = —x— A, a(r,y) = —y—B.
Then
Rip ={(z,y) e R® : ¢(z,y) <0,i=1,...,4}
and hence fr Ri2 = {(z,y) € Ri2 : ¢(z,y) = 0}, where

w(xa y) = maX{lﬁl(% y)7 %(37711)71/13(9579),1?4(% y)}

In these definitions an appropriate orientation is obtained if
¥(wa,y2) <0 if int R1(0,0) Nint Ra(z2,y2) # 0.
Since additionally
Y(w2,y2) >0 if R1(0,0) N Ra(z2,y2) =0,

a @-function is obtained as follows:

@12(x1,y1,x2,y2) = ¢($2 —T1,Y2 — yl)‘

Note that min @12(x1,y1, x2,y2) = max{—A, —B}. Thus, if A = B then
@12(0,0, 2, y2) describes an inverted pyramid with vertex (0,0, —A). This
means that the maximal “intersection measure” of Ry (z1,y1) and Ra(z2,y2)
is —A. (In the case of A # B, instead of the vertex an edge occurs.)

It should be noted that @12 is not normalized since ®12(u1,us) is not
equal to the distance between R;(u1) and Ra(usz) in the general case. This
happens when (uq,us) satisfy one of the following systems:

{@bl(uz—ul) >0, {@bl(uz—ul) > 0,
VYa(uz —uy) >0, Yo (ug —uy) >0,
{wg(ug—ul) > 0, {¢4(u2—’u1) >0,
V3(uz —uy) >0, P3(ug —up) > 0.

A normalized @-function of two rectangles R, and Ry is considered in

the next subsection as a particular case of a @-function of a rectangle and a
circle.
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3.3. @-function of a rectangle and a circle. Let R be a rectangle with
sides 2a and 2b, and let C' be a circle of radius r. The poles of R and C
are at their symmetry centers. The placement parameters of R and C are
denoted by (z1,y1) and (x2,y2), respectively. Again, in order to construct a
¢-function, (z1,y1) = (0,0) is assumed.

Let A=a+7r, B=0b+r. It is easy to see that the rectangle and the
circle are tangent if the pole (z2,y2) of C moves along the following curve
which consists of straight-line segments and circular arcs alternately:

line((A, —b), (A, b)), arc((A,b),(a,B)), line((a,B),(—a,B)),
arc ((—a, B), (—A,b)), line((—A4,b),(—A,=b)), arc((—A4,-b),(—a,—B)),
line((—a, —B), (a,—B)), arc((a,—B), (A, —b)).
Let
hi(z,y) = — A, Yoz, y) =y — B,
Us(z,y) = —xz— A, Yu(z,y)= —y— B,
and let
pr(z,y) =V(r—a) +(y—b2—r eaz,y) = V(e+a)?+y—b?2-r
p3(z,y) = V(e +a)? +(y+b)2 =7, walz,y) =+ (r—a)?+(y+0)>2>—r
The corresponding @-function of R(0,0) and C(z2,y2) is

o1(z2,y2) ifxa>a, y2 >0,
a(z2,y2) if 2o < —a, y2 > b,
)
)

(6) @12(()’0,332,2/2) = gog(xg,yz if 29 < —a, yo < —b,
S04(:C27y2 if xTo Z a, Yo S _b7
o(z2,y2)  otherwise,

where ¢(z,y) := max{y1(z,y), ¥2(2,y), ¥3(z, y), Ya(z,y)}.
However, such a representation of this @-function @15(0,0, z2,y2) may

be unsuitable when a feasible region of an optimization placement problem
has to be described since any word information must be excluded. There-
fore we give another representation of ®15(0,0, 22, y2). In order to obtain it,
consider the first quadrant, i.e. z > 0 and y > 0. If z > @ and y > b then
min{yy (z,y), Y2 (z,y)} < ¢1(x,y) but p1(z,y) gives the distance. There-
fore an additional function ¥i2(z,y) = z +y — a — b — r is used. Since
P12(x,y) > 1(z,y) for © > a and y > b, Y12(z,y) < Y1(z,y) for x > a
and —b < y < b, and Y12(x,y) < Yo(z,y) for —a < z < a and y > b,
we see that for x > 0 and y > 0, $12(0,0,22,y2) can be represented by
min{ (x2, y2), max{y (z2,y2), Y2 (22, y2), Y12(x2,y2) } }.
Summarizing, the following representation results:

¢12(05 07 T2, y2)
= min{@o(iITz, y2)7 ¥1 (':EZ? y2)7 302('1727 y2)7 @3(1‘2, y2)7 @4(1‘2, y2)}
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where

900('177 y) = maX{‘P(% y)7 ¢12($7 y)7 7/)23(51% y)a IIZJ34(.ZE, y)v 1/141(1‘, y)}
and Y12(z,y) =z +y —c¢, Yas(@,y) = —z+y —c, sz, y) = —v -y —
¢, Ya1(x,y) = x —y — ¢ with ¢ :== a+ b+ r. Hence, a normalized ®-function
of a rectangle and a circle is as follows:

(7) Dio(ur,u2) = i:IgliH490¢($2 —T1,Y2 — Y1)

In order to construct a normalized @-function of two rectangles R; and Ry
(as considered in Example 2) we now only have to define r, @ and b in a
suitable manner. If

r:=0, a:=a,+a b:=b+b
then @19 defined in (6) or (7) is a normalized $-function of Ry and Rs.

4. 0-level surface of a ¢-function for convex polytopes. In the
following, three-dimensional objects will be considered. The description is
restricted to the case of (full-dimensional) convex closed polytopes T, i.e.
int(T) # 0 and T = cl(int(7')). In this section, one of the possibilities to
construct the 0-level surface of a @-function of two polytopes 17 and 75 is
discussed.

An arbitrary closed polytope in R? can be described in various ways (see
for example [3], [7], [5], [6]). In particular, any convex polytope is entirely
determined by its vertices. In many cases, a convex polytope is considered
as the intersection of a finite number of half spaces. A polytope can also be
described by its facets (two-dimensional faces). The latter variant seems to
be most suitable for the case when nonconvex polytopes have to be regarded.
So we mainly use a facet-oriented characterization of polytopes.

Let v;“ = (x?,yf,zf), j=1,..., My, denote the vertices of the polytope
Ty, k =1,2. Since T} is assumed to be convex there exists a representation
by means of a minimal number N, of half spaces Hf These half spaces are
determined by the facets of T}. Let

ki k .k k k .k k
hi (vi1, Vigs - - - Uzm> = conv{v;}, vip, - - -, Uzm}

denote the facet which is determined by the m; (m; > 3) vertices vfp eV, =
{v§-C cjg=1,....,M},p=1,...,m;. (“conv” denotes the convex hull of a

set.) To any facet h¥, i =1,..., N}, there corresponds a plane
HF .= {v=(2,y,2) e R3: fF(v) = fF(z,y,2) =0}
fEw) = ff(z.y,2) = Afe + Biy + Cfz + Df = 0

is determined by ff(vfp) =0,p=1,...,m;. Regarding an appropriate ori-

where

entation of fF so that fik(vfp) < 0 for all p and j, a (minimal) representation
of Ty by means of half spaces is as follows:



Construction of a ®-function 209

(8) Ty = {(:E,y,Z) eR?: fik(x7y7 Z) <0,i=1,.. 7Nk}
In addition, without loss of generality, it is assumed that the vertices
vk vk, .,vfmi of each facet form a counterclockwise circuit when look-

ing on T}, from the outside.

S

o
o 2

X X
Fig. 3. Example

Table 1. Vertex coordinates of T7 and T

11 v% vy V3 vy V5 Vg Ty v% v% vg vz

T 40 00 00 40 20 20| = 5.0 2.0 3.0 0.0
10.0 10.0 10.0 10.0 4.0 4.0 | vy | 15.0 15.0 14.0 9.0
z | 11.0 11.0 19.0 19.0 11.0 19.0 z 4.0 4.0 10.0 4.0

<

In order to illustrate the notations, consider the example depicted in
Fig. 3. The vertex coordinates of T} and 75 are given in Table 1. The facets
hf, 1=1,...,Ng, of T, k = 1,2, are specified by appropriate sequences of
vertices:

h%@n»”%zavwv”%ﬁ = h%@%a“%»”éﬂi%

h2<v21,v§2,v%3,v%4> = h%(v%,vi,vé,vé),

h%<”§17”§2a”§37”§4> = h%(v%,v;,vé,vé),
hi<Ui17Ui27Ui3> = hi@%a”éﬁ“ha
hé@élv”é%”éﬁ = h%(v},vé,v%>,
h%(”%lavfzv”%ﬁ = h%@%a”%ﬂ}?z’%
h3(v31, V39, v33) = h3(vf,v3, v3),
h§<v§1,v§2,v§3> = h%@%al’iﬂ’g%
hi(vd1, via, vis) = hi(vf,v3, v3).
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Note that, in contrast to the approach described below, there also exist
some possibilities to construct a @-function by means of translated planes
(half space representation). But in the latter case, no facet representation
of the O-level surface of a @-function is obtained and therefore it has to be
computed in another way.

In order to construct facets of the 0-level surface of a @-function, we as-
sume that 77 is fixed with u; = (21,91, 21) = (0,0,0). Due to the properties
of @-functions mentioned in Section 2, the equation @ (0,0, 0, x2,y2, 22) = 0
describes the frontier of the convex polytope

Tio:={u € R®: Ty NTy(u) # 0} = Ty + (—1)T»(0).

Let v12 := fr(T12). By definition, if us = (z2,y2, 22) € 712 then T7(0) and
Ty(uz) are in contact or tangent, i.e. int Ty Nint To(ug) = @ and fr(71) N
fr(Tz(usz)) # 0. This implies that for any us € 12 there exist t* € frT7(0)
and t** € frT5(0) such that ¢* = us + t**. On the other hand, if 77 (0) and
T5(ug) are in contact (tangent) then ug € v12 and ug = t* — t**.

In order to construct v1o for two convex polytopes only the following six
situations to be in contact are of interest. In these cases (moving T5 along
the frontier of T3, or vice versa) two-dimensional faces of 115 = conv(7y12)
arise:

e a vertex or an edge or a facet of T3 is in contact with a facet of T,
e a vertex or an edge of T is in contact with a facet of T3, or
e an edge of T, is in contact with an edge of T3.

The remaining situations do not lead to (two-dimensional) facets of T4
and of ypo.

The approach given below is to successively generate all facets of the
surface 12 and to define half spaces whose intersection is T72. In more
detail, under certain conditions any kind of contact may lead to a facet
of v12. Taking into account that 75 is movable and T} is fixed, we consider
successively all the six situations and discuss the rules for constructing facets
of vy12. Furthermore we formulate sufficient conditions for the resulting face
to be a facet of v1,.

1. A wvertex of T5 is in contact with a facet of Ty. More precisely,
let h} (v}, vy, ..., v}, ) be some facet of T. The plane H; = {(z,y,2) :
fi(z,y,2) = 0} determined by h! is a separating plane of T;(0) and Ty (u)
for any u € R? with

min{f} (v +u) : v € Ta(u)} > 0.

Since Ty is assumed to be convex, H} is a separating plane of T3(0) and
Ty (u) for any u € R? with

min{f! (v +u):j=1,..., My} > 0.
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Let
T = {5 € {L o M} s f1(03) = min{f(03) 1 =1,..., Ma}).

Then the facet hj (v, v}, ..., v}, ) determines a facet of y12 congruent to
h} if card(J?) = 1. Let J? = {a}. Then exactly one point of T3(u) may be
in contact with Ty in case H} is a separating plane. The set of translation

vectors u of T3 is given by
{fueR :u=u'—2v2, v € H NnT1(0)}.

Hence, the corresponding facet of 15, denoted by g, is

1 2 1 2 1 2
q = (V1 — Vs Viag — Vgs -+ s Vi, — V)

2. An edge of Ty is in contact with a facet of Ty. This situation occurs
when card(J?) = 2. Let J? = {«, 8}, i.e. v2 and v% define an edge

2::{0:1):)\1134—(1—)\)1%,)\6[0,1]}

of T5(0). Tt is known that the edge e? and the facet h} determine a facet g
of Ty, as follows:

9) q=hi +(=1)e* = {v' —v? ;v € b}, v? € e?}.

Since ¢ is the Minkowski sum of h} and —e?, the vertices of g are in the set
Q = {vj; —v3, vj; —vj :j =1,...,m;}. In order to identify points in Q
which are vertices of ¢, algorithms which work in two-dimensional space can
be used. Therefore we project h} and e? onto a suitable coordinate plane,
e.g., the zy-plane, obtaining a polygon przy(h}) with vertices (:Ullj, yilj), j=
1,...,n;, and a closed interval pr,, (e*) with vertices (z7,y2) and (23,y3).
Using one of the algorithms to construct the 0-level surface of a @-function
in R? (see below), we identify the vertices of the projection of ¢, and hence,
the vertices of ¢. For example, if (Uj;(xl;,v), 72 (22,y2)) is a vertex of the
polygon pr,, (q) then (zj; — 22, y}; — y2, zi; — 25) is a vertex of .

The choice of the projection plane depends on the angle between H} and
the coordinate axes (cf. below).

3. A facet of Ty is in contact with a facet of Ti. This means that the
facets lie in parallel planes. As a consequence of the first two situations,
if card(J?) = x > 3 then a facet of T, may be in contact with Tj. Let
J}={jv:v=1,...,x}. Since v} are vertices of T; there exists an index s
with H2 parallel to H}.

Similarly to the above, the facets h2 and h}! determine a facet q of T2
as follows:

(10) q=hi + (=1)h3 = {v' —v? 10" € hj, v* € K7},
Now, ¢ is the Minkowski sum of h} and —h?. Hence the vertices of ¢ are in
Q=A{vh—v? :j=1,....msv=1,...,x}
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Again, using a suitable projection and two-dimensional algorithms, we
can calculate the vertices of the projection of ¢, and hence also for ¢ (see
below).

4. A vertex of Ty is in contact with a facet of Ty and 5. An edge of Ty

s in contact with a facet of T>. These two cases can be handled similarly

to cases 1 and 2. Let h2(v%,v2,...,v2,, ) be any facet of Ty. Set

Jh= e {L . My} s £2(0h) = min{f2(w}) 5 = 1,..., Mi}}.

If card(J}) = 1 then case 4 holds, and if card(J!) = 2 then case 5 occurs.
In the case of card(J}) > 3 no new situation arises.

6. An edge of T} is in contact with an edge of T». Let e be an edge of T
connecting vertices v} and v3, i.e. e = {v:v = X+ (1 —A)vi, X € [0,1]},
and let e! be an edge of T} connecting vertices v} and v} (Fig. 4). These
two edges determine a facet g of ;2 if and only if they are not parallel and
the plane

H={v:v=v} + A} —0}) + 0(} —v}), Ao € R'} =: {v: J(v) = 0}

separates T1(0) and Ta(ug) with ug = vf — o7, ie. f(vj) < 0 for j =
1,...,M;,and 0 < f(vjz+u2) for j=1,..., M, and f(vjl) <O0forj#th
and f(v? +ug) > 0 for j #t, h.

Ty (up)

P T:0)

P2 _

P

Fig. 4. Two edges form a facet
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The facet ¢ C 712 determined by e! and e? may be represented as
g=¢c' + (-1 = {v! —v?: 0! eel, v? e e?).

Hence, ¢ is a parallelogram parallel to H with the vertices p; = vf — v?,

Py = v}z — 2, p3 = v}z — vi, and py = v} — v%. Note that when calculating

such a parallelogram one has to take care of numerical stability since for
nearly parallel edges the resulting facet ¢ becomes very thin.
Summarizing, the facets of the surface 12 can be obtained as follows:

1. combine each facet of T; with an appropriate element (vertex, edge or
facet) of Tb,

2. combine each facet of Ty with an appropriate element (vertex or edge)
of 17, and

3. consider any pair of edges of T} and 15 which define a separating
plane.

The set of facets ¢ computed in this way describes the surface of 1.

5. ¢-function of two convex polytopes. In the previous section, we
have obtained all facets

¢i = (Vity .oy Vim,), 1=1,...,N,

of v12. Let {vj : j € J} denote the set of vertices of 712. It remains to find
the corresponding @-function.

For that purpose, for each facet ¢; of y12, we construct a plane H; = {u :
fi(u) = 0} determined by

fi(u) = fi(z,y,2) =0 Vu € g;.

The orientation of the plane is such that f;(v;) <0 for all j € J.

Obviously, f; can be calculated by solving the linear system

fi(vij) =0, j=1,...,m,,

and choosing a suitable solution (with regard to orientation).

Since the polytopes 17 and T5 are convex, 115 can be represented as

Tio={uck®: fi(u) <0, i=1,...,N}
= {u e R®: max{fi(u):i=1,...,N} <0}.

Hence, if T, is placed at us and uy € Tip then T7(0) and Th(uz) are in
contact or they overlap. Consequently,

@12(0, UQ) = max{f1 (’U,Q), fQ(UQ), ceey fN<’U,2)}
Therefore,
D19(u1, ug) = max{ fi(uz —w1), fo(uz —y1), ..., fv(uz —u1)}

is a @-function of the two polytopes T (u;1) and To(us).
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EXAMPLE (cont.). For the polytopes T} and 7% given in Table 1 (Fig. 3),
the following 0-level surface 712 results, characterized by its 12 facets:
q1{v1,v2,v3,v4), q2(vs5v6,v1,04), q3(v7,U8 V9 V10), qa{V10,V9,V5 V4,V3),
Q5<U11,012,U13>7 QG<U12,U6,'U8>a Q7<02,U13,U7>, QB<U1,U6,U12,'U11>a
CJ9<1111,013,U2,U1>, Q10<02,U7,010,U3>, Q11<U9,U8,'U6,U5>7 q12<U13,U12,U8,U7>a

where the coordinates of the vertices of 15 are given in Table 2. 715 is
depicted in Fig. 5.

Table 2. Vertices of 712

v V2 V3 U4 U5 ve VU7 v8 v9 V10 Vi1 V12 V13
4.0 0.0 0.0 4.0 0.0 0.0 =50 -3.0 -3.0 =50 1.0 -1.0 -3.0

1010 10 10 -11.0 —11.0 -5.0 —11.0 —11.0 —5.0 —4.0 —10.0 —4.0
7.0 7.0 15.0 15.0 15.0 7.0 7.0 7.0 150 15.0 1.0 1.0 1.0

e 8 |2

Fig. 5. ®-function of two polytopes

The following linear functions result for vyi2: fi(u) = y — 1, fo(u) =
80—y —11, falu) = 3z —y—20, fa(uw) = 2—15, fs(u) = —z+ 1,
fo(u) = —=6y—2—59, fr(u) = =36x+30y—"72+19, fs(u) =9x—3y—22—19,
fo(u) =6y —52+39, fio(u) = —6x+5y =5, fui(u)=—-y—11, fia(u) =
—18x — 6y — 72z — 71.

Hence, @15 (u1,u2) = max{ fi(uz — u1), fa(uz —w1),..., fra(ug —uq)} is
a d-function for the two polytopes. Note that it is not normalized, even if
the functions f; have a normalized coefficient vector.
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6. Algorithm for constructing ;5. In this section we present an
algorithmic description of the above computation of the surface 15 of two
convex polytopes which are given in facet representation.

Let hF(vk vk ... oF ) i=1,..., N, denote the facets of T}, k = 1,2,

) Yimy;

and let {2 denote the set of vertices of y12; € denotes a given tolerance.

ALGORITHM
2 =1.

1. Considering the facets of Th and a vertex, edge or facet of Ts
For 7 :=1 to N; do:

Calculate the coefficients of f1: n} = (A}, B},CHT = (vl — v}) x
(vl —vh), D} = —(n})Tv} where “x” denotes vector product.

Compute J? = {j' € {1,..., M} : fl(v}) = min{f}(v}) : j =
1,...,Ms}} and let JZ = {j1,...,Jjx }-

If x = 1 then compute the facet ¢ = (v}, —v% ..., v}, —v3) of 12
Otherwise, select a projection coordinate plane as follows:

— the ay-plane if |C}| = max{|AL],|B!], |C}]},

— the zz-plane if | B} | = max{|A}|, |B}|, |C}|},

— the yz-plane if |A}| = max{|A}|,|B}|,|C}|}.

If x = 2 then project facet h} of Ty and edge e? of T, with endpoints 032'1
and v]2-2 onto the selected plane and construct the sequence of vertices
of ¢ in accordance with item 2 of Section 4.

If x > 2 then project facet h! of T and facet h? of Ty (determined
by J?2) onto the selected coordinate plane. Construct facet g of v12 in
accordance with item 3 of Section 4.

Update the vertex set {2 of 712 and save the representation of ¢ with
respect to 2.

2. Considering the facets h? of Ty and a vertex or edge of T
For j =1 to N> do:

Calculate the coefficients of fj2 in analogy to step 1.

Compute J} = {i/ € {1,...,Mi} : f7(v)) = min{fF(v}) : i =
1,...,Mi}} and let Jj = {i1,..., iy}

If x =1 then compute the facet ¢ = (v?mj — U, 05 —U).

Note that the circuit direction of the vertices in ¢ has to be opposite
to that in h?.

If x = 2 then project facet h? of T and edge e' of T} with endpoints
v;, and v} onto a coordinate plane selected in analogy to step 1.
Construct the facet ¢ = (p1,...,p,) of 712 in accordance with item 5
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of Section 4. If the direction of the normal n = (p2 —p1) X (p3 —p1) is
not opposite to that of n?, then change the circuit orientation of q.

o If y < 2then update the vertex set {2 of v15 and save the representation
of ¢ with respect to 2.

3. Considering the edges e} of Ty and the edges 62» of Ty

and v}
22
and vj,,

Form a list of edges e} of T} spec:1ﬁed by their end-vertices vll
i1=1,...,K;, and a hst of edges e of T, with end-vertices vj2
j = ]-a KQ-

For ¢ = 1 to K7 do:

For j =1 to K> do:

o Iflej[|*-[le3]I*—((ej)Te?)? < e then the two edges are parallel, no facet
can be obtained. Otherwise calculate the normal vector n = e} x e? 5 of
the plane H which is determined by e} and e?.

o Verification whether H is a separating plane
Set sep = true. Compute J; = {r € {1,..., M1} : nTv} = n"v}
p1 =max{nTvl :r=1,... M}, vy = min{nTvl : 7 =1,.. .,Ml}. If
v < nTvill < pp or card(Jy) > 2 then sep = false.

If sep = true then compute Jo = {s € {1,. Mg} :nTv? =n"0? }
po = max{nTv?:s=1,... My}, vy = mln{n 2i5=1,...,My}. If

Vo < nTvz < g Or card J2) > 2 then sep = false
If vy = nTvlll and vy = nij2 or if u; = nTvl and pg = nij2 then
sep = false.

e Ifsep = true then calculate the facet ¢ of 12 in accordance with item 6
of Section 4, i.e. ¢ has the vertices p; = vill — v]zl, P2 = vy — vjz-l,

p3 = v — UJZQ, and py = v — UJZQ. Let v} be any vertex of T not

belonging to e}, and let n’ = (p2 — p1) x (p3 — p1) be a normal vector
of ¢. If (n/)v} > (n/)Tv} then change the circuit orientation of g¢.
Update the vertex set (2 of 12 and save the representation of ¢ with

respect to (2.

7. Considering two parallel facets. For completeness, in this section
we describe in detail one possibility to compute a facet ¢ = g, of 12 which is
determined by two parallel facets hll7 C Ty and h? C Ty. Here the projection
onto the zy- plane is considered; the other two cases are similar.

Let hy(vhy,vp9, .-, Up,) and hZ (071, v, ... v, ) be facets of Ty (consid-
ered to be fixed) and T, (which is movable), respectively. The facets are
assumed to be parallel, and the vertices v;i = (x;i,y;i,z;i), 1 =1,...,n,
and vtj = (mt],ytj, ztj) 7 =1,...,m, are given in the eigen coordinate sys-

tems. Projection of the facets onto the zy-plane yields polygons p]rth}7 =
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1,1 2 _ /2 .2 2 1 _ ol —
(Upy, Uy - - - upn> and pr,, hi = (uiy, U, - - -, Ujy, ), Where uy; = prp vy, =
1,1 2 _ 2 _ (2
(TpirYpi)s @ = 1,...,m, and Uj; = DTy, Uy = (a:tj,yt]) j=1,...,m. It is

assumed that the eigen coordinate systems coincide and that the circuit di-
rections of the two polygons are counterclockwise. Then the construction of
the facet ¢ which is formed by the parallel facets h}17 and h? can be realized
as follows:

1. In order to obtain a first vertex of ¢, an initial pair of vertices u;k

— zl 1 1 _ Lol
and utr is chosen such that x, = min{z,, 255, ..., 2}, Ypp = maxi{y,,; :

‘Tzln - ':Cp } and 'I:tr - max{l‘thxé’ R xtm}’ yzgr = minj{x%j : 1“%] = x%T}
This choice guarantees nonoverlapping of the polygons prlﬂyh}7 and pr,, h?

when pr,, h? is translated by the vector u} ok —u?2.. As a result, the translated

vertex ufT coincides with vertex upk and the translated origin of the eigen

coordinate system of the polygon prryhf is the projection of the first vertex
of facet ¢ on the xy-plane.
As a consequence, the first vertex vy of ¢, determined by vzljk and v2., is

vy = vll)k — ..

2. All subsequent vertices vy, { = 2,..., L (with L < m + n), of facet ¢
can be computed step by step based on analysing the current geometrical
situation In detail, let the current constructed vertex v; of ¢ be formed by
u ; and utj Then the next vertex v; 41 of ¢ is determined in analogy to the
two dimensional case by a pair of vertices: either by uw 41 utJ (shifting T5
along an edge of T1), or by ulln», u?,jJrl (shifting T5 along an edge of T5), or
by uzlm 1 u% 41 (shifting T5 along parallel edges).

More formally, let

Dy(ehyl) = | T, e Y
t,j+1 ti  Yti+1 — Yty

If 9;(x 7,7yp7,) =v;(z 111,z+17y; z+1) then vy = v;zl),iJrl - Ut2,j+1'

It 19]( pz’ypz) < v ( p l+17yp 1+1) then vy 1 = ’U;})i - Ut2,j+1'

If ¥, (xglm':y;ln) > Jj(x p,l—‘rl?yp ip1) then vy = ’U;,H-l - U?j'

Finally, when vertex v; 1 coincides with vertex v; then the construction
of facet ¢ for ;4 is terminated.

It is to be noted that in the case where an edge of T5 is parallel to a
facet of T, the algorithm is also applicable, now with m = 2. The algorithm
does not change significantly when facets h1 and h2 are prOJected onto the
yz-plane or zz-plane. However the deﬁmtlon of u ; and ut] changes.

8. Concluding remarks. When dealing with 3D packing problems,
tools like @-functions are needed to describe or characterize the mutual po-
sition of two objects. The proposed method for computing a @-function of
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two convex polytopes is based on a facet-oriented description of the poly-
topes. Generalizing it to the nonconvex case is still an open problem.
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