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EXISTENCE OF SOLUTIONS TO THE (rot,div)-SYSTEM
IN L,-WEIGHTED SPACES

Abstract. The existence of solutions to the elliptic problem rotv = w,
dive = 0in 2 C R, v-7nls = 0, S = 912, in weighted Hilbert spaces is
proved. It is assumed that {2 contains an axis L and the weight is a negative
power of the distance to the axis. The main part of the proof is devoted to
examining solutions in a neighbourhood of L. Their existence in {2 follows
by regularization.

1. Introduction. We consider the elliptic problem

rotv =w in {2,
(1.1) dive =0 1in £,

v-n=0>b onlbS,

where 2 C R? is a bounded domain, S = 942, 7 is the unit outward vector
normal to S and the dot denotes the scalar product in R3. Problem (1.1)
was considered, e.g., in [6].

For solutions of problem (1.1) to exist, the following compatibility con-
ditions have to be satisfied:

(1.2) [ b(s)ds =0,
(1.3) Sdivw =0.

Let an axis L pass through (2. Then we introduce weighted Sobolev spaces
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k: .
HE, (£2) with the norm

1/2
lullze oy = (D2 § IDGu(@) o)+ F+eD az) ™ < o,
—H
o] <k 2

where o(z) = dist{z, L}. The aim of this paper is to prove the following
result:

THEOREM 1.1. Assume the compatibility conditions (1.2), (1.3) hold. As-
sume that w € HEH(Q), be Hﬁ;l/Q(S), weRy, pn&Z, ke N. Then there
exists a solution to problem (1.1) such that v € Hﬁtl(ﬁ) and

(14) o1y < ellwllizs o+ Bl sy

We are looking for solutions to problem (1.1) in the form (see [6])
(1.5) v=Vp+u,
where ¢ is a solution to the problem
(1.6) Ap=0, n-Vyls=1,
and u satisfies
rotu =w in {2,
(1.7) divu=0 in £,
u-nlg =0.
By Lemma 1 in [1], (1.7)2 3 imply the existence of a vector e such that
(1.8) u=rote, dive=0, e-T|g=0,

where 7 is any tangent vector to S.
In view of (1.8), problem (1.7) takes the form

(1.9) —Ae=w, e-Tlg=0, dive|lsg=0,

where we have taken into account that Adive=0, dive|s =0 imply dive=0.
In a curvilinear orthonormal system of coordinates (71, 72,n) in a neigh-
bourhood of S we express the vector e in the form e = Zi:l euTyu + enl,
where e, = e -7y, e, =e-n.
Then problem (1.9) can be replaced by

(1.10) —Ae=w, eg=0, (n-Ve,+ey,divn)lg=0.

To prove Theorem 1.1 we have to show the existence of solutions to
problems (1.6) and (1.10) in the same weighted spaces.

To prove the existence of solutions to problem (1.6) in weighted spaces
we need
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LEMMA 1.1 (see [3, Ch. 4]). Assume that b € HY?(S), S € C?. Then
there exists a solution to problem (1.6) such that Vo € HY(2) and

(1.11) Vel i) < cllbll gz
Similarly, for solutions to (1.10) we have

LEMMA 1.2 (see [3, Ch. 4]). Assume that w € Lo(£2) and S € C?. Then
there exists a solution to problem (1.10) such that e € H?(£2) and

(1.12) lell z2(0) < cllwll Ly )-

Now we formulate the following main results:

THEOREM 1.2. Let b € Hl+1/2( S) for somel € N, p € Ry, u & Z.
Assume the compatibility condztwn (1.2) holds. Then there exists a solution
to problem (1.6) such that ¢ € HHQ( ) and

Next we have

THEOREM 1.3. Letw € Hl_u(Q) for somel € N and pn € Ry \Z. Assume
the compatibility condition divw = 0 holds. Then there exists a solution to
problem (1.10) such that e € Hl_'f((}) and

(1.14) ||€||Hljf(9) = CHU’HHZ_H(Q)'

Theorems 1.2 and 1.3 imply Theorem 1.1.

Problem (1.1) is an important step in the proofs of existence of regular
solutions to the Navier—Stokes equations. If we look for global regular solu-
tions close to being axially symmetric, we need the existence of solutions to
problem (1.1) in weighted Sobolev spaces. Hence, we exactly need Theorem
1.1. Therefore, Theorem 1.1 was used in [7-9, 11, 12].

2. Notation and auxiliary results. First we introduce weighted spaces.
Let o(x) = dist{z, L}. Then for ;1 € R and k € N we set

152) = {u fullggo) = (X §ID2uPe 010wy dr) 7 < o).
loo| <k £2

For k£ = 0 we have

Lou(2) = {u Jullpy o = (§ lu(@)Po™ (2) dx)
2

" <o),

To examine regularity of solutions to problem (1.1) in a neighbourhood of L
we introduce a local system of coordinates such that L is contained in the
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xg-axis and 0 € L. In these coordinates we introduce the Fourier transform

(2.1) (Fru) (2, &) = | e ™" u(a, z3) das,
R

where £ € R, 2’ = (x1, z2).

Let u = u(z’,x3) be given. Let r, ¢ be the polar coordinates such that

x1 = rcose, xg = rsinp. Let 7 = —Inr. Then for A € C we define the
transform
(2.2) (Fou)(\, p,x3) = Se_MTu(T, v, x3)dT.

R

Now we introduce a partition of unity. We distinguish four types of sub-
domains: 2, near an interior point of L; 2, near the points where L
meets S; 203 near an interior point of £2\ L; 2, near a point of S\ L. To
each subdomain 2*) we attach a smooth function ¢(*) which is equal to 1 in
w*) c 2*) and vanishes outside 2%, k =1,2,3,4. Let £¥) ¢ w®) c Q%)
k = 1,3, be any point of 2*) Next £2 is a point where L meets S, and
£€@ is a point on S.

We shall examine problems (1.6) and (1.10) in subdomains 2(!) and
2@ only, because restrictions of solutions to 23) and 2®) are covered by
Lemmas 1.2 and 1.3. We assume that 2() is a cylinder with axis L.

Let o) = ¢ e() = ¢¢(M). Then problems (1.6) and (1.10) take the

form

A =2vcIvp + oA = g0 in M)

2.3

(23) o) =0 on 8020,
and

2.4) AeV) = V) 4 2vcMve +eAcW =) in M)

e =0 on 920,

In view of Lemmas 1.2 and 1.3 and the Hardy inequality, we have g1, h(1) €
Lo u(2), € (0,1).
Problems (2.3) and (2.4) can be replaced by

(25) uM =0 on 8(2(1),

where u € H?(2) and replaces ¢ and e.
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Problem (1.10) in a domain of type 2(®) implies

_Ae® = @ _ 9y c@ye — AC@e = £@)
2

g e =0
(7 Ve +eD diva)| oo =1 Vi Pen| o),
@) _
¢ “lagensnon®) = 0

where e(?) = (@ @) = w(¢®,
Let us introduce a local coordinate system y = {y1,y2,y3} with origin
at a point where L meets S. Assume that L is on the ys-axis and y3 > 0

describes points inside £2. Let S = SN 5(2) be described by

(2.7) ys = F(y1,y2).

Then we introduce new coordinates
zi=1vy;, 1=1,2,
(2.8) i =i
z3 = y3 — F(y1,92).

Let us denote the mapping (2.8) by z = ®(y).

Problem (1.10) is described in the coordinates x = {1, x92,x3}, so pas-
sage to the coordinates y can be achieved by a rotation and a translation.
Let us denote the change of variables by

y =Y (x).

Hence,

I
By
=
A
w)
[
=
AN
>

(29)  z=(PoY)(z)=¥(z), £
Introduce the notation
e (z) =P (@ 1(2), @ (2) =P (@ (2)),
€)= (2), C(2)=CW (), V.=0.,

0z

Vg = —=
Y O z=0~1(z)

. Vz = w.r‘:v:llffl(z) : v27 ny = (O’ 07 1)7

ny = (Fylvam _1)‘1/:45*1(,3)7

71=(1,0,0), 7T2=(0,1,0), Tiw ="y XT2, Tow =Ny XT1.

Then problem (2.6) takes the form
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V2 = (V2 - v2)e® 4 @ =k,

z

e =R .zse(0,0) = 0,
(210) E(2)|z3:a = 07
&m0 = €@ Filuymo = @ - (Ti — Tap)|zgmo = hiy  i=1,2,

é{:’23|33=0 =Ny Vzég)bs:O = (ﬁz ) VZESLQ) — Ny - VW@@) ’ ﬁu?)

—e@ .y Vy - g + g - VoD - 7ag)|2y—0 = ha,
where we assume that {2 is the cylinder

Q={zeR:|r.| <R, 0< 23 <a, ¢, €0,27]},

21 .2 22
ry =1/2] + 23, @, = arctan Z—l

Let us extend solutions to problem (2.10) to the cylinder
Q' ={zeR:|r.| <R, —a <z <a, ¢, €[0,2n]}.
For this purpose we construct a function n = (11, 72,73) such that
771"%:0 = hi7 1= 17 27
Ons
(2.11) 0231,

Njl12|=R, z3€(0,0) = 0,
nj|Z3=a == 0, = 1,2,3.

= h37

Then we introduce the function
(2.12) w=e? —p,
which is a solution to the problem

—Viw=k+V?y in 0,

wi‘23:0 = 07 i = 17 27
(213) w3,2'3‘2‘3:0 = 07
Wjl|z=R, z5€(0.0) = 0,

wj‘z:g:a, =0, .7 =1,2,3.
Now, we construct the following extension:
wh(z3) = —wi(—23), i=1,2, 23 € (—a,0),
(214) wg(z3) = wg(—Z;g), z3 € (—(Z,O),
/

wi(z3) = wj(z23), J=1,2,3, 23 €(0,a).
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In view of (2.14) problem (2.13) takes the form

~V2uw' =k +V3 in @,

w' =0 on 02,
Hence, problem (2.15) assumes the form of problem (2.4).

(2.15)

3. Regularity near the axis in the Ls-approach. To show the exis-
tence of solutions to problems (1.6) and (1.10) in a neighbourhood of L we
introduce the cylinder

Cra={r €R®:|2/| <R, |z3]| < a}

with the axis of symmetry the z3-axis and with R, a given positive numbers.
Then we consider problems (2.5) and (2.15) in the form

_Au = f in R3,
(3.1) lim =0, suppf C CRra,
|z|—00

where Cr , replaces W ' and f vanishes outside Cg .
To prove the existence of solutions to problem (3.1) we consider first
problem (3.1) in the form

—Aus = f5 inR3\ Cs,
lim us =0, wus=0 ondCs, suppfs C CRras,

|z|—00
where § > 0, fs = 0 for |2/| < § and

Cras ={x € Cra: 12| >0}, Cs={zx€ R3: |2| > d}.
Then we have (see [3, Ch. 4])

LEMMA 3.1. Assume that f5 € Hl(C’R,W;). Then there exists a solution
to problem (3.2) such that us € H'72(Cs) and

(3.2)

(3.3) [usll zi+2(cs) < cllfsllmt(cp. )
where ¢ does not depend on 9.

Let us express (3.2) in variables 7,¢,z, 7 = —In7:
7(“5,7’7’ + UG, pp + 6_2Tu6,zz) = 6_2Tf57
(34) u5|7=foo = u6|'r:—ln5 = 07
ué’z:—oo = u&‘z:oo =0.
Let us introduce the function
us for 7 < —1Ind,
(3.5) Uy = { b
0 for7>—1Iné.

It is shown in [5] that s is a solution to problem (3.1) (see also the proof
of Lemma 3.6).
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First, we examine the problem

2
—Au=f+Viu=y,
u]|x/|zoo =0.

(3.6)

LEMMA 3.2. Assume that g € Lo _,(R?) for some u € R\ Z. Then any
solution to problem (3.6) such that u € qu(Rz) satisfies
(3.7) lull 2| m2) < cllgllL,, - .@2)-

Proof. In polar coordinates problem (3.6) takes the form
(3.8) r0r(royu) + u pp = r°g = h.

U|r=co = 0.

Let us introduce the new variable 7 = —Inr, r = e¢™7, rd, = —0,. Since u
vanishes for large r, (3.8) can be considered in the form

O%u + 83;u = h,
Uulp=0 = ulp=2r,
ou ~ Ou
Ipl,_g  Op
Applying the Fourier transform F5 denoted by u = Fhu, we obtain from
(3.9) the problem

(3.9)

=27

—\20+ 921 = h,
(3.10) =0 = Ulp=2m,
oi| _o
0p|,eg  Op
We have to underline that the eigenvalues of problem (3.10) are such that
ReA =0 and Im A\ € Z (see [10]).
The existence of solutions to problem (3.10) follows from the following

construction. Let A = io. Then we are looking for solutions to problem (3.10)
in the form

=27

u = asin(op) + Bcos(op).

By variation of constants we calculate «, 8 from the equations

d d
£ sin(op) + di cos(op) =0,
d d 1~
i cos(op) — di sin(op) = p h.
Solving the equations we obtain
1 ~ 1 ~
da 1 cos(ap)h, 6 = ——sin(op)h.

@a dp o
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Hence
17 ~ 17 ~
a=—\cos(oph(¢)de', B =~ |sin(op)h(¢) de'
0 0
Then a general solution to (3.10) has the form
_ sin(og) § ~
(3.11) u=asin(oyp) + Bcos(op) + S cos(a ) h(¢') dy’
o
0
cos(op) 0 : INT (A /
= )sin(op)h(e) dy
0
The boundary conditions (3.10)2 3 imply
sin(27o) o ~
—sin(2no)a + (1 — cos(270))f = ———= S cos(ap')h(p") dy’
o
0

27
2 ~
— 2T o) il = Ay,

g
0

(3.12) .
<o8219) T cos(ag?Yi(y) di’
0

(1 — cos(27w0))a + sin(270) 3 = -

sin(27o) o ~
+—— S sin(o@')h(¢") dp' = As.

g
0

Solving (3.12) yields

o —A;sin(2m0) + Aa(1 — cos(270))

B 2(1 — cos(27o)) ’

A1(1 — cos(270)) + Az sin(27o)
2(1 — cos(27o)) ’

(3.13)

8=

so «, (0 are defined for

(3.14) 1 # cos(2mo) so o ¢ Z.
Let
1 2w _ 1 2m _
B, = - S sin(ocp h(¢')dy',  Bs = - S cos(a )h(p") dy'.
0 0
Then

Ay = —cos(2mo) By + sin(27w0) Ba,
Ay = sin(270) By + cos(2m0) By
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and
a = [Bysin(2no) — Ba(1 — cos(270))]/[2(1 — cos(270))],
B = [B1(1 — cos(2m0)) + Besin(270)]/[2(1 — cos(270))].

Using v and (3 in (3.11) yields

sin(op)
2(1 — cos(270))

cos(op)
2(1 — cos(270))

(3.15) w = [Bysin(2mo) — Ba(1 — cos(270))]

+ [Bi1(1 — cos(2m0)) + Basin(270)]

+ sin(op) By — cos(op)B1

T 21— cfé(%ra)) [cos((27 — ¢)o) — cos(o)]
+ 2(1— (iz(%ra)) [sin(op) + sin((27 — ¢)o)]
sin(mwo)

- m[_Bl sin((m — ¢)o) + By cos((m — ¢)o)].

Finally, the solution to problem (3.10) has the form

2

~ _ Sin(ﬂa) : : NT (A /
(3.16) u= (1 = cos(270)) [— sin((m — ¢)o) (S) sin(a’)h(¢") de
2
+ cos((m — ¢)o) | cos(ay))h(#) d@'} .
0

Now we obtain the estimate (3.7). Multiplying (3.10); by u, where ¥ is
the complex conjugate to v, integrating with respect to ¢ and by parts yields

21 21
(3.17) V O2al? + |0,ul?) de = | i de.
0 0

Let A=A, 4+ i\, Ar, A; € R. Then
N2 =22 422 A2 =22 -2 420\
Hence (3.17) takes the form

2T 2T 2T
(3.18) VNP + 10,01%) dp = 2007 —ixX) | [ do + | Rt de.
0 0 0
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Integrating (3.18) with respect to A from —oo-+ihg to +00+1ihg and applying
the Holder and Young inequalities yields

+oo+ihg 2T

(319) | x| de (PR + R
—oo+ihg 0
£1 +oo+ihg 21 +oo+ihg 27 1
<3 Voaxxzfdea?+ | an| dgp2h%<1 + >|zz|2
—ootiho 0 —ootihy 0 £l

+ | dx{de

+oo+ihg 21 <
—oo+1thg 0

2 392~2 L 50
—=h + hi”].
Hal + o )
Assuming €1 = €2 = 1 and multiplying the result by 2 gives

+oo+ihg 21

(3.20) Vx| de (NPl + 10,a)
—oo+ihg 0
+oo+ihg P 1 +oo+ihg 2 B
<shg | ax|deluf+ = [ ax | deln.
—oo+ihg 0 0 —oo—+ihg 0

From (3.18) we also have the inequality

27 2T
(3:21) [ AP + 10,1]%) deo < 210> + (M| [Xa]) | []? deo
0 0
21
2 2 2
S S\u| dp+ 5—rm W | Inf* dg.

Multiplying (3.21) by |A|?, integrating the result with respect to A from
—00 + ihg to +00 + ihg and applying the Holder and Young inequalities
yields

+oo+ihg 21

(322) | x| deAPOAPIER + 0paP)
—oo+1thg 0
+oo§—z'ho 4/3 1 2§T
<2 ( A 5o ol + S Y+ 4|h0|4> a2 dy
—oo+iho 43 dey 0

c +oo+ihg 21 1 +oo+ihg 27

. B -

+5 Vooaxixt | P de + Cn [ ax | nfde.
—oo+1ihg 0 1 —oo+1thg 0
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Assuming & +e2 + %53/3 < 1 we obtain from (3.22) the inequality
+oo+ihg 2
(323) § AV PN + 10,07 dg
—oo—+ihg 0
+oo+ihg 2T +oo+ihg 21
<ca | d{[aPde+e | dx | [hde.
—oo+ihg 0 —oo+ihg 0

From (3.20) and (3.23) we have
+oo+ihg 2

(3.24) Vo VAR + NPl + AP0yt + 10,)) de
—oo+thg 0
+oo+ihg 2 +oo+ihg 2 B
<cs | ax\|aPdo+es | dr|[hPde.
—oo+ihg 0 —oo—+ihg 0

In virtue of (3.24) and (3.10); we obtain
+oo+ihg 27

(3.25) Vo dp(INHal® + IAP[aP + [MP10,a) + |0, + |03])
—oo—+ihg 0
+oo+ihg 2 +oo+1ihg 2 ~
<cs | d{delaf+c | dr|delnf
—oo+ihg 0 —oo+1thg 0

Let a > 0 be such that a* = 2c5. Then the part of the first integral on the
r.h.s. of (3.25) for |A\.| > a is absorbed by 1/2 of the Lh.s. integral. Hence

+oo+ihg 2

(3.26) Vooax § e (IAal? + NPl + AP0yl + (0,1 + 05a)
—oo+thg 0
a+ihg 27T +oo+1ihg 27 »
<25 | ax\dpluf+2c | dx | dp|n
—a—+ihg 0 —oo+ihg 0

To estimate the first integral on the r.h.s. of (3.26) we use the explicit formula
(3.16) for solutions of (3.10). Since 0 = —i\ = —i(A, +1ihg) = —i\. +ho and
since |A;| < a and hg is a fixed number we obtain from (3.16) the inequality

a+ihg 27 +oo+ihg 27 N
(3.27) | axVdelafP<er | dx | delnf
—a-i-ih() 0 —Oo+ih0 0

Estimates (3.26) and (3.27) imply
+oo+ihg 2
(3.28) Voax Y do Al + NP1l + IAP10,a + 10,a) + 05a))
—oco+iho 0 +o00+ihg 2
712
<cg | ax|delnf
—oo+1thg 0
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Setting hg = 1 + p for some pu ¢ Z we infer that the constructed solution

(3.16) belongs to H2 H(RQ) and estimate (3.7) holds. This concludes the proof.
Now we consider problem (3.1).

LEMMA 3.3. Assume that f € Ly _,(R3) for some p € (R4 U(0,1))\Z.
Then any solution to problem (3.1) such that u € HEM(R?’) satisfies

(3.29) el me) < ellfllLs, -, m9)-
Proof. Let uw = Fiu (see (2.1)). Then problem (3.1) takes the form
(3.30) ~AT+u=f inR%

where A" = 92 + 02,.
If € (0,1), then multiplying (3.30) by @|z'|~2* and integrating over R?
yields
(3.31) | (V'@ + &Jal*)la'| > da’
RQ
=2u S V| |7V |2 | da’ + S fala'| "2 da,
R2 R2
where the first integral on the r.h.s. is estimated by

~ 2u% ¢
€1 S |v/u|2|xl|—2udx/+ H S |u|2|x/|—2u—2 da’
2 €1
R2 R2
and the second by
€2 21~121 124 .. 11 20,120 g,
2 VSR 4 o | IR e

R2 R2

Multiplying (3.31) by £2 and assuming €1 = €5 = 1 we obtain
(3.32)  V(EIVaf + & fal?)a’| 72 da’ < 4p® | Efafla’| 22 da’
R2 R?2
+ {12 da.
R2
From Lemma 3.2 we have
(3.33) 1 gy < €12, quoy + €l T2, ey
From (3.32) and (3.33) we get
(3.34) ||17||§{EM(R2) + S (V' + X)) |2 |2 do’
RQ

<c | @apla’| 2 2da’ + c| JII2, _ ge-
R2
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Now we have to examine the first integral on the r.h.s. of (3.34). For this
purpose we introduce

Q1 ={(&2) || [2'] < ar},
(3.35) Q2= {(&2) : [¢]]2] = a2},
Qs ={(&2)) 1 a1 < [¢]]2] < an}
The numbers a;, i = 1,2, will be determined later.
Let us examine the first integral on the r.h.s. of (3.34). In view of (3.35),
we express it in the form
3 3
(3.36) |de | EaPla’| 72 da’ =Y | dgda’ |¢P a2’ |72 = > L
R2 i=1 Q; i=1
From the properties of the sets Q;, i = 1,2, 3, we have

N <ai\de | [uPla’| 2 d!,

RQ
I < = {de | da g/ 2
(3.37) = a2 o ’
1 ~
I3 < msdg S da’ €| al® = 1.
aq Qs

To estimate I we introduce the sets
di(€) = {a' € R* : [¢][2'| < a1},
da(€) = {2 € R* : [¢][a'| > an},
d3(§) = {2’ € R? 1 ay < [¢] ]2/ < an}.
Moreover, for A > 0 we have
2 ={(2',€) : Mg| 2| <1},
w(§) = {2’ € R*: N¢] 2] <1}
We see that Q3 C 22 for A € (0,a5"). Let us introduce a smooth function
x = x(t) such that x(¢t) =1 for t <1 and x(¢t) =0 for t > 2,0 < x(¢) <1,
X' ()] < 2.
Set xa (2, €) = X(AE] [2/]). Then x»(2,€) £ 0 for A1 < [¢] /] < 22~
Multiplying (3.30) by ﬂxi and integrating over R? we obtain
(3.38) | (V' + a3 da’ = =2 | Vauvxaxade' + | fuxd do'.
R2 R2 R2
The first term on the r.h.s. of (3.38) is estimated by
€ ~ 2 ~
51 S |V'U*\3 da’ + = S )|V x| da’
R2 €1 R2
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and the second by

1 1 =~ _
5 VIPIEP P P da’ + o - e ) WP od del = i
R2

RQ

On supp X we have |2/|?#|£]?* < (2/A)?, so the first term in J; is bounded

by
2p
€2 (2> a2)€ (22 do’
>y ul”[€]"xy da.
0N
Assuming £; = 1 and £2(2/)\)?* = 1 we obtain from (3.38) the inequality

1 ~ ~
=TIV + 2f)ng da

RZ

~2/2d/122“1 ~2u

Multiplying the above inequality by 2|¢|2t2# and integrating with respect to
¢ yields
(3.30) Vg &2 | (V' al+&al’)x da’ < 4{de (¢ | [V xal do!
R2 R2

2\ 121,112 /
d —2u
+(A> Vde | (712122 da.
R2
Using the estimate |V'yy| < 2\|€] we obtain from (3.39) the inequality

(3.40)  \ag g™ | (V' + €a*)x3 da’
]R2

92 2p+2 _

<wn§dea g (5) e ] TG
R3Nsupp V/xx R2

where A < 2 is utilized.

Now, V'xx # 0 for A=t < |¢||2'| < 2A7! implies that supp V/x, C
w2(€) \ w(€) for any & € R. Multiplying (3.40) by (\/2)%+2 yields

A 2t 242 ~12 21~12
By (5) Sacler § (VP + e
w(§)
2u4-2
<64 - 4"/\2()\/2) faglgra |\ 1% da’
w2 (€)\w(€)
+\de | [F1P12'| 7% da.

R2
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Let 437#)\2 < 1/2. Then iterating (3.41) up to order k we obtain

A 2p+2
s (5) e | apar

2
w(§)
1 [ A/2k\ %2 _
G I U N

w2 E\w 2 ()
+2\dg | | Pl [72 o
R2

where

A2k +1 Moy~ L eme 2 (-
(343) w &)\ wV= (&) = {x e R*: N2k < &l < )\/Qkﬂ}

, 5 2k+1 , 2k+2
= R*: — < < — ).
{ver: T <pw < 2}

On the set (3.43) we have

2k;+1

€] <2 N | 7,

so the first term on the r.h.s. of (3.42) is estimated by
1 A 242 _ 2k+1 2142 o

B g(pen) Sae § (o) e

w2 E\w 2 ()

22#—}-2

=5 3% | |2’ | 7242 da.
w2 ©\w /2" (€)

In view of (3.36), (3.37), (3.42) and (3.44) we have
(3.45)  \ae | E[Pla’| 22 da’ < af\dg | [a?l2’| 72 do
R2 R2
1
L § €| e+
a
2 R2

—oora )6 | ¥Juftlal| P da
2 al R2

Using (3.45) in (3.34) integrated with respect to & and assuming that a;
is sufficiently small and as, k are sufficiently large and applying the Hardy
inequality

S 2|2’ | 722 da’ < ¢ S |V'a|?|z’| 72 da’

R2 R?
we obtain (3.29). This concludes the proof.

Now, we shall improve the regularity of solutions to problem (3.1).
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LEMMA 3.4. Assume that g € Hl_#(]R2) for some p € R\ Z andl € Z.

Then any solution to problem (3.6) such that u € HZ_J;Q(RQ) satisfies
(3.46) el iz g2y < €llgllr re)-
Proof. To show higher regularity of solutions to problem (3.9) we consider
it in the following form:
O*u+ 0%u = h,
(3.47) o
agou‘w:() = 8<pu|90:27r7 o<Il+1,

where u vanishes sufficiently fast as 7 converges to —oo. Applying the Fourier

transform Fy to (3.47) yields

~\2% + 0% = h,

(3.48) B v
8gu\¢:0 = 8gu|¢:2ﬂ, o< I+ 1.

Differentiating (3.48); twice with respect to ¢, multiplying by 83,& and in-
tegrating with respect to ¢ we get

2 2 2
(3.49) V V2 fgg|? + [030]%) do = | 02hdZTdp = — | 0,030 dp.
0 0 0
Since A2 = |A|2 — 2)? + 2i\;\, we obtain from (3.49) the inequality
27 27 27 _
(3:50) § (INPlipg|® + [03a1%) dp <21 X+ Nl M) g |* dip + e[ |0,0)* dep.
0 0 0

Continuing, we obtain

2 2 27
(3.51) S (’)‘|2|a<p<p|2 + |3§2512) dop < C|)\i|2 S W79090|2 de +c S |8soh|2 de.
0 0 0

Differentiating (3.48)9 with respect to ¢, multiplying by X2Zsoso and integrat-
ing with respect to ¢ we have

2m 2m 2

~ ~2~ = 27 = 27=
VA ? + X tipptiy) do = | X hgtiy do = — | X hil,, de.
0 0 0

Continuing, we get

2 2T 2T
(352) | NMap P dp < e | [APfugel* dp + c(1/e) | INPlug]* de
0 0 0
2T N
+e | INP[RP de.

0
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In view of (3.51) and sufficiently small ¢ inequalities (3.51), (3.52) imply

27
(3.53) VO gl + INP[agpgl* + 103a1) dy
0
21 2 2 _ _
< elNil?  [tpgl? deo + ¢ | MNPl do + ¢ | ([ + [AP[R[?) de.
0 0 0

Multiplying (3.48); by XQIAPZ and integrating with respect to ¢ yields

2 21 2
VNGl de < | A g |? de + | (AR [] de
0 0 0
2 2m 2 _
<er | MO de + e | [A* g de + e(1/e1) | INPIR[ de.
0 0 0

Hence, in view of (3.53) and for sufficiently small 1, we have
27
(3.54) S (N[ + Xt + (A [t |* + |030]%) de
0
27 27 27

< oM | gl e | NI dio ¢ | (ol + AR doo
0 0 0
Integrating (3.54) with respect to A from —oo + ihy to +00 + ihg and using
(3.28) we obtain

+oo+ihg 27 3
(3.55) [ oax | ded APe9oLu?
—oo+ihg 0 i=0
+oo+ihg 21 1 _
<c | oax | ded  IAPUIalhP.
—oo+iho 0 =0

Continuing, we get
+oo+ihg 27 [+2 ' '
(3.56) Vooax | Prdoa) de
—oo+ihg 0 =0
+oo+ihg 2 1 ) .
<c | d | DY PR de.
—oo+iho 0 =0
Choosing hg = 1+ [ + 1, we find that u € H™?(R?) and (3.46) holds. This
concludes the proof.

Now we consider problem (3.1).
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LEMMA 3.5. Assume that f € Hl_u(]R?’) for some p € (Ry U(0,1))\ Z4
and | € Zy. Then any solution to problem (3.1) such that u € HZ_JLQ(R?’)
satisfies
(3.57) Jull sy < ell e e

Proof. Multiplying (3.30); by &2u|2’|~2* and integrating over R? yields
(358) | (V' + &uf*)la’|7 da’

RQ
=2/ S V' uu)2' |7V |2 | da + S e f | do
R2 R2
where the first integral on the r.h.s. of (3.58) is estimated by
&1 D212 g0 2 2)~12) 1| —=2u—2 3.1
5 | @IVapla’| 2 da’ + 2 | Sfallal| 7 da,
R2 €1 R2
and the second by
g9 ~ _ 1 ~ _
% a2+ | IR e
€2
R2 R2
Hence for 1 = g9 = 1 inequality (3.58) yields
(350) | SV + D! | da’ < 4 | a2l |2 !
R2 R2
+ S |f|2|x’|_2“dac'.
RQ
Next, we have
(3.60) | & (VP + &fal*)a’| " da’ < 4p® | Hal?lal| 2 da!
R2 R2
+ | TP aa
R2
Applying Lemma 3.4 to (3.30) gives

(361) ||ﬂ\|§liu(R2) < C£4HaH§IlM(R2) + CH.}Z{H?{EH(R%
and
(362) £2||ﬂ\|égu(R2) g C£6|’a”%2,7u(R2) + C£2||f||%2’,u(R2)-

From (3.60)—(3.61) we have, after integration with respect to &,

(3.63) Y (2 uoy + N2 oy + €N o) +E T2, o)
R
<] § M| 2 do'det e Y17, o+ €171, o)
R



102 W. M. Zajaczkowski

Repeating the considerations leading to (3.45) with @ replaced by &u, we
obtain, for k sufficiently large,

(3.64)  {dg | ¢afla’|"*? da’ < caf gdg | a2’ 2 da

R R2 2

R
%S } €'l da'.
2R R

Using (3.64) in (3.63) and assuming that a; is sufficiently small and as
sufficiently large we obtain

3 1
(3.65) D VA IEP T oy < €D g €175 ey
=0 R i=0 R
Continuing, we get
+2
(3.66) > VA1l a s go) < cZ ) € 1P oy
i=0 R i=0 R

From (3.66) we obtain (3.57). This concludes the proof.

In view of Lemma 3.5 the solution us of problem (3.1) satisfies the esti-
mate

(3.67) sl 2y < ellfsllat gy

We have to underline that (3.67) holds if w5 and fs belong to the correspond-
ing spaces. Letting § — 0 and using Lemma 3.1 yields

LEMMA 3.6. Assume that f € HZ_M(R:)’) for somel € N and p € Ry \ Z.

Then there exists a solution to problem (3.1) such that u € Hl:f(]R?’) and
estimate (3.57) holds.

Proof. Since we have estimates for solutions to problem (3.1) (see Lem-
mas 3.3, 3.5) our aim now is to prove their existence. But we have the
existence of solutions to problem (3.2) (see Lemma 3.1). Hence, we have to
show that s, defined by (3.5), is a solution to (3.1). For this purpose we
examine problem (3.4) which is exactly problem (3.2) in coordinates 7, ¢, 2.
Now we have to examine the behaviour of the derivatives of us with respect

to 7 in a neighbourhood of 7 = —Ind. For 7 = —Ind we have us = 0, so
(3.4)1 takes the form
(3.68) —Usrr = e ¥ fs for T =—1Ind.

Assuming that
(3.69) fslr=—ms =0
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we obtain

3.70 li [ =0

(3.70) g o

For 7 > —Iné we have g = 0, so

(3.71) lim s, =0,
T——1Ind—

because

ﬁ6‘7’:fln6 =0.

Assuming that f5 is a smooth function with respect to ¢ and z we deduce
from Lemma 3.1 that us ., us are also smooth with respect to ¢ and z. We
show that %s ; is continuous at 7 = —Ind in [5].

In view of the above considerations we see that g is a solution to problem
(3.1) under the assumption that f5 satisfies (3.69).

Since ;s is a solution to problem (3.1) and belongs to H2 ,(R?) we obtain
from Lemmas 3.1 and 3.3 the existence in HE#(RS) and the estimate

(3.72) sl 72, may < ellfoll Ly ),

with the constant ¢ independent of §.

Letting 6 — 0 and using the density of smooth %s and fs in the cor-
responding spaces we obtain the existence of solutions to problem (3.1) in
H? ,(R?) and estimate (3.29).

To show the existence of solutions to problem (3.1) in H lff(R?’) we have
to examine the behaviour of 9:*2%; in a neighbourhood of 7 = —Ind. Re-
peating the above considerations we can see that 8¥‘+2ﬂ5\727m5 =0 for all
j up to j =1 — 1 under the assumption that 87];f5]7:_1n5 = 0.

Thus, as us is a solution to problem (3.1) and belongs to Hl:f(R?’),
estimate (3.57) holds in the form

_ - '
sl 2 sy < ellfsll e o)

Applying a density argument and letting § — 0 we obtain the existence of
solutions to (3.1) in HZ_JLQ(R?’) and estimate (3.57). This concludes the proof.

4. Existence in a bounded domain. In this section we prove Theo-
rems 1.2. The proof of Theorem 1.3 is similar. Finally, Theorem 1.1 follows
from Theorems 1.2 and 1.3. Consider a cylinder Cjy of radius § such that near
the points where L meets S, the cylinder is orthogonal to S. We assume the
boundary condition ¢ = 0 on the boundary of the cylinder. Let us denote
s = 2\ Cs. In the domain 25 we have the existence of solutions to prob-
lem (1.6) (by using a partition of unity and |2, Ch. 4; 3, Ch. 4]) such that
s € HH'Q(Qg) and

(4.1) o5l iz (aq) < cllbsll gz sy
where S5 = S\ Cs and bs is the restriction bs = b|g, and bs = 0 for r < 4.
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Repeating the proof of Lemma 3.6 and assuming that
Ibslre—ms =0, j<I1-1,
we will show that solutions to problem (1.6) such that ¢5 = ¢|o,, s = 0
for r < §, satisfy the estimate
(42) HQD(SHHZ:LZ(Q) < CHb(S”Hl_JLl/Q(S)v

where ¢ does not depend on §. Letting § — 0 proves Theorem 1.2.

Finally, we prove estimate (4.2) for solutions to problem (1.6). Note that
Lemma 3.6 gives an estimate of type (4.2) only locally near L.

Let {¢(®} be a partition of unity as in Section 2. Take ¢*) such that
supp C® N L # 0. Let o) = p¢®) | fB) = £¢*) Then problem (1.6) takes
the form (where f follows from the extension of boundary condition (1.6)2)
43) Ap®) = ) L ovc®g, 4+ AR,

' - Ve = on - vk,

For k = 1 problem (4.3) transforms into
A = fO) 4 ovcWyy 4 AcMy,

90(1) |ag<1) =0.

In the case kK = 2 and after the change of variables (2.9) problem (4.3)
assumes the form

V252 = (V2 - V2D +2vy(PVy g + VICP 5 + £,
. V.32 = (7. — 7g) - VP + @y - Vg (),

where we use the notation introduced before (2.10). Since @, = (0,0,1)
problem (4.5) is considered in the half-space z3 > 0.
Let us choose a function 77 such that

(4.4)

(4.5)

0 _ _ ~ —

(4.6) 8777(2) = (7. — i) - V.3P) + g - Vo P,
z3 23=0

Then the function

(4.7) {/;(2) — (’5(2) _ 77(2)

is a solution to the problem
—V2®? = w253 — (v2 - v2)p? 4 fO
(4.8) +2Va (Ve + V(PG =F, 2 >0,
' 992
823

=0.

23=0
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After reflection with respect to the plane z3 = 0, problem (4.8) assumes the
form of problem (4.4),

—V2'? = I,
Vg =0,
where 7' means that 7/(z,23) = n(2/,23) for z3 > 0, 2/ = (21,22) and

n'(2',23) = n(z',—z3) for z3 < 0. In view of Lemma 3.5, for solutions to
problems (4.3) and (4.9) we obtain the estimate

(4.9)

k
< C(”f( )HHAH(]R?’) + ||VSOHH£“(R3OSuppV<(’C)) + HSOHHLH(]I@HSuppVC(k))))

where k is either 1 or 2 and in the case of problem (4.9) we have used (4.7)
and the fact that diam supp 2 is sufficiently small.
To estimate the last two terms on the r.h.s. of (4.10) we need the estimate

(4.11) ol vy < el flla o)

which is well known for solutions to problem (1.6), where f = Ab and b is
an extension of the boundary data such that 7 - Vg| s =b.

Let us consider the case p € (0,1). Using the Hardy inequality we es-
timate the last two terms on the r.h.s. of (4.10) by c||f| (). Using the

boundedness of {2 we obtain from (4.10) the estimate
(4.12) ”SD(k)Hsz(Rg) < cllfllm o)

where k is either 1 or 2. Choosing now ¢(¥) such that dist{supp ¢(*), L} > 0,
we obtain problems similar to (4.3), (4.5), where k is either 3 or 4. Using
(4.11) for solutions of these problems we obtain the estimate

(4.13) o™ sy < ell £z,
where k is either 3 or 4. Summing up inequalities (4.12) and (4.13) over all
admissible k£ we obtain

(4.14) el 2y < ellfllm o)

Let us now consider the case pu € (1,2). Then to estimate the last two
terms on the r.h.s. of (4.10) we use (4.14) for p € (0,1) and the Hardy
inequality. Repeating the above considerations we obtain (4.14) for p € (1.2).

Continuing the above considerations and assuming that ¢ € Hljf(ﬂ),
€ (k—1,k), we obtain (4.14) for p € (k,k+ 1), k € N.

The existence at each step can be proved by applying the construction
of ¢s. This concludes the proof of Theorem 1.2.

Similarly, we prove Theorem 1.3. Theorems 1.2 and 1.3 imply Theo-
rem 1.1.
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