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A QUASISTATIC UNILATERAL AND
FRICTIONAL CONTACT PROBLEM WITH
ADHESION FOR ELASTIC MATERIALS

Abstract. We consider a quasistatic contact problem between a linear
elastic body and a foundation. The contact is modelled with the Signorini
condition and the associated non-local Coulomb friction law in which the
adhesion of the contact surfaces is taken into account. The evolution of
the bonding field is described by a first order differential equation. We de-
rive a variational formulation of the mechanical problem and prove exis-
tence of a weak solution if the friction coefficient is sufficiently small. The
proofs employ a time-discretization method, compactness and lower semi-
continuity arguments, differential equations and the Banach fixed point the-
orem.

1. Introduction. Contact problems involving deformable bodies are
quite frequent in industry as well as in daily life and play an important
role in structural and mechanical systems. Because of the importance of
such processes a considerable effort has been put into their modelling and
numerical simulations. A first study of frictional contact problems within
the framework of variational inequalities was made in [8]. The mathematical,
mechanical and numerical state of the art can be found in [15]. In this paper
we study a quasistatic unilateral contact problem with a non-local Coulomb
friction law and adhesion between a linear elastic body and an obstacle,
the so-called foundation. Models for dynamic or quasistatic processes of
frictionless adhesive contact between a deformable body and a foundation
have been studied in [3, 4, 11, 20]. As in [10, 11] we use the bonding field 3 as
an additional state variable, defined on the contact surface of the boundary.
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The variable is restricted to values 0 < 8 < 1, when # = 0 all the bonds
are severed and there are no active bonds; when 8 = 1 all the bonds are
active; when 0 < 8 < 1 it measures the fraction of active bonds and partial
adhesion takes place. We refer the reader to the extensive bibliography on the
subject in [14-17, 19]. In [2] a model of a contact problem with adhesion and
friction was studied in which § represents a continuous transition between
total adhesive and pure frictional states. As in [5], in this work by applying a
time-discretization method, we prove that the time-discretized problem has
a unique solution if the friction coefficient is sufficiently small. We finally
obtain the existence of a weak solution by passing to the limit with respect
to time.

The paper is structured as follows. In Section 2 we present some notations
and give a variational formulation. In Section 3 we study a time-discretized
problem which admits a unique solution if the friction coefficient is small
enough (Proposition 3.2). In Section 4 we prove our existence theorem.

2. Problem statement and variational formulation. Let 2 C R?
(d = 2,3) be the domain initially occupied by an elastic body. Here (2
is supposed to be open, bounded, with a sufficiently regular boundary I,
partitioned into three parts, I' = I'y U 'y U I's, where I, I, I'3 are disjoint
open sets and meas I} > 0. The body is acted upon by a volume force of
density ¢1 on {2 and a surface traction of density s on I's. On I3 the body
is in adhesive frictional contact with a foundation.

Thus, the classical formulation of the mechanical problem is as follows.

PROBLEM P;. Find a displacement field u : £ x [0,7] — R? and a
bonding field 3 : I3 x [0,7] — [0, 1] such that

(2.1) divo + ¢y =0 in 2 x (0,T),
(2.2) (045) = (aijrer(w)) in 2 x(0,T),
(2.3) u=0 on Il x (0,7,
(2.4) oV = 3 on Iy x (0,7,
u, <0, o0, —c,f*R,(u,) <0,
(2.5) ) B
oy — B Ry(uy)u, =0 on I3 x (0,7),
lor + ¢ 82R; (ur)| < p|R* (0, (u))]  on I3 x (0,7),
26) lor + e Ry (ur)| < p|R* (0, (w))| = 4, = 0,

|07 + ¢ 3°Rr(ur)| = p|R* (0, (u))]
= 3IN>0: 0, = —Noy + e 82R (uy)),
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(2.7) ﬁ = *[ﬁ(CV(RV(UV))z + CT(|RT(UT)|)2) —¢&al+ on I3 x(0,T),

(2.8) u(0) =ug in {2,
(2.9) 6(0) = ﬂo on F3.

Equation (2.1) is the equilibrium equation. Equation (2.2) represents the
elastic constitutive law of the material with (o;;) denoting the stress tensor
and (eg;(u)) the small strain tensor; (2.3) and (2.4) are the displacement
and traction boundary conditions, respectively, in which v denotes the unit
outward normal vector on I' and ov is the Cauchy stress vector. Condi-
tions (2.5) represent the unilateral contact with adhesion. Conditions (2.6)
represent a non-local frictional contact in which the adhesion is taken into
account and 7., is the tangential velocity on the boundary. The tangential
shear cannot exceed the maximal frictional resistance u|R*(oy,(u))|. If the
strict inequality is satisfied, the surface adheres to the foundation and is in
the so-called stick state, and when equality is satisfied there is relative slid-
ing, the so-called slip state. Here R* is a compact regularization operator
(see [7]) and the parameters ¢,, ¢; and g, are given adhesion coefficients
which may depend on = € I's. As in [18], R,, R, are truncation operators
defined by

L ifs<—L,
R f_L<s<0 R v if |v| <L,
v = -5 U —Lx>sxU, T =
(#) ! (@) {Lv/m it o] > L.
0 ifs>0,

where L > 0 is a characteristic length of the bonds. Equation (2.7), where
[s]+ = max(s,0) for s € R, describes the evolution of the bonding field and
was already used in [18]. Since 3 < 0 on I3 x (0,T), once debonding occurs,
bonding cannot be reestablished. Also we wish to make it clear that from [13]
it follows that the model does not allow for a complete debonding field in
finite time. Finally, (2.8) and (2.9) are the the initial conditions in which
ug and [y denote respectively the initial displacement field and the initial
bonding field. In (2.7) the dot above a variable represents its derivative with
respect to time.

We recall that the inner products and the corresponding norms on R¢
and Sy are given by

UV = Uy, | = (v)? Vu,v e RY,
0.1 =0yTij, |T|= (r.0)Y2  Vo,1 € Sy,

where Sy is the space of second order symmetric tensors on R? (d = 2,3).
Here and below, the indices ¢ and j run between 1 and d and the summation
convention over repeated indices is adopted.
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Now, to proceed with the variational formulation, we need the following
function spaces:

H=(L*(2))¢, H = (H"(2)
Q:{T:(sz)ZTZ‘j:TjZ‘GLZ(Q)}, Q1 ={c€Q:divecec H}.
Note that H and () are real Hilbert spaces endowed with the respective

canonical inner products
(u, vy = S wvidr, (o,7)g = S 0i;Tij de.
k0] 2
The small strain tensor is
e(u) = (eij(w) = 5(uij +uja), 6,5 ={1,....d}
div o = (0yj,;) is the divergence of 0. For every element v € H; we denote by
v, and v; the normal and the tangential components of v on the boundary I,
given by
Uy =V, U =V — Uyl
Similarly, for a regular tensor field o € @1, we define its normal and tan-
gential components by
oy = (ov).v, o;=o0V—oyv,
and we recall that the following Green formula holds:
(o,e(v))g + (divo,v)g = S ovwvda Vv € Hy,
r
where da is the surface measure element. Let V' be the closed subspace of H

defined by
V={veH :v=0o0nI},

and let K be the set of admissible displacements of V' defined by
K={veV:v,<0a.e. on I3}

Since meas I} > 0, the following Korn inequality holds [8]:

(2.10) le()llg = cellvlla, YveV,

where the constant ¢, > 0 depends only on {2 and I7. We equip V with the
inner product

(u, )y = (e(u),e(v))Q;
and | - [ is the associated norm. It follows from Korn’s inequality (2.10)
that the norms ||| g, and |- ||y are equivalent on V. Then (V||| -||y) is a real

Hilbert space. Moreover, by Sobolev’s trace theorem, there exists dgp > 0
which depends only on the domain (2, I'1 and I3 such that

(2.11) 1oll 2 (ryye < dollvlly Yo € V.
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For p € [1, o0], we use the standard norm of LP(0,7;V'). We also use the
Sobolev space W1°°(0,T; V) equipped with the norm
[vllw.ee0,1v) = VIl Loe 0,750y + 101 Los (0,751

For every real Banach space (X,|| - ||x) and T > 0 we use the notation
C([0,T]; X) for the space of continuous functions from [0,7] to X; recall
that C'([0,7]; X) is a real Banach space with the norm

) = )l
[l e jo,7:3) tg&%Hx()HX

We suppose that the body forces and surface tractions have the regularity
(2.12) p1 € WHS(0, T3 H), o € WH(0,T; (L*(12))7)
and we denote by f(t) the element of V' defined by
(2.13) (f(t),v)y = S e1(t).vde + S p2(t)vda Vv eV, tel0,T].
n I

Using (2.12) and (2.13) yields
fewhe,T;Vv).
Let
HY(I3) = {w|p, :we HY?(I), w=0on I},

equipped with the norm of HY2(I"). Let (-,-)p, denote the duality pairing
on H'Y2(I3) x H-Y2(I3).

Before we start with the variational formulation of Problem P; let us
state in which sense the duality pairing (-,-) is taken. For o € @1, if ov €

(L?(I%))¢ in the sense of distributions, i.e. there exists s € (L%(I3))¢ such
that

<UV7 @)H—l/Q(F)XHl/Q(F) - S spda Vo € (CSO(FQ))d7
I%

where HY/2(I') = (HY2(I'))¢ and H-Y/2(I") = (H~'/2(I"))?, we define the

normal stress o, on I3 as follows:
Yw € HY?(I3) :

(2.14) (0w, W)y = (0,6(v))q + (dive,v)m — | svda
VvEVvvithv,,:wandszooan,l.ﬂ2

We assume that R* : H~Y/2(I3) — L?*(I3) is a compact linear mapping.
Now, in the study of the mechanical problem P; we suppose that a;y €
L>($2), 1 <i,j,k,l < d, with the usual conditions of symmetry and ellip-
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ticity, that is,
® ik = ikl = Qkiij, 1 < 4,5,k 1 < d,
e Ja > 0Vn = (n;;) € R™? with n;; = n;, 1 <4,5,k,1 < d,
Qi jkiMigNij = 04!77’2-
We define the bilinear form a(-,-) on V x V by
a(u,v) = S aijkiij(u)er (v) de.
2

It follows from Korn’s inequality that a(-,-) is continuous and coercive, that
is,

(a) there exists M > 0 such that
la(u, v)| < Mullv[lvlly ~ Vu,v eV,
(b) there exists m > 0 such that
a(o,0) > mllol3 Vo e V.
Also as in [6] we define the functional j: V x V — R by

j(u,v) = § iR (0o (Pu)| forl da Yu,v eV,
I3

(2.15)

where P is the projection from V onto Vp = {v € V : divo(v)+¢1 = 0 in 2}.
If u is a solution of Problem P, stated below then Pu = u.

As in [18], we suppose that the adhesion coefficients ¢,, ¢; and g, satisfy
the conditions
(2.16) Cv,cr € L®(I3), e4,€ L>®(I3), c¢v,¢req >0 ae. on .
The friction coefficient p satisfies
(2.17) pe L*(I3) and p>0 ae. on Is.
We need the following set of bonding fields:

B={B¢€ L>®0,T;L*I3)):0 < ((t) <1Vt €[0,T], a.e. on I3}.
Also, we define the adhesion functionals r, : L>®(I3) x V x V. — R and
rr: L®(I3) xV xV — R by

r(B,u,v) = = | cB’Ry(uy)vyda V(B,u,v) € L) x V x V,

I3
rr(B,u,v) = S e PR (ur) vy da  V(B,u,v) € L®(I3) x V x V.
I3
Finally, we assume that the initial displacement field ug belongs to K and
(2.18)  a(uo,v —ug) + j(uo,v — ug) + r(Bo, uo, v — uo)
> (f<0)7v_u0)v VUEK,
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where
r=r,+r.,
and the initial bonding field Gy satisfies
(2.19) Bo€ L*(I3), 0<By<1 ae. onls.

As in [5], using Green’s formula, we obtain the following variational formu-
lation for Problem P;.

PROBLEM P,. Find a displacement field u € W1*°(0,T; V) and a bond-
ing field 8 € W1H°°(0, T; L?(I3)) N B such that u(0) = ug, B(0) = By and for
almost all ¢t € [0,T7], u(t) € K and
(2.20)  a(u(t),v —a(t)) + j(u(t),v) = j(u(t), a(t))

+rr(B(1), u(t), v —a(t))

> (f(#),v = a(®))v + (ou(u(t)), vy — w(t))r; VoeV,

(221) (o (u(t)). 70 — un(B) 1y + (), u(t) 2 —u(t) >0 Yz € K,
(222)  B(t) = ~[B(t)(co (R, (1))? + er (| Rr (ur())])?) — £a)+ ace. on T3,

Our main result, which will be established in Section 4, is the following
theorem.

THEOREM 2.1. Let T > 0 and assume (2.12) and (2.15)—(2.19). Then
Problem Py has at least one solution if the friction coefficient is sufficiently
small.

3. A time-discretized formulation. This evolution problem can be
integrated in time by an implicit scheme as in [5]. We need a partition of the
time interval [0,7], 0 =ty < t1 < --- < t, =T, where t; = 1At, 0 < i < n,
with step size At = T'//n. We denote by (u’, 3') the approximation of (u, 3)
at time t; and Aut =t — ot AR = g — B8 For a continuous function
w(t) we set w' = w( i)- Then we obtain a sequence of incremental problems
P! defined for (u°, 8°) = (uo, B) by:

PROBLEM P!. For (u?, ') € K x L>®(I}), find (ut!, 37+1) € K x L*°(I%)
such that
( a(ui—H,w _ uz’—i—l) —|—j(ui+1, w — UZ) _ j(uH'l, Aui)
+ TT(BiJrl ui+1 w— uiJrl)
> (ffh o=y + (ot w — gt Yw eV,
(ﬁ“‘l witl 2 — ui+1) + <0V(ui+1), 2y — uf,+1>p3 >0 VzeK,
BZ—H ﬁz

B = T (Rl + e (Re () ])?) — ol ae. on T,
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LEMMA 3.1. Problem P is equivalent to the following:

PROBLEM Q. For (u',3') € K x L*™®(I3), find (u't!,3*!) € K x
L*°(I3) such that

a<ui+1aw_ui+1)+j(ui+1aw_u) .]( o Au)
+r(ﬁi+1 ui+1,w_ui+l) > (fl+l,w_ul+l)v = K,
ﬁz—i—l ﬁl
At

(3.1)
—[B" (ev (Ry(u™))? + er (| Re (ui)])?) — eal+

a.e. on I3.
Proof. We refer the reader to [5].

PROPOSITION 3.2. There ewists po > 0 such that for ||pl|pee(ry) < fio,
Problem Q! has a unique solution.

To show Proposition 3.2 we introduce an intermediate problem. Namely,
we define the closed convex set

Ct ={geL*(I3): g>0ae. on I3}
and the mapping ¢, : K — R, g € L?(I3), given by
pg(w) = | uglwr|ds.
Is

For g € C%, we introduce the following problem Qﬁlg defined as the contact
problem with given friction on the contact zone.

PROBLEM Q. For (u’,3") € K x L*°(I3), find (ug, 8y) € K x L®(I%)
such that
a(ug, w —ug) + pq(w — u?) — ©g(ug — ut) + (Bg, Ug, w — ug)
(3.2) > (fifw—uy)y VweK,

ﬁgAtﬁZ —[By(cv (R (ugn))? + cr(|Rr (ugr)|)?) —€al+ ae. on I

As in [5] we have the following lemma.

LEMMA 3.3. For any g €C%}, Problem wa has a unique solution (ug, Bg).
To prove Lemma 3.3 we introduce the following auxiliary problem.
PROBLEM Pjg. For u' € K, 3 € L>(I}), find u(8) € K such that
(33)  a(u(B),v— u(B)) + wylv — u) — py(u(B) - )
(B u(B),0 — u(@) > (fH o —u(@)y Yo e K.
We have the following lemma.

LEMMA 3.4. Problem Pig has a unique solution.
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Proof. Let A:V — V be the operator given by
(AU, U)V = CL(U, U) + T(ﬂv u, ’U)

= a(u,v) + S (=R, (u,)v, + ¢ 2Ry (ur).vy) da.
I3

From (2.15)(a), (2.11), (2.16), and the properties of the operators R, and
R (see [19]):
|Ry(a) = Ry(b)] < la—b] Va,beR,
34 Ro() - R(3) < la—b Va,beRY,
it follows that
|(Au — Av,w)y|

< M+ (llevll poor) + llerll oo ) ) A 118 poe (1l = vllv [[w] v

Also, we use (2.15)(b) to see that

(Au — Av,u —v)y > m|ju —v||} — S B%c, (R, (uy) — Ry (v,))(uy, —v,) da

I3
+ | B2 (Re(ur) — Re(vr).(ur — v;) da.
I
As
(35) (Rl/(ul/) - RV(UV))(UV — 'Uy) <0 a.e.on I3,
(Rr(ur) — Rr(v7)) - (ur —vy;) >0 ae. on I3,

we get
(Au — Av,u —v)y > m|u —v|?,
which implies that A is strongly monotone. Therefore A is a strongly mono-
tone and Lipschitz continuous operator. On the other hand, ¢, is a convex,
proper and lower semicontinuous functional, so by a classical argument of el-
liptic variational inequalities [1], the problem P; 3 has a unique solution u(f3).
We also consider the following problem.

PROBLEM Pyg. For 3 € L>®(I3) and u € V, find 8 € L°°(I3) such that

P B (R + e Be(un))?) — 2l e on I
REMARK 3.5. Obviously, Problem Pg has a unique solution given by
B if ey (Ry(uy))® + cr (| R (ur)])?) 8" — €0 < 0,
Bt 4 ea At

B=9 T4 AtleBo())2 + o ( Br (un)])?)

if (cu (Ro(wn)® + er (| Ry (upr)|)?)B" — €0 > 0.
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To complete the proof of Lemma 3.3, let v € V and (3(v) the correspond-
ing solution of Problem P,g. Let u(8(v)) be the corresponding solution of
Problem P;3 and define the mapping 7': K — K as

v = T(v) = u(B(v)).
Take v = u;, i = 1,2. As in [5, Lemma 2.3|, there exists a constant C' > 0
such that

||T(u1) — T(UQ)HV < CAtHul — u2||V, Vul,uz e K.

Then we conclude by a contraction argument that for At sufficiently small,
Problem ();; has a unique solution (ug, Bg)-

Next, we establish Proposition 3.2. Let g; € C%, j = 1,2, and uy; the
corresponding solutions. Taking v = wug, in the inequality of (3.2) with
g = g1, and v = ug, in the inequality of (3.2) with g = g2, and adding
the two inequalities, we get
alug, — gy, Ug, — Ugy) < 7(Bgy, gy, Ugy — Ugy) + 7(Bgy, gy, Ugy — Ugy)

+ P (ugz - uz) — Pa (U’gl - uz) + Pg2 (ugl - UZ) — Py (ugz - ul)'
We have

r(ﬁgl y Ugys Ugs — ug1) + T(ﬁgm Ugy, Ugy — ugz)

= {ler(Boy = B,,)(Byy + B,, ) R(ug,, ) (ug,, — ug,,)]da

Is

- S [CV(BQI - 592)(/891 + 592)R(u91u)(u91u - u92u)] da
I3

+ S [Cuﬁi (R(ug,,) — R(ug,,))(ug,, — ug,, )l da
Is

+ S [075922 (R(ug,,) — Rlug,, ) (ugy, — ug,, )l da.
I

Using the properties (3.5) we then deduce
alug, — gy, Ug, — Ugy)
S S [CT(/BQI - ﬂgz)(/@gl +592)R(u917‘)(u927 - ugl‘r‘)] d(l
I
- S [CV(/BQI - BgQ)(IBgl + BgQ)R(uglu)(uglu - quV)] da
I3

+ Pa1 (ug2 - ul) — Pa (ugl - ul) + Pga (ugl - uz) — Pga (ug2 - ul)

Now, from (2.11), (2.15)(b), |Ry(uy)| < L and |R-(u,)| < L, it follows that

there exists a constant C > 0 such that

lug, — ugsllv < Cl|Bgy = BoallL2(ry) + el ooy lgr — g2ll 2 (ry))-
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On the other hand, using (2.11) and the properties (3.4), we deduce from
the equality of (3.2) that there exists a constant C’ > 0 such that

8¢, — ﬂngLQ(Fg) < CIAt”Ugl — Ug, v
Then
(1 = CC' A [lug, — ug,llv < Cllpllpoe(ry)lgr — g2llL2(ry)-

Therefore if At < 1/CC’, then there exists a constant C] > 0 such that

g, — g, lv < Cillpll Lo () lg1 — g2ll L2 (1y)-
To end the proof, define the mapping @ as

P:CL - CL, g P(g) = |R (0u(ug))|.
We have the following result.

LEMMA 3.6. There exists a constant pg > 0 such that if

|2l oo (1) < o,

then the mapping ¢ admits a unique fired point g, and (ug,, By,) is a unique
solution to Problem @Q},.

Proof. Let g1,g2 € C7}. Then
12(91) = P(92)llL2(ry) = [ B (00, (g, ) — B (00 (ugy)) |l L2(r)-

Using (2.14), the continuity of R* and (2.11), we deduce that there exists a
constant ¢ > 0 such that

12(91) — P(g2)llL2(r5) < cllug, — ugy|lv-
Then
|2(g91) — gz5(92)||L2(r3) < CC{HM”Loo(rg)Hgl - 92HL2(F3)-

If we set po = 1/cC], we conclude that for ||| g,y < to, the mapping @
is a contraction and so it admits a unique fixed point g, and (ug,, 34, ) is a
unique solution to Problem @},. =

LEMMA 3.7. There exist constants C1 > 0 and Cy > 0 such that
3:6) |ty <Gl v + 1), [[Ad v < G| AF v + Aty

Proof. By setting v = 0 in the inequality of (3.1) we deduce

a(ui-i-l ui+1) < j(ui+1 ui+1) + T(6i+1 ui—i—l ui—i—l) + (fi+1 ui—i—l)v.
Using the properties of j we have
F W) < lpll oo ryydel | B (00 (u™ ) [ L2 ) lu™* v,
and by (2.14), there exists a constant C5 > 0 such that
IR (o (" N2y < Call™ v + 1F7 Iv).
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On the other hand, using |R(u,)| < L, |R(u;)| < L and (2.11), we have
(B ] < doL(llevllpeo(ry) + llerll oo ) lu ™ v
Using (2.15)(b), we deduce the inequality

ma R < Nl ooy deCallu™ v + [LFHH Il v+ 1L v [l

+daL(llevllpoe(ry) + llerllzoorg) lu v,

from which we infer that if
m
oo < -,
2l Lo (1) 1oCs

then the first inequality of (3.6) holds for some constant C; > 0. To show
the second inequality of (3.6) we consider the inequality of (3.1) translated
at time t;, that is,

(3.7)  a(ut,w—u') 4+, w—uTh) — jut, vt — a4 (B ut, ut T — )
> (ffw—u)y YweV.
Taking w = u’ in the inequality of (3.1) and w = u*™! in the inequality (3.7)
and adding the two inequalities, we obtain
— a(Aul, Aut) — (it A + il utt — ui Y — (- uih)
(B Wit — i) (B, it — ) > (AFE Aty
Then using the inequality
Sl — | <

| |’U,77;_+1 —u T

j(ul,u”l _ uz—l) _ j(uz’uz _ uz—l) < j(ul,AuZ).
Therefore
(3.8) a(Aut, Au?) < j(ul, Au') — j(u'T, Aud) + (BT utTE, — Aud)
+ (B, Aut) + (Af', Aty
From (2.11), (2.14) and the continuity of R*, it follows that exists a constant
¢ > 0 such that
|[=j(u’, Au’) + 5(u, Au)| < ellpll gy ([AW 7 + [AF v ][ At [v).
Moreover, using, (2.11), |R,(v)| < L, |[R-(v/)| < L, j = i,i+ 1, and (3.4),
we have

(8, =) + (3, A
< Lo (el + lerlloe(r) 140 I A5 (.

As ‘
1AB |2y < Ate,

where ¢; > 0, we combine the previous relations to deduce from inequality
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(3.8) that for
cl|pll oo (ry) < m,
there exists a constant Co > 0 such that the second inequality of (3.6) holds.

4. Existence of a solution. In this section we prove our main result,
Theorem 2.1, which guarantees the existence of a weak solution for Problem
P, obtained as a limit of discrete solutions. For this, we define the sequence
of functions u” : [0,T] — V by
t—t;

gy Au® oon [titipq],i=0,...,n—1,

u(t) = u' +
u™(0) = up.
As in [6] we have the following lemma.

LEMMA 4.1. There ezists u € WH*°(0,T; V) and a subsequence of (u™),
still denoted (u'), such that

u" —u  weak™ in WH(0,T;V).

Proof. Indeed, from (3.6) it follows that there exist constants C3 > 0
and C4§ > 0 such that

[ lwr.ee 0,0y < C3l fllwoo 0,3y + Cs-

Consequently, the sequence (u") is bounded in W1°°(0,T;V). Therefore,
there exists a function u € W°°(0,T; V) and a subsequence, still denoted
by (u™), such that u™ — u weak* in W1°°(0,7;V) as n — oo.

REMARK 4.2. As W1(0,T;V) — C([0,T); V) we have u™(t) — u(t)
weakly in V for all ¢ € [0, 7.

Now we introduce the piecewise constant functions " : [0,7] — V and
f":10,T] — V defined as follows:

ar(t) =, ) = f(tis),  VEE (iytiga], i=0,...,n—1,
a"(0) =ug,  fM0) = £(0).
As in [5] we have the following result.

LEMMA 4.3. Passing to a subsequence again denoted (u™) we have
(i) @™ — w weak™ in L>(0,T;V),

(i) u™(t) — u(t) weakly in V for a.e. t € [0,T],

(iii) u(t) € K for all t € [0,T].

PROBLEM Ps. Find a bonding field 5 : [0,7] — L°°(I3) such that
B(t) = =[8(1)(cv (Ru (un(1))? + e (|Rr (ur ())])?) = ea)s ae. t € (0,T),
5(0) = ﬁo on F3>

where u is the weak solution found in Lemma 4.1.
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We have the following result.

PROPOSITION 4.4. There exists a unique solution to Problem P and it
satisfies

B € Whee(0,T; L*(I3)) N B.
Proof. As in [5] let £ > 0 and let

X = {8 €C(0,T]; L*(I3)) : tes[l(l)pT][eXp(—kt)Hﬁ(t)Hm(rg)] < 00}

Then X is a Banach space for the norm

18lx = sup [exp(=kt)[|B(E)]| 22(ry)]-
te[0,7

Consider the mapping A : X — X given by
t

AB(t) = o = {[B(s)(ev (R (us (9)))? + er (| Rr (ur(5))])?) = eal ds.

0

Then there exists a constant ¢} > 0 such that

[ABL(t) — ABa(t)[?
<\ (e (R (un(8)))? + cr|Rr(ur(5)[*) (Br(t) — Ba(t))? ds.

t
0
From |R, (uy,(s))| < L and |R,(u-(s))| < L, we deduce

1AB () = AB2(D)172(py < ¢ Sllﬁl() Ba(O)lIZ2 () ds

exp(2kt)
< |18 — Bk 2(k:

It follows that
C/
| A1 — AP x < i 181 — B2l x-

Therefore for k sufficiently large, A has a unique fixed point (3. To prove
that 8 € [0,1] for all ¢ € [0, 7], it suffices to invoke [20, Remark 3.1].

Now we introduce the sequences of functions ("), (3") defined on [0, T]
by

() =0+
gr(t) =B Ve (tiytiva), i=0,...,n—1,

3"(0) = 5"(0) = fo.

YVt € [ti,tprl],
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We prove the following lemma.
LEMMA 4.5. We have the following convergences

(i) B" — B strongly in L*(0, T} L%(I3)),
(ii) 8™ — B strongly in L>(0,T; L*(I3)).

Proof. To show (i), since 3(t) = AB!/At, for all t € (t;, tiy1) we have
t

(1) = 87 =V [B™(6) (e (Ru(@)(5)))? + er (|R- (@2 (5)))?) — eal+ ds,

Thus we have

18" () = BO)l2(ry) < 16" = Bt 213
18" (#) (cu (Ru (@ (5)))* + e (| R (2(5))])%)
= B()(ev(Ry(un())? + e (IR (ur (D)D) 2, d-
Using the fact that |R;(w;)| < L for | = v, 7 (see [19]) and (3.4) we have
lew 5™ () (Ro ((5)))* = cuB(0) (R (s ()| 21y
< 8" (s)ew (R (@ ()))* = (Ru(ws(5)))%)
+(B"(s) = B"(9))ew(Ru(wn ()l 21y
+1(8"(s) = B(s))ew (Bo(wn (9)))? [l 221
< 2L|lev || oo () 1wy (s) — un ()l L2y

+ L2[ley|| oo (ry) (18" (5) = B(s)lln2(ry) + Atc)).

_'_

O e
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Also we have
15" (s)er (1R (@2 (5)))? = e BE) (| Rr (ur (1))l 21
< 18" (s)er (1R (@ (5)))* = (1R (ur(s))]))
+(B"(s) = B"(5))er (| Re (ur () ) L2(r)
+ (8™ (s) = B(s))er (| Re (ur () [l 21
< 2L{[er || poe () l[ur (s) — wr ()l (£2(1y))e

+ L2HCTHL°°(F3)<H5n<3) - ﬂ(S)HL2(F3) + Atc’l).

From the previous inequalities we deduce

18" (8) = B z2(ry) < 18" = B z2(ry)

t
+ 2L ([lewll oo (ry) § 1E22(5) — s (8) Il 2y ds
0
t

t llezll oo gy § 17 () = wr () 121y d5)
0
t

+ L2 (el oo ) + ller | oo () V187 (5) = B(s)l|2(ry) ds
0

+ (HCVHLOO(Fg) + HCrHLoo(pg))TLQAtcll.

Now a Gronwall-type argument shows that there exists a constant Cy > 0
such that

187(t) = BN za(ryy < Ca(18 = Bt 2y
t
S () = w3l a(ry) + 1T () = ur(s) | zarypye) ds + At).

0
Hence
e 118°(0) = B(0) |2y < Ca max 167 = (1)l 2z
T
+ JUTES) = w0 (5)ll 2y + 17T (s) = r(3) | g2(rppa) ds + At ).
0

As in [5, Lemma 3.5] we also have

lim max [|6° = 4(t:) | 2(ry) = 0

n—oo 1=0,...,

and from Lemma 4.3 we have u?(s) — wu,(s) strongly in L?(I3), and
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u”(s) — ur(s) strongly in (L3(I3))? a.e. s € [0, T]. Moreover, as

[ (s) — u(s) |l r2(ry) < della™(s) — u(s)llv < C'([|f w0,y + 1),
and
[ (s) — ur(s)ll(z2(my))e < della™(s) —u(s)llv < C'(I|fllwre@ry) + 1),
where C’ > 0, it follows by using Lebesgue’s theorem that

T

DI (8) = ()l ary) + (S) = ur($)llga(ryyye) ds — 0 as m — .
0

Hence we deduce

1 () — Bt =
ninéotgﬁ?}%”ﬁ() B 2y =0,

and so (i) is proved. To prove (ii) it suffices to remark that there exists a
constant C5 > 0 such that

15" (t) — B2y < 15" (t) — B Ol 2y + 18" () = BO 2(ry)
< G5 At + [|B™(t) = B 2(1y)-

Now we have all the ingredients to prove the following proposition.
PROPOSITION 4.6. (u,3) is a solution to Problem Ps.

Proof. In the inequality of Problem P¢, for v € V set w = u’ + vAt and
divide by At to obtain

: Aut - : Aul ) Aut
i+1 041 oz i+1 141 z +1
a(u , U At)—i—j(u ,V) j(u At)—i—m(ﬂ U At)

- Au’ 4 Aul
> i+1 i+1 v .
_<f U~ jt>v+<0’u(u ) vy = — >F3

i+1 o v i+1 , i+1 .
<0'y(u )7UV At >F3+Tu</6 yu v At)
>

<UV(ui+1)>UV>F3 + TV(ﬁi+17Ui+1av) Vv eV,

and we deduce

. At , A 4 - A’
i+1 . 0141 g i+1 i+1 i+l
a(u U At)+](u ,V) ](u , At>+r<ﬁ ,utT At)

. Al . . .
> (f”l,v Y ) + <O'V(ul+1),7},/>p3 + T,,(ﬁ”l,ulﬂ,v) Vv e V.
1%

At
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Hence for any v € L?(0,T;V), we have
a(" (), v(t) — " (t) +j(@"(t),v(t)) — j(u"(t), 0" (t))
+T(ﬁ"(t) u"(t), v(t) —u"(t))
> (f"()v(t) = 4" (#)v + (ou @ (1), v ()1
+ 1y (B"(8), @ (1), 0(t))  ae. t €0, T].
Integrating both sides on (0,7’), we obtain

T T T
@1 a@ (@), o) —a"(0) dt + | j@ (@t),o(t)) dt - | j@ (1), " (t)) dt
0 0 0
T
+ \r(Bm @), @ (1), v(t) — i (1)) dt
0

T
+ (B (), T (8), v(1)) dt.
0

LeEMMA 4.7. (i) For any v € L?(0,T;V) we have

T T
(4.2) lim Va(@ (@), v(t)) dt = | a(u(t), v(t)) dt
r '
(43) Jim {5 (0), o(6)) di = § j(u(t). o0) dt
L :
(4.4) Tim § (7 (1), 0(t) —a"()v dt = {(f(2),0(t) —i(0))v dt
. :
(4.5)  lim §r(B"(8),u" (1), 0(t) =" () dt = | r(B(t), u(t), v(t) —(t)) dt
0
(ii) We have
T T
(4.6) hnni}orolf S a(u ) dt > S a(
0 0
T T
(4.7) hnnllo%f S j(u dt > S]

Proof. For the proof of (4.2)-(4.4) and (4 6)—(4.7) we refer the reader to
[6, Lemmas 4-6]. To prove (4.5) it suffices to invoke [5, Lemma 3.8] and use
the properties (3.4).
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Now using Lemmas 4.5(ii) and 4.7 we let n — oo in (4.1) to obtain

T T T
48)  Va(u(®),v(t) —a(®) dt+ | j(u(t),v(t) dt — | j(u(t),u(t)) dt
0 0 0
T
+ \ r(B), ut), v(t) — a(t)) dt
0

+ S Ty(ﬂ(t)v u(t)v ’U(t)) dt.
0
On the other hand, from the inequality in (3.1) we deduce

a(uw — ) (@t w — ut) £ (B W w — uit)
> (f*w—uty  VweK,
and so for all ¢t € (0,77,

a(@™(t),w — W (1)) + (@ (1), w — @ (1)) + r(B" (1), W (1), w — T(t))

> (ffw—u"(t)y  Ywe K.
Passing to the limit we obtain, for all ¢ € [0,T],
alu(t), w — u(t)) + j(u(t), w — u(t)) + r(B(E), ult), w — u(t))

> (fiw—u(t)v YweK.
This inequality implies, by applying Green’s formula, that for all t € [0, 7],
(o0 (u(t), vv — uy () s + 10 (B(E), u(t),v —u(t)) 20 Vv e K,

and so we get (2.21), which implies

(4.9) (op(u(t)), u,(t)) ny + 1 (B(E), u(t), u(t)) = 0.
Combining (4.8) and (4.9) we obtain
T T T
(4.10)  Va(u(t), o(t) = a(t)) dt + | j(u(t), v(t) di = | j(u(t), a(t)) dt
0 . 0 0
+ | r(B(), u(t), v(t) — a(t)) dt
T " T
> {(£),0() = a(®)v dt + {(ou(ult)), v, () = i () 1, dt
0 0

+ o (8(t), u(t), o(t) — a(t)) dt.
As in [5] from the i]?lequality (4.10) we deduce (2.20).
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Conclusion. In this paper we have studied a mathematical model which

describes a quasistatic frictional contact problem with adhesion for elastic
materials. The adhesive and frictional contact is modelled with the Signorini
condition and the non-local Coulomb friction law. We have proved existence
of a weak solution under a smallness assumption on the friction coefficient.
The important question of uniqueness still remains open.
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