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RELATIONS FOR CHARACTERISTIC FUNCTIONS OF k-TH
RECORD VALUES FROM GENERALIZED PARETO AND
INVERSE GENERALIZED PARETO DISTRIBUTION

Abstract. Relations for the marginal, joint, conditional characteristic
functions of k-th upper and lower record values from generalized Pareto
distribution and inverse generalized Pareto distribution are given.

1. Introduction. Let {X,, n > 1} be a sequence of independent iden-
tically distributed i.i.d. random variables with cumulative distribution func-
tion (cdf) F(z) and probability density function (pdf) f(z). The j-th order
statistic of a sample (X1,...,X,) is denoted by Xj.,. For a fixed k > 1 we
define the sequence {L(n), n > 1} of k-th lower record times of {X,, n > 1}
as follows:

Li(1) =1,

Li(n+1) = min{j > Li(n) : Xp.r, n)4h—1 > Xpjrh—1}, 1> 1
Then {Z,(Lk),n > 1} with zF = Xi:Ly(n)+k—1, 7 > 1, is called the sequence
of k-th lower record values of {X,,,n>1}. Note that Z§k) =max{Xy,..., X;}
and Z{" = Xi(ny, n > 1, are lower record values (cf. [4]). It is known that

F 1>...>zn’

0, elsewhere.

Hence the pdfs of Z,(Lk) and (Z7(r]f), Z,(Lk)) are

(L) fyle) = o
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D) == F @)~ E)

(1.2) [y ym(@,y) = (

< CFE@) L FG) W), o> pnz2m<n

respectively.

Now we recall the definition of k-th upper record values. With the above
notation, for a fixed k& > 1 we define the sequence {Uy(n), n > 1} of k-th
upper record times of {X,,, n > 1} as follows:

Uk(1) =1,

Ur(n +1) = min{j > Ur(n) : Xj;j1h—1 > Xvympvp(ny+h-1}, n =1
Then {Yfgk),n > 1} with Yn(k) = XU, (n):Ur(n)+k—1, 7 > 1, is called the
sequence of k-th upper record values of {X,, n > 1} (cf. [2]). Note that
V" = min{X1,..., X3}, and V") = Xy, 7 > 1, with U(n) = min{j >
Un-1):X; > XU(n,l)} are upper record values. It is known that the joint
pdf of (Yl(k), - ,Yn(k)) is given by

-1
1 fla)
fyl<k>7m7yygk> (@1, @)= L1 F(x;)

0, elsewhere.

(Fan)" " f(zn), 1< <,

and the pdfs of Yn(k) and (Yn(@k), erk)) are

(13)  fyol) = =g
k;n

(L) -y v (@9) = i = =11

(~InF(z))" H(F2)*f(x), n>1,

[In F(z) — In F(y)]" "

X (—In F(z))™! ]i(x) (Fy)*f(y), z<y,n>2 m<n,
F(x)
respectively, where F(-) =1 — F(-).

The properties of record values have been extensively studied in the lit-
erature. Recurrence relations for single and product moments of k-th record
values for generalized Pareto, inverse generalized Pareto, Burr, inverse Burr,
Weibull, exponential, generalized extreme values distributions are given in
[4]-]7]. In [1], recurrence relations are given for moment generating functions
of record values for Pareto and Gumbel distributions.

This paper contains relations for the marginal, joint and conditional char-
acteristic functions of k-th upper and lower record values from generalized
Pareto distribution and inverse generalized Pareto distribution. These rela-
tions yield as special cases the relations for moments of generalized Pareto
distribution and inverse generalized Pareto distribution given in [4]-|6].
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The pdf of the generalized Pareto distribution (GPar(«)) is
(14 az)" 0+ >0 a>0,

fla) = (1_+ az)~ ) g<cr < —al a<0
e ", x>0, a=0,
0, else.
Note that
(1.5) flx)1+ax)=1—F(z) (cf [5]).
The pdf of the inverse generalized Pareto distribution (IGPar(6,7)) is
T0z7 1

f(f):m, l‘>0,9>0,7—>0,

and one can observe that
(1.6) z(z+0)f(x) =07F(z) (cf. [6]).

2. Relation for the marginal characteristic function. We start
our study with the generalized Pareto distribution. Using (1.3) and (1.5) we
obtain the following relation for the marginal characteristic function of k-th
record values. Let ., (t) denote the characteristic function of the k-th upper

(k)

record value Y,

THEOREM 2.1. Fork >1,n>2, and a # 0,
d
(2.1) (k —it) pon(t) — at 7 kon(t) =k ppn—1(t),  where i =+/—1.
Proof. For GPar(a) we have

0o
() )
k(,On(t) = Eethn = S el Yék) (l‘) dx.

0
Thus by (1.3) and (1.5) we get
(2.2)  ken(t)+ % %k@n(t) — & k_nl)! (S) eitz(_ In F(l‘))n_l(p(l’»kdm
Integrating the right side of (2.2) we obtain
o d i T itx inl n—1/7 k-1
ken(t) + 7 %kﬁpn(t) =it =) S e (=InF(2)" (F(z)" f(z) da
"0
Lk e _ _
T | e (= F(2)"*(F(2))*" f(z) da
"0
k k

= = pon(t) = = ppn_1(t
it k‘Pn( ) it k¥n 1( )7
which gives (2.1).
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COROLLARY 2.1.1. Forn>2and j=0,1,2,...,

(2.3)  (k—it — ja)(repn(t))D
= k(pn—1(0)Y + 5 (opn ()91 + at (500 (1)U,
where (kson(t))(j) is the j-th derivative of pop(t) with (k,gpn(t))(—l) —0.

COROLLARY 2.1.2. For the exponential distribution, i.e. when o = 0, we
have

(2.4) (k = it) (bon ()9 = k(ron-1(6) + ij(kpn ()97,
with (xpn ()1 = 0.

In [3], “a new characterization of exponential distribution” (Theorem 1.1)
is given together with an application to constructing goodness-of-fit tests for
exponentiality. Namely, it is proved that X has exponential distribution iff
(2.5) E(sin(tX)) —tE(cos(tX)) =0, teR.

We see that this condition can be derived from (2.4) after letting j = 0,
k =1 and n = 1. Moreover, we note that for j =1, k=1 and n = 1 in (2.4)
on can get
(1= it) (p(1) M) = ip(t).

From this equation we conclude that X has exponential distribution iff

E(1—-X)sintX +tE X cos X =0,

E(X —1)costX +tEXsin X =0,
Using these conditions one can try to construct a goodness-of-fit test for
exponentiality as was done in [3].

REMARK 2.1.1. Setting ¢ = 0 in (2.3) and replacing j by j + 1 we get
recurrence relations for single moments of k-th record values from generalized
Pareto distribution:

. k E) s Jj+1 .
By®ytl = — = py®yitty T T gy (of [4]).

REMARK 2.1.2. Setting ¢ = 0 in (2.4) and replacing j by j + 1 we get re-
currence relations for single moments of k-th record values from exponential
distribution:

E(Y, M)+t = By, )7+ + E(Y,M)y  (cf. [4]).

n

Jr1
k
Now let 11y, (t) denote the characteristic function of the k-th lower record

value Z\) from IGPar(0,7), i.e.

(o]
(k) .
kﬂ)n(t) = EeZtZ" = S elm Zr(Lk) (x) dx.
0
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THEOREM 2.2. For k> 1 andn > 2,

i 2
(26) S ()~ S halt) = k(1) 4 ).

Proof. Using (1.1) and (1.6) we have

2 kN 0
2) 55 n(t) = G wnlt) = o | (- Pla)" (F@)) do
0

Integrating the right side of (2.7) by parts we obtain

2
ork" T itz k1
:i?f(n—?)!é (= F(2))"*(F ()" f(z) dx
T n+l
_if(nk_l)!g ¢t (— In F(2))"" Y (F(x))* ! f() da
otk

— ?[kd)nfl(t) — k¥n(t)],
which gives (2.6).

COROLLARY 2.2.1. Forn>2and j=0,1,2,...,
kT 4 t0 — ij

(2.8) (ktbn () R (kthn—1(t)) W(wn(t))(jﬂ)
it j
) (ktn (£)) 92,

where (n (1)) is the j-th derivative of yibn(t).

REMARK 2.2.1. Setting ¢t = 0 in (2.8) we get relations for single moments
of k-th record values from IGPar (6, 7):
kT )

e By - I Rz0y(cf, [6)).

E(Z®)i —
) o+ k)

3. Relations for the joint characteristic function. Let ypp, n(t1,%2)
denote the characteristic function of the m-th and n-th upper k-th record

values Y,¥) and V" from GPar(a), i.e

00 00
(k) ; ;
K Prn (tla t2) —Ee it1Ym zt2Y S S eZtlmezmny,slk),Y,Em (l‘, y) dx dy
00
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THEOREM 3.1. Fork>1,2<m<n—1, and a # 0,

(3.1) itl ktpm,n(tl, tg) + tloz k@m,n(tla tg)

0
oty

= k(komn-1(t1,t2) = kem-1n-1(t1,t2))-
Proof. Using (1.4) and (1.5) we get

a O
(32)  komnlti,te) + — = komanl(ts, t2)

1 8t1
_ L OSO:'SJeztlg: ltgy( In F(.’L’))mil
(m—1l(n—-—m—1)! 00
x (F(y)* ' F(z) = F(y)]""" " f(y) de dy
k" T it k—1
= e (F ()" f(y)I(y) d
(m —1l(n—m —1v§) Y
where
y
(3.3) I(y) = S e (—In F(z))™ [In F(z) — In F(y)]"~™ d.
0
Integrating the right side of (3.3), we obtain
y
34) 1) = " (- P!
0
il il n—m— f(.??) m—1
X [In F(z) — In F(y)] 2 o) dx — =

0 ztla: m— il il n—m-— f(IL‘)
XS —InF(z))™ ?[In F(z) — In F(y)] 1F(x) dz.

Making use of (3.4) in (3.2), after some simplifications we are led to (3.1).
COROLLARY 3.1.1. For2<m <n—2and js=0,1,2,...,

(35)  (hpm-1a-1(t1,£2)*) = (kpmm-1(t1, £2)) V)

it + jo is 1 j,s
= o1, )59 = T (o (1, £2)) )
at ;
B ?1 (k;SOm n(tla t?))(]+178)>
where (k@m,n(tlatQ))(j’s) = 82;’;:5 k@m,n(tlah) with (k(pmm(tl,tg))(*l’s) = 0.

REMARK 3.1.1. Letting o = 0, one can get recurrence relations for the
characteristic functions of joint k-th record values from exponential distri-
bution.
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REMARK 3.1.2. Setting ¢; = 0 and t2 = 0 in (3.5) we get a relation
for product moments of k-th upper record values from generalized Pareto
distribution:

s j ja s
(Y, )7 (V5" = BV (1) - - B (v)
— 2 By 0y

REMARK 3.1.3. Letting t; = 0 and to = 0 in (3.5) with & = 0 and
replacing j by j4 1 one can get relations for product moments of k-th record
values from exponential distribution (cf. [7]).

Now let gt n(t1,t2) denote the characteristic function of the m-th and

n-th lower k-th record values Z and z. Making use of (1.2) and (1.6)
we get relations for IGPar (6, 7):

THEOREM 3.2. Fork>1and2<m<n-—1,

tl 6 ’Ltl 82
T kUmn(t1,t2) — o o kUmn(t1,t2)

= k(k¥m-1,n—1(t1,t2) = k¥mm—1(t1,t2)).
Proof. Using (1.2) and (1.6) we have

(3.6)

0 0 0?

(3.7) 7ot kWm.n(t1,t2) — 875% e Um.n(t1,t2)

" (m- 1)!(:2”— m—1)! § ¢V (F(y)" ' f(y)D(y) dy

where

(38)  D(y) =70 | " (~InF(z))" '[InF(z) — ln F(y)|" ™ da.

Integrating the right side of (3.8), we get

(39) Dly)= ~ 70— —L | eite (=l F(z)m!
nem—2 [ () 1
X InFle) = F(y)] ZF@W'+HZH
Xooeitlz o F(2))™2ln F(z) — In nem—1 (@) B
§ (—InF(z))"?[In F(z) — In F(y)] F)

Making use of (3.9) in (3.7), after some simplifications we get (3.6).
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COROLLARY 3.2.1. For2<m <n—2and j,s=0,1,2,...,
(3.10)  (k¥m—1,0-1(t1,12))9) = (b 1 (t1, t2)) 9

] ; 131%
+ L (it 1) 09+ 1T

O (kmn (t1, 2)) 019

“1 (7+2,5)
— = (Wmn(t1, £2)) V5,
19 (Wman(t t2))
where . gi+s
(ktomn (t1, £2) ) = peir Womn (i)
REMARK 3.2.1. Setting t; = 0 and t; = 0 in (3.10), we get relations
between product moments of k-th lower record values from IGPar(6, 7):
B (Z0) = BP0
I w0 (70 ys 4 T g gL g0y

4. Relations for the conditional characteristic function. Let Y(k)
n > 1, be the k-th upper values from GPar(a) and let gy, (f) be the
(k)

conditional characteristic function of Y,; ’ given Y,(nk) = 2. We have

THEOREM 4.1. Fork>1,1<m<n-—1, and a # 0,

d
(4.1) (k —it) konjm (t) — ta o7 kPnjm () = k(kPn—1m(t))-
Proof. From (1.3) and (1.4) we have

(4.2) Jy 0y (yl) =

k,n—m

(n —m — DIF(x))*
x [In F(z) — I F(y)]" " H(EF )" (),

r<y,1<m<n.

Using (4.2) and (1.5) we get

k.’l’L—m
(n—m — DI(F (x))*
x | eInF(x) — I F(y)]" " (F(y))*dy.

xT

Integrating the right side of (4.3) leads to (4.1).
COROLLARY 4.1.1. For1<m <n—1and j= O, 1,2,...

(4.4) (k= it = ja) (kpnpm ()9 = k(rpn_1jm (1)) +U(k90 m(£))97Y)
+ ta(k’gpn\m(t)) J+1

where (5onjm () = L (1001 (1)) with (kpnm () D = 0.

a d
(43)  knm(t) + — 0 kPulm(t) =
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Let x@min(t) be the conditional characteristic function of v, given

k)

Yn( = y. Then we have

THEOREM 4.2. Fork>1,2<m<n-—1, and a # 0,

) d
(4.5) it k(pm|n(t) + ta % k@m|n(t)

n—1 n—1

“ Q) kPm—1jn—1(t) — mEQ) k#Pmin—1(1)-

Proof. From (1.3) and (1.4) we have

(n—1)!
(m—1!(n—-m—1)Y(—=InF(y))»1

(46)  fympym(zly) =

- R = yym—1 (@)
X [In F(x) — In F(y)] Y—InF(z)) IF(:E)’

Using (4.6) and (1.5) we get

(4.7)  kpmp(t) + % %Wmm(t) = (n - 1),!

x | e™InF(z) = In F(y)]" " (-~ In F(z))" " da.
0

Integrating the right side in (4.7), we get (4.5).
COROLLARY 4.2.1. For2<m<n—2andj=1,2,...,

jiln F(y)

(48) (k@m—lln—l(t))(j) = (k’(pm|n—1(t))(j) + w1

(ti + ja) In F(y)
+
n—1

(kcpm\n(t))(j_l)

G 4 talnF(y)
n—1

(k‘pmm(t)) (k‘pm|n(t))(j+1))

where (kcpm|n(t))(j) = %(k@mm(t))-

REMARK 4.2.1. Setting ¢ = 0in (4.4) and (4.8), we get relations between
conditional moments of k-th upper record values for GPar(a):
k
k—(G+1a
Jj+1
E—(G+1a

B, |y, ()it = By, [y, )+
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k k) \ i ki JInF(y) i
B, Y7 = B vy + L2 gy
+ jozlnFl(y) E(Yﬂ(zk) |yn(k))j‘

REMARK 4.2.2. Setting t = 0 in (4.4) and (4.8) with a = 0 we get
relations for conditional moments of k-th record values from exponential
distribution:

. . i+ 1 .

B0 |V = B, vy + L= B vy,

n

B Y0P = B vy 4+ LR i oy
n —

Now let ZT(lk), n > 1, be the k-th lower values from IGPar(f, 7) and let

k¥nim (t) be the conditional characteristic function of zk) given Z,(,If)

Then we have

= X.

THEOREM 4.3. Fork>1andl1 <m<n-—1,
2

d d
(4.9) 80 2 k¥npm(t) = it —g 1 ¥npm(t) = KOT(k¥n1jm(t) = k¥njm (?))-
Proof. From (1.1) and (1.2) we have

k,nfm

= T IEy @) - P P ),

y<z, <m<n.

Hence by (4.10) and (1.6) we see that
0 d d? Orkn—m
4.11 - — t) — —= t) =
[ in F () — n F ()"~ (F(y)* dy.
0
Integrating the right side of (4.11), we get (4.9).

COROLLARY 4.3.1. For1<m<n—1and j=0,1,2,...,
ji—t

(412) (k)Y = 0G + k) (kh (1)) U1
i j Tk ;
oG T 4 s G (),

where (mﬁn\m(t))(j) = %(kwn\m(t))'
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(k)

Let gt (t) be the conditional characteristic function of Zp,’ given
ZT(Lk) = y. Then we have

THEOREM 4.4. Fork>1and2<m<n-—1,
2

d L d
(4.13) 0 pn kPmn (1) — it el kPmin (t)
_ (n—1)07
- —InF(y)
Proof. From (1.1) and (1.2) we have

n—1)!
(414) 0 0 (xly) = (m—1)(n — 7(n - 1))!(— In F(y))"—1

% [In F(x) — In F(y)]"" (~ In F())" ;’?((?)
y<z,1<m<n.

(quz)m—lhz—l (t) - k¢m\n—l (t))

Hence by (4.14) and (1.6) we see that

2
(115) 5 hgat) — o 1)
B O1(n —1)!
C(m—=D!l(n—m—1)(—InF(y))!
X S €®n F(z) — In F(y)]" ™ (= In F(z))™ ! dz.

Integrating the right side of (4.15), we get (4.13).
COROLLARY 4.4.1. For2<m<n-—-2andj=0,1,2,...,

(410 Wmotin () = () = ZED 1, 0))
(0 —ji)In F(y) itln F(y)

(thmpn ()2

(= (ko ()71 +

where (k¢m|n( ))( dtJ (k@bmm( )

REMARK 4.4.1. Setting ¢ = 0 in (4.12) and (4.16), we get relations be-
tween conditional moments of k-th lower record values for IGPar(6, 7):

Or(n—1)

ARG R o (O N (ONVES R - 10 O () q
k k i k) \j
B(Zy)1 12, = E(Z) | 2,2,
_JInF(y) jIn F(y)

EA UV (k) | (k)N _ J 2\ (k) | r7(k)\j+1
o) P Z0Y S B | 2
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