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RELATIONS FOR CHARACTERISTIC FUNCTIONS OF k-TH
RECORD VALUES FROM GENERALIZED PARETO AND

INVERSE GENERALIZED PARETO DISTRIBUTION

Abstract. Relations for the marginal, joint, conditional characteristic
functions of k-th upper and lower record values from generalized Pareto
distribution and inverse generalized Pareto distribution are given.

1. Introduction. Let {Xn, n ≥ 1} be a sequence of independent iden-
tically distributed i.i.d. random variables with cumulative distribution func-
tion (cdf) F (x) and probability density function (pdf) f(x). The j-th order
statistic of a sample (X1, . . . , Xn) is denoted by Xj:n. For a fixed k ≥ 1 we
define the sequence {Lk(n), n ≥ 1} of k-th lower record times of {Xn, n ≥ 1}
as follows:

Lk(1) = 1,
Lk(n+ 1) = min{j > Lk(n) : Xk:Lk(n)+k−1 > Xk:j+k−1}, n ≥ 1.

Then {Z(k)
n , n ≥ 1} with Z(k)

n = Xk:Lk(n)+k−1, n ≥ 1, is called the sequence
of k-th lower record values of {Xn, n≥1}. Note that Z(k)

1 =max{X1, . . . , Xk}
and Z(1)

n = XL(n), n ≥ 1, are lower record values (cf. [4]). It is known that

f
Z

(k)
1 ,...,Z

(k)
n

(z1, . . . , zn)=

kn(F (zn))k−1f(zn)
n−1∏
i=1

f(zi)
F (zi)

, z1 > · · · > zn,

0, elsewhere.

Hence the pdfs of Z(k)
n and (Z(k)

m , Z
(k)
n ) are

(1.1) f
Z

(k)
n

(x) =
kn

(n− 1)!
(− lnF (x))n−1(F (x))k−1f(x), n ≥ 1,
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(1.2) f
Z

(k)
m ,Z

(k)
n

(x, y) =
kn

(m− 1)! (n−m− 1)!
[lnF (x)− lnF (y)]n−m−1

× (− lnF (x))m−1 f(x)
F (x)

(F (y))k−1f(y), x > y, n ≥ 2, m < n,

respectively.
Now we recall the definition of k-th upper record values. With the above

notation, for a fixed k ≥ 1 we define the sequence {Uk(n), n ≥ 1} of k-th
upper record times of {Xn, n ≥ 1} as follows:

Uk(1) = 1,
Uk(n+ 1) = min{j > Uk(n) : Xj:j+k−1 > XUk(n):Uk(n)+k−1}, n ≥ 1.

Then {Y (k)
n , n ≥ 1} with Y

(k)
n = XUk(n):Uk(n)+k−1, n ≥ 1, is called the

sequence of k-th upper record values of {Xn, n ≥ 1} (cf. [2]). Note that
Y

(k)
1 = min{X1, . . . , Xk}, and Y

(1)
n = XU(n), n ≥ 1, with U(n) = min{j >

U(n−1) : Xj > XU(n−1)} are upper record values. It is known that the joint
pdf of (Y (k)

1 , . . . , Y
(k)
n ) is given by

f
Y

(k)
1 ,...,Y

(k)
n

(x1, . . . , xn)=

 kn
n−1∏
i=1

f(xi)
F (xi)

(F (xn))k−1f(xn), x1 < · · · < xn,

0, elsewhere.

and the pdfs of Y (k)
n and (Y (k)

m , Y
(k)
n ) are

(1.3) f
Y

(k)
n

(x) =
kn

(n− 1)!
(− lnF (x))n−1(F (x))k−1f(x), n ≥ 1,

(1.4) f
Y

(k)
m ,Y

(k)
n

(x, y) =
kn

(m− 1)!(n−m− 1)!
[lnF (x)− lnF (y)]n−m−1

× (− lnF (x))m−1 f(x)
F (x)

(F (y))k−1f(y), x < y, n ≥ 2, m < n,

respectively, where F (·) = 1− F (·).
The properties of record values have been extensively studied in the lit-

erature. Recurrence relations for single and product moments of k-th record
values for generalized Pareto, inverse generalized Pareto, Burr, inverse Burr,
Weibull, exponential, generalized extreme values distributions are given in
[4]–[7]. In [1], recurrence relations are given for moment generating functions
of record values for Pareto and Gumbel distributions.

This paper contains relations for the marginal, joint and conditional char-
acteristic functions of k-th upper and lower record values from generalized
Pareto distribution and inverse generalized Pareto distribution. These rela-
tions yield as special cases the relations for moments of generalized Pareto
distribution and inverse generalized Pareto distribution given in [4]–[6].
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The pdf of the generalized Pareto distribution (GPar(α)) is

f(x) =


(1 + αx)−(1+α−1), x ≥ 0, α > 0,
(1 + αx)−(1+α−1), 0 < x < −α−1, α < 0
e−x, x ≥ 0, α = 0,
0, else.

Note that

(1.5) f(x)(1 + αx) = 1− F (x) (cf. [5]).

The pdf of the inverse generalized Pareto distribution (IGPar(θ,τ)) is

f(x) =
τθxτ−1

(x+ θ)τ+1
, x > 0, θ > 0, τ > 0,

and one can observe that

(1.6) x(x+ θ)f(x) = θτF (x) (cf. [6]).

2. Relation for the marginal characteristic function. We start
our study with the generalized Pareto distribution. Using (1.3) and (1.5) we
obtain the following relation for the marginal characteristic function of k-th
record values. Let kϕn(t) denote the characteristic function of the k-th upper
record value Y (k)

n .

Theorem 2.1. For k ≥ 1, n ≥ 2, and α 6= 0,

(2.1) (k − it) kϕn(t)− αt
d

dt
kϕn(t) = k kϕn−1(t), where i =

√
−1.

Proof. For GPar(α) we have

kϕn(t) = E eitY
(k)
n =

∞�

0

eitxf
Y

(k)
n

(x) dx.

Thus by (1.3) and (1.5) we get

(2.2) kϕn(t) +
α

i

d

dt
kϕn(t) =

kn

(n− 1)!

∞�

0

eitx(− lnF (x))n−1(F (x))kdx.

Integrating the right side of (2.2) we obtain

kϕn(t) +
α

i

d

dt
kϕn(t) =

kn+1

it(n− 1)!

∞�

0

eitx(− lnF (x))n−1(F (x))k−1f(x) dx

− kn

it(n− 2)!

∞�

0

eitx(− lnF (x))n−2(F (x))k−1f(x) dx

=
k

it
kϕn(t)−

k

it
kϕn−1(t),

which gives (2.1).
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Corollary 2.1.1. For n ≥ 2 and j = 0, 1, 2, . . . ,

(2.3) (k − it− jα)(kϕn(t))(j)

= k(kϕn−1(t))(j) + ij(kϕn(t))(j−1) + αt(kϕn(t))(j+1),

where (kϕn(t))(j) is the j-th derivative of kϕn(t) with (kϕn(t))(−1) = 0.

Corollary 2.1.2. For the exponential distribution, i.e. when α = 0, we
have

(2.4) (k − it)(kϕn(t))(j) = k(kϕn−1(t))(j) + ij(kϕn(t))(j−1),

with (kϕn(t))(−1) = 0.

In [3], “a new characterization of exponential distribution” (Theorem 1.1)
is given together with an application to constructing goodness-of-fit tests for
exponentiality. Namely, it is proved that X has exponential distribution iff

(2.5) E(sin(tX))− tE(cos(tX)) = 0, t ∈ R.
We see that this condition can be derived from (2.4) after letting j = 0,
k = 1 and n = 1. Moreover, we note that for j = 1, k = 1 and n = 1 in (2.4)
on can get

(1− it)(ϕ(t))(1) = iϕ(t).

From this equation we conclude that X has exponential distribution iff{
E(1−X) sin tX + tEX cosX = 0,
E(X − 1) cos tX + tEX sinX = 0,

Using these conditions one can try to construct a goodness-of-fit test for
exponentiality as was done in [3].

Remark 2.1.1. Setting t = 0 in (2.3) and replacing j by j + 1 we get
recurrence relations for single moments of k-th record values from generalized
Pareto distribution:

E(Y (k)
n )j+1 =

k

k − (j + 1)α
E(Y (k)

n−1)
j+1 +

j + 1
k − (j + 1)α

E(Y (k)
n )j (cf. [4]).

Remark 2.1.2. Setting t = 0 in (2.4) and replacing j by j+1 we get re-
currence relations for single moments of k-th record values from exponential
distribution:

E(Y (k)
n )j+1 = E(Y (k)

n−1)
j+1 +

j + 1
k

E(Y (k)
n )j (cf. [4]).

Now let kψn(t) denote the characteristic function of the k-th lower record
value Z(k)

n from IGPar(θ, τ), i.e.

kψn(t) = E eitZ
(k)
n =

∞�

0

eitxf
Z

(k)
n

(x) dx.
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Theorem 2.2. For k ≥ 1 and n ≥ 2,

(2.6)
t

τk

d

dt
kψn(t)−

it

τθk

d2

dt2
kψn(t) = kψn−1(t)−k ψn(t).

Proof. Using (1.1) and (1.6) we have

(2.7)
θ

i

d

dt
kψn(t)−

d2

dt2
kψn(t) =

θτkn

(n− 1)!

∞�

0

eitx(− lnF (x))n−1(F (x))k dx.

Integrating the right side of (2.7) by parts we obtain

θ

i

d

dt
kψn(t)−

d2

dt2
kψn(t)

=
θτkn

it(n− 2)!

∞�

0

eitx(− lnF (x))n−2(F (x))k−1f(x) dx

− θτkn+1

it(n− 1)!

∞�

0

eitx(− lnF (x))n−1(F (x))k−1f(x) dx

=
θτk

it
[ kψn−1(t)− kψn(t)],

which gives (2.6).

Corollary 2.2.1. For n ≥ 2 and j = 0, 1, 2, . . . ,

(kψn(t))(j) =
kτ

j + kτ
(kψn−1(t))(j) −

tθ − ij
θ(j + kτ)

(kψn(t))(j+1)(2.8)

+
it

θ(j + kτ)
(kψn(t))(j+2),

where (kψn(t))(j) is the j-th derivative of kψn(t).

Remark 2.2.1. Setting t = 0 in (2.8) we get relations for single moments
of k-th record values from IGPar(θ, τ):

E(Z(k)
n )j =

kτ

j + kτ
E(Z(k)

n−1)
j − j

θ(j + kτ)
E(Z(k)

n )j+1 (cf. [6]).

3. Relations for the joint characteristic function. Let kϕm,n(t1, t2)
denote the characteristic function of the m-th and n-th upper k-th record
values Y (k)

m and Y (k)
n from GPar(α), i.e

kϕm,n(t1, t2) = E eit1Y
(k)
m eit2Y

(k)
n =

∞�

0

∞�

0

eit1xeit2yf
Y

(k)
m ,Y

(k)
n

(x, y) dx dy.
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Theorem 3.1. For k ≥ 1, 2 ≤ m < n− 1, and α 6= 0,

(3.1) it1 kϕm,n(t1, t2) + t1α
∂

∂t1
kϕm,n(t1, t2)

= k(kϕm,n−1(t1, t2)− kϕm−1,n−1(t1, t2)).

Proof. Using (1.4) and (1.5) we get

(3.2) kϕm,n(t1, t2) +
α

i

∂

∂t1
kϕm,n(t1, t2)

=
kn

(m− 1)!(n−m− 1)!

∞�

0

y�

0

eit1xeit2y(− lnF (x))m−1

× (F (y))k−1[lnF (x)− lnF (y)]n−m−1f(y) dx dy

=
kn

(m− 1)!(n−m− 1)!

∞�

0

eit2y(F (y))k−1f(y)I(y) dy

where

(3.3) I(y) =
y�

0

eit1x(− lnF (x))m−1[lnF (x)− lnF (y)]n−m−1dx.

Integrating the right side of (3.3), we obtain

I(y) =
n−m− 1

it1

y�

0

eit1x(− lnF (x))m−1(3.4)

× [lnF (x)− lnF (y)]n−m−2 f(x)
F (x)

dx− m− 1
it1

×
y�

0

eit1x(− lnF (x))m−2[lnF (x)− lnF (y)]n−m−1 f(x)
F (x)

dx.

Making use of (3.4) in (3.2), after some simplifications we are led to (3.1).

Corollary 3.1.1. For 2 ≤ m ≤ n− 2 and j, s = 0, 1, 2, . . . ,

(3.5) (kϕm−1,n−1(t1, t2))(j,s) = (kϕm,n−1(t1, t2))(j,s)

− it1 + jα

k
(kϕm,n(t1, t2))(j,s) −

ji

k
(kϕm,n(t1, t2))(j,s)

− αt1
k

(kϕm,n(t1, t2))(j+1,s),

where (kϕm,n(t1, t2))(j,s) = ∂j+s

∂tj1∂t
s
2
kϕm,n(t1, t2) with (kϕm,n(t1, t2))(−1,s) = 0.

Remark 3.1.1. Letting α = 0, one can get recurrence relations for the
characteristic functions of joint k-th record values from exponential distri-
bution.
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Remark 3.1.2. Setting t1 = 0 and t2 = 0 in (3.5) we get a relation
for product moments of k-th upper record values from generalized Pareto
distribution:

E(Y (k)
m−1)

j(Y (k)
n−1)

s = E(Y (k)
m )j(Y (k)

n−1)−
jα

k
E(Y (k)

m )j(Y (k)
n )s

− j

k
E(Y (k)

m )j−1(Y (k)
n )s.

Remark 3.1.3. Letting t1 = 0 and t2 = 0 in (3.5) with α = 0 and
replacing j by j+1 one can get relations for product moments of k-th record
values from exponential distribution (cf. [7]).

Now let kψm,n(t1, t2) denote the characteristic function of the m-th and
n-th lower k-th record values Z(k)

m and Z(k)
n . Making use of (1.2) and (1.6)

we get relations for IGPar(θ, τ):

Theorem 3.2. For k ≥ 1 and 2 ≤ m < n− 1,

(3.6)
t1
τ

∂

∂t1
kψm,n(t1, t2)−

it1
θτ

∂2

∂t21
kψm,n(t1, t2)

= k(kψm−1,n−1(t1, t2)− kψm,n−1(t1, t2)).

Proof. Using (1.2) and (1.6) we have

(3.7)
θ

i

∂

∂t1
kψm,n(t1, t2)−

∂2

∂t21
kψm,n(t1, t2)

=
kn

(m− 1)!(n−m− 1)!

∞�

0

eit2y(F (y))k−1f(y)D(y) dy

where

(3.8) D(y) = τθ

∞�

y

eit1x(− lnF (x))m−1[lnF (x)− lnF (y)]n−m−1dx.

Integrating the right side of (3.8), we get

D(y) = − τθ n−m− 1
it1

∞�

y

eit1x(− lnF (x))m−1(3.9)

× [lnF (x)− lnF (y)]n−m−2 f(x)
F (x)

dx+ τθ
m− 1
it1

×
∞�

y

eit1x(− lnF (x))m−2[lnF (x)− lnF (y)]n−m−1 f(x)
F (x)

dx.

Making use of (3.9) in (3.7), after some simplifications we get (3.6).



164 I. Malinowska and D. Szynal

Corollary 3.2.1. For 2 ≤ m ≤ n− 2 and j, s = 0, 1, 2, . . . ,

(3.10) (kψm−1,n−1(t1, t2))(j,s) = (kψm,n−1(t1, t2))(j,s)

+
j

kτ
(kψm,n(t1, t2))(j,s) +

t1θ − ji
kθτ

(kψm,n(t1, t2))(j+1,s)

− it1
kθτ

(kψm,n(t1, t2))(j+2,s),

where
(kψm,n(t1, t2))(j,s) =

∂j+s

∂tj1∂t
s
2

(kψm,n(t1, t2)).

Remark 3.2.1. Setting t1 = 0 and t2 = 0 in (3.10), we get relations
between product moments of k-th lower record values from IGPar(θ, τ):

E(Z(k)
m−1)

j(Z(k)
n−1)

s = E(Z(k)
m )j(Z(k)

n−1)
s

+
j

kτ
E(Z(k)

m )j(Z(k)
n−1)

s +
j

kθτ
E(Z(k)

m )j+1(Z(k)
n )s.

4. Relations for the conditional characteristic function. Let Y (k)
n ,

n ≥ 1, be the k-th upper values from GPar(α) and let kϕn|m(t) be the
conditional characteristic function of Y (k)

n given Y (k)
m = x. We have

Theorem 4.1. For k ≥ 1, 1 ≤ m < n− 1, and α 6= 0,

(4.1) (k − it) kϕn|m(t)− tα d

dt
kϕn|m(t) = k(kϕn−1|m(t)).

Proof. From (1.3) and (1.4) we have

f
Y

(k)
n |Y (k)

m
(y|x) =

kn−m

(n−m− 1)!(F (x))k
(4.2)

× [lnF (x)− lnF (y)]n−m−1(F (y))k−1f(y),
x < y, 1 ≤ m < n.

Using (4.2) and (1.5) we get

(4.3) kϕn|m(t) +
α

i

d

dt
kϕn|m(t) =

kn−m

(n−m− 1)!(F (x))k

×
∞�

x

eity[lnF (x)− lnF (y)]n−m−1(F (y))kdy.

Integrating the right side of (4.3) leads to (4.1).

Corollary 4.1.1. For 1 ≤ m < n− 1 and j = 0, 1, 2, . . . ,

(k − it− jα)(kϕn|m(t))(j) = k(kϕn−1|m(t))(j) + ij(kϕn|m(t))(j−1)(4.4)

+ tα(kϕn|m(t))(j+1),

where (kϕn|m(t))(j) = dj

dtj
(kϕn|m(t)) with (kϕn|m(t))(−1) = 0.
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Let kϕm|n(t) be the conditional characteristic function of Y (k)
m given

Y
(k)
n = y. Then we have

Theorem 4.2. For k ≥ 1, 2 ≤ m < n− 1, and α 6= 0,

(4.5) it kϕm|n(t) + tα
d

dt
kϕm|n(t)

=
n− 1

lnF (y)
kϕm−1|n−1(t)−

n− 1
lnF (y)

kϕm|n−1(t).

Proof. From (1.3) and (1.4) we have

f
Y

(k)
m |Y (k)

n
(x|y) =

(n− 1)!
(m− 1)!(n−m− 1)!(− lnF (y))n−1

(4.6)

× [lnF (x)− lnF (y)]n−m−1(− lnF (x))m−1 f(x)
F (x)

,

x < y, 1 ≤ m < n.

Using (4.6) and (1.5) we get

(4.7) kϕm|n(t) +
α

i

d

dt
kϕm|n(t) =

(n− 1)!
(m− 1)!(n−m− 1)!(− lnF (y))n−1

×
y�

0

eitx[lnF (x)− lnF (y)]n−m−1(− lnF (x))m−1 dx.

Integrating the right side in (4.7), we get (4.5).

Corollary 4.2.1. For 2 ≤ m ≤ n− 2 and j = 1, 2, . . . ,

(4.8) (kϕm−1|n−1(t))
(j) = (kϕm|n−1(t))

(j) +
ji lnF (y)
n− 1

(kϕm|n(t))
(j−1)

+
(ti+ jα) lnF (y)

n− 1
(kϕm|n(t))

(j) +
tα lnF (y)
n− 1

(kϕm|n(t))
(j+1),

where (kϕm|n(t))(j) = dj

dtj
(kϕm|n(t)).

Remark 4.2.1. Setting t = 0 in (4.4) and (4.8), we get relations between
conditional moments of k-th upper record values for GPar(α):

E(Y (k)
n |Y (k)

m )j+1 =
k

k − (j + 1)α
E(Y (k)

n−1 |Y
(k)
m )j+1

+
j + 1

k − (j + 1)α
E(Y (k)

n |Y (k)
m )j ,
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E(Y (k)
m−1 |Y

(k)
n−1)

j = E(Y (k)
m |Y (k)

n−1)
j +

j lnF (y)
n− 1

E(Y (k)
m |Y (k)

n )j−1

+
jα lnF (y)
n− 1

E(Y (k)
m |Y (k)

n )j .

Remark 4.2.2. Setting t = 0 in (4.4) and (4.8) with α = 0 we get
relations for conditional moments of k-th record values from exponential
distribution:

E(Y (k)
n |Y (k)

m )j+1 = E(Y (k)
n−1 |Y

(k)
m )j+1 +

j + 1
k

E(Y (k)
n |Y (k)

m )j ,

E(Y (k)
m−1 |Y

(k)
n−1)

j = E(Y (k)
m |Y (k)

n−1)
j +

j lnF (y)
n− 1

E(Y (k)
m |Y (k)

n )j−1.

Now let Z(k)
n , n ≥ 1, be the k-th lower values from IGPar(θ, τ) and let

kψn|m(t) be the conditional characteristic function of Z(k)
n given Z

(k)
m = x.

Then we have

Theorem 4.3. For k ≥ 1 and 1 ≤ m < n− 1,

(4.9) tθ
d

dt
kψn|m(t)− it d

2

dt2
kψn|m(t) = kθτ( kψn−1|m(t)− kψn|m(t)).

Proof. From (1.1) and (1.2) we have

(4.10) f
Z

(k)
n |Z

(k)
m

(y|x)

=
kn−m

(n−m− 1)!(F (x))k
[lnF (x)− lnF (y)]n−m−1(F (y))k−1f(y),

y < x, ≤ m < n.

Hence by (4.10) and (1.6) we see that

(4.11)
θ

i

d

dt
kψn|m(t)− d2

dt2
kψn|m(t) =

θτkn−m

(n−m− 1)!(F (x))k

×
x�

0

eity[lnF (x)− lnF (y)]n−m−1(F (y))k dy.

Integrating the right side of (4.11), we get (4.9).

Corollary 4.3.1. For 1 ≤ m < n− 1 and j = 0, 1, 2, . . . ,

(4.12) (kψn|m(t))(j) =
ji− tθ
θ(j + τk)

(kψkn|m(t))(j+1)

+
it

θ(j + τk)
(kψkn|m(t))(j+2) +

τk

(j + τk)
(kψkn−1|m(t))(j),

where (kψn|m(t))(j) = dj

dtj
(kψn|m(t)).
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Let kψm|n(t) be the conditional characteristic function of Z(k)
m given

Z
(k)
n = y. Then we have

Theorem 4.4. For k ≥ 1 and 2 ≤ m < n− 1,

(4.13) tθ
d

dt
kψm|n(t)− it

d2

dt2
kψm|n(t)

=
(n− 1)θτ
− lnF (y)

(kψm−1|n−1(t)− kψm|n−1(t)).

Proof. From (1.1) and (1.2) we have

f
Z

(k)
m |Z

(k)
n

(x|y) =
(n− 1)!

(m− 1)!(n−m− 1)!(− lnF (y))n−1
(4.14)

× [lnF (x)− lnF (y)]n−m−1(− lnF (x))m−1 f(x)
F (x)

,

y < x, 1 ≤ m < n.

Hence by (4.14) and (1.6) we see that

(4.15)
θ

i

d

dt
kψm|n(t)−

d2

dt2
kψm|n(t)

=
θτ(n− 1)!

(m− 1)!(n−m− 1)!(− lnF (y))n−1

×
∞�

y

eitx[lnF (x)− lnF (y)]n−m−1(− lnF (x))m−1 dx.

Integrating the right side of (4.15), we get (4.13).

Corollary 4.4.1. For 2 ≤ m ≤ n− 2 and j = 0, 1, 2, . . . ,

(4.16) (kψm−1|n−1(t))
(j) = (kψm|n−1(t))

(j) − j lnF (y)
τ(n− 1)

(kψm|n(t))
(j)

− (tθ − ji) lnF (y)
θτ(n− 1)

(kψm|n(t))
(j+1) +

it lnF (y)
θτ(n− 1)

(kψm|n(t))
(j+2)

where (kψkm|n(t))
(j) = dj

dtj
(kψkm|n(t)).

Remark 4.4.1. Setting t = 0 in (4.12) and (4.16), we get relations be-
tween conditional moments of k-th lower record values for IGPar(θ, τ):

E(Z(k)
n |Z(k)

m )j= − j

θ(j + τk)
E(Z(k)

n |Z(k)
m )j+1+

τk

(j + τk)
E(Z(k)

n−1 |Z
(k)
m )j ,

E(Z(k)
m−1 |Z

(k)
n−1)

j= E(Z(k)
m |Z

(k)
n−1)

j

− j lnF (y)
τ(n− 1)

E(Z(k)
m |Z(k)

n )j− j lnF (y)
θτ(n− 1)

E(Z(k)
m |Z(k)

n )j+1.
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