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PERTURBED NONLINEAR DEGENERATE
PROBLEMS IN RY

Abstract. Via critical point theory we establish the existence and regu-
larity of solutions for the quasilinear elliptic problem
—div A(z, Vu) + a(z)|ulP"2u = g(z)|ulP?u+ h(z)ul* v in RY,
u >0, lim wu(z) =0,

|z|—00

where 1 < p < N; a(x) is assumed to satisfy a coercivity condition; h(x) and
g(z) are not necessarily bounded but satisfy some integrability restrictions.

1. Introduction and notations. The purpose of this paper is to prove

existence and regularity of solutions for the nonlinear degenerate problem
—div A(z, Vu) + a(z)|ulP"2u = g(z)|ulP"?u + h(z)|ul*tu  in RY,
(P) u >0, lim w(z) =0,
|z|—o0

where the mapping A : RV x RY — RN (, &) — A(z,€), is measurable in
x and continuous in £, and it satisfies the following assumptions for some
constants 0 < a < # < oo, for a.e. x € RY and all ¢ € RV:

(1.1) A(x,8).§ > alg]P,
(1.2) |A(z, &) < plefP,
(1.3) 0 < A(x,§).£ < pB(zx,§),

where B : RY x RV — R is a continuous and strictly convex function with
respect to £ such that A(x, &) = (d/d&)B(x,§).
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Note that the divergence form operator — div . A(x, Vu) which can also be
of degenerate type appears in many applications, e.g., non-Newtonian flu-
ids, reaction-diffusion problems, porous media (a discussion of some physical
background can be found in [5]). Several special cases of problem (P) have
been considered in the literature. A prime example of the operators in ques-
tion is the p-Laplacian —A, = — div(|Vu[P~2Vu). Problems involving the
p-Laplacian operator in unbounded domains have been intensively studied
in the last decades. Let us mention the works [3] and [4] for p = 2, [6], [7]
and [8] for p # 2 and the references therein. Let us point out that the case of
unbounded domains is more complicated; generally the main difficulty lies
in the loss of Sobolev compact embedding.

In this note, to overcome the lack of compactness that arises from the
critical exponent and the unboundedness of the domain, a perturbation a
which is unbounded at infinity is introduced (see assumption (Hp)). By as-
suming some restrictions on the functions g and h, which are not necessarily
bounded, we prove the existence result by using a variational approach based
on the standard Mountain Pass Lemma [2]. To establish the regularity result,
an effective iteration scheme is carefully constructed to bound the maximal
norm of solutions. To prove Theorems 1.1 and 1.2 below, we impose the
following assumptions:

(H;) The function a : RN — R is measurable with a(x) > ag > 0 for all
z € RY and some ag. Moreover, a(z) satisfies the coercivity condition

| l‘im a(x) = +o0.
(Hy) h(x),g(z) > 0 for all z € RN, g € LNPRN) 0 LN/PO=)(RN) and
h e LYRN) N LY/0-)(RN), where p — 1 < 5 < p* — 1 with w =
p*/(p* — (s+ 1)) and € > 0 small enough.
(Hz) There exists a constant p < u < s+ 1 such that

L glayr < <1 - )h(x)tsﬂ

p woos+1
for all x € RY and all t € R.

Here, as usual, p* = Np/(N — p) denotes the Sobolev conjugate of p.
Our main results are the following two theorems:

THEOREM 1.1. Suppose 1 < p < N and (1.1)-(1.3) and (H1)-(Hs) are
satisfied. Then problem (P) has at least one nontrivial weak solution.

THEOREM 1.2. Let u be a solution of (P). Then u € L°(RYN) for all
o € [p,00]. Moreover, u is positive and decays uniformly as |x| — oo.
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NOTATION. For simplicity we write LP for LP(RY), ||-||, for the Lebesgue
norm and WP for the space W1P(RY): also we use the symbol S for inte-
gration over the whole RY. By denotes the ball in R" centered at 0.

2. Preliminaries. Let us consider the function space E C WP defined
by

E = {u cwtr ‘ S(|Vu|p + a(x)|ulP) dx < oo}
equipped with the norm
1/p
lull = (§AVul? + a(@)lul?) da)

Since a(z) > ag > 0, E is continuously embedded in W1P. We also deduce
from Sobolev’s Theorem the continuous embeddings F — L9 for all p < ¢
<p*
We say that v € E is a weak solution of problem (P) if
S Az, Vu)Vedx —1—S a(z)|ufPPup dr = S g(x)|ulP~2up dm—l—x h(z)|ul* tup da
for all ¢ € E.
Now define the functional I : E — R by
1
I(u) = | B(z, Vu) dz + 5 Va(z)[ulP dz
L g@ur do — —— {h(@)|uf+ de
P s+1
1
= SB(x, Vu) dx + ESa(m)]u\p dx — K(u),
where

K(u) = lgg(x)wdx + Lgh(x)\uﬁﬂ dz.
P s+ 1

By assumption (Hy) and Sobolev’s inequality, we deduce easily that the
functional K is well defined and of class C'(E,R) on the space E with

(VK (u),v) = Sg(:c)|u]p72uv dx + S h(x)|ul*tuvde, Vu,v € E,
where (-, -) denotes the duality pairing of E and E*.

LEMMA 2.1. Suppose a(x) satisfies (H1). Then E is compactly embedded
wmn LP.

Proof. Let (un)nen be a sequence such that
up, — 0  weakly in E.

Then |Ju|| < ¢ for some constant ¢ > 0.



216 A. El Khalil et al.

From (H;), given € > 0 and R > 0 such that a(z) > 2¢P /e for all |z| > R,
we have
U, — 0 weakly in W'P(Bg).

The compact embedding WP (Bg) — LP(Bg) implies

(2.1) S | |P dx < % Vn > no,
Br
for some ng € N. On the other hand, we also have
2 1 1
= aylIP
(22) 2 | lunPdz < - | a(@)|unlP do < — llull” < 1.
RN /By RN /Bpg

Combining (2.1) and (2.2), we obtain
S|un|§ dr <e for all n > nyg,
i.e. up, — 0 strongly in LP.

LEMMA 2.2. Suppose (Hg) is satisfied. Then VK is a compact map from
FE to E*.

Proof. We have
(VK(u) — VK(u),v) = Sg(x)(\u|p_2u — |ﬂ|p72ﬂ)v dx
+\h(@)(u~ e — @ ) da.
By (Hz) and Holder’s inequality, we obtain
(VK (u) = VE(@),v) < |lglln/pa-—ole? ™ =@~ p, 0]l

+ [ llw/ =y lu® — T py [V~

where
1 1
1 g M mEiTToTe
p* N p* w

p1 =

By Lemma 2.1, the embedding ¥ — LP is compact, and it follows from the
interpolation inequality
1—
lullg < llullllull,-",

where 1/g = n/p+ (1 —n)/p*, 0 < n < 1, that the embedding E — L is
compact for p < q < p*.

On the other hand, calculations show that p < pi(p — 1) < p* and
p < pas < p* for e small enough, namely, ¢ € |0, min{1/p’, (sw)/p(1—p/p*)},
where p’ = p/(p — 1) is the conjugate of p.

Therefore, for a sequence u, such that u, — w weakly in F, we have

VK (u,) — VK(u) strongly in E*.

This completes the proof.



Nonlinear degenerate problems in RY 217

Now consider the functional @ : E — R defined by
1
O(u) =\ B(z, Vu) dx + 5 Va(2)[uff do

for all w € E. Since B(z,-) is a strictly convex function, it is easy to de-
duce that @ is weakly lower semicontinuous, Fréchet differentiable and the
derivative of @ is continuous.

LEMMA 2.3. @' belongs to the class (S4), that is, for any sequence (u,) C
E which is weakly convergent to w € E and
lim Sup (@ (un). tn — ) < 0,
n—oo

it follows that u,, — u strongly in E.

Proof. By (1.2) we have, for all z,¢ € RV,
1 1

d 1
B(x.,€) = | - B(x,t€) dt = | A(x, t6).€dt < B{P~H P~ g dt < g EIP.
0 0 0

This implies that
SB(x,Vun) dx < ES\Vun\p dx < s [l un P
p p

The sequence (uy,) is bounded in E since u, — u weakly, hence there exists
a constant M such that ®(u,) < M for all n. Then we may assume that
& (uy,) — v. Using the fact that the function @ is weakly lower semicontinu-
ous, we deduce that

b(u) < lﬁgf@(un) =v.

Now, since @ is strictly convex, we have
B(u) > B(un) + ( (), un — ), V.

By assumption the above inequality implies ¢(u) > v and thus ¢(u) = v. On
the other hand, also pu, + (1 —p)u (0 < p < 1) converges weakly to u in E.
Using again the fact that the function @ is weakly lower semicontinuous, we
get

v==o(u) < linni)gf@(uun + (1 — p)u).

Suppose for contradiction that ||u, —u|| does not converge to 0. Then there
exists € > 0 and a subsequence still denoted by (uy,) such that ||u, —u| > e.
Let uy,, be a fixed element of this sequence. The strict convexity of @ gives

(1) + (1 — p)B() — Dt + (1 — ) > Kllun, — ull
where k is a positive constant. Letting n — oo we obtain

lim sup @(puy, + (1 — p)u) < v —kl|un, —ul,

n—oo

which gives a contradiction.
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REMARK 2.1. Our result remains true if we suppose B(z,§) is p-uni-
formly convex instead of strictly convex, that is, there exists kK > 0 such
that

B(x, p&1 + (1 — p)€) < pB(x, &1) + (1 — p)B(,&2) — k&1 — &/

for all z, &1, & € RY and some 0 < p < 1.

A weak solution of problem (P) is a critical point u of the functional I,
ie.

(I'(u), ) = S.A(x, Vu)Veodr + Sa(x)|u]p’2ucp dx
- Sg(x)|u]p72ug0 dx — S h(x)|ul* " updz = 0

for all ¢ € E. Let us remark that under the assumptions (1.1), (1.2), and
(Hs) the integrals in I’ are well defined. To find the critical points, we
shall consider the Palais-Smale (PS) compactness condition. We recall that
(un) C E is a Palais-Smale sequence if there exists M > 0 such that I(uy,) <
M and I'(uy,) — 0 strongly in E* as n goes to oo.

LEMMA 2.4. Let (u,) be a Palais—Smale sequence. Then (u,) converges
strongly in E.

Proof. We suppose I(u,) — I > 0 and we prove that (u,) is bounded
in E. Suppose for contradiction that ||u,| — oo as n — oo. Then, using
(1.1)—(1.3) and (Hgz), we deduce for n large enough the following estimates:

1
L+ 14 Jup| > I(uy) — ; (I'(up), un)

= SB(.%’, Vuy,)dx — iSA(ac, Vu,)Vu, dx

1 1 1
- - M) Sa(:::)|un|1D dx + ];Sg(x)|un|p dx

(
<1 _ 1 ) Sh(a:)]unfﬂ dx — ;Sg(x)]un]p dz
1
p

- M)ag Vun P da + (; - ;) [ a(@) unl? da

where C' = C(p, p, ) > 0. But this contradicts our assumption, therefore
(uyn) is bounded in E. It follows that there exists u € E such that a sub-
sequence, still denoted by (uy), converges to u weakly in . On the other
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hand, we have

SA(&:, Vuy)(Vu, — Vu)dz + S a(x)|un [P~ 2, (uy, — u) da

= (I"(upn), up — u)+ Sg(m)|un\p*2un(un—u) dz+ S ()| tn)* ™ M (g — ) da
= (I'"(un), un — u) + (VK (up), un — u).

By Lemma 2.2, we deduce that

lim SA(&‘, Vun)(Vu, — Vu) dx + Sa(x)|un\p72un(u —u)dx

=0,
that is,

lim (&, u, —u) = 0.

Then, in view to Lemma 2.3 we deduce that (u,) converges strongly to u
in .

3. Existence and L*°-estimate results

LEMMA 3.1. There exist §, 0 > 0 such that I(u) > § if ||u|| = 0. More-
over, I(tu) — —oo as t — 400, for allu € E \ {0}.

Proof. (1.1), (1.3), (Hz) and (Hs) imply

1
I(u) = | B(z, Vu) dz + 5 Va(z)[uf? dz
1 1 s+1
- Vg(2)|ul? dz — sTlSh(xM da
> 2 S |Vul? dz + ! Sa(w)|u]p dx
p p

1 1
s+1
- Bﬂg(w)lw” dr — Hﬁﬂh(x)IUI dx

1 1
> mm{“, }uuup = L@t do
b D 1

1
> [|ul|? [mm{a, } - C/uuusﬂp].
pp

To prove the second part of the lemma, remark first that by studying the
function f(t) = B(x,t€) and by using (1.2) and (1.3), we can easily see that

B(z,t€) < Bz, )tP YVt > 1,2, € RV,
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We have, for all u € E'\ {0},

& p _ﬁ x)|ulP dx
I(tu):SB(:L‘,tVu)dx—i—ESa(xﬂu\ dx pgg( )|ul? d

o tS+1 L

s+1
1 1
<t [SB(:;:, Vu) dz + z—?xa(w)\?ﬂp dx — ;Sg(”"”“’p dx]

\h(@)ul™ da

ts-‘rl
s+1

Since p < s + 1, we conclude that the second part of the lemma holds true.

\h(@)|ul™ da.

In view of Lemmas 2.4 and 3.1, the Mountain Pass Lemma (cf. [2])
guarantees the existence of a weak solution of (P).

This concludes the proof of Theorem 1.1.

Using integrability conditions imposed on g and h, we prove the L*°-
estimate of u. We may choose u > 0 since we can show that the argument
developed here is true for vt and v~ where ut = max(u,0) and u~ =
max(u,0). For M a nonnegative real, we define ups(x) = inf{u(x), M}.

For k > 0, let us choose ¢ = uﬁgﬂ as a test function in the first equation

of (P) (note that ¢ € E N L>). It follows that

[, )V (™) + a(o) a2l do

— {go) ul 2™ do + § A(@)ful udl d.

On the one hand, we have
SA(x, Vu)V(ulf\ﬁﬂ) dx = (kp+1) S Alz, Vu)VuMulf\fl’ dx
> alkp+1) S ]VuM]puﬁZ; dx
_hkp+1 k414 p
kp+1 (k+1)p* p/p*
2 o aprnp )
On the other hand, for 0 < € < 1 small enough, let
_ e
pw +ep*’
Observe that t/p > 1, t < p* and (t/p)’ € [N/p, N/(p(1 — ¢€))], where (t/p)’
is the exponent conjugate to t/p.
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Using (H;), (H2) and Holder’s inequality we obtain
Sg($)|u|p_2uuﬁ§+1 dr + S h(x)]u|s_1uuﬁ§+l dz
< Sg(w)|u\(k+1)p dx + S h(z)uFHPys =P gy
()

l—e s+1—

< Jo@)lul =7 do 4 (§ (h(2))77 da) (Sup*dx>4;rﬂ(§u@+ntdx>pﬁ
< (Sg(x)(t/p)’ da:) Wy (Su(kJrl)t d$>17/t
+ (S (h(z))T= dx) = (Su(k—l—l)t dl‘)p/t‘

Hence there exists a constant C7 > 0 independent of M > 0 and k£ > 0 such

that
(k)" \P/P" < (k+1P (¢ ke 5 \P/*
(SUM dw) < (4 (kp+1)<8u da:) ,
i.e.
1
AT k4l ]
(3.1) sl g41ypr < Co™ [W} lull (kg1)e

with Cy = C’ll/p. Since u € F (and hence u € LP"), we can choose k = k; in
(3.1) such that (k1 + 1)t = p*, i.e. k1 = p*/t — 1, and we obtain

ki +1
(kip+ 1)4/p
We have limps o0 ups(z) = u(x), and Fatou’s lemma implies

1
1
Sl k4l ]
[TES
Hu||(k1+1)p* < 021 |:(k1p+ 1)1/p:| HUHP*

k1+1 1
|| g 41)p+ < Oy [ ] Jullpx VM > 0.

Then v € L#F1+P" By the same argument we can choose k = ky in (3.1)
such that (ko + 1)t = (k1 + 1)p*, i.e. ko = (p*/t)?> — 1. Then we have

ko +1 =
W Hu||(k1+1)p*

By iteration, we obtain k, = (p*/t)" — 1 such that

1
Il sy < CF [

ko, +1 Fn+1
- 1/10] lull (k1 41)p=  for all n € N.

1
L <O
Hu”(kn-i-l)p = Y2 |:(knp+1)

It follows that

1
i= k; +1 ki+1
12l k1) LR [1 [ : } |
i=1 k + 1 P

p*s
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or equivalently

n 1 1

S ki +1 Ritl | VEitL
2l (kpt1ype < Co e I_IIHW] ] o

1

Since
1 1

a+1 Va+1l ) a+1 Va+1
—_ >1 Va>0 and lim|——
(ap —+ 1)1/17 a—00 (ap + 1)1/p

there exists a constant C3 > 0 independent of n € N such that

=1,

D ey i 7\”@14—1
||U”(k‘n+1)p* <0y lirlC’3 ||UHp*7

AN
kl+1_ p* ’
1 \° t [t
= — and — < 4/— < 1.
Vki +1 ( p*) p* p*

Hence, there exists a constant Cy > 0 independent of n € N such that

where

(3.2) 1wl (gn+1)pe < Calluflp  for all n € N.
Letting n tend to infinity we get
(3.3) [ulloo < Callullp--
Due to (3.2) and (3.3), we deduce
ue L’ forall p* <o < oo.

Thus v € L7, p < 0 < oo. The positivity of u follows immediately from
the weak Harnack type inequality of Trudinger [15]. Finally, the decay of u
follows directly from Theorem 1 of Serrin [13].

REMARK 3.1. 1. The functions g and h are not assumed to be bounded.
Here, we impose more restrictions on the integrability of g and h.

2. Note that when g € LY/P(1-¢) and h € L“/(1=9) we have the L*°-
estimate of solution. Moreover, if we suppose that g, h € L{_, the regularity

result of Tolksdorf [14] implies that u € C9(Bg(0)) for any R > 0 with
some §(R) €10, 1].
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