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CORE AND EQUILIBRIA IN MODELS
OF LARGE HOUSEHOLD ECONOMY

Abstract. The paper deals with models of household economy with in-
finitely many agents classified into a finite number of types. The notions
of competitive equilibrium, core and quasi-core are examined with special
emphasis on their mutual relations.

The paper presents the discussion of relations between the core and equi-
libria in models of economy with infinitely many agents classified into a finite
number of different types and with some elements of labor market (see Ekes
[3], Wieczorek [8], [9]). By “infinitely many agents” we understand a con-
tinuum of agents. We do not introduce any structure on the set of agents
(i.e. nonatomic measure space) since we are interested only in distributions
of agents’ decisions and agents’ consumption—we apply here an anonymous
approach (see e.g. Mas-Colell [5]). Agents are first considered as producers—
they make a choice among a certain number of activities resulting in the
production of chosen goods. Agents of the same type are characterized by
their capacities to perform each kind of activity. The capacities are expressed
by nonnegative numbers interpreted as efficiency coeflicients of agents of a
given type while choosing the respective activities. They may correspond
to their skills, education, technical possibilities etc. In some cases certain
types may be unable to undertake some activities; then the corresponding
coefficients are 0. Agents are also considered as consumers: they are charac-
terized by their demand function, depending on the individual income and
the system of prevailing prices; the demand function is assumed to be the
same for all agents of the same type but it may differ among the types.
We are specially interested in situations where the demand functions are
interpreted as solutions of the problem of maximization of utility under the
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budget constraints. The labor is the only input in our model and hence we
refer to the model as “household economy”.

Models of competition with infinitely many agents are known in the
literature since Aumann’s celebrated papers [1], [2]. In [1] Aumann proved
that in a pure exchange economy with a nonatomic space of agents the
core and the set of competitive equilibria coincide, i.e. each competitive
allocation is in the core and for each core allocation there exists a system of
prices with which it forms a competitive equilibrium (analogous results were
also obtained in Hildenbrand [4], Vind [7]). The situation in our model is
analogous only to some extent, since the relations mentioned above apply to
two related but different notions concerning the cooperative solution: core
and quasi-core. In the following we formulate the model and state and prove
the main results, Theorems 1 and 4.

1. Elements of the model. The formal description of the model is
given by the following elements:

e a positive integer n: the number of types of agents; each type contains
infinitely many individuals, the structure of the population of agents of each
type is described by a vector ¢ = (q1, ..., ¢q,) of positive reals;

e a positive integer k: the number of different activities and of different
commodities considered in the model;

e a system (r; li=1,...,n, j=1,...,k) With’l“;- > 0 for all ¢ and j: the
system of efficiency coefficients, characterizing the efficiency of the agents;
the number 7’2- is interpreted as the volume of the production of the jth
commodity by an agent of type ¢ who has chosen the jth activity;

e functions d’ : Ry x A — ]le_ for i = 1,...,n: the demand functions
of agents of respective types; the demand d' = d*(I,7) depends on the
individual income I and the system of prevailing prices m chosen from the
standard simplex.

We assume that the value of the demand of an agent is equal to the
income for all values of income and prices in their respective domains, i.e.
(d'(I,m);m) =1

forall I € Ry and m € Ay ((- ;) denotes the inner product). We will denote
the household economy described above by €.

We say that a demand function d : Ry x A, — Rl_‘; is adapted to the
utility function w : Ri — R whenever

d(I,7) € Argmax{u(x) | x € R, (m;x) < T}

forall I € Ry and m € Ay, which means that the demand d(1, 7) maximizes
the utility function w under the budget constraint (m;x) < I. We consider
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the situation where the demand functions d* are adapted to utility functions
ui:RﬁﬁRforallizl,...,n.

For x,y € R we shall write x <y if o; < y; fori =1,...,k x <y if
<y fori=1,....kbutx#y;andx<yifx; <y, fori=1,... k. We
shall also use the inverse inequalities >, >, >>.

We say that a utility function u : Ri — R is essentially increasing
whenever u(y) < u(x) for x,y € RE such that y < x.

If the distribution of actions of agents of type i, after having decided
what kind of work to perform, is p’ (pé is the fraction of agents of type i
who produce the jth commodity) and we denote by p = (p!,...,p") the
vector of distributions of all types, then the aggregated supply is given by

the formula . .
S(p) = ( > ariph, ) qmi%) ,
i=1 i=1

while the aggregated demand is
n k
D(p,m):=Y ¢y d(rim,x)-ph.
i=1  j=1

Note that the aggregated demand, unlike the aggregated supply, also
depends on the prevailing prices.

We say that a vector x € Rﬁ is Pareto optimal whenever there exists no
vector y € Ri such that y = S(p) for some distribution p and y > x. We
say that a vector x € Rl_‘; is weakly Pareto optimal whenever there exists
no vector y € Rﬁ such that y = S(p) for some distribution p and y > x.
A distribution vector p is Pareto efficient (weakly Pareto efficient) whenever
the aggregated supply S(p) is Pareto optimal (weakly Pareto optimal).

A system (p;7) € (A;)", consisting of the sequence of distributions of
all agents’ actions and a price system is at competitive equilibrium whenever
it satisfies the following conditions:

7”27?]- = llnaxkrfm, unless pé- =0, fori=1,...,n,5=1,...,k;

o D(p,m) < S(p).

Thus at equilibrium all agents of the same type have the same and maxi-
mal possible income (although they may choose different activities) and the
aggregated demand is not greater than the aggregated supply.

It is important to note that the choice of the kind of work is crucial in
our model because in this way agents are maximizing their income (thus
their consumption) under prevailing prices.

2. Definitions of the core and quasi-core. Denote by V:={1,... k}
the set of all activities and by W :=V x ]Rﬁ the Cartesian product of the set
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of activities and the set of all vectors of commodities. A state of the economy
¢ is a sequence s = (s, ..., s") of normed measures on Borel subsets of W.
A state is thus an anonymous description of decisions taken by agents and
of allocation of commodities among the agents of all types.

A state s is admissible if

n
qu S dex <qur151,...,2qir,is};>,
i=1

=1 ]Rk

where s§ = s'({j} xRY) for i = 1,...,n and j = 1,...,k (the notation
SRi x s'(V x dx) means that we are integrating with respect to the marginal

measure on Rl_‘; of the measure s* defined on the Cartesian product V x Ri;
we shall use such notation in what follows). The condition means that the
aggregated consumption is not greater than the total production.

Given a state s, a coalition is understood as a system o = (o',...,0")
consisting of measures ¢’ on Borel subsets of W such that, for any Borel
subset A in W, o(4) < s'(A) for i = 1,...,n. A coalition is nonzero
whenever o/(W) > 0 for at least one type i.

An action available to a coalition o is a sequence f = (f!,..., f*) of
transition functions, defined on the Cartesian product W x B(W) (f? :
W x B(W) — [0,1], i.e. for each fixed w € W, fi(w,-) is a normalized
measure on B(W) while for each fixed Borel set A € B(W), the function
fi(-, A) is Borel measurable). The composition of a measure o on B(W)
with a transition function f will be denoted by ms = o o f (i.e. it is the
unique measure on B(W x W) such that mg(A x B) = {5 f(w, A) o(dw)
for all A, B € B(W)). An action of a coalition is an anonymous description
of changes of decisions made by the members of the coalition, concerning
the undertaken activities and re-allocation of commodities within the coali-
tion.

An action f is admissible to a coalition o whenever only the aggregated
production within the coalition is allocated to its members, i.e. when

qu S xmf (V x Rk x V' x dx) (qurlmf (1), qurkmf Vk))
=1 Rk i=1

where we have set V; =V x RE x {j} xR for j=1,... k.

An action f is profitable to a coalition o whenever its members choose
other available activities and re-allocate commodities and so they (almost)
all get an increase of their utility, i.e.

me({((7,%), (7', %) € W x W [ w'(x) > w'(x)}) = mg(W x W)

for i =1,...,n (as before, m{ denotes o o f*).
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The core of the economy € is defined as the set of all its admissible states
s such that there exists no nonzero coalition o which has an admissible and
profitable action f.

The quasi-core of the economy € is the set of all its admissible states s
such that there exists no nonzero coalition o which has an admissible and
profitable action f satisfying, for i = 1,...,n,

k
S mb ({5} x BE x {5} x RE) = mi(W x W).
j=1

The above condition states that the only result of an action f is a change of
the allocation of commodities in the coalition; the decisions concerning the
choice of produced commodities remain unchanged within the coalition.

Notice that the core is always included in the quasi-core, because the
conditions defining the quasi-core are weaker.

A system (s, ), where s is an admissible state of € and 7 is a system of
prices, is at equilibrium whenever agents of all types choose activities which
result in the highest possible income and the allocation of commodities is
consistent with the demand, i.e. for ¢ = 1,...,n we have

s ({(j,x) e W | 7“;71']' = Ilrg‘m/xrfm, X = di(rj»ﬂj,ﬁ)}) =1.

If (s, m) is at equilibrium then the system (p, ) is at competitive equilib-
rium, where the distribution p = (p!,...,p") is given by pé- =s'({j} x Ri)
fori=1,...,n,j=1,...,k (distributions of activities of agents of all types
are induced by the state s).

A state of the economy € is an anonymous description of distribution of
actions of all agents and of allocation of commodities. When dealing with
the solutions like core and quasi-core we consider direct exchange within
coalitions without taking into account any market mechanism resulting in a
system of prevailing prices. On the other hand, we are interested in the actual
consumption described by the allocation of commodities in a given state of €
and defined at competitive equilibrium by demand functions. Both descrip-
tions of the economy—a system (p;7) € (Ax)"*! and a state s—involve the
same information concerning the distribution of the agents’ actions and thus
the volume of aggregated supply. A state is admissible whenever the aggre-
gated consumption is not greater than the aggregated production. The same
condition is true at any competitive equilibrium. A coalition at a given state
s may be informally understood as being included in the set of all agents
of all types, choosing activities and consuming according to the description
given by the state s. An action available to a coalition is an anonymous
description of changes in the decisions concerning the choice of activities
made by agents in the coalition and of re-allocation of commodities within



436 M. Ekes

the coalition. An action is admissible to a coalition whenever the aggregated
consumption within the coalition is provided by the aggregated production
of the coalition’s members. An action is profitable to a coalition if it re-
sults in improving the situation of the members of the coalition in the sense
of increase of the value of their utility functions. The core is the set of all
states of the economy €& such that there is no coalition for which there exists
an action admissible and profitable as well. The quasi-core is the set of all
states of the economy €& such that there is no coalition for which there ex-
ists an admissible and profitable action which involves only re-allocation of
commodities within the coalition without any changes in agents’ decisions
concerning the production. Therefore, if any state belongs to the core, it is
also in the quasi-core; the converse is usually not true.

3. Main results. We shall now prove two theorems determining rela-
tions of competitive equilibria, core and quasi-core.

THEOREM 1. If a state s belongs to the core of the economy &€ and the
utility functions u' are essentially increasing for i = 1,...,n, then there
exists a system of prices m € Ay such that the system (p,m) is at competitive
equilibrium, where pé- =s'({j} x ]Rli) fori=1,...,nandj=1,... k.

In order to prove Theorem 1 we use the results given in Roman (Ekes)
and Wieczorek [6] and we prove a lemma concerning Pareto optimality of
an aggregated supply in the core. First we quote a theorem proved in [6]:

THEOREM 2. A distribution vector p = (p',...,p") is weakly Pareto
efficient if and only if there exists a system of prices m = (71, ..., m) € Ay
at which p* mazimizes the total income of type i equal to q; Z?Zl r§7rjp§», for
eachi=1,...,n, and such that, for j =1,....k, m; > 0 if and only if there
exists no distribution p such that S(p) > S(p) and S(p); > S(p);-

Now we shall prove the following lemma:

LEMMA 3. If a state s belongs to the core of the economy &, then the
aggregated supply in s is weakly Pareto optimal.

Proof of the lemma. Suppose that a state s is in the core. The aggregated
supply in s is given by the formula

n n
< qirlsl,..., qzrksk)
i=1 i=1

Set p;'- = s'({j} x Rﬁ) Suppose that the vector of aggregated supply in s is
not weakly Pareto optimal, i.e. there exists a distribution p = (p!,...,p") €
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(Ag)™ such that for all j =1,..., k we have

n

n
E i 0 2 11
i=1 i=1

Consider the coalition & = s and the system of measures m® for i =
.,n defined by

mi({j}xR’j_xVxR’j_):pé- forj=1,...,k,

m'(V xRE x {j} xRE) =p}  forj=1,... k,

mi(V x X xV xRE) =m!(V xRE x V x X)
=s'(VxX) forall X € BR").

Then there exists an action f = (f*,...,, f) such that m’ = m} = o’ o f
for i = 1,...,n (this follows from the Radon-Nikodym theorem).
We define

1

.T}—.T}j (Zqszj qujp]><2qi>_ forj=1,...,k

=

1
and x' = (21,...,2}). Moreover, for p € (Ay)", j=1,...,k, we set

p)=> aripi, X(p)=(Xi(p),....Xk(p)).
i=1
We have

qus VXR x V x dx') ZQZS sY(V x dx)

3 | <X+—X<§); X(p)> S(V x dx)

We also have
m({((G, %), (%)) € W x W [ wi(x) > uwi(x)}) =1 fori=1,...,n,

since x’ >> x and all utility functions u’ are essentially increasing.

Therefore, given a state s, we have found a coalition which has an ad-
missible and profitable action. It follows that s is not in the core, which is
a contradiction. m

Proof of Theorem 1. If a state s belongs to the core of € then by Lemma 3
the aggregated supply S(p) is weakly Pareto optimal for p = (p',...,p")
and pj- = s'({j} x ]Ri) forall¢ = 1,...,n and j = 1,...,k. Theorem 2
implies that the distributions p’ maximize the aggregated income of agents
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of type ¢, for i = 1,...,n, for some system of prices 7. If the distribution
p* maximizes the aggregated income of agents of type i then the individual
income 7'§7rj of agents of this type is the same for all agents of type ¢ and
equal to maxj—y rlim unless pé = 0. If not, that is, if for some j we had
pé. 2 0 and 7’;-7'(]' < maxj—i,. rfm, then we could take a distribution p* such
that ;BJZ =1 for j € Argmax;_ krfm, which would yield a contradiction,
since g; Zf 1 ]71] p] < q; Z =1 jﬂ'] p] The conclusion is that at prices 7w and
given distribution p of decisions of agents, agents of all types maximize their
individual income and the aggregated supply is not less than the aggregated
demand (which follows from the equality (d*(I,7);n) = I). Therefore the
system (p,m) is at competitive equilibrium. =

THEOREM 4. If a system (s,m) is at equilibrium then the state s belongs
to the quasi-core of the economy €.

Proof. Suppose that s is at equilibrium with 7 but not in the quasi-core
of €. Then, fori = 1,...,n, there exist measures m* on WxW (m' = oo f*)
satisfying the following conditions (for the notation V}, see Section 2):

(1) ZqZSxm Vkaxdex)

Rk
) (Z qlrlm (1), Zqzrkm (Vi) )

2 m'({((7,%), (7", x) € W x W [ u'(x) > u'(x)}) = m' (W x W);

k
(3) D mi({h < RY x {j} x BE) = mi(W x W),
j=1
Since the pair (s,7) is at equilibrium, all agents of the same type have
the same income. We denote the income of agents of type ¢ by I°.
We may write condition (2) in the following way:

(G ). (X)) € W x W | o
u'(x") > max{u'(x) | x ERﬁ_, (myx)<I'}}) =m* (W x W)

(by the definition of equilibrium and (2), (3)). Therefore we must have
(3 ’> > ["fori=1,...,n, and then

qus mi(V x RE x V x dx')

>ZQZS m'(V x RY x V x dx').
R+
Therefore
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<7r,ZquXm (V x RE x V x dx') > qu (V xRE x V x RE).
=1 ]Rk

Using (1) we may write

<7r;iqi S x'm (V x RY x V x dx’)>
=1 Rk
+ < (ZQZrlm Vl Z‘hrkm Vk >>

n n
- Z gimrim' (Vi) + ... + Zqimr};mi(vk)

i=1 i=1

n
=> aI'm'(V xRE x V x RE),
i=1
which yields a contradiction. =

4. Final remarks. It is natural to make a difference between the two
solutions: core and quasi-core in the application considered. The core is
a set of states at which nobody can improve the situation by changing
the decision concerning the produced commodity and/or by re-allocating
the commodities. The quasi-core includes those states at which there is
no possibility for any set of agents to improve their situation only by re-
allocating the goods, the distribution of decisions being settled. There is a
kind of asymmetry in defining states of economy by means of distribution
of agents’ decisions and demand functions and by means of distributions
on the product space of decisions and commodities. In the first approach
agents do not decide on the allocation of commodities; they get the bundles
of commodities assigned by their demand function (unless the total demand
exceeds the total supply). This is the reason why in Theorem 1 we use only
the distribution of commodities generated by the state s. If we have the
distribution of decisions of all agents and a system of prices, we know the
whole state of the economy in the first approach. Agents are maximizing
their income by deciding on which commodity to produce and this results in
the maximization of their consumption (the value of the demand function).
On the other hand, in Theorem 4 we show that if a system (s,7) is at
equilibrium then no coalition can improve the situation of its members by
changing the prevailing allocation, which assigns to each agent the value of
the demand function, i.e. the state is in the quasi-core.

The model of household economy may be reduced to a noncooperative
game with a continuum of players classified into a finite number of types,
called a large game of finite type (see Wieczorek [8]). Players of all types
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have finite sets of available strategies and they are characterized by their
payoff functions on the product of the set of individual strategies and the set
of all sequences of distributions of individual decisions of all types of players.
Players of the same type are characterized by the same payoff function. A
sequence of distributions of players’ decisions is at equilibrium whenever
no player wants to change the chosen strategy, provided that all remaining
players stick to their choices. If we reduce the model of household economy to
a large game of finite type, we assume that all players, representing agents of
various types, have the same set of strategies containing the given activities
and the payoff is equal to the individual income. We also introduce one more
type of players, representing the market mechanism clearing the market by
setting the prices.
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