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LOCAL EXISTENCE OF SOLUTIONS OF THE FREE
BOUNDARY PROBLEM FOR THE EQUATIONS OF A
MAGNETOHYDRODYNAMIC INCOMPRESSIBLE FLUID

Abstract. Local existence of solutions is proved for equations describ-
ing the motion of a magnetohydrodynamic incompressible fluid in a domain
bounded by a free surface. In the exterior domain we have an electromag-
netic field which is generated by some currents located on a fixed boundary.
First by the Galerkin method and regularization techniques the existence of
solutions of the linarized equations is proved; next by the method of succes-
sive aproximations the local existence is shown for the nonlinear problem.

1. Introduction. In this paper we prove the existence of local solutions
to equations describing the motion of a magnetohydrodynamic incompress-
ible fluid in a domain 2, C R? bounded by a free surface S;. In the domain
D, C R? which is exterior to 2, we have a gas under constant pressure pg.
Moreover in the domain D; we have an electromagnetic field which is gen-
erated by some currents which are located on a fixed boundary B of D;.

In the domain (2; the motion is described by the following problem,

1 1 1 ~
v +v-Vo—divT(v,p) — pH -VH +;,VH> = f in Q7

dive =0 in 7,
(1.1) ,ulflIt — rotE in 27,
rotﬁ:al(]_&?—i—ulvxb}), in 27,
div(yn H) = 0, in (7,
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where 27 = Uo<i<r 26 x {t}, v = v(z, 1) is the velocity of the fluid, p =

1 1
p(x,t) is the pressure, H = H(x,t) is the magnetic field, f = f(x,t) is the
external force field per unit mass, p is the constant magnetic permeability,

o1 is the constant electric conductivity, é = ll?(x, t) is the electric field, and
(1.2) T(v,p) = {v(0z,vj + Oz, vi) — Poij }

is the stress tensor, where v is the viscosity of the fluid. Moreover, by

(1.3) D(v) = {v(0z,vj + Op,vi)}

we denote the dilatation tensor.

In the domain D; which is a dielectric (gas) we assume that there is no
fluid motion inside (v = 0). Therefore we have the electromagnetic field only
described by the following system:

2 2 ~
poH, = —rot E in DT,
2 2 ~
(1.4) oo =rot H in DT
2 ~
div(ueH) =0  in DT,
where DT = Jy<,<p Dy x {t}.

On S; = 042, N 0D, we assume the following transmission and boundary
conditions:

n-T(v,p) = —pon on ST,

1 1 1 2 ~
—H=—H on ST,

01 ()

(1.5) ; > B
E-1n=E-1,, a=1,2 onS?

o or
n=— on S*,

V|

where ST = Uo<i< St x {t}, n is the unit outward vector to (2, and normal
to St, Ta, @ = 1,2, is the tangent vector to Sy, ¢(z,t) = 0 describes S; at
least locally.

Next we assume the following boundary conditions on B:

2
H=H, onB,
(1.6)

2
E=F, onB,
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where H, and E, are connected by
1

o1E, = m (87'1 (H*TlATz) - 87'2(H*7’1A7’1))7
1
:u28tH*n - m (87'2(E*T1A71) - aTl(E*T2AT2))7

_ataﬁ (H*Tl AT2 An) - ataTz (H*Tz ATl An) = 871 872 (E*nAn)
— 11207, (A7, Ay Ot Hory ) — 11207, (A7, A7y Ot Hory) — Oy Ory (B An),
where (71, 72,n) are curvilinear coordinates and A, , A,,, A, the Lamé co-

efficients of the transformation (71, 72,n) — (21,22, z3).
Finally, we assume the initial conditions

Qt|t=0:Q) St‘tzozsv Dt|t=O:Da
1 1
(17) 'U’t:(] = o, H’t:(] = HO in Q,
2 2
H’t:() = HO inD.

To prove the existence of solutions to the above problem we introduce the
Lagrangian coordinates ¢ € 2. The Lagrangian coordinates are connected
with the velocity v as the initial data for the Cauchy problem

dz
(18) E = ’U(CC,t), .T|t:0 = 5 € .
Therefore x,(£,t) = & + Sg (&, 7) dr, where

o(&, 1) = v (&, 1), 1)

To introduce the Lagrangian coordinates in D; we extend v onto D;. Let
us denote the extended functions by v’. Then we define £ € D to be the
Cauchy data for the problem

d
(1.9) & v'(z,t), x|t=0 =& € D.
dt
Therefore x,/(&,t) = £+ Sg v (&, 1) dr, where ¥'(€,t) = v'(z (&, t),t). Then
by (11)5,
Q={zeR’:x=1,(1), € 2},
S, ={x eR®:z=ux,(1), £ €S}
Since S; is determined at least locally by the equation ¢(x,t) = 0, S is
described by ¢(z,(&, 1), t)‘t:O = 0. Moreover we have

- _ Vao(z,t)
Ty = n(xy,(§,t),t) = |Vod(z,1)] m:xu(g,t)‘
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We introduce the following notation:
Hqu,Q: ||u||Hl(Q)7 QE{Q7S7D7H7B}’ OSZGZ,
lullk p,g.r = lull,0rwr@)y, Q€{£2,5 D, 1I,B},
p,q € [l,¢], 0< k€ Z,
where Q' = Q x (0,t), and
ulpg = llullr,@, @€{£,5D,II,B}, pe [l,00].

2. Weak solutions. Weak solutions to problem (1.1)—(1.7) are defined
in Lagrangian coordinates. From the equality

| rot Hpdo = | Hrotyda — | (n x H) das,
.Qt »Qt St
and from (1.1)—(1.5) we get

1 2 1 L
— X(n x rot H)Y dxg, — — S(n x rot H)dxg,
02 S, 01 S,

1 2
+ 11 S nx (vx H)pdrs, = S(n x E)dzs,
St St

— \nx (B +pmvx Hypdos, + | nx (v x Hypdes, = 0.
St St

DEFINITION 2.1. By weak solutions to problem (1.1)~(1.7) we mean func-
tions v, H which satisfy the integral identities

T 1 1 1
21) |1 (7%, +D, (@)D, dgdt—s VBV, H 35— 11V, H*%) dE dt
0N 0

T T
= | { Fodedt — | { pomopdes dt — | vop(0) de,
0N 0S

Q
T
(2.2) S S (—,uﬁ@ poNV Hp + l1"0‘5 E)d&dt
011
T L L 7
— V@ x B)roty, pdédt = — | {(m, x E.)P dép dt
0 920 B

|
2

— o\ Ho(0) de,
s

where ¢, ¥ are sufficiently regular with ¢(z,T) = ¢(z,T) = 0, and 7, is the
unit outward vector normal to S or B.
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1

In (2.1), (2.2) we use the notation A(&,t) = A(z,(€,1),t), Hlo = H,
2
Hlp=H,olg=o01,0|p =09, 11 =02UD, plg = p1, u|p = pe2; in (2.2) v

is extended onto II,
Dy (7) = {v(02,&k Ve, Tj + 02,&k Ve, Ti)},  10t, T =V, X T,
Vo = 0,6V, divyT=V, -T=20,&Ve Ui, O = Veg,.
Let A be the Jacobi matrix of the transformation = = z,,(¢,t). Then det A =
exp(Sg div, vdr) = 1.
Moreover aczj =0;; + Sf) de,v'(&,7)dr and &, = :Ugl. Then we get

t t
sup |ze| < 1+ sup | [0(&, 7)|dr <1+ c|[[0]s,0dr
(e £eny o

t 1/2
<1t eVi([IFldadr) <1t evE Pl

0

Thus sup,eq, |£:| < ¢(a), where a = Vt|[v
positive function.

is an increasing

To prove the existence of a solution to the above problem we introduce
Lagrangian coordinates connected with a given divergence-free function wu.
Moreover we linearize the terms with v in (1.1) writing them in the form

%- Vo and @ x H. Then from (2.1), (2.2) we get

1 1

T 1
(2.3) § (=%, + Du(O)Du(@)) dedt — \ \ (u H'V H'S — 1n V., H?) dé dt
0N 0N

T T
=\ | Fedsdt — | | poruip dés dt — | 5(0) de,
0 0SS k9]

(2.4)

O e

S (—,uﬁ@t — paV o H + 1 rot, H rot, E) d€ dt
o
n

OL’ﬁﬂ

— V@ H)rotuzpdgdt
2

OM%

S (T X EL)pdEp dt — p SEOE(O)d&
B

I
1

where H' is a given function.
We have the following main theorem of this paper, which is proved in
Section 5.
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MAIN THEOREM. Assume that vo € H2(£2); 1,(0),04(0) € La(82); fi, fue
€ Ly(0,T, Ly(£2)); f € Lo(0, T, H?(£2)); H(0) € H*(II); Hy(0) € H'(II);
E. € Lu(0,T,H'(B)); Eu,Huy € Ly(0,T, Ly (B)) Bu Haw €
Ly(0,T, Lo(B)); Hy € Lo(0,T, H*(B)); H. € Ly(0,T, H*(B)) and S,B €

T, )
H®/2. Then there exists T** sufficiently small such that for T < T** there
exists a solution to problem (1.1)—(1.7) such that

T € Lo(0,T, H*(2)) N Loo (0, T, H'(£2));
Ty € Loo(0, T, H(2)) N Ly(0, T, H2(12));
Tyt € Loo(0,T, Lo(£2)) N Ly (0, T, H' ()
P € Lo(0,T, H*(2)), P, € L2(0,T, H (02));
H € Ly(0,T, H*(IT)) N Loo (0, T, H'(IT));
H, € Loo(0,T,H'(IT)) N Lo (0, T, H*(IT));
Hy € Loo(0,T, Ly(IT)) N Lo (0, T, H (IT))

);
(

and

HEtHiQ,oo,QT + ||@Hi2,oo,QT + HEH;Z,,Q,Q,QT + Hﬁtng,z,z,(ﬂ

Pilli 2 z.0r T IH U 200,07 +IHI 200,17
+ N5 2.0,0m + 1 Hll3 [ Hiill} 22,007 < A,

where A is a positive constant.

3. Existence and regularity of solutions of the linearized prob-
lem (1.12). To prove the existence of a solution to the problems (1.12),
(1.13) we use the Galerkin method. Take a basis {$,} in L2(£2) and {1}
in Ly(IT). Then we are looking for an approximate solution in the form

(3.1) Tn =Y cn®B(&),  Hn=) drn(t)P4(E)
k=1 k=1
where the functions cpp,dgn, K = 1,...,n, are solutions of the following

system of ordinary differential equations:

(3'2) S (ﬁntak + Du(ﬁn)ﬂ)u(ak» d§ — 1 S(ﬁ,vuﬁ,ak - VuH'Q@) d§
Q Q
= | 7@y, d¢ - \ pomu @y, dés,
Q s
(3.3) S (uHy ), — paN o H o, + % roty H, 1oty 1;) dé
I
— ¢ H) oty By de = — | (7 x B )i dép,

(o2
Q 2B
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for k =1,...,n. The equations (3.2), (3.3) can be written in the form

d
(3.2)1 ECkn + aki(t)cin = fk(t)7
d
where k = 1,...,n and summation over repeated indices is assumed. Then

from (3.2), (3.3) we see that

1
> S Jari(t)] dt < @(a)(|H'||7 52,07 + 1),
kg O

T

§ Ibwi(t)] dt < p(@)([[ullf 5.2, 0r + 1),
ki O

where a = t'/2|[t||3 2.9, o+ and ¢ is an increasing positive function. Assuming

k=1

k=1
we have the following initial conditions for solutions to the problem (3.2),
(3.3):
(3.5) Ckn(()) = Ck, dkn(O) de, TLEN, k= 1,...,71,
The existence and uniqueness of solution to the problem (3.2), (3.3), (3.5)

follows from the theory of ordinary differential equations.
Next we have to assume that

(3.6) sup sup |[I —&,| <4,
tel0,T] £€02

where 0 is sufficiently small and I is the unit matrix.
Now we obtain estimates for solutions of (3.2), (3.3).

—~

LEMMA 3.1. Assume that H' € Lo (0,T, L2(£2))NL2(0, T, H*(£2)); H} €
LQ(OaTa LZ(Q))7 f € L2(O7T7 LQ( ))7 ( ) L ( )a u € LQ(O T7H3(“Q))
Then

(3.7) HUTL”g,Z,oo,Qt + H@nnizz,m
1 1

1 1
< alt,a)[[|H'3 2.00.0t ENH' I3 2..00 + @) t(1H (0) 0.0 + | HHIG 2.2.00))
+ cll f1I3 22,00 + cp§ + [[Tn(0)[I3, 0],

where o is an increasing positive function, a=t/2|T|3.2.0.0¢ and 0<t<T.
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Proof. Multiplying (3.2) by ¢k, and summing over k from 1 to n we get

38) (5 g7+ Dl de

2

=M S(E,vuﬁlﬁn - vuﬁlzﬁn) df + S fﬂn dé - SPOﬁuﬁn ng‘
(9] (0] S

Using in (3.8) the Holder and Young inequalities together with the Korn
inequality
Tnlli 2 < c@)ID@L)IE.0 + [7allF ),

we get
d,_ 9 = 12
(3.9)  —l[nll6,e + 7nlli o
dt

1 1
< (@) [|H'|I§ I1H'[13, + cllpomull§ s + cll FI3.0 + clTall§ o

Integrating (3.9) with respect to time and using the Gronwall inequality we
get (3.7).

We want to obtain more regular solutions of (3.2); therefore we show

LEMMA 3.2. Let the assumptions of Lemma 3.1 be satisfied and v(0) €
H'Y(£2). Then
1 1
(3.10)  [[Tnellg 22,00 + [nllf 200,00 < @t @)IH'I[G 2,00, 00 (EIHII3 2,2,

1 1
+e@t(H (03,0 + G 2.2,00)) + cllFlI§ 2.2, + €llTn(0)IF
+ CHEan,z,z,Qt + dwnt”iz,z,m + cpgl,
where « is an increasing positive function.
Proof. Multiplying (3.2) by %ckn and summing over k from 1 to n we get

(3.11) | (%@%t +Du(6n)Du(ﬂnt)> de

9]

= 1 \(H'VuH g — Vo H V) dé + | F Ui d€ — | pomuTns dés.
9] 9] S

Using in (3.11) the Hélder and Young inequalities we get

_ d R ~
(312)  [Znell5,0 + S IDu(@)5,0 < w(a)(HH’H%,nHH’H%,Q +elTnelld

+ | e [Du ()] [Tne] df) +cllpomiallgs + el FIIg.c + elTntli o
9]
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Integrating (3.12) with respect to time and applying the Korn and Gronwall
inequalities we get (3.10).

To estimate ||[T,¢]|? , 5 ¢ We need the following result.

LEMMA 3.3. Let the assumptions of Lemma 3.1 be satisfied and f; €
1 1

Lo(0,T,Ly(02)); H', H} € Lo (0, T, H'(£2)); 9:(0) € La(£2). Then

(313)  [[Tnelld 2,00, 00 T1Tne 1T 2.2, 00 < A@)[(ElNTN3 2,2, 00 +e(@)ET 22,00

1Ly &y

1
H@(0)5 ) [Tnllf 200,20 + Pf + IH[I1 2,00,02¢)
EE. EEN EES,
I H 2,00,02¢ (EIH'[15,2,2,00 + (@)L (0)]6,2

1
+ 1 HUG 2.2.00 )] + llTnelld 2.2,00 + cl Fellf 22,00 + 1T (0)IF 2

9Ly 4y 9Ly 4y

where « is an increasing positive function.

Proof. Differentiating (3.2) with respect to ¢, multiplying by %ckn, sum-
ming over k from 1 to n and using the Korn, Holder and Young inequalities
we get

d._ _ _ _ _
(3.14) Ellvntllg,n HTnell? o < @(a) [Tl o, (elTntl o + 17al1

1 1 1
HIH'|1T @) + T I H' 17 o + el[tni o]
+ el felld.o + el poma)elld s + 17ntll3 -
Integrating (3.14) with respect to time we get (3.13).
From (3.7), (3.10), (3.13) we have
LEMMA 3.4. Let the assumptions of Lemmas 3.1-3.3 be satisfied. Then

(315)  [[Tnll¥ 22,00 + Tnell} 22,00 + 100l 2,00 20 + [TntlI3 2,00,
1

1 1
< aa, D[ H'15 22,00 + c(@UH (0)5 o + UG 2.2,00))

1 1
(NG 2,00, 020 + HTEIT 2,00, c20)
1
+ (elll3 2.0, 00 + (@t 22,00 + IFO)IE ) (ePf + IH'I 2,00,20)

+llfll5 22,00 + el Felld 22,00 + T2 (0T o + epi] + [Tt (0)E 0 = F,

where « is an increasing positive function.

Now choosing a subsequence and letting n — oo we get
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LEMMA 3.5. Assume that u € Lo(0,T, H302)); ©(0) € H'(£2); 7,(0) €

1 1
Lo(2); H' € Lo(0,T, H'(2)) N Lo (0, T, H*(2)); H} € Loo(0,T, H'(2)) N
Ly(0,T,Lo(82)) and f1, ft € L2(0,T, La(82)). Then there exists a weak so-
lution of problem (3.2) such that

T € Loo(0,T, H'(2)) N Ly(0, T, H*(12)),
Ty € Lo(0,T, H (£2)) N Lo (0, T, Lo(£2))
and

(3.16) 71T 2,2, 000 + T2l 2.2, 00 + 017 2,00, 020 + [Tl 2,00, 20 < F-

To show that 1€ Ly (0, T, H3(£2)) we consider the following elliptic prob-
lem:

1 1 1

—div, Ty (3,9) = =0 + p H'V H + 1V, H?* + f in 27,
(317)  div,5=0 in 27,
1Ty (T,P) = —poTiy on ST.

Applying to (3.17) the regularization technique for elliptic problems (see [4])
and Lemma 3.5 we get

(3.18) o

1 1 1
< @(a)([1H'|l2,0 + |1 H'l3 o lH']13,0

1 1
HIH T I H'N3,0) + 19l 2 + 1FIT 2 + llpomall3/a,s-
Integrating (3.18) with respect to time we get
1
LEMMA 3.6. Let the asumptions of Lemma 3.5 be satisfied and H ¢
Loo(0,T,H?(2)); f € La(0, T, H'(£2)). Then
2 2 =12 =12
(3.19) H5H3,2,2,m + Hmz,z,z,(zt < a(aat)[(HHl”g,z,z,Qt + HH,Hz,z,oo,m)
1 1 1
(ENH'3 22,00 + c@H (0)E 0 + 1HE 2.2,00))
+ CP% + ”mH%,z,z,m + ||J?||§22m],

where « is an increasing positive function.

To show that 7, € Lo(0, T, H?(£2)) we differentiate (3.17) with respect
to time. Then we get the following elliptic problem:
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- dlvu Tu (Et’ﬁt) = (dlvu)tTu (Eaﬁ) + dlvu(Tu)t(Eap) - Ett

1 1 1
(320) + (MlHlqu/)t - (:ulqu/Q)t + ft in QT?
div, vy = —(divy )0 in 7
ﬁuTu(ﬁtaﬁt) - _pO(ﬁu)t - (ﬁu’]ru)t<57]_j)7 on ST'

Applying to (3.20) the regularization technique for elliptic problems we get
(see [4])

(3:21)  |[well3. + I7:]17

< @(a)l[all3 o (I[7]13 o + P13,
1 4 1 1 1 1
fag 7’2 7’12 7’12 7’2
+ 1H'l2,0) + 1H 1,0 12,0 + 1Hillz, 0| H'lIY o

+epgllallf o] + [ellf,c + 1 Fell3 -
Integrating (3.21) with respect to time and using Lemmas 3.5-3.6 we get

LEMMA 3.7. Let the assumptions of Lemmas 3.5-3.6 be satisfied and
T € Loo0,T, H(2)); Hi € Lo(0,T, H*(2)); Hii, Ty € Lo(0,T, Lo(2)):
IL{’(O),IL-IQ(O) € Ly(£2). Then
(3.22) ||5t”§,2,2,m + H@H%,zzm

< a(a, O[3 2,00, (17113 2,2,00 + [P/ 2.2, 020)
1 1

+ (HH'113,2,00,00 (L 1113 2,00 00) + [H]13 2.2, 20)

1 1
: (e(HH'Hﬁ,z,z,m + ”Hz,‘/H§22m)

1 1 1
+ @t HG 22,00 + 1H 8 22,00 + 1H ()G

9Ly 4y 9Ly 4y

1
HIHHHO)IG.2)) + T2 13 2,2,000 + w5 + 1 FlI5 2.2,00]
where « is an increasing positive function.
Next we have to obtain an estimate for |[Ty|]1,2,2,0t. Let
¢n € La(0,T, H*(2)) N Loo (0, T, H'(12)),
Gnt € Loo(0, T, H'(2)) N Lo(0,T, H*(£2))
and suppose that

qbn = ch(t)wk(f) € An7
k=1
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where {¢,} is an orthonormal basis in H3({2). Then (J.~, A, is dense in
Ly(0,T, H3(£2))NLoo (0, T, H(£2)) and | J.2, Ane is dense in Lo (0,7, H'(£2))
N Ly(0,T, H*(£2)). Let v,, € J;y_; Ak. Then from the weak solution of the
linearized problem (1.12), where 72, T(7,,,q) = 0 on ST and § =P — pg in
02T if we let n — oo we get

LEMMA 3.8. Let the assumptions of Lemmas 3.5-3.7 be satisfied and u; €
1

Lo(0,T, H*(2)) N Loo(0, T, H'(R2)); Hfy € Ly(0,T, H(2)); T,(0) € Lo($2)
and ﬂtt, ftt € L2(0, T, LQ(Q)) Then

(323)  [1Tell 2.00.000 + D2l 22,20

< a(a,)[(el[T)3 22,00 + cEtTNG 2.2.20 + ITO)IE )Nt 2,00, 20
1 1 1
+ el Hillt 22,00 + | Hill 22,00 + cllH'(0)]13,0

1 1 1
+ (el HlIS 22,00 + c@H L 15 2,2,00 + IHHO)F 2))
1 1
(13 200,020 113, 2,00, 00 + LT 22, 20)

1
HH'113 2,00, 00 (ElNTe N3 2,2, 00 + c(€)t[Tetl§ 22,00 + 1T (0)]F 2))
+ HfttH%,z,z,Qt + H@t(O)Hg,Q]a
where « is an increasing positive function.
Now adding inequalities (3.22) and (3.23) for p = g + po we get
LEMMA 3.9. Let the assumptions of Lemmas 3.5-3.8 be satisfied. Then
(3:24)  [Beell§ 2.00,000 + 10etllT 22,020 + [Tel3 22,020 + [BelT 22,020
< al(a, )[(t[@ll3 22,00 + [TO)I3,2) (103 22,00 + 1Pl32,2,20)
+ (el[91l3 2,2, + @[T 2,2,00 + [TONF DTN 2,00, 20

1

1 1
+ (e(IHHZ 22,00 + IH 15 2,2.00) + c(@tUHG 22,0

1 1 1
HH G 22,00 + 1H(0)I[ o + [H(0)][5 )
1 1

(N3 2,00, 020 (14 N[T13 2,00 020) + I1HES 2,2, 20)

1
113 2,00, 000 (EllTe]13 2,2, 00 + (@)t ([Tee]5 2,2,000 + 17 (0)]IE 2))

+1F g 2,2,00 + [T (O)IG 0 + ep§ + [1Fel152,2, 00

9Ly 4y

where « is an increasing positive function.
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From Lemmas 3.5-3.9 we get v € Lo(0,T, H3(£2)) N Lo (0, T, H'(£2));
vy € LOO(O,T,Hl(Q)) N LQ(O,T’HQ(Q)), Vi € LOO(O,T,LQ(Q))
Lo(0, T, H(2)) and p € L2(0,T, H*(2)), p, € L2(0, T, H'(£2)).

4. Existence and regularity of solutions of the linearized prob-
lem (1.13)

LEMMA 4.1. Assume that E, € Ly(0,T,Ly(B)); H(0) € Lo(Il); H, €
Lo(0,T, HY(B)). Then for solutions of (3.3) the following inequality holds:

(4.1) Hﬁnug,z,oo,m + ||ﬁn||%,2,27m
< a(a, )| Elf 22,5 + IHa(OE 7 + 1Hellf 22,5,
where « is an increasing positive function.

Proof. Multiplying (3.3) by dg, and summing over k from 1 to n we get

1 d_, 1 _ o _
(4.2) ISY(§MEH"+;|rOtan’ >d§: S,u(uan)rotandf

02

. 1 _
+ \ v, H,H, d¢ + — \(7, x E.)H, dép.
I7 B

Applying to (4.2) the Holder and Young inequalities and the inequality (see
Appendix)
(4.3) 12?1 < e(@)(l[rotu Hallg i + [1HIF 5),
we get
d — —
(4.4) = Hnll6,r + el Hnll1, 1z

< @(a)([alloo, | Hollg i + I Ex15 5 + IHLIE 5).
Integrating (4.4) with respect to time and using the Gronwall inequality we
get (4.1).
LEMMA 4.2. Let the assumptions of Lemma 4.1 be satisfied and H(0) €
HY(IT); H, € Loo(0,T, H'(B)). Then
(45) [ Hutll§ 22,010 + H Y 2,00, 110
< aa, )ellHnell? 22.m0 + 1E:l§ 22,50 + 1Hn (O 11 + [ Hxll1,2,00,5],

1Ly &y

where « is an increasing positive function.

Proof. Multiplying (3.3) by %dkn and summing over k form 1 to n we
get,
1 = 1 — — — _
(4.6) S (5 ,uH,QZt 4+ —rot,, H,, rot, Hnt> d§ = S w(@ x Hy,)roty, Hpy d€
I g Q
_ 1 L
+ \ v B, Hyds + — \ (u x B.)Hyp dép.

o
n 2B
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Applying to (4.6) the Holder and Young inequalities we get
— d /1 —
A7) Wl + 5 (5ot Hall

< (@) ([[alloo, |1 Hull? ir + el Huellf rr + B3 5)-
Integrating (4.7) with respect to time using (4.3) and the Gronwall inequality
we get (4.5).
To estimate || H 4|2 2.2+ We need the following result:

LEMMA 4.3. Let the assumptions of Lemma 4.1 be satisfied and u; €
Lo(0,T, H3(II)); Uy € L2(0,T, Lo(I)); u € La(0, T, H3(I)); E. €
Ly(0,T,Ly(B)); E, € Loo(0,T,H (B)); H:(0) € Lo(Il); and H.; €
Ly(0, T, HY(B)). Then
(48) [ Huill3 200, + 1Hutli 22,10 < a(@)[(ell@ll3 2,2,

+ e(@)t(1ell§ 2,2, + [T OIS I H 1T 5,00, e
+ (EllTl3 2,0, + (LT 2,2,m¢ + T (O 1)
H w1 2000+ 1H 5 2,00, + 1B 5,00, 50)]

= 2 T 2 72
F Al Eutllt 225 + Hn ()5 7 + [[Hatll7 2,2,
where « is an increasing positive function.
Proof. Differentiating (3.3) with respect to time, multiplying by %d;m,
summing over k from 1 to n and using the Korn, Hélder and Young inequal-
ities we get

(49)

1 _
) dt”HntHOH“‘ S [rot, (H e )|? d€

I
< (@)IHn T (el 1z + 1713, 1)
+ell Hull¥ 1r + el 3o, 1 Hn I3
+ el Bull§ s + cll Bl slIT3 -

Integrating (4.9) with respect to time using (4.3) we get (4.8). From (4.1),
(4.5), (4.8) we have

LEMMA 4.4. Let the assumptions of Lemmas 4.1-4.3 be satisfied. Then
(4.10)  [[HnllT 90, me + 1HntlF 22,0 + 1 Hnellg 2,00, ¢ + 1H T 2,00,

1Ly &y

< a(a, O)[(ElTN3 2,9, + (LT 2,2,r70 + ITFO)IE )BT 2,00, 50

HH2 O i+ [HneOE 11+ 1Bt 5 2,2,50 + IHAT 22,50

H 15,117 |36, 7]

HHLR 200,50 + 1Hutllf 52,51 = G,

where « is an increasing positive function.
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Now choosing a subsequence and letting n — oo we get
LEMMA 4.5. Assume that u € L2(0,T, H3(IT)); u; € Lo(0,T, H*(II));

a_tteLQ(o T, Lo(IT)); Ha, Har € Lo(0,T, HY(B)): H.,E. € Lo(0,T, H'(B));
E. € Ly(0,T, La(B)); H(0) € HY(II); H.(0) € Lo(II). Then there exists a
weak solution of problem (3.3) such that
HEL (0 T H ( ))ﬁL2(07T7H1(H))a
Hy € Ly(0, T, H (IT)) N Lo (0, T, Lo(IT))
and
(411)  HIT 20, me + 1HT 20,00 + 1 Hell§ 200,10 + 1HIT 200,10 < G-

1Ly &y 1Ly &y

Next we introduce a partition of unity (£2;,{€;}) with Il = QU D =
U, £2;. Let {2 be one of the §2; and (&) = (;(£) the corresponding function.
IfQcQor QcD, 1et&besuchthat5c5andg(§)_1for§ew

In a boundary subdomain 2NB 40, oNB#0, & C 2 we introduce
local coordinates {y} connected with {£{} by
(4.12) Y = akl(fl - ﬁl), Qg — nk(ﬂ), k= 1, 2,3,
where 8 € N B C ZNB, B=0NB and {ay} is a constant orthogonal
matrix such that B is determined by y3 = F(y1,y2), F € H*/? and

“(2 = {y : |yl| < d7 = 1>2> F(y/) <y3 < F(y,) +d7 y/ = (ylvyZ)}‘
Next we introduce a function v’ by
(4.13) vi(y) = v (§)le=¢(w);
where £ = £(y) is the inverse transformation to (4.12).
Further, we introduce new variables by

(414) Zi = Yi, i:1727 23:y3_ﬁ(y)7 ye fj?

which will be denoted by z = ¢(y), where F is an extension of F to {2 with
F e H2(0). Let 2 = ¢(2) = {z: |z| < d,i =1,2,0 < z3 < d} and
B = ¢(B). Define

(4.15) 9(2) = V" (Y)ly=p-1(2)»

Introduce €k = glwk (g)zi&vzi E=x"1(2)» where X(g) = (b(dj(f)) and y = 1/1(5)
is described by (4.12).

If2nsS # () we similarly introduce local coordinates, but now 0= {y :

il <d,i=1,2,|F(y)—ys| <d, v = (y1,y2)} and B € SN2 =85.
We also introduce the following notation:

(4.16) 5(&) =o(€)C(€) for 2NS =0 and 2N B =1,
(417)  U(2) =0(2)C(2) for z € 2 = ¢(£2), o2NnB £0o0r 2NS #0,
where Z(z) = ((§)e=y-1(») and 2’ =T, 23 = n.
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From (1.1), (1.4) and (1.5) we get
1 1 1 1 2 ~,
(4.18) (—rotH—,uluxH) To = (—rotH) Te, a=1,2 onST.
01 02

In local z coordinates, (4.18) has the form

1 A X 1 2 ~
<—rotH—,ulﬁ>< H) T = <—rotH> Ty a=1,2, 0on ST,

01 02
Thus we get
L <i83(1§2142) — iag(f}QAg)> = ul(ﬁ X é) . i on §T,
A As \ o9 01 |Tl|
(4.19) L L L y
A1A2 <O_—183(H1A1) — 0—283(H1A1)> = ul(u X H) . @ on S s

where A;, i = 1,2, 3, are the Lamé coefficients of the transformation z — x
and from (1.1)5, (1.4)3, (1.5)2 we have

1 2 1 2
(4.19)1 — 03 H3 — — 03H3 = 0.
01 02

Under the above notation problem (1.1), (1.4) has the following form in a
boundary subdomain 2N S # 0:

1 1

L 1 ~, 2 ~ oA A A
(4.20) i Hy — . V2H =y ((H-Vyu— (u-Vy,)H) + Vo, Hu
1

1 ~ A A~
+U—((Vué) V.H+V,-(HV,()) in2N45,
: : 11 SO U N
(421)  poHy = —ViH = — (Vo OV H + V- (HV,0))
2 2

1 2
Multiplying (4.20) by H and (4.21) by H, integrating respectively over
Q2N and DN (AZ, adding the resulting equalities, using the transmission
conditions (4.19), assuming that [§2] is sufficiently small, integrating with
respect to time and using the Gronwall inequality we get

(4.22) HIZ, o+ IHI 5 50 < a@ )N, , 5
+ (@[Tl 5 g0 + 1OV DA+ a5, 50 + IHO) 5

Here and below, « is an increasing positive function.
Now differentiating (4.20), (4.21) with respect to 7, multiplying respec-
1 2

tively by ﬁIT, I;TT, integrating over {2 N f), DN ﬁ, adding the resulting
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equalities and using the transmission conditions (4.19) we get
(4.23) HH I3 613 o < e@EIH ] 5+l 5+elall; 5IHI 5
+ IIHIILAH?ZTII 5 FellHA N} 5+ el Holly 5+ @I HII 5

+ ca((| H||2 5 + [ HA2 5) + 1l HHTIIE,@)-

Integrating (4.23) with respect to tlme, using (4.22) and the Gronwall
inequality we get

(420) HA2, o0 A2 5 0 < 0@ 0[(ENEI2,, o

+e(@t(ellg o 50+ 1EONE DTG, o 50 + 1)
+IHO)IE )l 5 o g0+ 1315 5 0 g0) + @lHI 5 5 5

+ca’||H|; + [ H-(0)]17 5)-

3,2,2,0t

Now we estimate || Hyp, |2 From (4.20), (4.21) we get

022.(2’5
(4.25)  |[Hully 5 < e@@IHIS o + I1H- N 5+ IHIS 5lall5 5
+ [l IIHH o HIEE o+ IHIE 5) + 1 5

Integrating (4.25) with respect to time we get

(426) ||Hnn”§7272’§t S Oé(CL)(CCLHH||2 2,2, _Qt + ||H ||1 ,2,2, Qt
HIHIE 5112, T2, 5 I, 5
182 5 g0 + I 5 50) + IHEZ 5 5 0

Now we estimate HﬁtH2

022,00 Multiplying (4.20), (4.21) respectively by

1 2
H;, H;, integrating over 2N {2, D N {2 using the transmission conditions
(4.19) and integrating with respect to time we get

4.27)  H? o g0+ I1HI 5 o g0 < 0@ O+ 1113, o 5)UHI , , 50
+ellall} o g0 + @@, o 50+ ITO)E )+ IHO)F 5)-

Then from (4.22), (4.26), (4.27) we get

(4.28) [ Hunll} 55 50 < @0l 5 g te@t@? , o 5+HIOS 5))
(8113 e+ 1)+ IO )@, 50 + 13O34 +1)

+ @l H3 , g+ @HIS ,, 50+ IHO 5.

222(2’5 322Qt
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Now differentiating (4.20), (4.21) with respect to 7, multiplying respec-
1 2

tively by I:TTT, I:TTT, integrating over 2N 0, 2N D and integrating with
respect to time using the transmission conditions (4.19) we get

(4'29) ||H7-7—||3727007§t + ||H’T'T”?22,§t

< @@ O((+ 1112 5., ) EAI2, 5 50+ @R, 5 5

+@O)5 SN 5 oo e + 1) + IO 5)ENS, 5 5

+[@(0) 3, +1)* + c@®|| H|; + cal H|;

322()’5 222()’5

+ CIIUII2 2000t T ||H(O)||i§]'

Now we estimate Hy,,. Differentiating (4.20), (4.21) with respect to T,
2

1
multiplying respectively by Hynr, Hpnr, integrating over £2N42, 2N D and
with respect to time we get

(4.30) N[ Hunrlly 0 50 < @A+ @3, , 5)EN@l], , 5
+ @ty , 5 o0 + 1O)E UGS 5 o g +1)

+IHO)3 5) W] 5, o0+ [TO)3 5+ 1)

+e@+a)HIIS ,, g0+l , o g+ IHO 5

+ || 1|

122Qt]

Next we estimate || Hy || Differentiating (4.20), (4.21) with respect

1 2

122(2‘

to time, multiplying respectively by f[t, ﬁt, integrating over 2n 0, 2NnD
and with respect to time, and using the transmission conditions (4.19) we
get

(4.31) (IS, o o

+ 1l

+ 153 22,0 S @A+, o o

3,2,2, 0t + HUHZ ,2,00, 0t + ||at||§’2727f2t + ||1/Itt”§ 2,2, fzt)
12 5 5 g+ U 5 0 + [BONE D, o 50 +1)
HIH ()5 ) Elall; , , o0 + 1T 5 + 1)

+e@+ @), , g +clilll, g +el@l s, a0

+ @[l 5 o g + ITON5 ) + IH O 5.
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Now we estimate Hflnnn|]2

0.2.2.00" Differentiating (4.20), (4.21) with re-

1 2
spect to n and multiplying respectively by H,nn, Hpnn, from the above
inequalities we get

(4.32) | Hunnll} o 50 < @ 0)[((1+ |1l + lall;

2200.(275 322(2t

I, o 125 5 ) EIE 5 o + @R, 5 o
FIBONZ DU, o o0+ 1)+ HO)Z )(tlE]2, 5 5

+ @03 5 +1)% +c(@+a)| HlI; +cllall;

322Qt 2200.(2t

+ell@el} 0 0+ @] 5o o0 + IO 5) + IHO)IF 5.
Adding the above inequalities we get the estimates

(4.33) | HI3 < a(@t)[((1+ [[all; + lall;

3,2,2, ot
+ HU||2 ,2,00, 0t + Hut||2 ,2,2 Qt)(gnu”g’g 2, 0ot + C( )t(‘|at||g’2727ﬁt

+ @) UGS, o g + 1) + IO )@, , 5

+ [[u(0 )H2 5+ 12 +cllall;

2200.Q’5 322Qt

2,2, 00,02t +€HutH

@ty , o g0 + 1 (0)IF 5) + IHO)F 5]

222Qt

Now we consider interior subdomains. Let 2 C (2. Then as above we
prove

(4.34) IIHH3 po.or < ol O[((1+ [l

+ 1l

2,2,002¢ +[u H3229t
+ c(e)t(|[allg

elll3

2,2,00, Qt)( 3,2,2,0° 0,2,2,0¢

+ O3 S 5 o e+ 1) + IH O 5)E , 5 5

+ [[=(0 )H2 5+ 17+l + el

2200_Qt 222_(2t

el TR 55 g+ O ) + IHO)2 5.
Now let £2 C D. Then similarly to (4.32) we prove

(4.35) HHH322m < a(a, )[(1+HUII2MQJHH( Moo+ HH( I3 5l-
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Now we consider the following problem in boundary subdomains EHB #0:
~ ~ 1 ~y ~ ~
po(He + H )y — — Vi(H* + H")

1 -~ ~ -

(4.36) = — (Vy- g)@(H + HY+ YV, - (H, + H)V,9),

H,=H— H*|5 =0,

where H* is a given function. Then we get the system

~ 1 ~o ~ 1~ ~ o~ ~ PN
02 02
1 = o~ ~ ~o ~ 1 oo ~
(4.37) = (Vi OVl + V- (HV,0) = ol + VU,
H,|p =0.

Then as above we get
(4.38) | H.l} 5 50 < @01+ T3, 5 )IHO)E 5+ IH 3, 5 50)

+||H*H2229t+|| tHOQQQt

+ ||H*T7'H072’2’§t + || ||322 Bt]
Then from the trace theorem we get
(4.39) IIHngmt < a(a, t)[(1+ IIuIIZQOom)(IIH( Mo.a+ ||H||3223t

+ IIH( M 5) + HHtHQMBt + HHttHOMBt]

Summing the inequalities (4.33), (4.34), (4.35), (4.39) and going back to
the variables £ we get

LEMMA 4.6. Let the assumptions of Lemma 4.5 be satisfied and H, €
Lo(0,T,H3(B)); Hyt € Lo(0,T, H*(B)); Hy4t € Lo(0,T, Lo(B)). Then

(4.40) ||ﬁ||:2),,2,2,m < afa, t)[((1+ HUHg,Q,oo,m + ||ﬂ||§,2,2,m
+ ||ﬂ||§,27w7ﬂt + Hut||§,2,2,Ht)(€||ﬂ||§,272,]7t + C(E)t(HﬂtH%g,zﬂt
+ [ @O)3, ) ([El3.2,00, ¢ + 1) + 1HO)E 17 + 1 HI3 2,2,5
+[@(0)3,17 +1)* + ctlfael3.2,2,10 + [HOG 5) (T3 2,2, 17
@013, + ell@ell3 2,2, e + c(e)t@uell3 22,17 + 1T 0I5 1)

+ || Hell3 5.0,5: + ||Htt”02 2,8t T | H (0 )H%H]

1Ly &y

where « is an increasing positive function.
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Next we have to obtain estimate for ||Hy H%,Q,Q,Hf‘ Let ¢, € L2(0,T, H3(II))
N Loo(0,T, H'(IT)), ¢nt € Loo(0, T, H'(IT) N Ly(0,T, H*(IT)) and ¢, =
Sori Cru(t)pr(§) € Ay, where {¢,,} is an orthonormal basis in H*(IT). Then
U~ A, is dense in Lo(0,7, H3(II)) N Loo(0, T, H' (1)) and Uy, Ans is

n=1

dense in Lo(0,T, H*(II)) N Loo (0, T, H*(I1)).
Let H, € UZ:1 Aj. Then from the weak solution to the linearized prob-
lem (1.13) after letting n — oo we get

_ LEmMMA 4.7. Let the assumptions of Lemmas 4.5-4.6 be satisfied and
E. E. € LQ(O,T, LQ(B)), Uy € LQ(O,T, HI(H)), Uy € LOO(O,T, HI(H)),
u e LOO(O,T, HZ(H)) and E*tt S LQ(O,T, L2(B)) Then

(@41) (ol + il 0,0 < s O
+ HUtHiQ,oo,m HﬁHg,Q,oo,Ht + ”ﬂtmg,oo,nt + HﬂH%,z,oo,m
12,2, ) I H 22,0 + IHO)T 1) + (ellal3 22,10
+ (@@ 3 2.0, + 1@O)E, 7)) NTeF 200,770 + DIHe(0)3, 17
[ 2,00, ENH3 22,0 + cENH G 2,2, + [H (0I5 12))

B[S 20,80 + 1Bt 52,2, 5¢]-

where « is an increasing positive function.

4
1,2,2,I7¢

Now we estimate ”Etug,z,z,m- As in (4.40) we prove
LEMMA 4.8. Let the assumptions of Lemmas 4.5-4.7 be satisfied. Then
(4.42) ||Ht||§ 001t < fa, t)[(5(||ﬁ”§,2,2,m + ||EH§,2,2,Bt + ||Ut”%,2,2,m)

+ C(g)t(HﬁtHg,zz,m + Hﬁttngg,z,m + ||Ht||g,2,273t + Hﬁtt”g,z,z,Bt
1@ l15 2,2, e + 1@t 16 2,2, ¢ + 11@(O) 5 17 + @ (0) 15 1z + IH(O)15,12
I H (OGNl 22,0 + e l17 2,00, e + [7(0)]13,11

+ N HO)Z ) + ell@l3 0,0, + 1 Hell1 20,10 + [1H]

2
1,2,00,B?
+ ||ﬁt|’31,2,2,3t + ||Ht||%,2,27m + ||Ht||%,2,273t + (t[3 2,2, 17

(O3, IHI3 2,2, -
where « is an increasing positive function.
Then from Lemmas 4.5-4.8 we deduce that
H € Ly(0,T, H*(IT)) N Lo (0, T, H*(IT));
Hy € Loo(0,T, H*(IT)) N Ly(0, T, H*(IT));
Hy € Loo(0,T, Lo(IT)) N Lo (0, T, H' (IT)).
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5. Existence of solution of (1.1)—(1.7). We prove the existence of
a solution of (1.1)—(1.7) by the method of successive approximations deter-
mined by the problem

Eerlt — dngm Tﬁm (Eerhﬁm—&—l)

1 1 1
=1 (Hn Vo, Hyn — Vs, Ho) + f in 27,
divg,, Ums+1 =0 in T,
5.1 L = L
o1 prHpy10 = —r0ts, B+ p1 Ve, Hpi1Up  in 27,
i E 1
rotg, Hpmy1 = 01(Em + 110m X Hppg1) in 7,
1
dlvﬂm(ﬂlﬁerl) :O 111 QT’
ﬁ'vn’]r'l_fn (Em‘i’l?ﬁm—‘,—l) = _poﬁﬁm on ST,
1 L 12
— Hpp1 = —Hpp on ST,
Ul 0'2
(5.2) B N
Em‘?aﬁm:Em Tt a=1,2, on ST7

2
(5.3) 02 Em = 10ty Hymit in DT,

m

2
divy, (poHpme1) =0 in DT,

where in (5.3) U,, is an extension of the function v, from (5.1) onto DT,
such that v,,, — 0 as £ — B,

2 2
Hm+1zﬁ*, E,=E., on BT7
(5.4) ) )

ﬁm+1|t:0 = ﬁo i D.

First we show the boundedness of the sequence described by (5.1)—(5.4) in
the norm

(5:5) Bin(t) = Tmel} @ + [Tmllf 0 + [Tm 13 22,00 + [Tmell3 22,000

144 1Ly Ly

+||@mtt||%22m+||fm”§22m+||ﬁmt||%22m+||Hmt”in

s L4y 1Ly Ly s L4y

+ ||I7m|‘%,n + 1 3 20000 + 1 Hmtll3 2.

1Ly &y 1Ly &y

ot T ||Hmtt||%,2,27m-
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LEMMA 5.1. There exists a positive function P and A > 0 such that
P(0,0,Fy) < A, Bn(0) < A, and there exists Ty such that (3, (t) < A for
t<T.,m=1,2,... where Fy is a function depending on po, H., E., H(0),
7(0),@(0), f in the norms from Lemmas 3.1-4.8.

Proof. From Lemmas 3.1-4.8 assuming that ¢ = /¢ and @ = 7,,, H' =
H,,, using the fact that

we get

(5.6)

113 2,00, 20 < ct([Tel3 22,00 + 1T0)I3 ),

113 200,120 < (3 2.2, e + (013, 11)

ﬁm+1(t) < P(tv t’yﬂm(t)’ FO)a

where v > 0. Let A be such that P(0,0, Fy) < A. Since P is a continuous

function there exists T, > 0 such that for ¢ < T, we get
(5.7) P(t,t"A, Fp) < A.
From (5.7) we see that if 3,,(t) < A then G,,+1(t) < A.

Now we prove the convergence of the sequence {U,,, H,,}. Set

szﬁm_@mfly ﬁm:ﬁm_-ﬁmflv ,Pm:ﬁm_ﬁm—h

From (5.1)—(5.4), we obtain the following system of problems:

(58) Vmﬂ,t — dngm ng (Vm+1) - vafm.Fl
= dinij []D)

o — Do,y |(Um) + [divg,, —divg,, ,|Dg,, (Um)

(5.9)

and

— 1
/4’4Hm+1,t - — I'Ot,l—,m I‘Otgm Hm+1 == [I‘Otgm - rOtz_/m,l] I‘Otgm Hm
g

1 1

+ vaﬁmflﬁmflﬁmfl = F*7

+ roty, _ [roty, —1oty JHpm + 10ty (Um X Hpmi1)

+ roty, (Vi X Hy) + [roty,, —rots, |(Wm_1 X Hp)

+ [I.Ot'a'm - rOt'EwL—l] rOt'EnL Hm + rOtﬂnL—l [rOtﬁ'nL - rOtﬂnL—l ]Hm

+ Vi, Hmi10m + (Va,, — Vo,  VHn Ve = K*

Um
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(6.10) 75, Ts,, Vmt1, Pm+t1) = [R5, — o, |Ds,, (Tm)
+ 15, 1 [D5,,— Dz, [0+ Mz, — N5, 1 ]Pm
+ po[ns,, — g, ] = G™.
LEMMA 5.2. Let the assumptions of Lemma 5.1 be satisfied. Then there
exists Tyy sufficiently small such that

(511)  [Vmsil3oo.00 + Vmtral§ 20,00 + Vsl o + [Pmsalli 20,00

+ [ Homllg,m + s 13 2.2, 10

9Ly 4y

< a(A )it + 1)(va||g,2,2,m + ||ﬂm||i2,2,nt)a
where a( A, t)t(t+1) < 1 fort < T, and « is an increasing positive function.

Proof. Multiplying (5.8) by V,,+1 and integrating over {2 we get
1¢d

12 -\ =
(512) |-

>V Vi de+ § Do, (Vi) de
[0}

¢ = | FVoi1dé + [ GV i dés.

Q s
We have proved that

1
(5.13) | [FVimpa|dédt < a(A)t(t + 1) (|[Vinll3 09,00 + [Hml322.0)
Qt _
+ 5||Vm+1”%,2,2,m7

(5.14)  § |G V1| dés dt < a(A)t(t+ D[Vl 22,00 + & Vims |} 22,00
St

Applying to (5.12) the Korn inequality, integrating with respect to time
and using (5.13), (5.14) we get

(5.15)  [Vms1lld 0 + Vi1l 22,00
1
< at(t+ D) (Vali 2.0 + Hnli22.00)-
Now using in (5.9) local z coordinates, and (4.19), as in (4.22) we get
(5.16) [Hmr1ll5 2,001 + [Hims1llf 20,000 < (A1) + (E+ D [Vinll3 22,110

Multiplying (5.8) by Vi1, integrating over 2 and using Young and
Holder inequalities we get

_ d _
(5.17)  [Vir1eld e + T § Do, (Vi) dg
2

— LY d *Y) *
< cl[Tml3,0 § D5, (Vmsr) P de + — § G Vi1 dés + |G 3 s
0 S

+ Vsl o +1F 16 0 + [Tml3 21G715 -
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Integrating (5.17) with respect to time and using the Gronwall and Korn
inequalities we get

(5.18)  Vimt1ellg 22,00 HIVimrlli @ <A DG 22,50 + V4117 22,00
HIF 8 22,00 + GG 2,00,5¢ + ElVimt1l1T 2,00,20)-

We have proved that

1
(5.19) 118 22,0 < ()t + D(IVill3 22,00 + [Himllf 22,020
(5.20) IG*[I5.5 < a(A)t(t + D)IVinl3 22,00
(5.21) IGEIIE 22,50 < (ALt + D)V l3 2.2, 00

1Ly Ly

Using (5.19)—(5.21) in (5.18) we get
(5:22)  [Vims1elld 22,00 + Vil o < a(A0)[(E + 1)V l3 22,00

1
+ ||Hm”%,2,2,m) + ||Vm+1||%,2,279t + €||Vm+1||%,2,oo,(2t]7
where « is an increasing positive function.
Now applying the regularization technique to the elliptic problem (cf. [4])

—divg, TVm+1, Pmg1) = F* +Vpgas in 27,
15, T5,, Vm+1, Pms1) = G* on ST,
Vintil,_g =0 in 2,
we get
(5:23)  [Vinsrl3a.00 + [Poreal 200

< (I 15 2.2,00 + G711 222,50 + [Vms1.82,2,00)-

9Ly

We have proved that

(5.24) IG5 j2.2,2,5¢ < (At + DIV l3 2.2,
Now using in (5.23) inequalities (5.19), (5.24) we get
(5.25) ||Vm+1||g,2,27m + ||ﬁm+1”%,2,2,m

1
< a(t(t+ DVl 22,00 + Hmllf 22,00 + clVisel§ 22,00
Now summing up inequalities (5.15), (5.22), (5.25) we get

(5.26) ||Vm+1,t”g,2,2,m + ||Vm+1||%,rz + ||Vm+1||§,2,27m + ||fm+1||i272,m
1

< a(A Ot + DIVl 22,00 + [Hmllf 22,00

Combining (5.16)—(5.26) we obtain (5.11).
From Lemmas 5.1 and 5.2 we have

THEOREM 5.1. Let the assumptions of Lemmas 5.1 and 5.2 be satisfied.
Then there exists T** sufficiently small such that for T < T** there exists
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a solution to problem (1. ) (1.7) such that
T € Lo(0,T, H3(2)) N Loo (0, T, H'(£2));
Tt € Loo(0,T, H'(2)) N Ly (0, T, H*(02));
Ty € Lo(T,0, H(2)); P € Ly(0,T, H*(2));
p € Lo(0, T, H (2));  H € Ly(0,T, H3(IT)) N Lo (0, T, H'(IT));
Hy € Loo(0,T, H (IT)) N Ly(0, T, H*(IT));  Hy € Lo(0, T, H'(IT))

and

Hth1 2,00,07 T HUH1 200,07 T HW% 22,07 T H@tHg 22,07 T HEttH% 22,07

+ ||p||222 or Tt HptHl 2207 T ||Ht||1 2,00,1T T ||H||1 ,2,00,1IT

9Ly

+ N H N3 20.0m + | Hill3 i <A,

where A is defined in Lemma 5.1.
Appendix

LEMMA. Let H(t) € HY(82) and H(t) € H*(D) fort € [0,T] and sup-
pose assumptions (1.1)—(1.7) are satisfied. Then

(1) [H |1, < e([lvot Hllo,iz + || H |1, 5)-
Proof. Using the transmission conditions we get the problems
1 1
rot H = rot H in £2,
2 2
rot H =rot H in D,
1
(2) divH =0 in £2,
2
divH =0 in D,
1 1
—nH|5 = —nH|s on S.
g1

From [8, pp. 20-21] solutions of (2) will be sought in the form

1 2
(3) H=Vo+u, H=V+u,
where é, é are solutions of the Neumann problems
Ap =0, Ap =0,
(4) op| o 2 0% LR -
a— - TLH, a— ) a— — TLH*
on|g o2 on|g on | g
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and ﬁ,  are solutions of the problems

rot U = rotHi, rot 1 = rotHi,
(5) divu = 0, divu =0,
) gn = 0, ) op = 0.
There are vectors é, ¢ such that
(6) w=rote, dive=0, T-¢e|g=0,
where 7T is any tangent vector to S, and
(7) w=rotée, dive=0, T-¢éop =0,
where 7 is any tangent vector to D. Thus problems (6), (7) can be replaced
by problems
1 2
—Ae=rot H, —Aé=rotH,
(8) 7 elg =0, 7 élop =0,
dive|g =0, div é|sp =0
From (2), (4) we get

0 — 1
nH,) —— dzp.
)=z =

Using the partition of unity and local coordinates we write (8) in the form

o) o=g+i=1 1
B

~ kA P PP SN
(10) —Ayue=Croty, H+2V,eV,(+eA.l,
k K "k
(11) Aé ?‘nzo = 0, diVu g|n:0 = Vu(a k= 1, 2,

k k o~
where €(z) = e(2)((z), k =1,2.
Now applying to (10), (11) Theorem 10.2 of [1], summing the inequalities
using Lemma 10.5 of [8] and next going back to variables & we get

1

2
(12) lell2. < ellvot Hllo,e  ||éllz,p < ellrot Hllo,p-

Now from (6), (7), we get

1

1 —
1wl < clléll2.e < el vot Hllo,e.
(13)

2 2
|10 < clléllz.p < clrot H]

0,D-
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Then finally from (9), (13) we have

151 = Ve +ullim < c(IVelim + lullm)
< c(IVellim + ot Hllo.ir) < e(||H.ll1,5 + || ot Hllo,1r)-
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