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ASYMPTOTIC ANALYSIS OF MINIMUM VOLUME
CONFIDENCE REGIONS FOR LOCATION-SCALE FAMILIES

Abstract. An asymptotic analysis, when the sample size n tends to infin-
ity, of the optimal confidence region established in Czarnowska and Nagaev
(2001) is considered. As a result, two confidence regions, both close to the
optimal one when n is sufficiently large, are suggested with a mild assump-
tion on the distribution of a location-scale family.

1. Introduction. Let xi,...,x, be independent copies of a random
variable £&. Suppose that the distribution function of ¢ belongs to a para-
metric family F = {F : F = Fy, § € © C R%},d > 2. The unknown
parameter 6 is to be estimated on the basis of the sample x = (21, ...,zy).

Let (R™, B™, Py) be the sample space induced by = = (z1,...,z,) and
Fy € F where B" is the o-algebra of Borel subsets of R"™.

Two approaches to parameter estimation are known: the point estimation
and confidence region estimation. A point estimator is a mapping 0* : R" —
R?. Tts quality is usually characterized by the risk function

R(0,6%) = Eg1(0,6%)

where [(u,v) is a loss function.

In this paper we deal with confidence region estimation. Let P € (0,1)
be a given number called the confidence level. A confidence region estimator
or, simply, a confidence region of level P, is defined as a mapping B = B(x) :
R"™ — B? such that for all § € O,

Py(6 € B(z)) > P.
We omit the details relating to the measurability of B(x).
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A confidence region B(x) is called strong if for all 6 € O,

The quality of a confidence region can be characterized by the risk defined
as

R(0, B) = Eg M\i(B(z))

where )\ is the Lebesgue measure on B9,

Let B be a family of strong confidence regions of level P and assume that
it is sufficiently rich. We say that a confidence region B(x) € B is optimal
if it minimizes the risk over B. The question is: how can we find an optimal
confidence region provided it exists?

One of the simplest cases where the problem can be successfully solved
is provided by location-scale families, of the form

-0
F = {Fe D Fy(u) = F(0,1)<u9—21>, ueR', 0= (01,05) €R' x R}r},

where the standard distribution function Fig 1) is assumed to be absolutely
continuous.

In this case, a confidence region can be built on the basis of the sample
mean

and the sample variance

s% = (z; — )%

1

S

J

n

It is easily seen that for any A € B2,

(1.1) P9<<013_f’928_8> eA) :P(OJ)((—?%—l) eA).

Consider the class of sets

AP:{A€B2P(O,1)<<—§,%—1> €A> :P}

and the corresponding class of strong confidence regions
B={BcB®:B=B(x)=(F,s)+sA Ac Ap}.

Obviously,
Py(0 € Ba(x)) = P.

The risk corresponding to B4 has the form
(1.2) R(,B4) = Ma(A)Eg s* = 02((n — 1) /n)ba(A)
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where

b= Var(o’l) §

In view of (1.2), a confidence region By-(x) is optimal over B if it has
the minimal volume, that is, if

A € arg Anelja{lp A2(A).

So, we come to the problem of searching minimum volume sets (see e.g.
Jeyaratnam, 1985, or Czarnowska and Nagaev, 2001). We adopt a method
suggested in Czarnowska and Nagaev (2001) and based on the result from
Einmahl and Mason (1992). A connection between the minimum volume
confidence regions and the level sets of a density function should be empha-
sized (see e.g. Polonik, 1997, and Garcia et al., 2003). The case d = 1 is
discussed for example in Pratt (1961), Guenther (1969), Bartoszyniski and
Chan (1990).

In what follows we assume that the joint distribution of the two-dimen-
sional statistic (—Z/s,1/s —1), when the sample z is drawn from the distri-
bution F(q 1y, is absolutely continuous with density p,(u) = pn(u1,uz) and
such that for all z > 0,

S pr(u) du = 0.
{ueR?: pn(u)=2}
For any z > 0 define
A, ={u e R*:py(u) > z}
and choose z = zp so that
S pn(u)du = P.
Asp
Then
A, € Ap = {A € B*: Spn(u)du = P}.
A
By Proposition 2.1 of Einmahl and Mason (1992),

A, €arg Argé{lp A2(A).

Moreover, if A € argminae 4, A2(A), then

X(ANA,) =0.
Thus, the optimal confidence region Bopi(z) over B has the form
(1.3) Bopt(z) = (T, 5) + sAp.

Recall that the class of confidence regions B has been built on the basis
of the statistics T and s. Obviously, we could take for this purpose any two
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statistics ¢1(z) and ty(z) such that for all (61,6,) € R! x RL,
(14) t1 (92$ + 911) = Ot ($) + 64, 752(921’ + 011) = 92152(1’),

where1 = (1,1,...,1). Observe that Czarnowska and Nagaev (2001) studied
three location-scale families: normal, exponential and uniform. The statistics
t1(z) and to(x) were chosen there in the following way:

x if Flg,1) is normal,
t1(z) = ¢ = if Fg,1) is exponential,
(1/2)(w1) + 2()) if Fo,) is uniform,

and
S if Fo,1) is normal,
ta(x) = ¢ T — (1) if F(o,1) is exponential,

Ty — ) if Fo,y) is uniform,

where (1) and z(,) are the extreme left and extreme right order statistics,
respectively. Note that to compare with Czarnowska and Nagaev (2001) we
have exchanged t; and to for convenience.

In the present paper we do not specify a location-scale family but suggest
an asymptotic approach to the problem. This approach consists in using =
and s as t1(z) and to(x), respectively, for all sufficiently large samples. We
provide an asymptotic analysis of the optimal confidence region given by
(1.3). This analysis is based on the asymptotic expansion of the density
pn(u1,u2), as in Tonda and Wakaki (2003), where an asymptotic method
for testing the equality of variances in a population was used. Despite of
what was written in Czarnowska and Nagaev (2001), the asymptotic results
are important since they show the tendency in changes of the optimal con-
fidence region with increasing sample size, and they are applicable without
specifying a location-scale family.

The paper is organized as follows. In Section 2 an asymptotic expansion
of the density is obtained. In Section 3 we give an expansion of the confidence
region given by (1.3) and construct its estimator. At the end of the section
we compare the quality of both sets. The proofs are collected in Section 4.

2. Asymptotic expansion of density. Let Y = (Y1,Y3), Yy =
(Y11, Y12), Y@ = (Y21,Y22),... be independent and identically distributed
two-dimensional random vectors. Assume that EY; = EY; = 0 and that
the covariance matrix V of Y is non-degenerate. Following Bhattacharya
and Ranga Rao (1976, §6) for a given two-dimensional vector pu = (1, p2)
with non-negative integer components we set

| = p1 +p2,  pl = palpe!
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Denote by x, the pth cumulant of Y. Under our assumptions, we have

X10=X01=0, x20=EYi, x11=EY1Y2, xo2=EYj.
If E|Y]3 < oo, then

x50 =EY?, x21=EY?Ys, x12=EWNYy, xo3s=EY;.
But if E|Y|* < oo, then

X10 =EY{ = 3(EY?)?, Xoa =EYy —3(EYF)?,

x31=EY?Y2 —3EVIV2EY? x13=EYY] - 3EYY2E Y
and

x22 = EY?Y? —EY?PEYS — 2(EY1Y2)2

Let the functions Pi(—o,v)(y) and Pa(—vo,v)(y), as in Bhattacharya
and Ranga Rao (1976, §7), be defined as

(2.5) Pi(—poy)y) =~ 3 X Dr gy (y),
lul=3 "
(2.6)  Pa—pov)y) = %Dwoy@) + 3 X, D eov (v)
lul=4 " |lu|=6

where the differential operator D* is given by

olul
D# = —0
SOO,V(Z/) ayﬁu ayétz (PO,V(:U)
and g v (y) denotes the density of the two-dimensional normal distribution
with zero mean vector and covariance matrix V. The coefficients X, for
|| = 6 are

1 1

X6,0 = = X§,0a Xo0,6 = = X(2),37
_ 1 _ 1
X5,1 = 12 X3,0X2,1, Xi15 = 12 X0,3X1,2,
_ 1, 1 B 1, 1
X42 = g X2 + T2 X3OX12:  X24 = S Xip + 5 X03Xx2.1,
and
_ 1 1
X3,3 = 36 X3,0X0,3 + 1 X2,1X1,2-

By direct calculations, from (2.5) and (2.6) it follows that there exist
polynomials Q1 (y) of order 3 and Q2(y) of order 6 such that

(2.7)  Pi(—=pov)(W) = Qi(W)pov(y), Pa(—wov)y) = Q2(y)po,v(¥).

From Bhattacharya and Ranga Rao (1976, Theorem 19.2) we derive the
following statement.
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PROPOSITION 2.1. Assume that E|Y|* < co. If there exists ng > 1 such

that the density pn,y (y) corresponding to the normalized sum n61/2(Y(1) +
-4 Y)Y ds bounded, then

sup [pny (v) = pov (u) (1+ 1 2Qu(y) +n' Qo)) = ol = ox,
y€ER?

where Q1(y) and Q2(y) are defined by (2.7).

Now, assume that
d
Y = (57 52 - 1)

Obviously, the distribution of Y is not absolutely continuous. However, un-
der certain additional conditions there exists ng > 1 such that the ngth
convolution of Y has a bounded density. This is so, for example, if ¢ has a
differentiable density p(u) such that

(2.8) | Julp(w)du<oo and | |p/(u)|du< oo

(see e.g. Sadikova, 1966).
Denote by by the kth moment of £ and assume that b1 = 0, b = 1. Then,
obviously, EY; = EY5 = 0 while the covariance matrix of Y is

(2.9) V= <b13 b:’i 1).

The third order cumulants are given by
X30="03, Xx21=0bs—1, x12=05—2b3, X03=0bs—3bs+2,
while those of order 4 are

X10="b1—3, X31 =05 —4bs, x22=bs — 3bs — 203 + 2,
X1,3 = b7 — 3bs + 6b3 — 3b3by4, X0,4 = bg — 4bg + 12b4 — Sbi —6

provided bg exists.

Let x1,...,z, be independent copies of £&. Let, as before, T and s? be
respectively sample mean and sample variance corresponding to the sample
= (T1,...,Zp),

With the help of Proposition 2.1, the local limit theorem for the density
of the statistic
T 1

(2.10) T:T(x):\/ﬁ<—_,__1>

s S

can be established.
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Introduce the following notations:
hO(t) = (—t1, —2t2),
(2.11) V() = (t1to, 2 + 3t2),
W) (1) = (—t1t3, —2t3ts — 415)
and
Ai(t) = b0V M (@)T,

(2.12) As(t) = —hO (V1@ (1))T - %h(l)(t)v—l(h(l)(t))T-

Let (-,-) be an inner product in R2.

LEMMA 2.2. Assume that E£® < co and that the density of & satisfies
(2.8). Then for any R > 0 the density p,1(t) of the statistic T given by
(2.10) satisfies

\S|up P (t) = ow ()L +n 2Py(t) + n ' Pa(t))| = o(n”!), n— oo,
tI<R

where
1 b3 /2
(2.13) W= ( 3/ >
b3/2 (ba—1)/4
while the polynomials Py(t) of order 3 and Py(t) of order 6 are given by

Pi(t) = —4t2 + Ay (t) + Q1 (0O (1)),
Py(t) = —6t% — 4dta Py (t )+ A1( )Q ( ( ) + Aa(t)
+3143(t) + Q2 (W (2)) + (v(t), hM (1))

where

~y(t) = grad Q1 (0O ().

3. Main results. Recall that the main objective of the paper is to
study the asymptotic properties of the confidence region given by (1.3).
More precisely, we suggest something like an asymptotic expansion of the

(n)

region A, = Az“”' To simplify our notation, we write zp instead of zp".
P
Observe that

An = {u€ R po(u) > 2p} = % {t€R® : pr(t) > tp)

where the density p, 7(t) corresponds to T" given by (2.10) while tp = zp/n
satisfies the condition
(3.14) | pn7(t)dt = P.

{t:pn,r(t)>tp}
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Recall that any point e € S', where S! is the unit sphere in R?, can be
written as
e = (e1,e2) = (cosa,sina), «a € [0,27).

Using the asymptotic expansion for p, 7(t) given by Lemma 2.2, we obtain
the asymptotic expansion for A,.

THEOREM 3.1. Assume that E£® < 0o and that the density of € satisfies
(2.8). Then

1
(3.15) A, = NG {(r,a) : 0<r<ro(a)[1+n" 2Ry (a)+n ' Ry(a)+o(n 1)),
a € [0,2m)}
where
l1/2
TO:TO(OZ):@, lZ—an(l—P),
o2(a) = (cos v, sin )W 1 (cos o, sina) T,
H
Ri(a) = 71(:07607
_ Hi(ro,a)Hi(ro,a) = Ha(ro, )
Ry(a) = 1320(a) l
H2(ro, ) B+C+D
e R (VS ) P i et
2 1/ ) 2wl det W
and

0
H’i(rv a) = _PZ'(’I“COSOZ,T'SiDOZ), 1= ]-a2a Hi(TO(a)’a) = _Hl(r? a) 3

or r—ro
T HI (ro(8), B)Ha (ro(B), B) X Ho(ro(8), 8)
B=\—- : 2dp, O =\ /=02 dg,
T I B B
I G,
D:ﬁg (S) re "o B)/ Hy(r,B)drdp.

Since for large n the density p,, 7(t) can be approximated by o w (%), let
us consider the set A, o satisfying the condition

(3.16) | por(t)dt= I per@at=p
VNnAn o {t:po,w(t)>tp}

where tp is a constant depending on &, n and P.
The following theorem gives the asymptotic expansion of A, o.

THEOREM 3.2. Suppose that the conditions of Theorem 3.1 are satisfied.
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Then

1 _
(3.17) Ao = 7 {(r,a):0 <7 <ro(a)[l+n"! Reto(n™1)], a €[0,27)}
where

— D

.
2T onlVdetw

So, we have two confidence regions:
(3.18) B, (z) = (Z,s) + sA, and Bpo(x)=(T,s)+ sAnp.
Obviously, the volume of A,, is smaller than that of A,, o, though the latter
is more convenient.
The question is: how good is the approzimating confidence region By, o(x)?
Or in other words, how well does By, o(x) approzimate By(z)? Since
R(0,B,) — 0 and R(¢,B,0) — 0 as n — oo, it is justified to compare
their ratio. In view of (1.2),
R(0, By,) _ A2(Ay)
R(0,Bno)  A2(Anp)
THEOREM 3.3. Suppose that the conditions of Theorem 3.1 are satisfied.
Let By(x) and By o(x) be given by (3.18). Then

. R(07Bn0)
1 AT 2n0) ) =
nirﬁo”<R<9,Bn> > Kr

where
Kp—— L Hi00o)
"7 oniVdetw ) 02(a)

COROLLARY 3.4. If in addition to the conditions of Theorem 3.1, the
distribution of £ is symmetric, then

Kp=K; 41Ky +’Kj3

do.

where
(363 — 3by + 1 — bg)?
Kl = )
8(by — 1)3
[ (bg — 3b3 + 3by — 1)(—8bs + 1 — 2bg + 9b2)
2T 32(by — 1)3 ’
K 81063 — 480b4 +149 — 86453 +192bgby — 52bg +20b2 — 180bgb% +405b]
3= .

2304(by — 1)3
ExaMPLE 3.5. Let & have the normal distribution with density

1 u—a)?
p(ava)(u) = \/%U exp <—%>, u € R
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Then b; = 0 and by = 1 provided that a = 0 and o = 1. The higher moments
are by = 3, bg = 15 and bg = 105. The odd moments are zero by symmetry
of the density. Then
1 7 221
Kp=-+-In1-P)+ —1 - P
=gt g= Pt (1~ P)

and the polynomials P; and P, are given by

5
Pi(t) = —ty + tTta + 3 t
5 o0 AT 4 Ly 55, 2 ¢ 11
— 17t t — 17t titsy ty — —.
2 12 122+212+3 2 g2 T 1
EXAMPLE 3.6. Let £ have the Laplace distribution with density

1 u—a
P(a,0) (u) = % exp( %), (S RI.

Py(t) = t3 —

The conditions by = 0 and by = 1 are satisfied if a = 0 and ¢ = 1/\/5 Then
bor—1 = 0 and by, = (2k)!/2% for k = 1,2, .... Therefore,
1 97 8497

Kp=——+——In(1—P)+ ——1n%(1 - P).
P = 1000 " 2000 n(1 )+ 14400 ( )
In this case,
1 2 154 4
Pl(t):—%t2+5 12+375t2,
59 29 787 2 308
Py(t)y=——t3 - —tH2 - —1 1442 23
() 95 2 " 195 12 T 37pp 2 T gy il T grp

11858 6_ 1 L 51 2o 11
140625 2 10" T 501 300
ExXAMPLE 3.7. Let £ have the Gumbel distribution with density

1 uU—a u—a
p(a,a)(U)deXp(— o —eXp<— ~ >>, u € R

Then b; = 0 and by, = 1 provided that
V6 V6
T

where v is the Euler constant.
The higher moments of this distribution, calculated by Maple, are

bs =~ 1.139547100, b4 = 5.400000003, b5 =~ 18.56661600,
bg =~ 91.41424742, by =~ 493.1498922,  bg ~ 3091.022948.
Therefore,

Kp ~0.3835836761 — 1.145403190In(1 — P) — 0.6363182720 1n2(1 — P).
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The polynomials in Lemma 2.2 have the forms

Py (t) = 0.845339128 t5 + 1.287265118 t3t5 — 0.620560754 ¢, 12
—0.2042000243 t3 + 0.281444521 ¢35 — 0.9432770660 ¢,

Py(t) = 3.327714146 — 2.570311970 12 — 10.48951112 3 + 11.26564457 t1to
— 1.788320216 t3t5 4 2.746725415 1313 — 4.011241936 t113
+0.2625879127 1 + 1.882364959 t3 — 0.2628595872 t7t5
+0.955244250 t1t3 — 0.856297195 ¢33 + 0.554841540 t3t5
—0.174653399 15 + 0.02084882577 t$ 4+ 0.039605515 £5.

4. Proofs
4.1. Proof of Lemma 2.2. It is evident that
w2y 4y Lz s+ 32 - 1),
Consider the transformation

(\/ﬁf, \/5(82 + 52 — 1)) = (gn,l(Tl(x)yT2($))7gn,?(T1($)7T2(x)))

where
—t1
byt) = 75—
gn,1(t1,t2) =Y
1+n 12
tite) = vn| — L —1).
gn2(t1,12) \/_<(1+n—1/2t2)2
Define

gn(t) = (gn,l (), gn,2(t))-

By Proposition 2.1, we have

(4'19) pn,T(t) = ’Jn(t) |pn,Y(gn(t))
= [Ju(®)l 00,y (8a(1) (1 + 727 2Qi1(ga(t)) + n ™' Qa(gn(t))) + o(n ™)
where J,,(t) is the Jacobian of the transformation g, (¢). By Taylor expan-
sion, it admits the representation
2

iy = 20— 7!t 4+ n711088) + (™)

(4.20)  Ja(t) =

uniformly in [t| < R where R > 0 is any large number.
Also by Taylor expansion,

g.() =h Q@) +n 20D (@) + n W@ (@) + o(n" 1)1
uniformly in |t| < R. Here, 1 = (1,1) while h®)(¢), i = 0,1, 2, are given by
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(2.11). Further,
1 1
oy (gn(t) = 5—(det V)" exp (—5 W 4 T2 A (1) + n_lAg(t)>
i
+o(n™1)
uniformly in |t| < R, where A;(t) and As(t) are given by (2.12).
Again by Taylor expansion, one can write
Q180 (1) = QB0 (1) + 171250 (1), BO(D) + O(n),
Q2(gn(1)) = Q2(hV (1)) + O(n~1/?)
uniformly in |t| < R.
Combining (4.19)—(4.21) we arrive at the desired statement, since
2(det V)12 = (det W)~ /2,

4.2. Proof of Theorem 3.1. Using the asymptotic expansion of p, r(t)
given by Lemma 2.2, we rewrite (3.14) for sufficiently large n as

(4.21)

1 1
(4.22) w1+ —=Pi(t)+—Pyt) +o(n))dt=P
i‘POW < NG 1 2 )
where
A= {t € R?: pow(t) <1 + % Py(t) + %PQ(t) + o(n—1)> > tp}.
Represent

z z
tp:zo+—1+f+o(n*1)

vn
for some constants zg, z; and zo.
Observe that, as n — oo,

| wow(t)dt = P,
{t:po,w(t)>20}

so one can calculate that

(4.23) L

20 = ——.
0 orvdet W

Consider the polar coordinates (¢1,t2) = (rcosa,rsina), for r > 0 and
a € [0,2m). Then |J| = r and

tW 1T = 126%(a).
From (4.22) it follows that

1 —T‘20'2 a)/2 1
<m@____pe<VQ+%mm@

2nvdet W A

1
+— Hy(r,a) + o(n_1)> drdoa = P
n
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where

1 2 2 1 1
A= :7TU(“)/2<1+—H L) + = Hy(r, )
{(T ) T NG ira) + 2 Ha(r a)

z z
> 20+ —= + f+o(n‘1)}.

vn

By (4.23) and the useful expansion

1 1 1 1 1
In(1+—=at-b)=—=at—(b-5a* ) +0(n"? beR!
n( +\/ﬁa+n > \/ﬁa+n< 2a>+ (n ), a,beR

we obtain the equivalent form of the set A for all sufficiently large n:
1 5 5 1 1 1 5
(4.25) A=< (r,a): g7o (a)—%fh(r, oz)—ﬁ Hy(r, oz)—§H1 (r,a)
21 1/ 2 zf 1
<—-In(l-P)- ——| == .
- n( ) \/ﬁZO n <Zo 2zg> —i—O(TL )

Let us parametrise the boundary of the set A. For any a € [0,27) and
for all sufficiently large n we try to find the following representation of the
length of the radius of A:

(4.20) rafa) = rofe) + 2920 4 T2 o0
Obviously, ro(«) satisfies the condition
%r%(a)aQ(a) = —In(1 - P).
Hence,
2oy~ Z20—P) 1

(4.27) %r%(a)aQ(a) = —o%(a)ré(a) + \/Lr_z o2 (a)ro(a)r ()

+ 5-0%(0)(r3(a) + 2ro(@)ra(a)) + O™,

(4.28)  Hi(rm(a), ) = Hy(ro,a) + —— H](ro, a)r(a) + O(n1),

T
(4.29)  Hy(r(a),a) — %le(rn(a), o)

1
= Hy(ro,a) = 5 Hi(ro,) + O(n'/?).
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Combining (4.27)—(4.29) and (4.25) we obtain

—Z—(l] = o%(a)ri(a)ro(a) — Hi(ro, @),
(4.30) 24 22—%2 = %az(a)(T%(a) + 2ry(a)ro(er)) — Hy(ro, o) r1(c)
20 ZO
—HQ(To,a) + %H%(To,a).

Let
1
Vet
Then (4.24) has the form
431) T oot Ln
(4.31) %g § re <1+\/_ﬁ 1(r, a)

1
+— Ho(r,a) + 0(n1)> dr da = P.
n

By (4.26), for all sufficiently large n we obtain
rn()

(
!

—r202a)/2(1 4 L g 1y -1
re (+ﬁ 1(r,0) + = Ho(r,a) +o(n™") ) dr

ro(a)
_ ~r202(a)/2 1 1 o
(S) re <1+ \/ﬁﬂl(r,a)—FnHz(r,oz)—Fo(n )> dr

1 1
+ 7“0(04)677'8(04)0'2(01)/2 <1 + \/_ﬁ Hy (T07 Oé) + E HQ(T()? a) + 0(n1)>
< (R o)
2
+ % (1-— r%(a)(;?(a)) e Ti(a)o?(@)/2 m n o(nfl)_
n
Then (4.31) yields

1 1
Io+—I1+—Ig+0(n*1):P
n n

Tn
where

C 27rr0(a) 2.2
(4.32) Iy = oy S S re” " 0 @2 dr da,

0 0
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27 1o ()
(4.33) L = o S S refrz‘jz(o‘)/QHl(r, a) dr do
To o
¢(1—-P) T
+ —ar S ro(a)ri (@) da
0
C 27rT0(a) 2.2
(4.34) I, = o S S re” " @2 Hy (r, o) drr dex
To 0
2m
c(l1-P
+ % | ro(@)(r2(a) + Hi(ro, @)r1(a)) da
0
2m
c(l-P)(1-1
+ l=P1-1 47)r( ) S r3(a) dov.
0

By direct calculations, one can show that Iy = P and

c o 1
(4.35) — | da = 1.
0

Therefore, I; = I = 0. The formulas for r;(«) and r2(a) can then be found
from (4.33) and (4.34).

Let us represent I} = (¢/2m)I11 + I12, where

w0l c1-P)7
I = S S re~ T o (@)/2 Hy(r,a)drda, 3= o S ro(a)ri(a) da.
0 0 T %
Changing variables, we have
2m [1/2 + "
(4.36) I = —e_t2/2H1 (—,a) dt do
V) o (@)
11/2 27 11/2 27
L L
= (e 2ar | B g g | e trzar | 2N g g,

since o(a) is an even function and Hi(r,a) = Lz(a)r® + Li(a)r, where
Li(a) = Li(cos a,sina), i = 1,3, are homogeneous polynomials of degree 1.
For I 2, by (4.30) and (4.35), it follows that

(1 P) 28” <H1(r0,a) —zl/zo> o —1=P)z

Iy —
2 27 o?(a) 20
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Here, we use the identity

2§T Hl(T‘(], Oé)

da =
72(a) a =0,

0

which holds due to the same arguments as for (4.36). Hence,
z
L =-(1-P) Z—;
that is,
(4.37) z1 =0.
Then, by (4.30),
H1 (T‘Q, a)
o?(a)ro(e)

Similarly, let us represent Iy = (¢/27)I21 + I22, where

(4.38) ri(a) = = ro(a)R1(a).

27 To(a@)
Iy = S S re T 0% (@)/2 Hs(r, o) dr da,
0 0

c(l—P o
( )S

2

! ; ! r%(a)} dov.

Loy = [ro<a><r2<a> T Hi(ro, a)ri () +
0
By (4.38), we have

(439)  ro(a)(ra(a) + Ha(ro,a)ri(a)) + 513 (a)

2 ro, &
= ro(a)ra(a) + —1{21;2?(;) ) <1 + %) .

From (4.30), (4.37) and (4.38) it follows that

V4 2 To, ¢
-2 = o) ZEgse + na(a(o)

20 2
1 2
— HQ(T(), CM) + 5 Hl (7“0, a)

— HIQ(T()v Oé)
21

B H{(ro,a)Hi(rg, )
a?(a)ro(a)

H{(T’o, Oé)Hl(To, Oé)
a?(a)ro(«)

+0%(a)ra(a)ro(a) —

1
— Hy(rg,a) + 3 H12(1"0, Q).
Hence
2 Hi(ro, a)Hi (1o, @)
2002 () a(a)ro(a)
HQ(T()aO[) H12(’I”0,Oé) (1 1)

(4.40) ro(a)ro(a) =

l

o?(a) 202 ()
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and (4.39) has the form

el s HE000) (1N 2 Hi(ro,a)Hi(ro, )
o)) + 505 (”z) 2002@) T oM ayrola)
Hy(rp, a)
oXa)

Therefore, by (4.35),

27
_c(1-P) 29 Hi{(ro,a)Hi(ro, )  Ha(rg, )
Iy = o §) < 2002(ar) + ot (a)ro(a) * o%(w) dor
_ c(l1—P) [_27rzz +B+C’].
2w c2o
Thus
c¢(l1—P) zo ¢(1-P)
L=2""Yp_q_p2 A" p
2 2w ( ) 20 + 2w (B+C)
B z9 ¢(1—P)
=—(1 P)ZO+ - (D+ B+ (),
and since Iy = 0, we obtain
(4.41) 2 = % (D+ B+0C).
T
By (4.40) and (4.41),
29 H2(ro, ) 1
— _ 14 =
r2a) = = @)~ 202(arol@) \* 7

H{(ro,a)Hi(rg, @) Hy(ro, o)
o (a)rg(e) o*(a)ro(a)
= ro(a)Ra(a).
The theorem is proved.
4.3. Proof of Theorem 8.2. It is similar to that of Theorem 3.1. The

only difference is that in (4.22) in place of the set A we apply the simpler
set {t € R? : po.w(t) >tp} (see (3.16)).

4.4. Proof of Theorem 3.3. Observe that

(4.42) R(0.B,)  AMAn)  A(Ano) + A(An \ Ano) — A(Ano \ 4n)
' R(0,Bno)  MAno) A Anp) '

Define




18 M. Alama-Buéko et al.

For all sufficiently large n we have

2m ?(n)(a) 1 2 2R
2 _
(4.43) AAnp) = (S) (S) rdrda = o §) r2(a) <1 + T) doa+o(n™?)
_ /et W <1 . @) R
n n
Set

E={ael0,2r): 7 (a) <r™(a)}, E°=]0,27)\E.

Notice that
(™ (a)
AMAn \ Anp) = S S rdrdoa =
E 7)) (a) E

In the same way, one can find A(A4, \ Ay). Moreover,
(4.44)  MAn\ Ano) — AM(Ano \ 4r)

= % S[(r(n)(a))Q _ (F(n)(a))Q] do — % S [(F(")(a))2 . (T(n)(a))g] dov

(r"(a))? = (7" ())® = (" (@) =7 (@) (1 (@) + 7" (o))

_ T‘gna) <R\1/(T_CL¥) n RQ(azl— RQ + 0(n1)>
x 2+ R\l/(ﬁa) + RQ(O&L—F i + o(n_1)>
_ 2r§(@)Ri(a) | r§(a)Ri(e) + 2rg(c) (Ra () — Ra) +o(n?)
n3/2 ’I’L2
Then (4.44) can be rewritten as
27
A(An \ Ano) = A(Ano \ Ay) = # [ 72(0) Ri() da
0
2
+2—312 S [r2(a)R3(a) + 2ri(a)(R2(c) — Ry)] da + o(n™?)
0
1

1 —2
= ey Ji + WJQ—FO(n )-
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By Theorem 3.1, we have

2 2
J1 = S ré(a)Ry (o) da = S % da = 0.
0 0

Using Theorems 3.1 and 3.2, we obtain

2r 2H{(r07a)H1(T0,Oz) 2H2(7“0,a) H12(7"07a) C(B+C)
J2 = S 2 - 2 - 3 do
0 Vias(a) o*(a) o?(a) mo? ()
2T 2 21 19
H
=2B+20 — | wda—QB—QC:— { de
0o 9 (@) 5 0 (@)
Therefore,

1 _
AMAR\ An) — AMApo \ Ap) = 5. Jo +o(n™?)
and (4.42) can be rewritten as

R(0,Bno) 2n2\(Any)

By (4.43), we have

n\(Anp) = Wl\/detW<1 + %) +o(n™h),

Jo + o(nfz).

which implies

LI (1 _ 2R2> +on )
nA(An0) B mivdet W n .

Since
R(@, Bn) J2 < 2R2> —92
D) = 2 (122 4 o(n ),
R(0.Bog) ' 2emivaew ) T
it follows that
R(8,Bnp) Jo _1
— = |l=——" 1 0(n
R(6, By,) 2rnlvdet W (=)
27
1 2
S Hi(ro, o) do+o(n™1).

" 2wVt W ) o%(a)
The theorem is proved.
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