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GLOBAL SOLUTION TO THE CAUCHY PROBLEM
OF NONLINEAR THERMODIFFUSION
IN A SOLID BODY

Abstract. We consider the initial-value problem for a nonlinear hyperbo-
lic-parabolic system of three coupled partial differential equations of second
order describing the process of thermodiffusion in a solid body (in one-
dimensional space). We prove global (in time) existence and uniqueness
of the solution to the initial-value problem for this nonlinear system. The
global existence is proved using time decay estimates for the solution of the
associated linearized problem. Next, we prove an energy estimate in Sobolev
spaces with constant independent of time. Such an energy estimate allows us
to apply the standard continuation argument to continue the local solution
to be defined for all times.

1. Introduction. In this paper we prove the existence and uniqueness
of a global solution to the Cauchy problem for the nonlinear system of
partial differential equations describing the process of thermodiffusion in
a solid body. We consider a special version of the differential equations
given by W. Nowacki (cf. [11], [12]). He considered the displacement u, the
temperature 61, and the chemical potential 85 as independent fields. These
fields depend on the space variable x and the time variable ¢, and satisfy
the following Cauchy problem:

D 0%u 3 ~ 0%u
p(Opu, Opu, b1, 92)@ — (A4 2#)(8;1;, Oyu, 01, 02)@
(1.1) 51 (B, Dy, 01, Dy, 0o, Dyn) S
[begin.] gg
+ ﬁQ(atU, 8‘Tu7 017 8$017 927 a:cgz)ai; = 07
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_ o0 ~ %0
¢(Opu, Oyu, b1, 92)87; — k(0yu, Opu, 01, 92)%21
+ 51(Oyu, O 969909)82“
Y1\ OtU, OzU, U1, OgU1, 02, 002 Mo
+ d(dyu, Oyu, 91,92)% =0,
(1.1) ot
[cont.] - 00, = 8202
n(atu7a:l‘u7 917 92)% - D(atu7 8$u7 917 HQ)W
+ 9 (B, Oy, 01, 0,01, 02, 00 )ﬂ
Y2\ 0tu, Oz U, U1, 5138167 25 UgU2 8t8x
+ d(8yu, Oyu, 91’92)371 =0,
u(0,2) = up(x), u(0,z) = ui(x),
) 0,2) = wo(a),  Au(0,2) = wi(z)

01(0,x) = b1p(x),  02(0,2) = Oy(x),
where t € Ry, z € R and

(1.3) o\, 6 0, d kDR - Ry 41,7 : R - R,
In equations (1.1) we denote by:

o)\, it the material coefficients,

e p the density,

® 71,72 the coefficients of thermal and diffusion dilatation,
e [ the coefficient of thermal conductivity,

e D the coefficient of diffusion,

e n,C, d the coefficients of thermodiffusion.

The coefficients satisfy the condition
(1.4) né —d? > 0.
The condition (1.4) implies that (1.1) is a hyperbolic-parabolic system of

partial differential equations. The functions p, A, i, ¢, n, d, k, D, 71, ¥
satisfy

(1.5) P\ i &0, dy k, D e C°(RY), 41,72 € C®(RY).
We will replace the system (1.1) with initial conditions (1.2) by an equivalent

system of partial differential equations of the first order.
Let us introduce the following notation:

(1.6) U=1[U,U)", 6=][01,605]",
where (cf. [10])
(1.7) U1 = amu, U2 = 8tu.
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We can write the Cauchy problem (1.1)—(1.2) in the following equivalent
form:

s AYNU,0)0,U + AU, 0)0,U = F(U,0,0.,0),
(18) { BY(U,0)0,0 — BNU,0)920 = Q(U, 8,0,U,9,0),
(1.9) { l:f(Ow) ino(x) = [Ozuo(x), ur (2)]7,
0(0,2) = Oo(z) = [610(x), O20()] ",
where
AO(U, é) — —()‘ =+ 2/2)(07 é) ) _0 B ,
0 p(U,0)
(1.10) ] 3 o
Al(U,é) — N E) o ()‘+2ﬂ)(U79) ’
(% +272)(0,6) 0

are real symmetric matrices and AV is a positive-definite matrix. The ma-
trices BY(U,0), BY(U, ) have the following form:

&U,0) d(U,0)
d(U,0) n(U,0)

(1.11)  BYU,H) = , BYU,H) = k((é’e) D(g 9

These are symmetric and positive-definite matrices. This is a consequence
of condition (1.4). The right hand sides of (1.8) have the form

0,600 = | a0,
Y12

(1.12)

Q(T,8,0,0,0,8) = — [O " a0,

0 %2

We assume that the entries of the matrices A° and BY satisfy

(1.13) A% () = O(Inl*), i,j=1,2,neR,
' Bzoj(n) =O(|n*), i,j=1,2, 7R
and
0 1 0 0
(1.14) (A%~1A4! = - [
M% 0 Ay 0
where AL, = O(|n|*0),
0 0|, [0 O],
(1.15) (AO)—lF = — [% 72] 0,0 — [ ] 9,0
e v fo
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where fl = O(’C‘ko)a 1= 1527

k dD 1 1
(BO)lel — nc—nd2 T ne—d? + Bll B12
(1 . 16) B nckjld2 nccPd2 B%l Bé?
BZlJ = O(|n‘k0)a t,J=1,2,
Lo med) o oa] -
(B°)'Q = L 0. U + 8,0,
(1.17) 0 ==z 0 @

g =O0(¢™), i=12,

for ¢ € R® and for some kg > 3. The initial-boundary value problem for
the linear system of thermodiffusion has been investigated by W. Nowacki
(cf. [12]), Ya. S. Podstrigach (cf. [I4]) and G. Fichera (cf. [3]) by using the
methods of integral transformations and integral equations. J. Gawinecki
(cf. [4]) proved the existence, uniqueness and regularity of the solution to the
initial-boundary value problem for the linear system of thermodiffusion in
a solid body. The matrix of fundamental solutions (cf. [5]) was constructed
using the Fourier transformation for three cases: of the linear system of
thermodiffusion in the quasi-static case, in the thermal stresses theory, and
for the whole system of equations.

The aim of this paper is to prove the existence of a global (in time)
solution to the initial value problem for the system (1.8) in suitably chosen
Sobolev spaces. In our paper we use the method of Sobolev spaces, LP-LY
time decay estimates for the solution of the linearized system associated
with the nonlinear system (1.1), the method of energy estimates and the
continuation rule (cf. [6]). The paper is organized as follows:

In the Introduction we present the equations of nonlinear thermodif-
fusion in a solid body in one-dimensional space and formulate the main
theorem. In Section 2 some basic notation is presented. Section 3 is devoted
to the LP-L9? time decay estimates for the Cauchy problem for the linear
system of thermodiffusion. In Section 4 we formulate the local existence
theorem for the solution of the Cauchy problem for (1.1). In Section 5 the
proof of high energy estimates for the solution of the Cauchy problem for
(1.1) is presented. Finally, in Section 6 the proof of the main theorem is
given.

We start with the formulation of the main results:

THEOREM 1.1. Let s > 9 be an integer and p = gzgﬁ, ko > 3 (ko as in
(1.13)—(1.17)). Suppose that

(1.18) (Ozuo,u1,010,020) € H*(R) N L¥P(R).

Then for a sufficiently small positive constant § and under the assumptions



Cauchy problem of nonlinear thermodiffusion 441

(L4)~(1.5), if
[ (Ozu0, u1, 010, 020)|| s () + [1(Oxi0, w1, 010, O20) | Ls.r(m) < 9,

then there exists a unique smooth solution to the Cauchy problem (1.1)—(1.2)
with the following properties:

(Opu, Bpu) € C°([0,00); H*(R)) N C*([0,00); H*~'(R)),
(01,02) € C°(]0,00); H*(R)) N CY([0, 00); HS4R)) N L%([0, 00); HTY(R)).

Moreover as t — oo, we have the following asymptotic behaviour of the

solution:
(D, D) || oo (my = O(tF0/ FRot2)y
1(Oxu, Opu) HL2ko+2(R) = O(t*ko/(2k0+2)),
(0w, Opu)|[L2(r) = O(1),
(81, 82) || oo (my = O(tF0/ Ro+2)y,
(61, 02) | Lovor2(my = O(t~Fo/ Rot2)y,
(

161, 62) || L2 (m) = O(1).

2. Basic notation. We denote the points of R" by x = (x1,...,2y),

y=(y1,-..,yn) and equip R™ with the canonical metric
n
ool =[S -w?]
i=1
If « = (ai1,...,q,) is an n-tuple of nonnegative integers «;, we call a a
multi-index of order |a| = a1 +---+ayp. If 0; = 0/0z; fori =1,...,n, then
0% =9 -+ .99, Let X be a Banach space and I C R a closed interval.

Then C*(I, X) (k > 0 an integer) denotes the space of k-times continuously
differentiable functions f on I with values in X (cf. [9]) with the norm

Hchk (I,X) —SUPZH(?Z )x-

tel

Let
S(R") = {¢ € C®(R) : sup |z*(8°p)(z)| < oo for all o, B}

be the space of rapidly decreasing functions. The dual space of S(R") is
called the space of tempered distributions S'(R™) (cf. [1], [7]). A linear func-
tional Ty on S(R™) belongs to S'(R™) when there exist C > 0 and m € N
such that

Ty(@) < € swp [(1+ )™ 3 [(@°9)@)l] Vo € SR
re

la|<m
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The Fourier transformation of a function f € S(R™) is defined by (cf. [1], [13])
SR™) 3 Ff(€) = | e f(x) dx,

RTL

and the inverse Fourier transformation is
SR") > FHFf)(x) = 2n) " | S(FF)(E) de.
Rn
The direct and inverse Fourier transformations are extended to S'(R™) by
FI(p) =T(Fp), F 'T(p)=T(F 'p), TeSR".

We have the following theorem:

THEOREM 2.1. Let 1 < p < 2. The Fourier transformation is a linear
and continuous map of LP(R™) onto LP/P=1(R™) and

1F £l oro-v my < (20) 22 £l Lo eny-

The space W™P(R™), 1 < p < oo, m € N, called the Sobolev space,
consists of all functions u € LP(R™) for which the weak partial derivatives
0%u of order a (|a] < m) belong to LP(R™) (cf. [1], [2]), i.e.

W™P(R™) = {u € LP(R") : 0%u € LP(R"), |a| < m},
with the norm

/
fulmaey = (32 107l g0y)

la|<m
For s € R and 1 < p < oo let L*P(R™) denote the image of LP(R™) under
the linear mapping J%u = F~1((1 + | - [*)~%/2Fu), with the norm
1Fllzowmy = IF @+ P)2F )l o ey
(cf. [2]).

Let C3°(R™) be the set of all smooth functions with compact support
in R™. Let J be a nonnegative real-valued C§°(R") function with J(z) =0
if |#| > 1 and {3, J(z)dz = 1. For example

—1/(1—]z|?) <
J(z) = Ce for |z| <1,
0 for x| > 1.

R’Il

If ¢ > 0, then the function J.(z) = e "J(z/e) is nonnegative, belongs
to C§°(R™) and satisfies Jo(z) = 0 if |z| > e and {3, Je(x)dz = 1. The
convolution
(Jeu)(z) = (Jexu)(x) = | Je(z — y)uly)dy
R’l’l
is called a mollifier of u. Let f, g be linear operators such that the com-
positions f o g and g o f are defined. We write [f, g| for the commutator
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of f and g, i.e. [f,g] = fog— go f. We record the following properties
(cf. [, [15)).
THEOREM 2.2. Let 1 <p < oo and u € LP(R™), Then
(a) Jou € C°(R").
(b) I eullo@ny < llull Lern)-
(¢) lime—o [|Jeu — ul[ p(rny = 0.
(d) ForallmeN andgq>p Jou € W™I(R").
(e) Let s > [n/2]+2 and 0 <1 < s. Then for u € L*(R")NH*(R"™) and
v € HY(R") we have
116, ulOzvl| () < Cllull s ey l[0]] g1t ey
[[Je, ulOxv|| rny — 0 ase — 0.

THEOREM 2.3 (Gronwall’s inequality). If y € C1(R) satisfies
Wt plt)y < a0
for some p,q € C°(R), then fort >0,
10 < [50) + [} 2000 dg et
0
We now recall the theorem about the existence and uniqueness of the so-

lution of the Cauchy problem for the parabolic-hyperbolic system of partial
differential equations (cf. [7], [15])

A% (u, v)ug + Z A{l(u, v)oju = fi(u,v, Vo),
(C.1) =
AS(u, v)vg — Z B]k (u,v, Vv)0j0kv = fa(u,v, Vu, Vu),
7,k=1

with initial condition

(02) (U,U)(O,l') = (UO7U0)(1')
wheret > 0,z € R", n € N and u, v are vectors with m’ and m” components,
respectively.

We make the following assumptions.

The pair (u,v)(t,z) takes its values in an open convex set Y C R™
(m = m' +m"). AY(u,v), AY(u,v), A} (u,v) are real symmetric square
matrices and A{(u,v), AJ(u, v) are positive-definite for (u,v) € U. The
functions A%(u,v), AY(u,v), A, (u,v) are suffi(:lently smooth in (u,v) € U.
BiF(u,v,€) are real symmetric and satlsfy BiF(u,v,€) = By (u,v,¢) for
(u,v,€) € U x R""_ The form Zmzl B% (u,v,&)wjwy is real, symmetric
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and positive definite for (u,v,£) € U x R™" and w = (w1,...,wy), lw| = 1.
The right hand sides fi(u,v,€&) and fo(u,v,n,§) are sufficiently smooth in
(u,v,§) € U x R and (u,v,m,€) € U x R™ and for some constant
(u,v) € U satisfy the condition
fl(a>1770)207 f2(ﬂ757070):0‘

We have (cf. [7], [15])

THEOREM 2.4. Let the above assumptions be satisfied and s > [n/2]+ 3.
If (up—u,vo—v) € H*(R™), then there exists a constant T > 0, depending on
the norms of the initial values, so that the initial-value problem (C.1)—(C.2)
has a unique solution (u,v) satisfying the conditions

u— @€ CO0,T); H¥(R™) N C1(0, T); H*"L(R")),

v — 5 € CO([0, T); H*(R™)) N CL([0, T); H*"2(R™)) 1 L2([0, T; H+L(R™)).

Below we recall some helpful inequalities (cf. [15], [18]).

THEOREM 2.5 (Gagliardo—Nirenberg inequality). Let 1 < r,p < oo
and m € N. Then there exists a constant C > 0 such that for all u €
WmP(R™) N L"(R™) we have

1
V7 ul| paggeny < ClIV™ull ey Il 2805,

, 1_ j(1
where 5 =0,1,...,m cmdgzi(f—;)+;.

mAp

THEOREM 2.6 (Moser-type inequality). Let m,n,r € N and 1 < p < oo.
If g€ C"(R™) and f = (f1,..., fm) € L=(R")NW"P(R"™), then there exists
a constant C = C(m,n,p,r) >0 and a closed sphere B C R™ so that

1029 Lo ny < ClOsgllorr () | £ ey 1O f | o e
THEOREM 2.7. Let s,s9p € N, 59 = [n/2] +1, s > sop+ 1 and u €
L (R™) N W*2(R").

(a) If 1 <1 < s is an integer and v € WL2(R"), then for 0 < k <1 we
have
0, ulv € T2(R™)

and
l
> 10F, ulvll r2@ey < Clowullws—r2@m [0]lwi-12(n)-
k=0

(b) If 0 < I < s is an integer, v € WH2(R™) and J.(x) is a mollifier,
then

[J., u]dyv € WHA(R™),

I[Je; w]Ozvllwraeny < Cllullws2@mllvllwez@gn),
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and

1[Je, ul Bzl @ny <> 0.

3. LP-L9 time decay estimates for the Cauchy problem of the
linearized system of equations of thermodiffusion. The aim of this
section is to state the LP-L? time decay estimates for the solution of the
Cauchy problem of the linear system of equations of thermodiffusion asso-
ciated with the nonlinear system (1.1)—(1.2) which has the form

pO2u — (A + 20)0%u + 710,61 + 20,02 = 0,
(3.1) 001 — kO201 + y102,u + dohs = 0,
noify — D@%Hz + ’7281521.u +doo = 0,
with the initial conditions
u(0,2) = up(z), Owu(0,x) = ui(z),
91 (0, .%') = 910((13), 92(0, :L') = 920(%).

Before we formulate the main theorem of this section we state an important
fact:

(3.2)

REMARK 3.1. The conditions (1.3) and (1.4) imply that
Py Y1, Y2, Gk don, D >0 and  ne—d? > 0.

Now, we formulate the LP-L? time decay estimate for the solution of the
Cauchy problem for the system (3.1)—(3.2).

THEOREM 3.1. Let 1 <p<2<g<oo,1/p+1/qg=1, and N € N. If
the initial values (3.2) are sufficiently smooth, namely

(Uo,éo) € WN’p(R),
and

2
N><—1>(s—1)+120, s> 2,
p

then the solution of the initial-value problem (3.1)—(3.2) satisfies
1@, 0)(t ) lpa < CL+6)27VP)[(To, Bo)lwwr  VE>0
where C'is independent of (U, 0) and t.
A detailed proof of Theorem 3.1 can be found in [16] and [17].
4. Local existence and uniqueness of the solution of the Cauchy

problem of nonlinear thermodiffusion. We consider the nonlinear sys-
tem (1.8)—(1.9). The local existence and uniqueness of the solution of the
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Cauchy problem for (1.8)—(1.9) follows from the following theorem, due to
S. Kawashima (cf. [7]).

THEOREM 4.1. Assume that the conditions (1.4)—(1.5) and (1.10)—(1.13)
are satisfied. If the initial data are sufficiently smooth, i.e. Uy, by € H*(R),
s >3 (s is an integer) and satisfy the condition

1(To, 00)ll 7+ () < o

(where &g is sufficiently small and positive), then there exists a constant
T > 1 depending on ||(Uo, 00)|| =(r) such that the solution of the initial-value
problem (1.8), (1.9) is unique, and

U € C°0,T; H*(R)) N C0,T; H*"L(R)),

(4.1) 6 € C°0,T; H(R)) N CL(0,T; H*2(R)) N L*(0, T; H*T1(R)).

Sketch of proof. The proof is based on Theorem 2.4 (cf. [7], [15]). Below,
we show that the assumptions of that theorem are satisfied:

e In view of conditions (1.10)—(1.11) the matrices A°, B, B! are sym-
metric and positive-definite, since all coefficients of system (1.1) are
positive (cf. condition (1.3)), and for the matrix B we have ié—d? > 0
(cf. condition (1.4)), and Al is a real symmetric matrix.

e The functions F(n,0,v), Q(n,0,&,v) (where 1, 0, &, v € R? correspond
to U, 0, 0, U and 0,0 respectively) described by (1.12) satisfy the
conditions

F(n,0,0)=0, Q(n,0,0,00=0 Vn,oecR%.

This means that we can apply Theorem 2.4. This ends the proof of
Theorem 4.1. =

5. High energy estimates. In this section we prove high energy es-
timates for the solution of the problem (1.8)—(1.9), which is guaranteed by
Theorem 4.1.

THEOREM 5.1. Let s > 4 be an integer and (U, ) be the solution of the
initial-value problem (1.8)—(1.9) in the interval [0,T1], Th < T (cf. Th. 4.1).
If

1T B) (Ol oe ey < 1
for all t € [0,T1], then for ko € N,

74 = 7 Cs S 1T DN, o o0 . dE
1T, 0) ()|l ars ) < Csll(Tos Oo) | sy € Lls/2l00 m)

for all t € [0,T1], where the constant Cs is independent of T}.
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LEMMA 5.1. If H(U,0) is a matriz satisfying the following conditions:
1° H;j(n) € C®(R*) fori,j =1,2,3,4,
2° |Hij(n)] = O(|n[*), ko > 1,

and

,0)(t) € LV*(R), a,(U,0)(t) € L*(R),

4°[|(U,0) ()| ey < 1, VE € [0,T7,

then
() 0H(U, )| < CI(U, )| 10,0, ) 1,
(b) |0 H (U, 0)[| 2 < CI[(T, 0)]15%|02(T, )| o~

Proof. Applying the Taylor formula to the matrix H in the neighborhood
of 0, we have

_ (Br.B2) | .. o
w0 = S L HuO g g,
|B1+0B2|<ko it

1
. o
n Z ];0 "; : S (1- Z)koa(ﬂh@)ﬂij(zU,Z@)UﬁlﬂﬁQ dz.
Br+Bal=kot1 P20

In this and the following lemmas, we write (%1:%2) for partial derivatives of
order |31+ 82| = B1+ 37+ 34+ 5 of some functions f with respect to n € R,
1 2 1 2
n = (n1,n2,1n3, 774) of the following form: 9% f () = (9511 8521 8,% 853]0(77),
where 3i! = p1183), B! = B3153! and Bi, 5%, 33,32 € N. This is because
we need partial derivatives with respect to (n1,72) and (93,74), where the
couples correspond to U = (U1, Us) and 6 = (61, 602) respectively. By 2° we
have
_ BB [ (0
|B1+B2|=ko 110!
Bo+ 1y KogBL02) [ (»T7 . 28) 7% P
+ Z Ws(l—Z) 08 L QHZ](ZU,ZH)U 102d2
|B1+B2|=ko+1 P2 g
_ gl g 2(17 p

Then
(5.2) 9 H}=C >

|B1+B2+p1+p2|=ko
ln1+pz|=1

a(ﬁ1+u1,ﬁ2+M2)H (0)

51 B2 L
(B1+ ) (B2 + p2)! U™0%(0,U)" (9,0)"
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and

(5.3)  8:H}(U.0)

1
_ Z ko +1 Sz(l _ Z)koa([31+u1,,32+#2)Hij (ZU, 2’0_)

1351
|B1+82|=ko+1 Sl a! 0
|1 4-p2|=1
7565 (0,7) (0,0 ko + 1
X Uﬂleﬁz(atU)m(atg)uz dz + Z . 0)‘4(_6 —
[B1+B2+p1+pe|=ko+1 17T H1): (P2 /1’2)'
|p1+pz|=1

x | (1 = z)fogBrtmmbatuz) g, (20, 20)T% 0% (0,0) (9,0)" dz.
0

The mean value theorem (cf. 3°) implies that there exists 0 < £ < 1 such
that

_ 1 1 . i
5.4 8 U,o 8(61“!‘#1,,@2-{-#2 y U’ 0
(5.4)  OH}(U,0) = i3 3 AT Hiy(€0£6)
|ﬁ|1+62‘:‘k0;-1
Fpa|= - i )
o x UM% (0,U)" (,0)"
1
* >
! !
|81+ 82411 +p2|=ko+1 (Br+p)1 (B2 + p2)!
|p1+pz|=1

% 8(51+u1,ﬁz+u2)Hij (€U, £0)UP10%2 (0,U) (8,0)"

From (5.2), (5.4) we can see that H' and H? depend on a polynomial of
order kg — 1 and ko, respectively, of U and 6, where terms of H' and H?
only depend on the first order partial derivatives with respect to t. Then by
the imbedding theorem, we have

10:H (U, 6)|| = < CII(T,0)[17518:(T,0) | L + C|(U, 0) 172 10:(T , 8)| .=
< O, )72 18T, 0) | L=,

in view of condition 4°. This proves property (a). The proof of (b) is analo-
gous. m

LEMMA 5.2. Let Hij(-) € C(R*) be the elements of the matriz H ()
and suppose the functions U(t), 0(t) satisfy U(t) € C*(R)N H*R), O(t) €
C®(R) N H*T(R), s > 3, and ||(U,0)|| /2100 < 1. Then for a < s,
1102, H (U, 0)0:U | 2 < C(s)]103(T, 0l 12,
105, H(U,0)]070]| 2 < C(s)(10;710]| 2 + 102U, )]l 2).
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Proof. Using the commutator and the Leibniz formula, we have

=02, HU,010:U 2 < Y cullof T H(U, 00U 2.
k+l=a—1

In view of the Holder inequality with exponents % + ﬁ =1, we have
1<C > 5T HU, 0 paa-vmmy |05 Ul paa-1my-
k+l=a—1

By using the Gagliardo—Nirenberg inequality (cf. Theorem 2.5) we can write
=~ A o py k/(a— k/(a—
1050, H(T 0)]| oo < ClOZH, )15V lop BT, 0) =7,
10405 pacevye < COETINL" 00 7.
Since % + ﬁ =1, we have
”8k8 H(U é)HLZ(a 1)/k

- K
< Y GullloH(T, O 02T 127 (19 T || o |02 H (T, B) | 2] 5.
k+l=a—1

For terms involving partial derivatives of H(U,#) we use the Moser inequal-
ity (cf. Theorem 2.7), and from the assumptions of Lemma 5.2 we obtain

102 H(T,0) |2 < CIT, D102 (T, 0)] 2.
0.1 (T, 8) |1 < CIl(T,0)l|z< 02T, )|z

Using the above inequalities and the condition ||(U, )
write

~ _ L
1< Y ColllT,0)]110:(T,0)| 1 05T | 2] =T

k+l=a—1
% (100 | | (T, B) =1 195 (T, 8) | 2] < 02T, 0)]| o

This proves the first inequality. The proof of the second is similar. »

|[[s/21.00 < 1 we can

LEMMA 5.3. Ifg € C°(R%), U € C®(R)NH*(R), § € C*(R)NH*T(R),
s >3 and ||(U,0)| ps/2100 < 1 then for a <s,

105 (9(U 0, 0:0)0:0) | 2 < C () (19570l 2 + 103U, 0)] 2),
11055 9(U,8,0:0)10:U || 2 < C(s)(10570l| 2 + 95T, 0)] .2)-

Proof. The proof is similar to the proof of Lemma 5.2. =

Now, we start the proof of Theorem 5.1. We consider the system of differ-
ential equations (1.8) with initial data (1.9). We apply Friedrichs mollifiers
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(cf. [15]) in the following form. We put U. = J. x U, 0. = J. x , where
Je(x) is a nonnegative function that belongs to C§° and « is convolution.
We rewrite the system (1.8) as

(5.5) {&U— (A~ ANT,0)0,U = ((A°)~'F )(U 5 0:),
' 00 — ((BY)"'BY)(U,0)070 = ((B°)"'Q)(U,0,0:U, 0,0).

The positive-definite matrices A° and B° have inverses (AO)*l, (B~ We

define
A — AO —lAl — 0y—1
(5.:6) (A%) . f=(A7) :
B=(B)"'B', q=(B""Q.

Using the standard energy methods together with mollification we get
' 9,0% — B(U.,0.)920% = ¢® + ¢* + B* + [0%, B(U.,0.)]9%0.,

where
00U, =U2,  0%0. = 02,
ff = 07 (Je x f(h) = f(he)),
(5.8) = 05 (Je x q(h) — q(he)),
AZ = 07[Je > (A(h)0:U) — A(he)0:Ud],
BZ = 03[ Je x (B(h)970) — B(he)930-.
Multiplying both sides of the equations (5.7) respectively with A° (UE, 0.),

BO(U\€7 f.) and taking the scalar product (-;-) with properly chosen U2 and
02 and integrating with respect to =, we have

(1 d
2 dt
+ (U2 AV ) 4 (U2 AV ) + (U2 AYA2)

— (U2 AU = ( ; 0, A°U) — f(UO‘ 0, AYTU)

+ (U2, A°[0%, A0, U, ),

1d
2dt

— (020, B'021) + (025 B°q®) + (025 B°¢2) + (02 B°BY)

(5.9) )
(025 BO02) + (B2 B9 = S (0% 080

( +(02; B°[0g, B)o70:).
Taking into account (1.5), (1.10)—(1.12), Theorem 4.1, Lemma 5.1-5.3 and
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the Schwarz inequality, we have

1d
2dt

< CH(UE,Q )Hko 1(\815([75,9_5)‘@0 + iax(U€7§6)iL°°)||UgH%2
+ C||(Us, 02)[17% (162 2 + [Tz, )| 2| T2 .2
+ C|\(Us, 02)[15% (1421 22 + 1 £2 1 L2) 1T 2,

—(U2; AU

1 1d a, [} no
(51003 2202 B02) + co 02+ 2

< C|\(Ue, 0|7 106 (e, 02) | 1= 1162117 2
+ OlN(Ue, 02) 1 7100 (Us, 0) | o= | (U2, 02) | 2102 2
+ C[I(Ue, 0) 7% (1162 | 22 + 11T, 02)1 21162 2
+ ClI(Ue, 0) 7% (1B | 21162 1 22 + N0 1] 2216211 2).

We introduce the following energy norms:

10=(8)1%; = Y (02(1); A()T2 (1)),

a<s

16=() 15 = > (62 (t): B°(1)62 (1)),

a<s

(5.11)

which are equivalent to the norm of the Sobolev space H*(R). Summing
inequalities (5.10) over a < s, we find that

(512) 5 (00 e + collBeyons
< C(U, 0) 172 (106 (Ue, 02) || oo + 102Uz, 02) || o< )
X (H(Us, s + |i96HH5+1H(U6706)HH5)
+ C[(Us, 0) 5% N1 (U=, 0) 131 + CII(Ue, 0) || 5% || Gel 12 | (U=, 02) | 12+
where

1Gellas = [ Acllms + | fellms + || Bellgs + llge |l 2
Applying the inequality ab < %az + %bQ, for sufficiently small § we have
d _ _ o
(5.13) = l(Ue, )= < C(I(Us 01552200 106U, 0c) || o<

11T, 0) 15521001 (U, ) | 1
+ Ol (Us, 0)13% 21, [| (T, 02) [ 114 +C||(U579 7 I Gellars
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Next we apply Gronwall’s inequality to obtain

(5.14)  |[(U-,0:) a»

<CH(UOE700€)HH e . (H(Uaﬂa)HL[sp 19 (T ,82) || oo+ (T, 02) |0 Lls/2],00 ) dé

0 i 7 g.3(1k0
SHG HH e (H(Ue 9s)| ||3t(U6796)||L°O+||(U£79£)HL[S/2]700)df dr.

Taking into account the Sobolev imbedding theorem (cf. [1]) for s > 3 and
properties of Friedrichs mollifiers (cf. [§]), we have, as e — 0,

100, B0 ey — 1T, 00 1o e
10:(Ue(t), 0 ()| rs—2r) — 10:(U(£), 0())|| prs—2(m)
This implies the convergences
H(Usgt)aéz—:(_t))HL[S/Q]»OO(R — [(U(), 9(t))_!\L[s/21,oo(R) for 1 € [0.7]
10:(Ue(t), 0c (0)) || Lis /21,00 ) — [10:(U (£), O(8)| Lis /21,00 () o

and
| (Uoe, 0ol s (ry — [|(Uo, 00)|| s (w)

Using Lebesgue’s dominated convergence theorem we can see that the terms
in the exponent in (5.14) (cf. [§]) tend to

t t
V@01, 0 dS, C VIO, 2 dE
0 T

respectively. The fact that
|Gellprsr)y = 0 ase—0

follows from the properties of mollification, the Leibniz formula and Taylor’s
theorem. This completes the proof of Theorem 5.1. u

6. Energy inequality with constants independent of time and
proof of the main theorem. In this section we show that the solution
of the initial-value problem (1.8)—(1.9) is bounded in Sobolev norms by a
constant independent of T' for sufficiently small initial data. We first prove
the following theorem.

THEOREM 6.1. Let (U, 0)(t,z) be a solution of the initial-value problem
(1.8)~(1.9) in the interval [0,T1], and let sy = [s/2] + 1, s > 9. If (U,0) €
H*(R) N L*P(R) where p = gllzgﬁ, ko > 3 and

(Do, 00) 172y + (U0, o)l ooy < 0

for sufficiently small &, then there exists a constant o < 0o, independent
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of Ty, so that

ko _
sup (14 t)%k+2||(U,0) (t)||le,2kO+2(R) < Ro.
te[0,T1]
Proof. Consider the system (1.8) with initial data (1.9). We can write
the solution of the Cauchy problem in the following form:
t
(6.1) (U,0) = G(t,-)  (Uo, 00) + | G(t = 7,-)(F, Q) (,x) dr
0
where « is convolution with respect to x, G(t,x) is the matrix given by the

formula (4.5) in [I7], and the following matrix equalities are consequences
of the formulas (1.14)—(1.17):

_ o ol. . [o o].-
=| 9,U — .0,
A21 0 fl f2_
By BL] .. [0 a]. -
Q=|"1 Ti2lgg- | a0,
By Bjy 0 q2 |

By Theorem 3.1 we have

o __ko _
(6.2) (U, 0)(t)l|ps1.2k0+2(m) < C(L+1) 2072 |(Uo, 00)| o1 +n(r)
; kg -
+C (1 +t—7) 0P ||[(F, 0) ()| s+ v gy AT
0
Let A be a matrix of elements A;; : R® — R with A;;(¢) = O(|¢|™), i, =
1,...,4.
LEMMA 6.1. Let s > s+ N+1 >4, N = 3k’“00j11, ke > 1. IfV; €
L¥P(R)NH*(R),i=1,...,4, p= g’;gﬁ, and V|| pisr21.00g) < 1, then
k
HA(V7 6ﬂcv>aa:VHL51+N*P(R) < CHVHL(E(51+N)/2]+1,2190+2(R)HVHHS(R)'
Proof. Using the Leibniz formula we have

(6.3) 03 N(AY) = > cudEAITY
k+l=s1+N

and

(6.4)  OFA(V,0,V)
k 4 ) )
= > TT T comn (V)P (8 Vi Prsa 03 AV, 0, V),
iz;ln:1 (pin+Pin+4):k i=lm=1
Z§:1 pf’n:o’m
Zf:l pin+4:0m+4
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where o0 = (01,...,08) is a multi-index, and Y = (V,0,V). We decompose
A as
A(V,0,V) = AY(V,0,V) + A*(V,0,V)
where
1
ALV, 0,V) = 8122 7Y (0, 0)V P () (9, V)2
Vo) = Y S0 P A0V @) 0. @)

|B1+B2|=ko

and

A%(V,0,V)
1

- Y a0k @) (- R @A)V, 20,) ds
|B1+B2|=ko+1 ﬁl 52 0
The first element is a polynomial of degree kg relative to V; and 0,.V;. Taking
the kth derivative of A! with respect to = (cf. (6.4)) we obtain a polynomial
of degree ky. Now we consider the derivative

3NANV,0,V)0,V) = Y OEANV,0,V)d V.
k+l=s1+N
This expression contains derivatives of order [(s; + N)/2] + 1 of V With
exponent one. Then we apply the Holder inequality with exponents = =
2 + 2k 5 to obtain

HAl(Vv 827V)8wVHL51+NvP(R) < CHVHIZR(sﬁ»N)/Q +1a( HV”HS(R

We can describe the elements of the matrix A2 as follows:

ITN(A2(V,0,V)0,V) = > >

bptatr=si+N 370 (ph,+pl, 1 4)=r
|B1+B2]=ko+1 ’"Zl 1"; _”;1*4
1= m

T 7 52
Ei:1 Pm+4—5m

k0+1 81+N) I+1 B1
xHH Cimr— 2 T On VOV 08(0,V)

1
X (axvm)pin (a;‘;"_lvm)p:n+4 S (1 — Z)k() zpirL+p:n+4
0

i=1m=1

X (8$1+51’52+62)A)(z‘/, 20,V)dz,

where 6! = (61,...,60}) and 6% = (6%,...,62) are multi-indices. The above
derivative is a polynomial of degree [ where ko+2 <1 < kg+s1+ N +2. The
derivatives of orders higher than [(s; + N)/2] 4+ 1 contain derivatives with
exponent one. For derivatives of order less than or equal to [(s1 + N)/2] + 1
we have H(s1TN)/2+1(R) < O%(R). Using the Holder inequality with ex-

ponents % = % + Qk];(ﬂrz we have

||A2(V, azv)awVHLSﬁNp( < C‘|V||L[(31+N)/2]+l,q(R)||VHH5(R)' .
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Using Lemma 6.1 and assuming that s; > 4 we have
(6.5)  I(E Q)| ersvagey < CIT, 0T 2kgs2) 1T, O 115 )

From the above inequality we obtain

_ __ko _
(6.6) (U, 0) psr2mor2my < C(1+1¢) 202 ||(Uo, O0)|[ por+np(m)
t

+of(+t—7)" 2’“O”ll( ) (0 1T 0) () | sy -
0

In view of Theorem 5.1 and the Sobolev imbedding theorem L*1:20+2(R) s
C][;/Q](R) where s1 = [s/2] + 1 > [s/2] + 1/(2ko + 2), s > 9, we have

(6.7) 1T, 0) ()l pis/2100 ) < CNT,O)(E) | or.2w0 2y

and

(6.8) (T, 0Dl sy < Csll(To, 00l 11+ ()

{CSUPge[O,Tl](1+§)k8/(2k0+2)||(U,9)( )” (1+£)—k(2)/(2k0+2) de}
e .

L51,2kg+2(g) 30 $o

Putting

(6.9) Rey(T1) = sup (141707 |(T,0)(0)]| o 2ko+2(R)
te[0,T1]

and assuming that kg > 3 we have

_ k
(6.10) 1T, 8) (T2 < Coll(To, Bo) 25y R,
If we assume that
1T, 00) | Lo ) + 11(Uo, 00) | s (m) <

then in view of (6.6) we have the estimates
k,

(6.11) (T, 0)(O)]| por.2kor2my < Csd(1+ O

t
X _
i 0856059?:5?@1) S (1+t—7)" 2k0+2 (U, 0)(r >”LS1 2ho+2(R) dr
0

and
kg

(6.12) 1T, 0)(7) | o1 20042y < Re2(T1) (1 +7) " 2072,
Multiplying both sides of (6.11) by (1 +t) T 52 and using (6.12) we have

(6.13) (14 0)%0= (T, 8) ()] 1o, anor2(y < Csd + xRN (T1)eCsRs0 (1)

k k3

14+t—71) 2’%0+2 (1+ T)_vaooJr2 dr.

kg

(1+1) o 72

Oh’ﬁﬁ-
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Since
kg P k k3
ko _ __ko__ __ ko
A+ | (1+t—7) TP (14 7) Fof2dr <C Vt >0, Vho > 3,
0
we have the inequality
k

(6.14) Ry (T1) < Csb + C50RE (7)1 (1)

where the constant Cs depends on s only. We consider the function
flz)=C5(1 + :Bkoecxko) — .

If ¢ is sufficiently small, then the equation f(z) = 0 has positive roots; let
R be the smallest such root. Since

O8(1+ RE0CR) — Ry = 0
we have Cd < Ry. Since f is continuous and f(0) = C'§ we have
) >0, xe€l0,R],
(6.15) ;Exi ; 0, =xe€ E?Ro,;]io + ¢) for some ¢ > 0.
If ¢ is sufficiently small, then
Rs1(0) = [[(To, 00) | 112002y < Csll(To,00) |l 1z5(m) < Cs6 < Ro
and
(6.16) R, (0) € [0, Ro).
By Theorem 4.1 we have Ry, < Rp. »
THEOREM 6.2. Let s > 9 be a positive constant and
(Uo, 00) € H*(R) N L*P(R)

where p = gigi? with ko > 3, and let (U,00)(t) be a solution of the initial-

value problem (1.8)—(1.9) in some interval [0,T1] and
1o, 00)1l 12wy + 1(Uo, 00) | Lo () < 61
for a sufficiently small constant 61 > 0. Then
1T, 0) ()l s (ry < Ko IT0. ol sy ¥t € [0,T1]

where the constant K1, depends only on s and k.

Proof. In view of the inequality (6.8) we put K, = C’Secﬁgo and
obtain
1T, )l gs®) < Kspo, € 1[0,T1],
which finishes the proof. =

Proof of Theorem 1.1. Let § = min(dg, 01,01/ Ksk,), where dg, 51, Ky g,
are given by Theorems 4.1 and 6.2. If the initial data satisfy the conditions
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(Uo, By) € H*(R) N L¥P(R), and
1o, 00) | zrsr) + |(TUo, 00) | Lop(r) < 6,

then in view of Theorem 4.1 there exists a constant To = min(7,T1) and a
solution of the Cauchy problem in the interval [0, Tp] satisfying the condition
(cf. Theorem 6.2)

H(U Q)HHS < Ks kOH(UO;QO)HHb Vt c [O,T()].

Since ||(U,0)(To)|| sr) < 0, applying Theorem 4.1 again and taking as
the new initial time to = Ty we obtain a solution in the interval [T, 27p]
satisfying the assumptions of Theorem 6.2 and ||(U, 6)(2710)]| g=(r) < 9, etc.
Furthermore, from Theorem 6.1 we conclude that the global solutlon (U,0)
satisfies the estimate

o Kk
(617)  NO0)Mllperororay < CL+E) 07 20

where the constant C' is independent of t. Next, the asymptotic decay of the
global solution in the L>°(R)-norm follows directly and using the inequalities
(6.7) and (6.17) we have

k,

(6.18) (T, 0)(t) | gy < C(1+) T2 vt >0,
and in view of Theorem 6.2 we have
(6.19) 1(U.0)(t) 2y <C YVt >0,

which finishes the proof of Theorem 1.1. "

7. Conclusion. In this paper we proved the existence of a global (in
time) solution to the initial-value problem for three coupled partial differ-
ential equations of second order describing the process of thermodiffusion
in a solid body (in one-dimensional space). In the proof of Theorem 1.1 we
used a time decay estimate for the solution of the associated linear prob-
lem (cf. [I7]), an energy estimate in the Sobolev space with constant in-
dependent of time, and the standard argument to continue the local solu-
tion for all times. The method used in the proof of the main theorem can
be adapted to the initial-value problem of thermodiffusion in a solid body
(in three-dimensional space) and to other initial-value and initial-boundary
value problems for partial differential equations describing other media in
continuum mechanics.
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