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Abstract. We study the existence of solutions of the nonlinear parabolic
problem

?;Z — div[|Du — Ou)[P"2(Du — O(uw))] + a(u) = f  in 0, T[ x £2,
(|Du —O(w)[P~*(Du—O(w))) - +7(u) =g on]0,T[x 91,
u(0,-) =up in §2,

with initial data in L'. We use a time discretization of the continuous prob-
lem by the Euler forward scheme.

1. Introduction. The purpose of this paper is to study the existence
question for the following nonlinear parabolic problem

0
ai: — div(®(Du — O(w))) + a(u) = f in Qr :=10,T[x 2,
(LD Y @(Du—6@) - n+v(u) =g on Tp=]0,T] x 92,

u(0,-) =ug in £2,
where £2 C R? (d > 3) is an open bounded domain with Lipschitz boundary
092; T is a fixed positive number; Du is the gradient of u; «, -y, © are con-

tinuous functions defined on R and satisfy suitable assumptions; 1 denotes
the unit vector normal to 0f2; and

D) = €%,  vEeR?
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We apply a time discretization of given continuous problem by the Euler
forward scheme and study existence, uniqueness and stability questions. We
recall that the Euler forward scheme has been used by several authors while
studying time discretization of nonlinear parabolic problems; we refer for
example to [15, @, 17, 19] for some details. This scheme is usually used to
prove existence of solutions as well as to compute numerical approxima-
tions.

The usual weak formulations of parabolic problems in the case where
the initial data are in L' do not ensure existence and uniqueness of so-
lutions. New formulations have recently been used, with the hope that a
new definition of solution would make it possible to obtain existence and
uniqueness. For that, three notions of solution have been adopted: solutions
named SOLA (Solution Obtained as the Limit of Approximations) defined
by A. Dallaglio [I1]; renormalized solutions defined by R. Diperna and P.-L.
Lions [I4]; and entropy solutions defined by Ph. Bénilan et al. [8]. We will
be interested here in the entropy formulation. Many authors have dealt with
this type of formulation: see for example [2, [7), 5 8] 18] 24] 26, 27].

In [18], we considered the case © = 0 and showed by the same method
used here the existence of a unique entropy solution. The same case has
been studied by F. Andreu et al. [4]. The problem with Dirichlet-type
boundary conditions has been studied by many authors: see for example
[T, 13, [15] 9] 19, 24].

The problem , or some special case of it, arises in many different
physical contexts. Here we shall mention two of them which are related to
turbulent flows.

e Model 1: Filtration of a fluid in a partially saturated porous medium.
This flow is governed by the equation

dc(p)

ot
where p is the unknown pressure, ¢ the water content, k the conductivity
of the porous medium, a the matrix heterogeneity and —e the direction of
gravity. The Kirchhoff transformation equation

(1.2)

= Valk(c(p))(Vp + €)],

p
u =\ k(c(€)) ¢
0
leads to a differential equation of the form
(%8(;‘) — Da|Du + k(b(u))e],

where the function b has the same behavior as c.
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o Model 2: Flow through a porous medium in a turbulent regime. This
model is governed by the continuity equation

0
E;t +dive =0
and Darcy’s law
v = —K(6) grad 6(6),

where 0(x,t) is the volumetric moisture content, k() is the hydraulic con-
ductivity, and the total potential ¢ is given by

P(0) =(0) + 2,
with 1 (0) the hydrostatic potential and z the gravitational potential. In
turbulent regimes, the flow rate is different from that which can be predicted

by the Darcy law, and so several authors proposed a nonlinear relation
between v and K () grad ¢,

[v|9 %0 = —K(0) grad 6(0), ¢ > 2.

If e denotes the unit vector in the vertical direction, we obtain

P Av(V(0) ~ KO)eP(T5(0) ~ K(O))) = 0
where
0 , q
o(0) = (S)K(s)qb (s)ds, p=_——7.

This paper is organized as follows: after some preliminary results in Sec-
tion 2, we discretize the problem in Section 3 by the Euler forward
scheme and we show the existence and uniqueness of an entropy solution for
the discretized problems. Section 4 is devoted to the analysis of the stability
of the discretized problems. We finish this paper by studying the existence
of an entropy solution to the parabolic problem ({1.1)).

2. Preliminaries and notations. For a measurable set {2 in R¢,
meas(U) denotes its measure, the norm in LP({2) is denoted by || - ||, and
|]l1,» denotes the norm in the Sobolev space WP(£2); C; and C will denote
various positive constants. For a Banach space X and a < b, LP(a,b; X) is
the space of measurable functions w : [a,b] — X such that

b 1/p
(@)™ = Nullzoapx) < oo

For a given constant k£ > 0 we define the cut-off function 7}, : R — R by
{ s if |s| <k,

T; =
k() ksign(s) if |s| > k,
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where
1 if s > 0,
sign(s) :=< 0 if s=0,
-1 ifs<0.

For a function u = u(x), z € {2, we define the truncated function Tju
pointwise, i.e., for every = € {2 the value of Tyu at z is just Ty (u(x)).
Define J;, : R — R* by
xT
Je(x) = | Ti(s) ds
0
(Ji is a primitive of T). We have (see [16])

<§;,Tk(1})> = %(S Jk(?})> in Ll(]0>T[)>

which implies that

L ow
- Tk(v) ) = | Jk(v(t)) — | Jk(v(0)).
() -

For u € WHP(£2), we denote by Tu or u the trace of u on 92 in the usual
sense. In [8], the authors introduce the following spaces:

TEH(2) = {u : 2 — R measurable : Tj,(u) € W22 (02) for all k > 0},

loc loc

T'P(0Q) = {u e TN Q) : DTy (u) € LP._(£2) for all k > 0},

loc loc loc

TP (2) = {u € T2P(2) : DTj,(u) € LP(£2) for all k > 0}.

loc

For bounded {2, we have
TH(02) = {u : 2 — R measurable : Tj,(u) € WHP(£2) for all k > 0}.

Following [8], it is possible to give a meaning to the derivative Du of a
function u € ’Tléép (£2), generalizing the usual concept of weak derivative in
Wh(£2), thanks to the following result:

loc

LEMMA 2.1 ([§]). For everyu € ’Z}é’cp(ﬁ) there exists a unique measurable
function v : 2 — R? such that

DTk(u) = U1{|v|<k} a.e.,

where 1p is the characteristic function of the measurable set B C R?. Fur-
thermore, u € VV&;(Q) if and only if v € L (£2), and then v = Du in the
usual weak sense.

We also apply the set 7;-7(£2) introduced in [4] as the subset of functions
in 71P(£2) for which a generalized notion of trace may be defined. More
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precisely u € T,-P(£2) if u € TYP(£2) and there exist a sequence (uy)pen in
WLP(£2) and a measurable function v on 92 such that

(a) up — w a.e. in £2,

(b) DT (un) — DT(u) in L(§2) for every k > 0,

(¢) up — v a.e. on Of2.
The function v is the trace of w in the generalized sense introduced in [4].

For u € ’Z;’p(()), the trace of u on 912 is denoted by tr(u) or u. The operator
tr(-) has the following properties:

(i) ifue ’Z;i’p(Q), then 7Ty (u) = Ty (tr(u)) for all k >0,
(ii) if ¢ € WEP(2) N L% (£2), then for all u € Tti’p((?), we have u— ¢ €
T P(02) and tr(u — @) = tr(u) — 7.
In the case where u € WP(£2), tr(u) coincides with 7u. Obviously,
WLP(2) C TP(02) c TV ().

3. The semi-discrete problem. In this section, we discretize the prob-
lem by the Euler forward scheme and study the questions of existence
and uniqueness for the discretized problems. We make the following hy-
potheses:

(H1) « and ~ are nondecreasing continuous real functions on R such
that «(0) = ~(0) = 0;

(H2) f € LYQr), g € LY(Xr) and ug € L(£2);

(H3) O is a continuous function from R to R¢ such that ©(0) = 0 and
|O(z) — O(y)| < Clz —y| for all z,y € R, and C is a positive
constant such that

(d — p)(meas(£2))~ "/
2(d—1)p

The Euler forward scheme applied to the problem yields the following

problems:

C<

U™ — rdiv(®(DU™ — O(U™))) + 7a(U™) = 7f, + U1 in 0,
(Pn) 4 (@2(DU"—-O(U"™)))-n+~U") =g, on I,
UY=ug in £,
where N7=T,0<7<1,1<n<N and

1 nr .
() = - S f(s,-)ds in £2,
(n—1)7
1 nt
gn(-) = = S g(s,-)ds on 0f2.
(n—1)7
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Recently, in [§], a new concept of solution has been introduced for the elliptic
equation

—div[a(z, Du)] = f(x) in §2,
u=0 on 02,

namely entropy solution. Following this idea we define the concept of entropy
solution for the problems (P,,).

DEFINITION 3.1. An entropy solution to the discretized problems (P,)
is a sequence (U™)p<p<n such that U® = ug and U™ is defined by induction
as an entropy solution to the problem

u — 7div(®(Du — O(u))) + ta(u) = 7f, + U"™' in 02,
(@(Du—O(u))) -n+~(u) =gn ond,

ie. U™ € T.7P(£2) and for all ¢ € W2(£2) N L>®(2) and all k > 0, we have

3.1) 7\ (@DU"—6Um))DT(U" - ¢) + | (ra(U") + UM TW(U™ — )
(9} (0]

7 | U = ) < §(rfu+ UMDTUT = 9) 7 | gaTH(U™ — ),
on 9] on

LEMMA 3.2. Let hypotheses (Hy)-(Hz) be satisfied. If (U™)o<n<n is an
entropy solution of problems (Py,), then U™ € LY(£2) for allm=1,...,N.

Proof. Taking ¢ =0 in (3.1), we get, for n =1,

| &(DU' — 0(U)) DI (UY) + | (ra(U") + UM TH(U™)

2 (9}
+7 | yUNHT(U) < VT h +u) T (U + 7 | o TW(TY),
on 2 o
32) rledOU'-o@W")DTUY) + | (1a UNT,(UY)
(9} 2

%S!@Tk ypTgfy

< S(Tfl +u0)Tk(U )+ T S ngk(Ul) +

Vo uh)P.
19 00 Q

On the one hand, using the inequality (see [2])

1 1 _
(8:3) el = Jhnl” < [l 26 —m), V&neRY and1<p < oo,
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we get
1
J 2(DU" - OU)DIL(U") + - [ |O(T(U)I > 0.
Q P
On the other hand, by assumption (H;),
J a(UHTHUY + § A(UHTR(U) 2 0.
N o2
Therefore, the inequality (3.2)) becomes

VUMDY < Rl falls + l9allr o)) + luoll +

.
) o

Since

N
ZT(anHI +llgnllron)) < I fllzvQr) + gl s,
n=1
by using hypothesis (Hs) we get
(3.4) | U (UY) < kCy + (Ck)p <kCy + - (C’k)
9}
where C] is a constant depending on f, g, ug. Since
T 1
tim 0! )
k—0 k
dividing (3.4) by k£ and letting &k — 0, we deduce by Fatou’s lemma that

U1 < Co. m

THEOREM 3.3. Let hypotheses (Hi)-(Hs) be satisfied and 1 < p < d.
Then for all N € N, the problems (P,) have a unique entropy solution
(U™ o<n<n such that U™ € TP(2) N LY($2) for alln=1,...,N.

Proof. FEzistence. For n = 1, we can write problem (P;) in the form
—7div(®(Du — O(u))) +a(u) = Fy  in £2,
&(Du—O(u))n+~y(u) =G on 912,
where
a(s):=7a(s)+s, Fr=7f+uy, Gi:=g.

By hypothesis (Hs), we have (Fy,G1) € L'(£2) x L'(92), and by hypothesis
(Hy), @ is continuous and @(s)s > 0 for all s € R. Therefore, using [2,
Theorem 3.1], we deduce the existence of an entropy solution U! € 7;1”’ (£2).
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By induction, using Lemma (3.2 we deduce in the same manner that for
n=1,..., N, the problem
u — 7div(®(Du — O(u))) + ra(u) = 7f, + UL in £,
P(Du — O(u))n +v(u) = gn on 942,
has an entropy solution U” in T,*(£2).

Uniqueness. We first need the following lemma.

LEMMA 3.4. For alln=1,..., N we have
1
(i) Jim lim | &(DU™ —OU™)DU" =0,
TP th<jun|<k+hy
1
(i) lim lim - | |DU™P =0,
h—o0 k—0
{h<|U™|<k+h}
¢
1
(iii) [Jim lim S S |DU" —OU™)|P =0

0 {h<|U™|<k+h}

Proof. Let n = 1; for simplicity, we write u = U'.
For (i), taking ¢ = Tj(u) as a test function, we get

7\ ®(Du — O(w)) DT (u — Thy(u)) + | (ra(u) + u)Th(u — Tp(u))
0 19

+ | Ty () Te(u—Th(w) < V(i +uo)Te(u—Th(uw) + | 701Th(u— Th(w)).
an Q an

Dividing by k£ and taking the limit as k — 0 and h — oo, we obtain

1

lim Tim & B

lim ’ill% S &(Du — O(u))Du
{h<|u|<k+h}

<timlm( | @A)+ § o rlal),
{Ju|>h} o020 {|u|>h}

i.e.
1
lim lim — S &(Du — O(u))Du = 0,
h—o0 k—0
{h<|u|<k+h}

which proves (i).
Applying (3.3) and (i), we easily get (ii) and (iii). =

Let (U™)o<n<n and (V™)o<n<n, N € N, be two entropy solutions of
problems (P,) and let ¢ € WHP(£2) N L>=(£2). For n = 1 we get (for sim-
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plicity, we write u = U', v = V1)

7| &(Du — O(u)) DTy (u — @) + | (ra(u) + u) T (u — @)
2 2
+ | P Th(u— ) < [T hi +uo)Te(u — ) + | 791Thk(u — o),

o Q o2
and
7| &(Dv — O(v))DTi(v — @) + | (Ta(v) + v)Ti(v — @)
Q Q
+ S Y()T(v — ) < S(Tfl—i-uo)Tk(v— )+ S T Ti(v — @).

052 n a12

Let h > 0. For the solution u we take ¢ = Tj(v) and for the solution v
we take ¢ = Tp(u) as test functions; summing the above inequalities and
letting k — 0, h — oo, using hypothesis (H1), we obtain

Thhm lim kII(k h) + Jju —v]1 <0,
where
IZ(k,h) = | &(Du—O(u)) DT} (u—Ty(v))+ | S(Dv—O(v)) DTy (v—Th(w)).
2 n
Now, we consider the following decomposition:
21(h) ={lul <h, [vo] <h},  25(h) ={|u| < h, Jv] > A},
23(h) = {lul > h, [o] <h},  $25(h) = {|u| > h, [v] > A},

and
4
IZ(k,h) = Li(k,h),
=1

where
Li(k,h) = | [®(Dv—6O(v))DTy(v—Th(u))+P(Du—6O(w)) DT} (u—T(v))].

£2;(h)
We have
Li(k,h) = | ®(Dv-0O)DTp(v—u)+ | &(Du—O(u)DI}(u— 1)

21(h) 21 (h)

= L1(k,h) + L3(k, h),

where

Li(k,h) = S [@(Dv — O (v)) — P(Du — O(u))(Dv — O(v) — Du+ O(u))],
21 (h,k)
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Li(k,h) = | [B(Dv—6(v)) = B(Du— O(u))(O(v) — O(w)],
21(h,k)
where
1(h, k) ={Jul < h, [v] < h, [o—u| <k}
First, we show that
lim lim %El(k, h) > 0.

h—o0 k—0

CASE 1 < p < 2. Let € > 0. By Young’s inequality, we have
e ’
[Li(k,h) <= | [B(Dv—O(v)) - B(Du—O(u))
p 021 (h,k)

L lew - e

P (k)
Using hypothesis (H3) and the inequality (see [13])
[B(&) — @I < CL(& = m)(B(E) — D))} 2{EP + [nP} 772, Ve, e RY,
where 3 =21if 1 <p<2and 8 =7p if p> 2, we obtain

C C
30 )| < = ZELY (ks ) + - 2R,
which implies

p/ ]12)1(1) E»Cl(k, h)

If limy %E%(k, h) = 400, we use Holder’s inequality to get

(3.6)  |Ci(k, D)

(3.5)

1
lim kc%uc,h)\ <

<[( § 1pe-ewp)” (| 1pu-ewr)”]
21 (h,k) 21 (h,k)
(] |@(v)—9(u)|p)l/p.
21 (h,k)

On the other hand, taking ¢ = 0 in (3.1)), we get

| [Du-06@)P<kCs, VEk>o0.
{lul<k}
Then, by hypothesis (H3), inequality becomes
1L2(k, h)| < Ca(h+ k)V/P'k.
This implies that

. 1 1 . 1 2 _
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SO

lim lim ﬁl(k h) =

h—oo k—0 k
If limy_o 1 £1(k, h) = 0, using , we obtain limy_o ££3(k, h) = 0. Hence
lim li ﬁ k,h)=0.
hoo ko0 k (k. h) =
If 0 < limy_g %E%(kz, h) < oo, we take
1
hhmkHo kﬁ (k h)

in (3.5)) to deduce that

lim lim kEQ(k h) =0,

h—o0 k—0

and it follows that
lim lim kﬁl(k h) > 0.

h—o0 k—0
CASE p > 2. By using Young’s inequality, we obtain
Cse(k + h) . Cs

1 2
E“Cl(kvh)‘ < p/k‘ pe

kPl e > 0.
Taking ¢ = k/h?, we get

lim lim k£2(k h) = 0.

h—o00 k—0

It follows that
(3.7) lim lim kﬁl(k: h) >

h—o0 k—0
Now, we have
Ly(k,h) = | &(Dv—6(0)DT;(v—u)
22(h)
+ | ®(Du—6(u) DT (u — hsign(v)),
25(h)
= L3(k,h) + L3(k, h)
where
L3(k,h) = | &(Du—6O(u))DT}(u— hsign(v))
22(h)
= S &(Du — O(u))Du > 0.
23 (k,h)
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And
Ly(k,h) = | &(Dv—6(v))DT}(v — u)
22(h)
= | o@v-06@w)Dv- | &Dv-6(v))Du
23 (k,h) 23 (k,h)
where
$25(k, h) = $22(h) N {|u — hsign(v)| < k},

1

2
Bk, h) = {lul < h: [o] > by Jo - < k).
By hypothesis (H3),

| &(Dv-6())Dv>o0.
02 (k,h)

By using Holder’s inequality, we get

1/p/ 1/
| eo- 6(@))Du‘ <( | Ipv-emp) ! (1 1Dwp) g
22 (k,h) 22 (k,h) 22 (k,h)
where 1/p + 1/p’ = 1. Thus, by applying Lemma we obtain
T |
hllngo ]&13% Z S &(Dv — O(v))Du = 0.
22 (k,h)
Then .
lim lim %ﬁé(k, h) >0,

h—oo k—0
In the same manner, we show that

lim Jim %(53(/{, h) + La(k, b)) > 0.

h—o00 k—0

Thus )
lim lim %II(k:, h) > 0.

h—o0 k—0

This implies that ||u — v|[; < 0. By induction we prove that
Vn=1,...,N, U"=V",

which gives the uniqueness of solution of problems (7). =

4. Stability. In this section, we give some a priori estimates for the dis-
crete entropy solution (U™)1<p<n which we use later to derive convergence
results for the Euler forward scheme.

THEOREM 4.1. Let hypotheses (Hy)~(Hs) be satisfied and 1 < p < d.
Then there exists a positive constant C(ug, f,g) depending on the data but
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not on N such that for allmn=1,..., N, we have
L. HUn”l < C(“O?fa )7

2. TZH@ ) ||1+TZ||7 oo < Cluo, £,9),

3. Z |U" = U1 < Cluo, £, 9),
1=1

4. > TITUYIR, < kC(uo, £, 9).

=1

Proof. 1 & 2: Taking ¢ = 0 as a test function in (3.1]) and dividing this
inequality by k, we obtain

o (@(Dmﬂ) QT (U) DT + 1!@(Tk<U">>|p>
0 p
T, (U%)

oD s T (

+7 | ()
0 k 0 k o8

i— 1 )
T fills + llgill 2 o) + Ul + kpr@(Tk(U D5

i.e.

T3.(U")
k

QD —
g

T S OZ(UZ)Tk(kUl) + 7 S 'Y(UZ)
2 o152

i— 1 %
< (il + lgill 1 o)) + 107l + ?p||@(Tk(U DIIB-
Using hypothesis (Hs) and letting £ — 0, we deduce by Fatou’s lemma that

41) U+ Tl + 7y (U L o0
< (I fill + gill o) + 1T

Summing (4.1)) from ¢ = 1 to n we obtain

U™ 1+ 7Y la@)lh + 7Y U on)
i=1 1=1

< fllr@ry + gl sy + lluolli
This implies inequalities 1 and 2.
3: Taking ¢ = Tp(U" — sign(U* — U*)) (h > 1) as a test function in
(3.1) and letting h — oo, we get, for k > 1,
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(4.2) 7 lim Z(k,h) + U = U1y
h—o0

< 7lllfills + lgill 1 o) + @)l + VT 2100,

where
Z(k,h) := | (DU’ — O(U")) DT} (U" — Th(U" — sign(U" — U™ 1)),
2
= | oDU -eW))DU),
2(k,h)NN2(k)
and
Qk,h) = {|U" = T, (U" = sign(U* = U 1))| <k},
Q(k) == {|U" = sign(U" = U] > h}.
As

Qk,h) N 2(k) C {k -1 <|U"| < k+h},
we conclude by using [2, Lemma 3.6] that
lim Z(k, h) = 0.
Thus, inequality (4.2) becomes

43) U = U e < 7lllfills + lgill 2oy + la@) I+ IV U L1 @0)-

Summing (4.3) from i = 1 to n and using the stability result 2, we obtain
the stability result 3.

4: In (3.1)), we take ¢ = 0 as a test function and use hypothesis (H1) to
get

7| @(DU* — O(U")) DTR(U") < kr{llfilly + I9ill ro0)) + KU =T 1.
n

Using the inequalities
(a4 b <277 YaP +bP), Va,beR" and 1<p < oo,
1 1 _
Sl =Sl < [€P7EE =), Ve meRY and 1<p <oo,

and hypothesis (H3), we deduce that
(44) 7| DTOL < krll fills + llgill o)) + KIU* = U1
Now, summing (4.4) from i = 1 to n and using the stability result 3, we get

n

Y TIT(U)IT, < kC(uo, f,9)- w

i=1
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5. Convergence and existence result. In this section, using the
above results, we build an entropy solution of problem (1.1)). We start by
giving the entropy formulation of the nonlinear parabolic problem ([1.1]).

DEFINITION 5.1. A measurable function v : Qr — R is an entropy
solution of the parabolic problem (1.1)) in Q7 if

uw € C0,T; LY (R), Ti(u) € LP(0,T; WP(02))

and for all £ > 0 we have

O e

| o(Du— 6(u)DT}(u— @) + | | () Th(u— @) + | | 7(w)Th(u — ¢)
(0] 09

< - (5 Titu= ) + § Au(0) = 4(0) - § Au(t) - o(0)
0 2
+\ )V M=)+ | gTh(u—¢)
08 0082
for all p € L>®(Qr) N LP(0,T; WHP(02)) nWL(0,T; L' (£2)) and t € [0, 7).

Now, we state our main result.

THEOREM 5.2. Let hypotheses (Hi)-(Hs) be satisfied and 1 < p < d.
Then the nonlinear parabolic problem (1.1)) has an entropy solution.

Proof. Let us introduce a piecewise linear extension (called the Rothe
function)

t—tn!
(5.1)  quN(t):=U" + (U - UMY :

-
Vtet" L', n=1,...,N, in £,

and a piecewise constant function

v (0) = wy,
(52) =N n n—1 n :
av(t):=U", Vtelt" N t"],n=1,...,N, in 2,

where t" := nr.

By Theorem for any N € N, the solution (U")i;<,<n of problems
(P,) is unique. Thus, vV and @V are uniquely defined. And by using the
stability results of Theorem we deduce the existence of a constant
C(T,up, f,g) not depending on N such that for all N € N, we have
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[ — ™| 11 (g < %C(T, uo, f,9),
HUN”LI(QT) < C(T,uo, f,9),
WN||L1(QT < C(T, o, f,9),
1% <etturo
L1(Qr)
(5.3) T3 (@) || oo m10(02) < KC(T w0, £ 9),

HOJ( )HLl (QT) < C(T u07f7 )7

v @) 1157y < C(T, w0, £, 9)-

LEMMA 5.3. Let hypotheses (H1)-(Hs) be satisfied and 1 < p < d. Then
the sequence (WY )nen converges in measure and a.e. in Qr.

Proof. Let €, r, k be positive numbers. For N, M € N, we have the inclu-
sion

{[a™ —uM| > r} c {[a™] >k} U {[a"] > k}
u{[aN| <k, [aM| <k, @ —aM| > r}.
On the one hand

1
7C(Ta Ug, f7 g)

— 1 rY:
meas{[@"| > k} < %HUNHLl(QT) < Lk

In the same manner we have
1

meas{|[z™ | > k} < EC(T’ uo, f, 9)-
Thus, for a sufficiently large k, we have
(5.4) meas({[@"| > k} U {[@"] > k}) < ¢/2.
On the other hand, by (5.3) we deduce that the sequence (T}, (u")yen)
is bounded in LP(Qr). Hence, there exists a subsequence, still denoted by
(Tp (@™ )) yen, that is a Cauchy sequence in LP(Qr) and in measure. Thus,
there exists Ny € N such that for all N, M > Ny, we have
(5.5) meas({|[a”| < k, [a™| <k, [@" —aM| > r}) < e/2.

Then, by (5.4) and (5.5)), (@")nen converges in measure. Therefore there
exists an element u € M(Qr) such that

¥ - u  ae inQr.w

Now, by (5.3),
(DT, (ﬂN))NeN is uniformly bounded in LP(Q7).
Hence there exists a subsequence, still denoted by (DT} (%)) nen, such that
(DTk(UN))NeN converges to an element V in LP(Qr).



Ezistence result for nonlinear parabolic problems with L'-data 499

But
T (@) converges to Ty(u) in LP(Qr).

Hence,
DTy, (@) converges to DT}, (u) weakly in LP(Qr),

and by we conclude that

Ti(u) € LP(0, T; W'P(02))  for all k > 0.
We now prove that (@) yen converges a.e. in Y. Set

A = {(to) € S [Tu(u(®)| < K}, Wk >0,

Since the operator trace 7 : WHP(2) — LP(02) is compact, there is a
constant C' > 0 such that

T T
VIR @™ () = Ta(u@) o) < C §IT@Y (6) = Ti(u(®))llwiaon)-
0 0

But T (@) — Tk (u) in L'(27); hence by a diagonal process, we can find a
subsequence @7 and a null subset D C Y such that

jli_}rélo(Tk(ﬂNj ) (z) = (Tk(u(t)))(x) for all (t,x) € Xr\D.

This implies that
lim @i (t,2) = v(t,z) for all ( U A\D,
j—o00
where
o(t, x) = (T (u(®))(x) if (£, 2) € Ap.
LEMMA 5.4. The sequence (uN)nen converges to u in C(0,T; L' (£2)).
Proof. Let (t" = nTN)n L and (t™ = m7y)M_, be two partitions of the
interval [0, 7] and let (u? (), @™ (t)), (u™(t),7™ (t)) be the semi-discrete so-
lutions defined by (5.1)), (5.2)) and corresponding to the respective partitions.
Let p € L®(Qr) N LP(0, T; WHP(2)) nWhL(0,T; LY(£2)) and t € [0,T]. We
rewrite (3.1) in the forms

t uN t
(5.6) <8387Tk(UN - s@)> +(§)§2¢(DuN —O@@") DTi(@" — ¢)

0
+\ a@)T @Y — ) + | | 1@ T @Y - o)
. 0 . 0082

<V AnTe@ =) +§ | onTe@™ — o)
00 000
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and

000
where
vt z) = fulx), gntz)=gulz) VEe|t" 1 t"],n=1,..., N.
fut,z) = fm(x), gu(t,x) =gm(z) Vtet™ L™, m=1,..., M.

Let o > 1. In inequality (5.6) we take ¢ = Tj(u™) and in inequality (5.7)
we take ¢ = Tj(u"). Summing both inequalities, we get, for k = 1,

t t
S <8(UN_UJVI),T1(UN — UM)> +IN7M(h> +S S a(ﬂN)Tl(ﬂN — Th(ﬂM))
0 08

+S S OZ(HM)Tl(HM — Th(HN))
00

+ S S @M)@Y - T, @) + @) Ty (@™ - Th(@")))
0692

WALCARTD) N_ .M ouN .

< Ty(u™ —u) ) — Ty (@ — Ty(@™))

¢/ ouM

-\ e D@ = Tu@)

H ST @Y = T @) + fuTa@ - T(@))
002

£ § lonTa @ = To(@™)) + g Ty (@ — T3, ()]
0

where
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We have

ES—

5 H O(uN — uM)
= ds

|71 (™ — ™)l Lo (@)
LY(Qr)

< 20(T, £, g, u0) | Ty (u™ — ™) L (@p)-

Since

. N _ .M _
lim T = ) e = 0.

we deduce that

t
: : A(u™ —u) N M
9 m g (T T -) =0
Similarly, we show that

t

lim lim <§<8g:7,T1(uN—Th(uM))>+§)<8;i\4,T1(uM—Th(uN))>>:O,

h—oo0 N,M—oco

lim lim S [fNT1(ﬂN — Th(HM)) + fMTl(EM - Th(ﬂN))] =0,
0

h—oo N,M—o00

lim lim S [gNT1(ﬂN — Th(aM)) +guTh (ﬂM - Th(ﬂN))] =0,
0

h—o0 N,M—oco

lim lim S S a@ )T @™ — T,@™)) +S S a@")T @ - T,@@")) = 0,
0 0

Jim [ [ @)@ - Ta@) + @) T @ - T @) = 0.
’ 0082

Then, letting N, M — oo and h — oo, we get

(5.9)

lim i § O™ =) 1 — ) 4 e lim Tyar(h) <0
hLHc}oN,AIJIEOOO 0s ) SN Y h1—>n;oN,]\}IH~l>oo N.M -

Since

<(89::,Tk(11)> = (Z(S)Jk(v) in L'(J0,TY),
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inequality (5.9) becomes
(5.10) N]l\i/[rgooSJl(uN(t)—u () + hm lim Iy (k) <O0.
’ n

h—o0 N,M —oc0o

Now, we show that

lim lim Inam(h)>0.
h—o0 N,M—o00

We consider the decomposition

Ina(h) = Z Li(h),
where

Lith) = | | o -o@"))pT @ - T,@"))
0

| oDu" - o@")DTy(@" - T),(@"Y)),
(

and
2 (h) ={[u™| < h, M| < b}, (k) = {[@"] < h, [@] > B},
23(h) = {[@"| > h, @ < h},  Q24(h) = {[@"| > h, [@"| > h}.

On the one hand, we have
Lih) =\ | [o@a" -oe@")) - oD - o@"))D@" - a)
0021 (h)

= | | o3 -e@") - o(na" - o@"))we(@",a")

0

+] | [e(a" —e@") - o - o@")|(O@") - 6 @)

0
>\ | [@(DT@) -6 (Ty@"))-o(DTy@" ) - (T,@"))| s @™, w™),
Vo (@, aM) = Da — o@@") — (DM — o@M)),

Ab@™,aM) = (1, @) - (T, @),
QL) = {7 < b ] < b, [ — ) < 1,
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Since
O(Ty(@")) — O(T, (@) — 0 strongly in LP(Qr)
and
(DT, (") — O(Ty(@"))) — B(DTx(u") — O(Ty(u')))
converges weakly in L' (Qr), it follows that the integral

| | [@(DT,@Y) — o(Th@"))) — (DT (@) — O(T (@™)))) Al (@, u)
0 2, (k)

tends to zero. Therefore

lim lim Li(h) >0.
h—o0 N,M —oc0o

On the other hand, we have

where
Q1(h) = {|[@™| < h, [@™]| > h, [@ — hsign(@V)| < 1},
Q3(h) = {[@™| < h, [@ > n, [@" —a"| <1}

Now, taking ¢ = Tj, (@) in (5.6), we deduce that

t
Jim_ Jim | | d(Du™ —o@@V)DuN =0, Vk > 0.
This implies
t
(5.11) Jim lim | | DuN —e@M)P =0, Vk>0,
TETT0 (< <herky
t
(5.12) lim lim | | DTV PP =0, VEk>O0.

h—oo N—oo
0 {h<[u"|<h+k}
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, ot
(5 o) (g o)™
0 {h<|aM|<h+1} 0 {h—1<@N|<h}

Thus (5.11)) and (5.12)) give
t

. —M —M =N _
N}}\anoox S ¢(Du™ — O(u™))Du =0,
0023(h)

which implies that

lim lim Ly(h) > 0.
h—o0 N,M —oc0

Similarly, we show that
lim lim (Ls(k,h)+ La(k,h)) > 0.

h—o0 N,M —oc0
Therefore
lim lim I(h) > 0.
h—o0 N—o0
Thus becomes
. Ny oM _

(5.13) N}\}rgooézth(u (t) — uM(t)) = 0.
Since

1

5 | [ () — ™M (1) + | ™ () — u™ ()]

{lulN —uM|<1} {luN —uM|>1}
< | I (1) — (1)),
Q
we have
| ™ () — (1)
0
= | ™ () — ™ (1)] + | [N () — uM(1)]
{luN —uM|<1} {luN —uM|>1}
1/2
<a@( | o-MoR)T+ | Yo -uMe)
{luN —uM|<1} {luN —uM|>1}

+ | T () — uM ().
2 9]
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By (5.13), we deduce that (u")nen is a Cauchy sequence in C(0, T; L' (£2)).
Hence (u’V)yen converges to u in C(0,T; LY(£2)). =

Now, we prove that the limit function u is an entropy solution of the
problem (T.1)). Since u™N(0) = U% = v for all N € N, we have u(0,-) = ug,
and inequality ([5.6)) implies

(6.14 . |
S<c‘9s’T’€(“N—90) —Tk(uN—cp)> +4 § e(Du" —o@) DTy (" — ¢)
0 098

t t

+ |V a@T@Y — o)+ | @)@ - o)
092 000
t 9 . N i

: S<a Tilu ‘P)>+8Jk(“ (0) = (0)) = § Ju(w™ () = (t))

0 0 p-

+S S fNTk - +S S gNTk(ﬂN —(’0)‘
0% 0002

et k =k + |¢llo- Then

O ey

| o(Da" - 0@")) DT (@Y - ¢)
9

Ot o+ O e

| 2(DT(@") — O(T3(a™))) DT (T (™) — ¢)
9

|[@(DT (@) — O(T; (@) DTy
(9

— &(DTH(@") — (T (™)) Dl Lo b,

where Q(N, k) = {|T(@") - 4| < }.
Thus, the inequality (5.14) becomes

N
6U _N
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t t
+ Je@)T@ — ) + | | v@) T @ - )
0 0082
< J{GEY = ) + L 0) = p(0) - [ A (@) - pt0)
0 2 (9]
+\ Vi@ — ) + | | onTi@™ - ‘P)SS1|9(TE(EN))|p1Q(N,k)-
08 0052 OQp
On the one hand, we have
(5.15) O(T3(upn)) — O(T3(u))  strongly in LP(Qr),
(5.16) DT(a") — DT;(u))  weakly in LP(Qr).

Thus,
B(DT(a") — O(Tp(u"))) — B(DTy(u) — O(T(w)))  weakly in L (Qr).
Now, as Dplg(n,k) converges in LP(Qr), we get

t

|V o(DT@") — (T (@) Do1gn
098

— || #(DT;(u) — O(Ty(w)) D1,
0N

where Q(k) = {|T3(u) — | < k}.
Using inequality (3.3]), we deduce that

DT~ ST DT + 1 TP | 100s) 2 0

Therefore, by (5.15)), (5.16) and Fatou’s lemma,

i [ (DT (u) — O(T(u))) DT () + 1|@<Tk<u>>\p} Lo
00N p

t

< liminf | | <§Z5(DTk(uN )—O(Tx(@"))) DT;(a") +1!8(Tg(ﬂN ))\p> Lok
09 p

As, by hypothesis (Hs), we have
O(TH@") P < (Ck)?,
this implies by (5.15)) and the Dominated Convergence Theorem that
¢ ¢

V@@ ) g0 — - 1§ 19T ) Pou

09 09
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By Lemma we deduce that u™¥(t) — u(t) in L'(£2) for all ¢t € [0,T],
which implies that

517)  § N (@) = @) = § Te(ult) = o(t), Vi€ [0,T].
9} 2

We follow the technique used in the proof of equality (5.8 to show that

L ouN
(5.18) ]\}EHOOS<88,T14(UN_§0) _Tk(uN_QO)> =0.

Finally, letting N — oo and using the above results, the continuities of «,
~ and the facts that

INn—f in L'(Qr),
gN — g in LY(27),
T (™ — ) = Ti(u—)  in L=(Qr),
Ti(@" — @) = Ti(u— ) in L(Zr),

we deduce that u is an entropy solution of the nonlinear parabolic problem

T -
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