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GLOBAL EXISTENCE
OF SOLUTIONS FOR INCOMPRESSIBLE
MAGNETOHYDRODYNAMIC EQUATIONS

Abstract. Global-in-time existence of solutions for incompressible mag-
netohydrodynamic fluid equations in a bounded domain 2 C R? with the
boundary slip conditions is proved. The proof is based on the potential
method. The existence is proved in a class of functions such that the veloc-
ity and the magnetic field belong to W2'(£2 x (0,T)) and the pressure ¢
satisfies Vg € L, (2 x (0,T)) for p > 7/3.

1. Introduction. In a bounded domain 2 C R3 with boundary S we
consider the initial-boundary value problem for the equations of incompress-
ible magnetohydrodynamics (see [4, 7])

Ow +v-Vu+V(g+ H?/2)

~H-VH —-vAv=f in 27 = 2 x(0,T),

dive =0 in 27,
OH+v-VH—H-Vv—v,AH=0 in 027,

divH =0 in N7,

(1.1)

D) Toa+70 -Ta=0 in 27,

v-n=0 on ST =5 x (0,7),
H=0 on ST,

U‘t—o = U(O) in ‘97

H|i—o = H(0) in 02,
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where v = v(z, t) is the velocity of the fluid, H = H(x,t) the magnetic field,
f = f(x,t) the external force, @ the unit outward vector normal to S, 7,
a = 1,2, tangent vectors to S, ¢ = q(z,t) the pressure, v > 0 the constant
slip coefficient. Moreover, D(v) = {vis; + Vjz, }ij=1,2,3 is the dilatation
tensor.

The aim of this paper is to prove the global-in-time existence of solutions
to (1.1) with small data in the L,-approach.

Now we recall some results concerning mathematical questions of equa-
tions of magnetohydrodynamics (mhd). The first results on global existence
of weak solutions to various initial-boundary value problems for mhd equa-
tions were given in [5, 6]. In these papers global existence of strong solutions
in 2d and in the axially symmetric case was also proved. Moreover, global
existence of regular solutions for small data was obtained.

In [8] existence, regularity and global properties of solutions of mhd
equations such as global estimates, invariant sets, attracting sets have been
obtained.

In [9, 10] by applying the semigroup technique global existence of regular
solutions of mhd equations was proved under either smallness assumptions
or some geometrical restrictions (2d, axially symmetric case).

Finally in [11] Stupialis has proved the existence of local solutions to the
mhd equations such that the displacement term is taken into account.

In this paper we present a very simple and short proof of existence of
global regular solutions to problem (1.1).

The main result can be stated as follows

THEOREM. Let f € L,(027), f(0) € La(£2), p > 7/3, and let (v(0), H(0))

belong to W;iQ/p(Q). Assume that || f ()| ry(2) < 11 F(0)]1o(20e™ M for some
A >0 and f(t) describes dependence on time only. Let

A= fllym) + 10Oy 2-2rm gy + IE O yya-210

Assume that A is so small that ¢TY? < 1. Assume also that S € C2.
Then there exists a solution for problem (1.1) such that (v, H) € W2 (227),
Vq € L,(27) and the following estimate holds:
||U||Wg’1(9k) + ||H|‘W§~1(Qk) + ||VQ||LP(Qk)

< c(Ifllz,(@x (k—1)To,(k+1)T0) T Hv(k)ng—z/P(n) + HH(k)HWE‘”’*(QQ’

where 2, = 2 x (kTy, (k+ 1)Ty) for k € N, Ty > 0 and c is independent of
time.

2. Notation and auxiliary results. In our considerations we will need
anisotropic Sobolev spaces W;"’”(QT), where m,n € Ry U {0}, p > 1, and



Incompressible magnetohydrodynamic equations 203

27 = 2 x (0,T) with the norm

p p p
HUH m ”(_QT) HUH m O(QT) + HUHWZ?'”(QT)
where
T
102 oy = § 1oy @t 0l ey = § 0l 0y
0 Q
for
ID v(z,t) — Dyv(y, 1)
P _ P
ol = D ID2olE, 0+ D ) ) Y,
| <[m] lal=[m] 2 2
TT
Dt,v(m t")|P ,
P S A S T ,t_t,|1+p<n e’
18] <[n] |B|=[n] 0 O

where s = dim §2; [m] is the integral part of m; D¢ is the derivative in the
distributional sense; Dy = 09! ...09%; a = (a1, ..., as) is a multiindex.
We will use the following results.

LEMMA 2.1 ([2]). Let f e Ly(27), G € WHO(2T) and p > 2. Assume
that there exist functions A, B € L,(027) such that ;G —div f = divB+ A
and diamsupp A < 2\ for sufficiently small \y > 0. Let v(0) € Wﬁ‘””(ﬁ),

1-1/p,1/2—1/2p  oT 2-1/p,1-1/2p  oT — T
be W, (S1), bs € W, (S%), where b = (b1, b2,0)".
Then there exists a solution of the problem

o —vAv+Vq=f,

dive = G,

D) To+70 Talgr =bs  (a=1,2),
v - ﬁ|ST = b3,

vli=0 = v(0),
such that v € Wg’l(QT), Vq € L,(2T), and the following estimate holds:
[ollwz1ory +IVallz,er) < (D) Ifllz,027) + 1Bz, @) + MlAllL,0r)
+ HGHWI}'O(QT) + HbHWZ}*l/Pvl/Q*l/?P(ST)
Bl -7 o, + 10O 270

where ¢(T') is an increasing positive function of T.

LEMMA 2.2. Let u,0 € W2H(2T) and u(0),v(0) € W, */P(£2), £2 C R3.
Assume that p > 7/3. Then
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sup v

lwz=2rr (0

|u- Vo[, er) < TP Sltlp ||U”W5—2/p(m

< T/ (fullyz gy + 100y ) (1l ey + 1000) -2 )

where ¢ does not depend on T'.

3. Existence. To prove the local existence we utilize the following
method of successive approximations:

at’Un — VAUn + an
=f—vn_1 Vo1 + Hy1-VH,_1 = V(H._,/2),

divw, =0,
atHn - Z/O'AHTL = anl : V’Un,1 —Un—1- Vanlv
(3.1) div H, = 0,

n-D(n) Ta+70n Ta=0, a=1,2,

and Vo :HO =0.

LEMMA 3.1. Assume that f € L,(27), v(0) € ngQ/p(Q), H(0) €
ngz/p(ﬂ), p > 7/3. Then there exists To > 0 such that for all T < T
system (1.1) has a unique solution v € WP (2T), H e W>'(2T), Vq €
L,(027), and the following estimate holds:

(32) ol om + [l o) + Il ory
< D) yim + 00O y-2rs ) + IHO s )
Proof. Let
Xi(T) = ||Uk||wg~1(QT) + ||Hk||wg’1(QT)v

d(T) = |o(T) T y2210 0

lwz2rm()
In view of Lemmas 2.1, 2.2 and the imbeddings W2 (27) C L, (£27),
VIVEHOT) C Loy (QF), Wy *P(2) © Ly, (2), VW *7(0) C Lo, ()
with 5/p —5/q1 < 2, 5/p—5/q2 < 1,5/p—3/g3 < 2, 5/p—3/qs < 1
(see [1, 3]) we have

(3-3) Xa(T) < TVP(X7_4(T) +d(0) + e([If |, om) + d(0)).
Suppose that

(3.4) X, (T) < A
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and
(3.5) TP (A2 +d2(0)) + c(|I |, r) +d(0) < A
Then we have the estimate
(3.6) X, (T) < A
for all n € N.
To satisfy condition (3.5) we assume
(3.7) TYPA<1/2
and
(38) TP (0) + (||l ) +(0)) < 5 A

Then for small A we have T' < (1/2cA)P, and then by (3.8), the data must
be suitably small. N

To show convergence we introduce the differences v,, = v,, —v_1, H,, =
H,— H,_1, ¢ = qn — qn_1. They satisfy the following system of equations
for n > 2:

Up — VAU, + VG = — (Un—1 - VUp_1 4+ vp—2-VU,_1)
— (Hp_1-VHy 1+ Hp_o-VH, 1)
— (ﬁn—lian—li + Hn—QiVﬁn—li)

divy, =0,

O H, — voAH, = Hy_1 - Vvn_1 + Hp_2-Vn_1

(3.9) — (n—2 - VHny 1 +Vp_2- VH,_1),

div H, =0,

Up -1 =0,

- D(Vp) Ta + 70 Ta =0,

Hn:O7

an|t:0 = 07 ﬁ[n|t:0 = 07

where the summation over 7 is assumed.
Let us introduce

Ih(T) = HinHW,?*l(QT) + HH"‘|W371(QT)'
From (3.9) we obtain
(3.10) I,(T) < ¢TYP AL, _((T).

Hence for ¢T?/? A < 1 we have convergence. This ends the proof.



206 W. Alame and W. M. Zajaczkowski

To prove the global existence we have to control the initial data in order
to be able to apply Lemma 3.1.

LEMMA 3.2. Assume that f € L,(27), f(0) € La(92), 2 is a bounded
domain, and let || f|| r,) < [1f(0)|| o€, A > 0. Assume that the Korn
inequality (3.13) is valid. Then the following decay estimate holds:

(3.11) 012, + H 2, < ce=t  for cg > 0.

Proof. Multiplying (1.1); by v and (1.1)3 by H, adding, integrating over
{2 and using the boundary conditions we obtain

d
(3.12) %(HUH%Z(Q) +HI, ) + v IVHIZ, 0

+ D)7, 00 + v TlZ s = | f - vda.
0
Assume that we have the Korn inequality

(3.13) lol7 () < D)L,
Then (3.12) implies

d
(3.14) %(HU”%Q(Q) + ”HH%z(Q)) + V’(”UH%Q(Q) + HHH%z(Q))

<l flza@lvllLa (o)
where v/ = min{v, v, }.
Let
a(t) = ()L, o) + HH O, 0)-

Then (3.14) implies
(3.15) & (a()e”) < e FO e
Integrating (3.15) with respect to time gives

t
(3.16) a(t) < ce "I F(E)13, e’ dt' + e a(0).

0
Using the decay assumption

1F Ol za2) < IO oere™™
we obtain
(3.17) a(t) < ce M| F(0)[ 7 + € (0).
This ends the proof.
REMARK 3.3. If (3.13) does not hold, we obtain from (3.12) the inequal-
ity d
E(HUHQLQ(Q) + ||HH%2(Q))1/2 <cllfllz.e
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SO
t

(318) J[v(®)lpac) + 1H @)l 2a(2) < Y 1F @) 2a00) dt’
0

+ (0] L2(2) + [H(O)] Lo (2)-

Proof of the Theorem. To prove global existence we introduce a smooth

function
1 fort>1Ty,

— (T4, Ty, t) = T > To.
¢ =TT t) {0 fort <Tp, 7

Let v = v(, H= H(, q=qC, f: f¢. Then problem (1.1) takes the form
O —VvAT+Vi=f—v-Vio—H-VH— H;VH; +v(,

dive = 0,
OH —vy,AH =H -Vi—v-VH+ H(,
divH =0
(3.19) o ’
v-mls =0,

D) To+90 Tals =0,
H|, =0,
iﬂt:O = Oa ﬁ|t:0 = 07

where |¢| < ¢/(Ty — T») and summation over repeated indices is assumed.

Assume that we have proved local existence up to time 1" > Ty. Then
from (3.19) we have

(3.20)  d(T) = [[o(T) + | H(T)

lwz=22(0) 2272
< Pl ory + 1 Hllwz ory) < el fllz,or) + TP A%)
Ty

1
+ T =T Vo) Loy + 1 HE) | Lo(e) dt’

T>
< c(|fllz,@x(1em)) + (T)*/7 A%)
L1
(Th — T2)
Assuming that T is large, T7 — T» small compared to T but still large, and
using the decay estimate for f we can assume

(321) HfHLp(QX(Tz,Tﬂ) + (Tl - T2)2/PA2

7 Sw ([v®l.e) + 1H L. (2) < d(0).
1 — T2 e(rymy)

sup([[v(®)llzo(2) + [ H () 2a(2)

+
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This enables continuation of the local solution. For any k¥ € N and Ty =

T —

T, we have (see Lemma 3.2, Remark 3.3)

(322)  [If (o) + (Th = To)*/P A

1
+ s sub ([l + H O] L,2) < d(0),
(T = T2) tero,(k+1)To)

where 2, = 2 x (kTy, (k+ 1)Tp). Hence

(3.23) HUHW]f’l(Qk) + HHHW;?’I(Qk) < C(HfHLp(Qk) +d(0))
for sufficiently small initial data.

This ends the proof of existence of global solutions.
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