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LOCAL EXISTENCE OF SOLUTIONS OF THE FREE
BOUNDARY PROBLEM FOR THE EQUATIONS OF
A MAGNETOHYDRODYNAMIC COMPRESSIBLE FLUID

Abstract. Local existence of solutions for the equations describing the
motion of a magnetohydrodynamic compressible fluid in a domain bounded
by a free surface is proved. In the exterior domain we have an electromag-
netic field which is generated by some currents located on a fixed boundary.
First by the Galerkin method and regularization techniques the existence
of solutions of the linearized equations is proved, next by the method of
successive aproximations local existence to the nonlinear problem is shown.

1. Introduction. In this paper we prove the existence of a local so-
lution to the equations describing the motion of a magnetohydrodynamic
compressible fluid in a domain 2; C R? bounded by a free surface S;. In
a domain D; C R? which is exterior to 2, we have a gas under constant
pressure py. Moreover in D; we have an electromagnetic field generated by
some currents located on a fixed boundary B of D;.

In the domain (2; the motion is described by the following problem:

1 1 1 ~
o(vi +v-Vuv) —divT(v,p) — pH - VH + i VH* = f  in 27,

o1 +div(ov) =0 in 2T,
(1.1) Mlﬁl — _rotE in 27,
rot]all:al(l*l?—i—ulvxﬁl) in 27,
div(u H) = 0 in O,
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210 P. Kacprzyk

where: 27 = Uo<i<r 2t x {t}, v = v(z,t) is the velocity of the fluid,

1 1
p = p(o) the pressure, o = o(z,t) the density, H = H(x,t) the magnetic
field, f = f(x,t) the external force field per unit mass, u; the constant
1 1

magnetic permeability, o1 the constant electric conductivity, E = E(x,t)
the electric field,

(1.2) T(v,p) = D(v) — pl
the stress tensor, where I is the unit matrix and
(13) ]D)(U) = {u(amvj + 81;jvi) + (l/ — /14)51']‘ div U}i7j:1,2,3

is the dilatation tensor, and v, u the viscosity coefficients of the fluid.

In the domain D; which is a dielectric (gas) we assume that there is no
fluid motion inside (v = 0). Therefore we have the electromagnetic field only
described by the following system:

2 2 ~

pwoHy = —rot £ in DT,
2 2 ~

(1.4) rot H = 0o F in DT,
2 ~

div(ueH) =0  in DT,

where DT = Jyc,cp Di % {t}.
On S; = 042; N 0D, we assume the following transmission and boundary
conditions:

n-T(v,p) = —pon on ST,

1 1 1 2 ~
—H=—H on ST,

01 09

(1.5) 1 5 ~
E-1n=E-1,, a=1,2onS7T,

P T
= — on S*,

V|

where §7 = Uo<i<r St x {t}, n is the unit vector outward to 2; and normal
to Sy, T, a = 1,2, is a tangent vector to Sy, and ¢(x,t) = 0 describes S; at
least locally.

Next we assume the following boundary conditions on B:

;I =H, onB,
(1.6)

2
E=F, onB,

where H, and F, are connected by
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1
0oFm = m (aﬂ (H*T1AT2) - aTQ(H*TlATl))’
1
NQatH*n - m (872(E*T1A71) - aTl(E*TzATz))7

_8ta7'1 (H*Tl A’TQA?’L) - ataTg (H*TQATl An) = 871 872 (E*nAn)
_M28T1 (ATQATSatH*Tl) - M287'2 (ATl ATaatH*‘m) - 87’26T1 (E*nAn)a

where (71,72, n) are curvilinear coordinates and A,,, A,,, A, are the Lamé
coefficients of the transformation (11, 72,n) — (21,2, z3).

Finally, we assume the initial conditions
Qilt=0 =92,  Silt=0 =S,  Di|t=0 = D,
(1.7) olt=0 = 00,  V|t=0 = o, Ilﬂt:O = I'}o in {2,
Iiﬂt:() = Ile() in D.

To prove the existence of solutions to the above problem we introduce
the Lagrangian coordinates £ € 2. The Lagrangian coordinates connected
with the velocity v are the initial data for the Cauchy problem

dx
(18) E = ’U(CC,t), .T|t:0 = 5 € .
Therefore z,(§,t) = £ + Sg (&, 7) dr, where

5(5,15) = ’U(:Bv(f,t),t).

To introduce the Lagrangian coordinates in D; we extend v on D;. Let us
denote the extended function by v’. Then we define £ € D to be the Cauchy
data to the problem

d
(1.9) & V(at), al—o=¢E€D.
dt
Therefore x,/(&,t) = £+ Sé v’ (&, 7)dr, where ' (£,t) = v'(xy(&,t),t). Then
by (11)5,
Q={zeR3:z=u1,1), €2},
S, ={x eR®:z=ux,(1), £ €S}
Since S; is determined at least locally by ¢(z,t) = 0, S is described by
d(xy(&,t),t)|t=0 = 0. Moreover, we have

o _ Vao(z,t)
Ty = n(xy,(§,t),t) = |Vod(z,1)] m:xv(g,t)‘
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We introduce the following notation:

ull,g = llullai(q) Qe {02,8,D,II,B}, 0<I€Z,
lullkpg,0r = lullz,0rwe@)y, @ €{92,5,D,1I, B},
p,q € [1, 0], 0<keZ,

where Q' = Q x (0,1),
lulp.@ = llullz, @, @Q€{2,8,D,II,B}, pe]l o]
2. Weak solutions. Weak solutions to problem (1.1)—(1.7) are defined
in Lagrangian coordinates.

DEFINITION 2.1. By a weak solution for problem (1.1)-(1.7) we mean
functions v, H which satisfy the integral identities

T T 1 1

21) || (@0:@+D, (0)Dy (7)1, d¢ dt—| X(ulﬁvvﬁa—mvvﬁ?@)lvdgdt
04 T - 0 T
=\ | for, d¢dt — \ (B — po)n,@l, dé, dt + | | V,pl, d€ dt,
0N 0s 0N

T
(22) | §(-pBT — @V T+~ vot, Frot, )T, dé di
011

T T
SSMl(va)rot oI, dEdt = iH (M, x B )OI, dég dt,
00 92 5 p

where ¢, 1 are sufficiently regular, and 7, is the unit outward vector normal
to S or B.

In (2.1), (2-2) we use the notation A(£,t) = A(z,(&,1),1),

2
Hlo=H, H|p=H, o|lg=01, o|p=o2,
II'=02UD, plog=pm, plp=pe.

In (2.2), v is the extension on I1,

Dy (0) = {11(02,6x Ve, 0j + 00, §k Ve, i) + (v — 1)dij divy Uhi j=1,2.3,
rot, v = V, X7,
Vo =04 Ve, div,T=V, -T=0,&VeTi, 0O =Veg,.

Let A be the Jacobi matrix of the transformation x = x,(&,t). Then

t

det A = exp (Sdivv6d7> =1,
0
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and if
sup sup |Veo| <p
£enNte(0,7)]

then
0<cr(1—pt)® <det{fex} < ea(l+4 put)®, tel0,T],
where ¢y, co are constants and T is sufficiently small.
Moreover x; = d;; + S 0esv' (&, 7) dr and &, = %—1_ Then we get

t t

sup|a:5]<1+sup8|5 |d7‘<1+cS||v
e 29 0

t

<1+ecVt S 13,0 dr < 1+ eVt |[0]|3,2,2,00 -
0

is an increasing

Hence sup, ¢, |&:] < ¢(a), where a = /||
positive function.

To prove the existence of a solution to the above problem we introduce
Lagrangian coordinates connected with a given divergence-free function u.
Moreover we linearize the nonlinear terms with v in (2.1) writing them in

1
the form uVv and u x H. Then from (2.1), (2.2) we get
T

(23) |} (@@ +Du(@®)Du(P)) 1, dé di
0N

1

T 1 1
~\ VBV H -5 - 1V, H?P)I, d¢ dt
0

T T
= | fer d¢dt — \ \(p — po)mu@lL. dé, dt +
08 0S8

O e

\ VBl d¢ dt,
2

T 1
(2.4) S S (—M.F_Izzt — paV Hp + = rot, H rot, 15) I, d¢dt

011

T T
SS,u,luxH)rot oI, ddt = HnuxE YOI, dé g dt,
00 0B
1
where u, H' are given functions and moreover g is such that

0<pe <0< " <00, wherep,,p*€R.

3. Existence and regularity of solutions of the linearized prob-
lem (2.3). To prove the existence of solutions to the problem (2.3), (2.4)
we use the Galerkin method. Take a basis {@ } in La(£2) and {1} in Lo(IT).
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Then we are looking for an approximate solution in the form

(3.1) Tn = ra(OPk(), Hp= din(t)Pu()
k=1 k=1
where the functions cgn, dign, kK = 1,...,n, are solutions of the following

system of ordinary differential equations:

(32) (@U@ + Du(Tn)Du(@0)) L dE

@ 1 1 1
= {(H'V H'@ — VuH?B)) I, dE
kP
= | fouluds — (B — po)nu@l. dés + | VDL, d€ dt,
2 S 2

— - — — 1 — —
I

- S Ml(H X }%) rOtu &klu df = i S(ﬁu X E*)qzju dﬁB:
Q 92

for k =1,...,n. The equations (3.2), (3.3) can be written in the form

d Ckn + akz( )Cin = fk(t)a

3.2

(32), 0
d

(3.3)1 E dnk: + bkz(t)dm = gk (t)7

where k = 1,...,n, and summation over repeated indices is assumed. Then

from (3.2), (3.3) we see that

1
S |ari (t)] dt < o(a)(|H' |17 5,00 + 1),

ks O
T
Y Vbl dt < p(a)(|[T]F 55,0 + 1),

ky O
where a = TV/2|||3,9.2. 0t and ¢ is an increasing positive function.

Next we have to assume that

sup sup |[I —&,| <4,
tel0,T) €2

where 0 is sufficiently small and I is the unit matrix.

1
LEMMA 3.1. Assume that H' € Loo(0,T,La(£2)) N La(0,T, H3(£2));

1
f,H} € Ly(0,T, Lo($2)); W € La(0,T, H3(£2)); 0,0, € L2(0, T, H*(82)). Then
for solutions of (3.2) the following inequality holds:
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1
(3.4) ||”n||0 2,00,0t T ||"UnH1 00,0t < alt,a, HQtH1,2,2,Qt)[||H/”0 2, 00,82t

9Ly 4y

: (6Hf7’|!§,2,2,m + 0(5)t(||H/(0)||3,9 + IIEQIIE,Q,W))

+ C||f||3,2,2,m + ”@H%,z,z,m] + S 2(0)7(0) d¢,
Q

where « is an increasing positive function.

Proof. Multiplying (3.2) by ¢k, and summing over k from 1 to n we get

33) 5§ (g + IDuE?) e

2
02

=y \(H'V H'D, — V., H?%*3,)I, d¢

+ fﬁnIu d§ - S(p_pO)ﬁuﬁnIu dé-S + S vuﬁﬂnlu df
2 s Q
Using the Korn inequality we get

1 1
(3.6) 0Un Ly d€+c|[Tnllf o < (@) | H'|[§ o1 H'|3 o+l B~ po)ullg s

@)

+ 171132 + clTnllf.e + ¢ § ([2:] + 2ldive @) [0n| L, d€ + c|[PII7 -
2

Integrating with respect to time and using the Gronwall inequality we
get (3.4).

To obtain more regular solutions to (3.2) we show

LEMMA 3.2. Let the assumptions of Lemma 3.1 be satisfied and ©(0) €
HY(£2). Then

1 1

(37 [Tntl§ 22,00 + 10nlli 200,00 < @t )1 H'I[G 2,00,0¢ I H'[3 2,2,

+c(@t(IH 0)II5,0 + HIIG 2,2,00)) + €l 5 2,2,00 + [T(O)IF 2

+ CH”nHoz 2,0t +5antH1 22,0t T HQH1 2.2.0t);

9Ly 4y 9Ly 4y 9Ly 4y

where « is an increasing positive function.
Proof. Multiplying (3.2) by %ckn and summing over k from 1 to n we
get

V(@72 + Du(0n)Du (Trt)) L d€ = pa \ (' W H g — Vo H Tpy) I, dE
2

9]
+ S f tI df S p pO nuvnt-[ d&S + S vuﬁﬁnt-[u df
S 2
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Using the Holder and Young inequalities we get
_ d _
(38)  nellg. + 2 IPu(@n)5,0
< (@) (|13, ol H'13. + § 1e] 1D ()| [Tl T €
19

+ll(B = po)allg s + cll I3 @ + ellTntl o + 1711 o-

Integrating (3.8) with respect to time and using the Korn and Gronwall
inequalities we get (3.7).

To estimate ||Up||1,2,2,0t we need the following result.
LEMMA 3.3. Let the assumptions of Lemma 3.2 be satisfied and
1 1
ft € Lo(0,T,Lo(2)), H',H}, € Loo(0,T, H*(£2)),
| 2(0)77(0) d¢ < .
e
Then
(3:9)  11Tnellg 200,000 + 1TnellF 22,00 < @, tl[T,32,2,00) | (ElNTZ 2,2,
2 2 2 =4
+ c(@)t(|[ell,2,2,00 + 1E(0)16,2)) IPnl1 2,00, 20 + H'1[7 2,00, 2¢)

1

1 1 1
+ I 900,00 (I H' |13 0.9, + c(t(H (0I5 o + 1 HilIG 2.2.000)
— 2 T 112 — O —2 O d — 112
+ cl[Onellg 22,00 +cllfillg2,2,00 + S 0(0)v;(0) d€ + [[2,1I5 2.2, 2t
Q

+ 1213 22,00 ]

Proof. Differentiating (3.2) with respect to ¢, multiplying by %ckn, sum-
ming over k from 1 to n and using the Korn, Hélder and Young inequalities
we get

d,__ _ _ _ _
(310) 2 [ETnil o + [Tutld o < (@) Tellow,2 (<TellF 2 + 1717
1
_ = __ 1 _ __
|l o + I + § 002 d€) + —[[@illa,c § 2021 d
Q Ox Q
i2i2 2 2 2
N I3 2+ lTnel? o] + ellFeld o + cll (B = po)ucll s

+Tuell§ 2 + 17117 -

Integrating (3.10) with respect to ¢ and using the Gronwall inequality we
get (3.9).
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From Lemmas 3.1-3.3 we have

LEMMA 3.4. Let the assumptions of Lemmas 3.1-3.3 be satisfied, and
@7 @t € L2(07T7 HQ(Q))a @tt € L2(07T7 LQ(Q» Then

T l1F 22,00 + [Tntllf 22,00 + [T0ll3 2,00, 20 + [Tt 52,00, 02

1 1
< alt,a, |8 ll2.2.2,00) [ H'|I5 22,00 + (LG 22,00
1 1 1
+H O )15 2,00,00 + 1H'IF 2,00,00) + (N3 2,2,00

1
+ (@[S 22,00 + 1TONE NI I17 2,00,00 + €llF 52,2, 0

+ el Filld oo + | 20)72(0) d€ + [5,(0)]13 , + | 2(0)77(0) d¢
0 0

+ [T 0)lI5. + (l2ll3 22,000 + 1213 2.2.020)

+ (@215 2,2,00 + 205 22,00 + [2O)IG 0 + 112, (0)1[5,2)] = F,

where « s an increasing positive function.
Now choosing a subsequence and letting n — oo we get

LEMMA 3.5. Let the assumptions of Lemmas 3.1-3.4 be satisfied. Then
there exists a weak solution of problem (3.2) such that v € Loo(0,T, H*(£2))N
Lo(0,T, HY(£2)); vy € L2(0,T, H'(2)) N Loo(0, T, L2(£2)) and

91T 22,00 + T2l 2.2, 20 + 1017 2,00, 020 + [Tl 2,00, 20 < F-

To show that ¥ € Ly (0, T, H3(£2)) we consider the following elliptic prob-
lem:

1 1 1
(317) div, Dy () = 00, + mH'V H + 1 H?* + f+V,p in 07T,

ﬁuDu(E) = (ﬁ _pO)ﬁu on ST-

Using in (3.17) the regularization technique for elliptic problems (see [7])
and Lemma 3.5 we get

LEMMA 3.6. Let the assumptions of Lemma 3.5 be satisfied and H' ¢
Loo(0,T,H*(£2)); f,0 € Lo(0,T, H*(£2)). Then

1

1 1
(3.18)  [[9ll5 22,000 < (@, OLNH'IIE 22,000 + 113 2,00, 020) (€|l H[13 2.2,

1

1
+e(@t(IHH (0)I[5 00 + IHLE 2,2,00)) + [Tl 22,00
ST 22,00 + 12113 22,00 + P03, 0]
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To show that v, € Lo(0,T, H?(2)) we differentiate (3.17) with respect
to t. Then we get the following parabolic problem:

Eﬂtt — leu Du (ﬁt) = (dlvu)tDu (5) + leu <Du)t<6)

(3 19) — U0y + (M1I7’Vuﬁ'2)t — (Mlvuﬁl2)t+f_t +(Vuﬁ)t in N7
Dy (V) = (D — po)iTw + (P — po) ()t + (M Dy )¢ (D) on ST
mt:O = Yo in (2.

Using the regularization technique for parabolic problems (see [7]) we get

1
(3:20)  [[7ell3,0 < w(@)[l[@l3,(I[7113, + 12113, + [1H[|2,2)
1 1 1 1

HIH T ol H'NI3,0 + 1B o 1H 17 o] + 10elld o + 1 Fell3 0

+ellell5.o + el o-
Integrating (3.2) with respect to time and using Lemmas 3.5-3.6 we get

LEMMA 3.7. Let the assumptions of Lemmas 3.5-3.6 be satisfied and

W€ Lu(0.THHQ): H, € Ly(0.T HA(R)): By, o € Lo(0.T, L(9))
I%’(O),PLIQ(O) € La(£2). Then

(321)  [[Tell3 22,000 < (@, )[[TI3 2,00, 20 (IT]3 2,2, 020 + [12I1F 2.2, 20)
1 1
+ (113 2,00, 00 (1 + [Tl13 2,00, 020) + 113 2.2, 000)

1

1 1
: (g(HH,”;z,z,m + HH;H%22(N) + C(g)t(HHQHaz,z,Qt

1 1 1
HIH LG 22,00 + 1H (0I5 0 + IH (05 0)) + [Tetl[5 2,2,
1 Fell,2,2,00 + 12l 22,00 + 1266,2,2,00]
where « is an increasing positive function.

Next we have to estimate ||Ty|1.2,2,0t. Then similarly to Lemma 3.8
of [3] we prove
LEMMA 3.8. Let the assumptions of Lemmas 3.5-3.7 be satisfied and
1

U € Lo(0,T,H?(2) N Loo(0, T, H(£2)); Hy € Lo(0, T, HY(2)); Uy €
Ly(0,T, H (2)); 0, € Lo (0, T, H'(£2)); 0 € Lo (0, T, H*(£2)). Then
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(3:22) [Tt 2,00, 20 HIITetl1T 2.2, 20 < (a, 1) [(ElITNF 2,2, 20+ c(E)E(ITEE 2,2,
1 1
OGN 200,20 + el Hilt 22,00 + ct? [ HN 22,00

1 1 1 1
+ el H ()30 + EIH 3 2,5,00 + c(@UHLIE 22,00 + 1HIO)]F 2))
1 1

1

(17ll3 2,00, 00 1H'113 2,00, 020 + 1T 2,2,00) + (1 + 1H'[13,2,00,2¢)
(ell@ell3 20,00 + c(€)([Tetll§ 2,2,00 + [T (0)F 2)) + 1 Feellf 2.2,
+ 1[0 (0)15.2 + 12113 2,00, 2¢ ENTN3 2,2, 20 + [Tl[§ 2,00,00 T3 2.2, 020
H1Tl12 2,00, 00 + [[Te]7 22,00 + c(E)tT[G 22,00 + [T(O)]F,2))
120l 22,00 + 198 200,020 + 12113 2,00,06 [Tl3 2,00,00 + 1717 22,000
322,00 + 0122200 + 12ull6 22,00 + 12017 2,00,2¢,

where « is an increasing positive function.

From Lemmas 3.5-3.8 we get
T € Ly(0,T, H3(2)) N Loo (0, T, H*(02));
vy € Loo(0, T, H*(£2)) N Lo(0,T, H*(£2)
( (

),
Uit € Loo(0,T, Lo(£2)) N La(0, T, H'(£2))

4. Existence and regularity of solutions of the linearized prob-
lem (2.4). In [3] we prove the following lemmas for problem (1.1)—(1.7):

LEMMA 4.1. Assume u € Lo(0,T, H3(II)); u; € L2(0,T, H*(I)); Uy €
Lo(0,T,HY(IT)); Hy,H. € Lo(0,T,H?*(B)); Hy,Ex € Loo(0,T, H (B));
E.: € Ly(0,T,Ly(B)); H(0) € HY(I); H(0) € Lo(IT). Then there exists
a weak solution of problem (3.3) such that

H € Loo(0,T,H'(IT)) N Lo(0, T, H'(IT)),
H; € Ly(0,T, H (IT)) N Lo (0, T, Lo (IT))

and
(4.1) ||E||%,2,27m + ||ﬁt||%,2,27m + Hﬁtng,zmﬂt + ||ﬁ|‘%,2,w,ﬂt
< a(a,t)[(elfull3 2,2, + c(€)([@llf 2,2, e
+ @O NENT 200,50 + IH O3 17 + 1 H: 0)]I5 17
FEall§ 22,5 + 1Hlli 22,50 + 1H T 200,50 + [ Hetllf 22,5,

where « is an increasing positive function.
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LEMMA 4.2. Let the assumptions of Lemma 4.1 be salisfied and H, €
Lo(0,T,H3(B)); Hyt € Lo(0,T, H*(B)); Hy4t € Lo(0,T, Lo(B)). Then

(4.2) HHH§,2,2,H’5 < afa, )[((1 + ||H||§,2,00,Ht + ||HH§,2,2,Ht
+ ||H"§,2,m,ﬂt + Hat||§,2,2,Hf)(5||EH§,2,2,]F + C(g)t(HatHaQ,Q,H’f
OIS ) T3 200,17 + 1) + 1H O 17 + 1 H N3 2,2,50
HIH(OE ) T3 2,2, + @O 17 +1)% + et @3 2.2, 17

+[@O)II3,17 + ell@ell3 2,2, e + c(€)t([@etll§ 2,2, + 1T ()G, 1)
+Hol3 20,80 + 1 Huwt 5 22,50 + HHO)|T 1],
where « is an increasing positive function.

_ LEMMA 4.3. Let the assumptions of Lemmas 4.1-4.2 be satisfied and
E*vE*t € LQ(OaT7L2(B))’ U € LQ(O)TaHI(H))v up € LOO(OaTle(H)))
U € Loo(0,T, H*(II)). Then

(4.3) ||Ett||(%,27oo7ﬂt + Hﬁtt”%,z,z,m < a(a, t)[E(HEttH%,zzﬂt
+ ||ﬂt||f27oo7m||ﬂ||§,27w7ﬂt + |‘Ut||il,2,oo,nt + ||ﬂ|‘3,2,w,nt
e 13 2., ) CNH N 22,70 + IH O 1) + (ElfTll3 2.,170
+ c(@t[@ellg 22,70 + 1TONE, ) Ul 200,170 + DIHe(0)I5 12
@13 200,11 (ENHZ 22,170 + LN H NG 22,170 + IH(O)IE, 1)
HIEE 22,80 + [1Bsttl3 2.2,5¢]5

where « is an increasing positive function.

LEMMA 4.4. Let the assumptions of Lemmas 4.1-4.3 be satisfied. Then
(4.4) ||Et||g,2,27m < a(@i)[(f(l!ﬁlli 2,2,mt T ||H*||§,2,27Bf + HUtH% 2.2.17t)

1Ly Ly 1Ly &y

+ 0(5)t(’|ﬁt”3,2,2,nt + ||ﬁtt||g,2,27m + HH*tH%,z,z,Bt + ||ﬁ*tt||%,2,2,3t
@l 2,2, + 1Tetl15 2,2, ¢ + 1O 7 + [T ()G i + I (O)1E 1z
HIH O, ) UTel3 2,2, + 1Tl 2,00, + 1TONE 17 + IH(O)3,17)
'EHﬁtH%,Q,Q,Hf + ”‘F_I*tH%,Q,oo,Bt + ||ﬁ*t”%,2,2,13t + HI—_ItH%,Q,Q,Ht
(T3 22,020 + @O I HIE 2,2,

where « is an increasing positive function.
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Then from Lemmas 4.1-4.4 we conclude that

H € Ly(0,T, H*(IT)) N Loo (0, T, H*(IT));
H; € Loo(0, T, H*(IT)) N Ly(0, T, H*(IT));
(1))

)

ﬁtt € Loo(oaTaLZ(H)) ﬂLZ(OaTaHl H) .

221

5. Existence of solution of (1.1)—(1.7). Now we prove the existence

of solutions of (1.1) by the method of successive approximations:

(5.2)

1 1
§m5m+1,t - dngm Dﬁn (Eerl) = Mlevﬁm Hm

1
+ Vo, 13 + Vo, P + f in 07,
Omt + 0y divy,, U, =0 in 27
1 1
,ull-_Im_H,t = —rotg,, E,, in _QT,
1 1 1
I‘Ot@m Herl =01 (Em+1 + ,Uflﬂm X Hm+1) in QT’
1
din,m <M1E_[m+1) =0 in QT,
M5, D5, @mt1) = (P, — P0) 5, on ST,
1 L 1 2
_Hm+1 = _Hm+1 on ST7
01 ()]
1 2
Em+1 . ?aim — Em+1 '?aﬁm,a o = 17 27 on ST,

1 1
Um+ilt=0 =00, Hmi1lt=0 = Ho,  0p]t=0 = 00,

2 2
o H, = —rotg,, E in DT,
2 2
oo =roty, H in DT,
2
divg, (poH 1) =0 in DT,
2 2

Hyp.1=H, En.=E., onB,
2 2

I—_Im+1|t:0 = -F_IO-

First we show the boundedness of the sequence described by (5.1)-(5.2) in
the norm

(5.3)

By (t) = [Tmell5, + 10mll5 0 + 1[0ml15 22,00 + Tmell3 22,00

Tl 22,00 + 1Hmello,rr + 1 HmllT 1 + [Hmll5 22,110

+ ||ﬁmt||§,z72,m + ||Hmtt”%,2,2,m-
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LEMMA 5.1. There exists a positive function P and A > 0 such that
P(0,0,Fy) < A, B,(0) < A and there exists Ty such that B, (t) < A for
t <T., m=1,2,..., where Fy is a function depending on H,, E,, H(0),
©(0), 2(0), f in the norms of Lemmas 3.1-4.4.

Proof. Integrating (5.1)2 we get

(54) Em (57 t) = EO (6)6_ Sg dive,, Om dT.

From (5.4) we have

(5.5) ”§m||§,2,oo,m < C||§o||§,272,m@1(a)[(5 + t)”@mng,zz,m
+ ()t (|[Ume 1§ 2,2,00 + 1TO0)F,0)],

(5.6) [mell3 22,00 < cloll322.0002(a)l(e + )[Tml3 22,00
+e(@)t([Tmellf 2,2,00 + [TO)G )],

(5.7) HzmttH%,Q,Z,Qt < CHEO”%,2,2,9“)03(60[g”ﬁmug,2,2,ﬂt
+ (@)t ([Tmell§ 2,2,0¢ + [P(0)IF )

+ 5||5mt||§,272,m]a

(5.8) ”@n”%@,z,m < C‘@o”%,z,z,m‘%(avt)[(ff+t)H6mH:2’,,2,2,m
+ (@)t ([Tmell§ 2,2,0¢ + [T(0)I5 )],

where .

1/2
a=VE(§ Il o dr)
0
and @;, 1 = 1,2, 3,4 are increasing positive functions.
From Lemmas 3.5-4.4 assuming that @ = v,,,, H = H,,, 0 = ,, using
the fact that

2200020 < 32200 + 1703 0

(5.9) 113 2,00, 120 < tHHHEZ 22,10 + IH O3 1,
124113 2,00, 20 < tl12ul13 2.2, 00 + 1200013 2,
12113 2.00.020 < tl2el3 2.2, 000 + 120)]13, 25

and from (5.5)—(5.8) we get

lid

Bimi1(t) < ala,t,eBpm, Fo)[(e + t + c(e) + (e + t + ¢(£))2)(Xm(t)
+ X2 (t)+ Fo+ 1) (Yo (t) + Y2(t) + Fo+ 1) + Fy + FJ] = P,

where
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X () = [Tmell§ 0 + [0l 2 + 10115 2,0, 07 + [17me]13 2,2,
+ ||5mtt||i272,m7
Y (t) = B (t) — X (1),
Fo = [[H(0)[3, 17 + 00|37 + [[2(0)][3, 0 + [1H£(0) 113,17 + [[7:(0) 13,17
+[2(0) |2, + [T O)[F 17 + 1 H et (013 17 + 1 B4l 2,00, 5
+ HE*H%,ZZ,Bt + HE*tHg,zz,Bt + HE*ttHg,Q,Q,B‘ + ||FI*||§,2,2,B’5

I Holf 20,50 + IHO)E 5 + [HelR 200,50 + | 2(0)0%(0) dé
2
22,00 + IFelld 22,00 + 1 FeellE 22,000

+ | 2(0)7.(0) d¢ + || 7

(9}

and « is an increasing positive function.
Now assuming that ¢ = v/t we obtain

(5.10) Bpia(t) < P(t, 17 B (1), Fo),

where v > 0. Let A be such that P(0,0, Fy) < A. Since P is a continuous
function there exists T, > 0 such that for ¢ < T,

(5.11) P(t, A, Fy) < A

From (5.11) we see that B,,(t) < A. Then B,,,+1(t) < A for t < T,.

Now we prove the convergence of the sequence {%,,, H,,}. To show this
we obtain from (5.1)—(5.2) the following system of problems for the differ-
ences Vy, = Uy, — U1, Hon = Hpy — Hpp—1, N = Om — Om—1"

(512) Emvm+1’t — diV{,m ]D)f)m (Vm+1) = diV@m []D)'ljm - ]D)'ljmfl](ﬂm)
+ [diV{,m — diV@mil]Df,m (Em) + [V@m - v’lf)mfl]ﬁm

1 1
+ i Hy - Vo, = Vo, JHm + Vi, P — Prm-1)
L L L 1 _
+ /-‘Lle—1V177n71(Hm) + Mlevﬁmlem - Nmimt = F*,

_ 1 —
(5.13)  pHm+41 — —10tg,, r0ts,, Hmi1 = [rots,, —rots,, ,|rots,, Hp
g
+10ty, _, [roty, —rots, ,|Hpm + 1ots,, (Um X Hmit)

+10ty, (Vm X Hp) + [rots,, —roty,, J(Om—1 x Hy,)

+ [rots,, —rotg,, _,]rotg, H, +rots,,[rot;, —rotg, . |Hm

+ vlﬁnﬁm-f-lﬂm + (V - vﬁm—1)Hm = K*v

Um,
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Nt + N dive,, U = =0y, 1 (diva,, Um — dive,, , Tm-1),

-/\_[m|t:0 - 07
(5.14)
H|t:07
]_)|t=(]a
and

(5.15)  7g,, D5, Vins1) = s, — s, _,|Ds,, (Um)
+ 75,1 D, — Ds,,, , [Um + M5, — M5, [Py,
+ M52 [P — Prn—1) +Po[75,, — 5, | = G™.
LEMMA 5.2. Let the assumptions of Lemma 5.1 be satisfied. Then there
exists Tyy sufficiently small such that

(5.16)  Vinrillom + Vmsal3 22 + Vmsa 18 2.2,me + Vsl
1 1§ 1z + I Hmsa 17 22,0

1Ly &y

< a(A)t(t+ D) (IVinll3 22,10 + [Hmlli 2,2,10)

where a(A)t(t+1) < 1 fort < Tis, and a is an increasing positive function.

Proof. Multiplying (5.12) by V,,1115,, and integrating over {2 we get
1 d S
Q
= S F*Viyals,, d€+ S G Vi1, dés.
19 s
We have
(5.18) | [F* Vil Iy, dédt
ol L

< a(A)t(t+ 1)(‘WmH§,2,2,Qt + Hﬁmuizz,m) + EH]?erlHiz,z,m?

(5.19) VGV, désdt
St — -
< (At + DVl 20,00 + ellVmiall} 22,00

where « is an increasing positive function.
Using in (5.17) the Korn inequality, integrating with respect to time and
using (5.18), (5.19) we get

(520)  [Vimrllg.o + Vinsallf 2,00

9Ly 4y

1
< a(tt+ 1)1Vl 22,00 + [Hmllf 2.2.00)-



Equations of a magnetohydrodynamic compressible fluid 225

In [3] we proved the inequality
(5:21) [ Hms1llf 200,12 + I Himt1 17 22,0 < @A)t + D)IVinll3 22,170

1Ly &y

Multiplying (5.12) by V41,4, integrating over (2, and using the Young and
Holder inequalities we get

(5.22) {2l Vv
k9]

d _
21, dé+ —\ Dy, (Vo) I5. d
£+dt§2\ o Vi) Lz, de

_ = d e
< (1ol | Do, )Pl d + 5 § 6P, dés
2 S

+IGHG s + Vil o+ 1F* 5.0 + H?mH%,QHG*H%,s)-
Integrating (5.22) with respect to time, and using the Gronwall and Korn
inequalities we get

(5:23)  [Vimt1tlg 22,0t Vi1l 2 < (A UGHIE 22,50+ Vimt1llf 22,00

1Ly Ly

HIF N5 2,2, + G5 200,50 + ElVins1ll1 2,00,20):

where « is an increasing positive function.

We have
1
(5.24) IF* 13 22,00 < (At + 1D)([Vml32.2.00 + HmlT22.0t),
(5.25) 1G85 < (At + D Vinll3.2.2.00
(5.26) 1Gi 522,50 < (ANt + D) Vimll32.2.00

where « is an increasing positive function.
Using (5.24)—(5.26) in (5.23) we get

(527)  [Vmsrlld 22,00 + Vsl o < (A + D (Vi3 22,00

1
I HmlT 22,00 + 1Vmi1lli 22,00 + el Vimiilli 2,00.0:];
where « is an increasing positive function.
Now from the regularization technique for the parabolic problem (see [7])

Vi1t — dive, Dy o, (Ving1) = F* in 27,

D, (Vint1) = G* on ST,

Vintili=o =0 in £2,
we get
(528)  [Vmsil322.00 < cUIF* I8 22,00 + I1G7IIF 222,50 + llVms1ll§ 2)-
We have

(5.29) IG*[13.2,50 < (At + DVimll3 22,00
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Now using in (5.28) inequality (5.24), (5.29) we get

(At + 1) (Vi3 2.0t + HmlF 22.00)
+c|lV

where « is an increasing positive function.
Summing inequalities (5.20), (5.27), (5.30) we get

(5:31)  [Vmsrelld 22,00 + Vimsilli o + 1Vims1l3 22,00

(5.30) ||V

1
< a)tt+ DIVml3 22,00 + Hmli 22,0,

where « is an icreasing positive function.
Summarizing, from (5.21) and (5.31) we obtain (5.16).

From Lemmas 5.1 and 5.2 we have

THEOREM 5.1. Let the assumptions of Lemmas 5.1 and 5.2 be satisfied.
Then there exists T** sufficiently small such that for T < T** there exists
a solution to problem (1.1)—(1.7) such that

T € Lo(0,T, H*(£2)) N Lo (0, T, H(£2));
Ty € Loo(0,T, H*(2)) N Ly(0, T, H*(12));
Ty € Lo(T,0, H'(£2)) N Lo (0, T, Lo(£2));
H € Ly(0,T, H*(IT)) N Loo (0, T, H' (IT));
Hy € Loo (0, T, H*(IT)) N Ly (0, T, H*(IT));

Hyi € Loo(0,T, Lo(IT)) N Lo (0, T, H (IT))

OO
7

)

and

Hvt||1 ,2,2,00,027T + ||UH1 ,2,00,02T + HU||322 Qr T ||Ut||2 ,2,2,07T + ||UttH1 2,2,0T

9Ly 4y

F N Hell3 2007 + 1 Hetll3 5 00,7 + [Hetll? 2050 < A,
where A is defined in Lemma 5.1.
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